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INTRODUCTION

In today’s world, choice has become part of our daily routine. From which 
coffee to order, which mode of transport to use to get to work or which 
university to attend the multitude of options makes for exciting decision-
making processes. Buying online has brought about the emergence of 
rating providers, sellers and products. This informs future would-be market 
participants around quality, reliability and appropriateness. Therefore 
completing rating scales and questionnaires has become commonplace.

As a researcher, having the knowledge and capability to understand, 
interpret and quantify why and how answers are given when there are 
choices to be made allows for a greater understanding of the structures 
around choice. When collecting data the questionnaire is one protocol that 
can provide rich data relatively easily and simply.

This book works for all types of researchers from those with no prior 
knowledge of quantitative methods to those who wish to expand their range 
of statistical techniques. It provides statistical approaches that are appropriate 
for in-depth analysis of questionnaires. These include questionnaires that 
can be simple dichotomous, Likert scale, or stated and revealed preference 
choice.

A range of techniques highlights how to explore and uncover what lies 
within the data to reveal structures and relationships that are not discovered 
through descriptive statistics. This accessible book will both illustrate and 
expand the reader’s understanding of the statistical techniques used in this area.

Each of the chapters in this book introduces a specific statistical 
concept required to evaluate questionnaire data. All the chapters contain 
illustrative data sets for the reader to explore while learning. These 
sections provide students undertaking research dissertations at masters or 
undergraduate level or those studying for higher degrees such as a doctorate 
in the humanities and social sciences the basic principles, techniques and 
applications of questionnaire statistical analysis. The text guides the reader 
through hands-on analysis with data sets and support for using both SPSS 
and Stata packages for these statistical concepts. The book hopes to bridge a 
gap between theoretical understanding and easy to use statistical packages. 
The chapters all detail how to use statistical package calculations and give 

CHAPTER 

1
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reasons why the statistical techniques are explored and articulated through a 
range of relevant data sets for humanities and social science students.

Chapter 2 examines statistical significance and the use of contingency 
tables. The chapter begins by providing a brief introduction to statistical 
significance and p-values. Data on coffee-drinking habits is explored to 
illustrate how to use contingency tables, Chi-square test, Cramer’s V test 
and how to calculate odds ratios. The concluding part of the chapter looks 
at how to report and calculate contingency tables when using SPSS and 
Stata.

Chapter 3 considers exploratory factor analysis and why this is an 
important tool when exploring structures and relationships in Likert scale 
data. This chapter sets out the principles and procedures that are involved 
when carrying out exploratory factor analysis describing and justifying 
the different possible methods of selection that can be performed when 
using factor analysis. The first part of this chapter discusses essentials that 
need to be considered in order to decide whether factor analysis is suited 
to your data. The chapter explains how communality, Kaiser-Meyer-
Olkin test, Bartlett test of Sphericity and Scree plots can all be used to 
help inform the factor model. Example data sets are used to illustrate 
the difference between principal factor analysis and principal component 
analysis. The chapter concludes by discussing when to use a particular 
latent factor score extraction method. The three methods considered 
are the Regression method, Bartlett method, and the Anderson-Rubin 
method.

The statistical procedures correlation and regression are examined 
in Chapter 4. The chapter first explores how we can visually understand 
correlation through scatter diagrams and moves on to appreciate why more 
rigorous statistical techniques are required to prove correlations in data. The 
chapter then explains how to carry out Pearson Correlation, Spearman’s 
Rank Correlation and Kendall’s Tau Correlation illustrating these techniques 
through a parental motivation study. The second part of the chapter explores 
linear and multivariate regression. The chapter goes on to describe how the 
technique of purposeful selection can be used to aid the researcher when 
deciding on which variables are to be included in the model.

Confirmatory factor analysis is explored in Chapter 5. This chapter takes 
forward the concepts from Chapters 3 and 4 to show how we can confirm 
latent structures in a questionnaire. Firstly the chapter explains how a model 
can be constructed. The happiness study is used to illustrate how to carryout 
confirmatory factor analysis using Structural Equation Modeling (SEM). 
The chapter then shows how to assess hypothesized fit structures of items in 
grouped constructs using fit and comparison indices. Following on from this 
example two further studies are explored to illustrate the depth of complex 
themed structures that can be uncovered when confirmatory factor analysis 
is applied to questionnaire data. The chapter ends with details on how to 
build, calculate, assess and report confirmatory factor analysis.
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Chapter 6 explores the use of logistic regression for discrete dependent 
variables having two or more possible values. This chapter acts a precursor 
to Chapter 7 on discrete choice theory where the techniques learnt in 
Chapter 6 will be explored in greater depth. The chapter starts by looking at 
how to perform simple logistic regression when the independent variable is 
either dichotomous, polychotomous, or continuous. The chapter then uses 
two studies to demonstrate how to perform logistic regression. The studies 
are children’s aspiration and food insecurity. The chapter concludes with a 
section on multinomial logistic regression to illustrate how this technique 
can be extended to incorporate models that have a dependent variable with 
three categories and a number of independent variables. As throughout the 
book the chapter closes with a section on how to calculate logistic regression 
using SPSS and Stata.

A brief background to discrete choice theory is discussed at the start of 
Chapter 7. Organic food and school choice studies are then used illustrate 
how discrete choice techniques can be applied to reveal sophisticated 
structures and relationships in questionnaires. Within these illustrations we 
use techniques from previous chapters in the book to organize, calculate 
and report findings. The chapter then discusses a multivariable ordered logit 
model as an alternative statistical technique to that of multinomial logistic 
regression in order to obtain greater detail around revealed preferences. 
A transport study is used to illustrate this method and how we can obtain 
estimated response probabilities for different choices. The chapter concludes 
with a section describing different types of discrete choice models and the 
most applicable situations in which to use them.

Chapter 8 explores the use of item response theory as a means of 
assessing questionnaires in relation to their latent traits. The first part of 
the chapter uses the organic food study to illustrate how 1-parameter and 
partial credit models (1PL and 2PL) can be used to calculate category and 
item characteristic curves. In the next section mood items from the food 
insecurity study are used to show how the item information function checks 
the reliability of items in relation to latent model structures. The chapter 
closes by investigating differential item testing using the Roets leadership 
and intrinsic motivation studies.

Bringing the book to its close is the appendix that gives further depth 
of understanding into the statistical theory employed during the chapters 
within the book. This is both for completeness and to answer additional 
background questions that the reader may have in relation to the statistics 
employed in the book. The reading of the appendix may be considered as 
supplementary to the rest of the book and is not required for the user to be 
able to perform any of the statistical techniques carried out in the book. The 
appendix gives greater detail on the statistical methods employed offering 
the reader mathematical equations, proofs and calculations on regression, 
correlation, factor analysis, discrete choice theory, item response theory and 
details on a range of statistical tests.
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CRITERIa FOR STaTISTICal TESTING
Acceptable deviations from normality

Data that are generated from questionnaires can exhibit a normal 
distribution structure. For small samples (typically less than 20 to 30) most 
statistical methods require distributional assumptions. For data sets larger 
than 30, most statistical methods can rely on the Central Limit Theorem. 
The theorem states that the average of a large number of independent 
random variables is approximately normally distributed around the true 
population mean. It is this normal distribution of an average that underlies 
the validity of most statistical tests (Lumley et al., 2002; Carifio and 
Perla, 2008).

Where data samples are large enough, acceptable deviations from 
normality for distributions can be found by looking at scores for skewness 
and excess kurtosis. Skewness is a measure of how much a distribution’s 
symmetry deviates around the mean. If the skewness value is zero this 
implies that the distribution is symmetric about the mean. Data that is 
positively skewed tends to cluster to the left and the curve has a long tail 
to the right with values reducing. The opposite is the case when the data is 
negatively skewed tending to cluster to the right.

If data in a distribution is clustered in the tail ends, either right or left or 
both, this property is called kurtosis. Kurtosis is the measure of flatness or 
steepness. A value near zero indicates that the shape of the distribution is 
close to normal. A negative value indicates the shape has a greater steepness. 
A positive value implies a flatter shape than a normal distribution.1 How big 
can the deviation for skewness and excess kurtosis be from zero for your 
dataset to be acceptable given that a value of zero is said to be perfectly 
normal? Deviations of less than ±1 from zero are considered very good. 
Values lying outside of this range between ±1 and ±2 considered acceptable 
(Field, 2000; Trochim and Donnelly, 2006; Muijs, 2010; Gravetter and 
Wallnau, 2014).

Parametric or non-parametric

The use of either parametric or non-parametric tests are said to be dictated 
by whether your data are normally distributed or not; hence the section 
above on examining the skewness and kurtosis of your dataset. Typically 
research studies take a sample of data from the total population of interest, 
as it is not usually possible to sample all of the population. Parametric tests 
make the assumption that the whole population that the sample data has 
been drawn from is normally distributed.

It has been argued that sample size is not the issue for parametric or 
non-parametric tests and that the issue is the fact that as the sample size 
reduces then validity becomes an issue (Hunter and Schmidt, 1990; Suissa, 
1991). In fact as long as there is an adequate sample size (at least 5–10 
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observations per group) and the data are normally distributed (or nearly 
normal), then parametric tests can be used with Likert scale ordinal data 
(Glass et al., 1972; Johnson and Creech, 1983; Zimmerman and Zumbo, 
1993; Dolan, 1994; Jamieson, 2004; Lubke and Muthen, 2004; Norman, 
2010; Sullivan and Artino, 2013).

The controversy around using parametric tests for discrete data has been 
continuing for more than half a century. According to evidence given by 
a professor of Clinical Epidemiology and Biostatistics, Geoff Norman, 
parametric tests can be used with ordinal data, such as data from Likert 
scales. Norman’s research shows that parametric tests are generally more 
robust than nonparametric tests on Likert scale data (Norman, 2010). The 
work also shows that parametric tests tend to give better results even when 
statistical assumptions, such as the data needing to be normally distributed, 
are violated to an extreme degree, showing that Pearson correlation is robust 
with respect to skewness and non-normality (Havlicek and Peterson, 1976). 
When analyzing Likert scale responses parametric tests are sufficiently 
robust to produce high quality results. Norman ends his paper with the 
following reassuring statement in summary that parametric tests can be 
used with Likert data.

Parametric statistics can be used with Likert data, with small sam-
ple sizes, with unequal variances, and with non-normal distributions, 
with no fear of ‘coming to the wrong conclusion.’

(Norman, 2010, p.631)

TYPES OF daTa
There are various thoughts around the categorization of data. Definitions 
and examples of types and sub-types typically depend upon where the 
author’s initial expertise lies (Stevens, 1946). For mathematicians, such as 
myself, quantitative data in questionnaires can be classified into two main 
overarching categories – discrete and continuous. It is important to know 
the categories one is working with in order to determine the appropriate 
type of statistical analysis to be used to interpret the data. Thinking about 
data in these two broad categories has always been helpful to me when 
exploring structures and relationships within questionnaires.

Continuous data can take on any value within a given range, for example 
height, weight, and blood pressure. Typically continuous data can be 
measured on a scale. One way of thinking about this is that data collected 
through measuring rather than counting is continuous (Owen and Jones, 
1982).

Discrete data take values that are finite. Data that are discrete can only 
be increased in uniform steps of 1. Some examples may include the number 
of children in the family, as this would be a finite value, and a selection 
rating such as a Likert scale. If the questionnaire codes a variable using 
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a finite number this also is classified as discrete. One type of discrete 
data is categorical data. The data are put into categories. Such categories 
could include professions, degree classification, and gender. Sub types of 
categorical data are:

 ■ Nominal where the data have no natural ordering such as professions 
(e.g. butcher   =1, baker  =2, tailor   =3, etc.,).

 ■ Ordinal data that have a natural ordering based on a scale such as a 
university degree classification or a Likert scale (e.g. distinction  =3, 
merit  =2, pass  =1; disagree  =1, agree  =2, strongly agree  =3). Binary 
data is a special case of ordinal data with only two categories as in the 
example of gender (e.g. male  =0, female  =1).

When analysing data from questionnaires having an understanding of 
what type of data you have is important. Although social scientists may 
add more terms and think about sub categories in multiple ways, if you 
remember the terms discrete data and continuous data then this will set 
you on your way. It will inform your understanding, as to which statistical 
methods you’ll need to gain the best out of your data. As we go through 
the book these terms will crop up again when thinking about techniques to 
analyse your data.

daTa SETS USEd aS EXaMPlE STUdIES
A range of different data sets are used throughout the book to help demonstrate 
the various statistical techniques explored. All of the data sets that are included 
in this book are fictitious and should not be taken as original research. Any 
resemblance to real data is purely by chance. They have all been developed 
by the author in order to illustrate the relevant statistical procedure under 
investigation in that specific chapter. Next in this section we will explore 
descriptive information on the nine major data sets that are used to illustrate 
the statistical techniques in this book. All of these data sets may be downloaded 
from the link to the web site at https://www.routledge.com/Quantitative-
Analysis-of-Questionnaires-Techniques-to-Explore-Structures/Humble/p/
book/9780367022839.

Oxford happiness questionnaire

The Oxford happiness questionnaire data set consists of 500 subjects’ 
answers. Only ten items are used, taken from the original 29-item happiness 
questionnaire (Argyle and Hills, 2002). All of the items are measured on a 
five-point Likert scale. Table 1.1 shows that this data set reports responses 
from a group of 500 pupils who are relatively happy, but not particularly 
healthy or in control of their own lives. Analysis of this data set is explored 
in Chapters 3 and 5.

https://www.routledge.com
https://www.routledge.com
https://www.routledge.com
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Parental involvement in education

The questions used in this study are taken from the work of Hoover-Dempsey 
and Sandler (Hoover-Dempsey and Sandler, 1995, 1997, 2005; Walker et al., 
2005; Green et al., 2007). To illustrate how parental involvement is associated 
with education and schooling this data set contains a sample of 500 parent’s 
responses. All of the measures are given on a four point Likert scale, with 1 
strongly disagree, 2 disagree, 3 agree and 4 strongly agree. The latent factors 
are grouped into the three main themed categories in this study. The first 
group is called psychological motivators. In this category there are two sets 
of questions. These focus on role activity beliefs and questions on parental 
self-efficacy. The second themed group of questions relates to invitations to 
involvement and in this category there are three groups of questions. These 
are general school invitation, specific teacher invitations and specific child 
invitations. The final group of questions are termed life context and contains 
two groups of questions. These categories are called skills and knowledge, 
and time and energy. The responses to all seven of these areas are shown in 
Table 1.2. Analysis of this data set is explored in Chapters 4 and 5.

 ■ Table 1.1 Responses to the happiness study

Strongly 
disagree (1)

Disagree  
(2)

Neutral 
(3)

Agree 
(4)

Strongly 
agree (5)

I am very happy 
(Happy)

40 35 40 77 308

I laugh a lot (Laugh) 29 37 62 88 284

Life is good (Goodlife) 32 31 38 93 306

I feel I have a great 
deal of energy (Energy)

40 39 61 80 280

I am always committed 
and involved (Commit)

79 65 74 85 197

I feel that life is very 
rewarding (Reward)

166 96 78 75 85

I feel able to take 
anything on (Anything)

81 82 116 107 114

I feel that I am not 
especially in control of 
my life (Control)

38 54 107 118 183

I don’t feel particularly 
healthy (Health)

50 55 72 120 203

I don’t have particularly 
happy memories 
(Memory)

126 96 120 81 77
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Roets Rating Scale for Leadership

The self-reporting assessment leadership scale, called the Roets Rating Scale 
for Leadership, is intended to measure leadership, confidence, ambition, desire 
and team work (Roets, 1997). In this study the data set contains a sample of 
500 prospective leaders’ responses to thirteen questions. The responses were 
given on a binary scale, either ‘not very often like me’ (0) or that is ‘quite often 
like me’ (1), for each of the questions. In Chapter 5 we analyse the latent factor 
structure of this study and reveal that there are four main themed categories. 
These categories are confidence (C1, C2, C3, C4), leadership (L1, L2, L3, 
L4), ambition and desire (A1, A2, A3) and team work (T1, T2). Analysis of 
this data is also explored in Chapter 8 when looking at item response theory. 
The responses to all thirteen questions are shown in Table 1.3.

Aspirations to attend university

In Chapter 6 we consider students’ aspirations to attend university using 
logistic regression. Research in the area of students’ aspirations has 
found that there are a number of factors that need to be considered when 

 ■ Table 1.3 Responses to the Roets leadership study

Not very often 
like me (0)

Quite often 
like me (1)

Confidence

Have strong convictions (C1) 319 181

Have self-confidence (C2) 413 87

Promote what is believed (C3) 406 94

Can say opinions in public (C4) 406 94

Leadership

Act for what one is convinced of (L1) 279 221

Like to be in charge (L2) 250 250

Think one can do well as a leader (L3) 154 346

Lead on projects (L4) 339 161

Ambition and desire

Dream of a time of accomplishment (A1) 24 476

Admire those who have achieved (A2) 23 477

Can speak with authority (A3) 57 443

Team work

Can be a peacemaker (T1) 422 78

Listen to both sides (T2) 360 140

Gender 245 (Male  = 0) 255 (Female  = 1)
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investigating aspirations. The aspirations of 500 children are analysed. 
The independent variables considered are attitudes to work at school 
(Workhard), peer aspirations (Doingwell), family attitudes (Schoolimport), 
English academic attainment (English) and gender. Research has shown 
that all of these factors significantly influence student aspirations to attend 
university (Pottorff et al., 1996; Trusty et al., 2000; Chenoweth, 2003; Khoo 
and Ainley, 2005; Strand and Winston, 2008; Archer et al., 2014; David-
Kacso et al., 2014)

Food insecurity

This data set is used in Chapter 6 to illustrate how logistic regression can be 
used in more complex cases of analysis. The data set contains 500 children’s 
responses to a mood questionnaire and a hunger scale. These are explored 
to illustrate the relationships between hunger and its effect on children’s 

 ■ Table 1.4 Responses to the students’ aspirations study

Least like 
me (1)

A little like 
me (2)

Very much 
like me (3)

Most like 
me (4)

I work hard at school 
(Workhard)

18 46 140 296

Workhard1 454 (   =0) 46 ( =1)

Workhard2 360 ( =0) 140 ( =1)

Workhard3 204 ( =0) 296 ( =1)

My friends think that doing 
well at school is important 
(Doingwell)

12 16 88 384

Doingwell1 484 ( =0) 16 ( =1)

Doingwell2 412 ( =0) 88 ( =1)

Doingwell3 116 ( =0) 384 ( =1)

Family members do not feel 
that school is very important 
(Schoolimport)

279 65 82 74

Schoolimport1 418 ( =0) 82 ( =1)

Schoolimport2 435 ( =0) 65 ( =1)

Schoolimport3 221 ( =0) 279 ( =1)

Gender

Education aspiration to go to 
University

135 ( =0) 365 ( =1)

English Mean  = 
50.974

SD  = 
14.189
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moods. The study uses data from a modified eight-item version of the 
mood checklist. This questionnaire is split into the four latent components 
of energy, tiredness, tension, and calmness with each of these components 
being subdivided into two mood items as follows:

 ■ Energy – energetic and enthusiastic;
 ■ Tiredness – tired and drowsy;
 ■ Tensions – worried and stressed;
 ■ Calmness – calm and quiet.

A number of research studies have been carried out in this area to investigate 
children’s breakfast consumption and its effects on their mood once 
they arrive at school (Thayer, 1989; Cromer et al., 1990; Kanarek, 1997; 
Siega-Riz et al., 1998; Dwyer et al., 2001; Mahoney et al., 2005; Pearson 
et al., 2009).

Organic foods

This study investigates 500 consumers’ knowledge of organic food products. 
This data set is used in Chapter 7 and 8. Consumers are asked questions 
related to their knowledge of organic foods, how often they bought organic 
food, price, quality, health benefits, food attributes and socio-demographics 
(gender, age, education level and income). The variables used in the study 
have been shown to be important factors in determining consumer food 
choices (Huang, 1996; Verhoef, 2005; Yiridoe et al., 2005; Tsakiridou  
et al., 2006).

 ■ Table 1.5 Responses to food insecurity study

I do not feel like 
this (1)

Undecided (2) I feel like this (3)

Energetic 96 188 216

Enthusiastic 159 148 193

Tired 304 152 44

Drowsy 42 200 258

Worried 237 93 170

Stressed 122 118 260

Calm 56 41 403

Quiet 192 217 91

Hungry Scale 143 ( = 0) 218 ( =1) 139 ( = 2)

Hunger Mean = 5.096 SD  = 3.502



■ ■ ■ ■ INTROdUCTION

13 ■

 ■ Table 1.6 Responses to the organic foods study

Otherwise 
(0)

(1) if the 
consumer 
feels that

Organic food products are 
beneficial for your health 
(Health)

127 373

Organic food products are 
higher quality than other similar 
products (Quality)

259 241

Taste is important in their 
organic food purchase (Taste)

137 363

Appearance is important in 
their organic food purchase 
(Appearance)

387 113

They were knowledgeable 
about organic food (Knowledge)

139 361

Their organic food purchase is 
beneficial to the environment 
(Environ)

397 103

Price is important in their 
organic food purchase (Price)

82 418

Choice If they do 
not buy 
organic 
food (0)

If they buy 
at least 
some 
organic 
food (1)

If the 
consumer 
buys 
organic 
food on 
a regular 
basis (2)

56 248 196

If the consumer earns more 
than an average yearly wage 
(Income)

256 ( = 0) 244 ( =1)

If the consumer has completed 
higher studies (Higheduc)

345 ( = 0) 155 ( =1)

If the consumer who answered 
the questionnaire was female 
(Female)

259 ( = 0) 241 ( =1)

1 if under 21 years of age; (2) if 
reported 
to be 21 
and up to 
25 years

(3) if 25 
and up to 
40

(4) if 40 
and up to 
55

(5) if 55 
and over

194 101 91 55 59



INTROdUCTION ■ ■ ■ ■

■ 14

School choice in the global south

Recent research has revealed that in many sub-Saharan African countries 
a range of school management types exist and are offering educational 
choices to all parents, including the very poor living in informal settlements 
(Dixon and Humble, 2017; Humble and Dixon, 2017). The 500 parents in 
this study state their school choice preference for government, faith-based 
or community schools. The data in this study also contains information on 
the household’s socio-economic background. The analysis of this data is 
explored in Chapter 7.

 ■ Table 1.7 Responses to the school choice study

Parents preferences Not important (0) Important (1)

Affordability 375 125

Strong discipline 260 240

Safe and close to home 317 183

School reputation 150 350

Academic performance 169 331

Quality of teaching 109 391

Wealth indicators No ( = 0) Yes ( =1)

TV 379 121

Generator 392 108

DVD player 425 75

Laptop or computer 473 27

Car 484 16

Motorbike 478 22

Smart phone 485 15

Fridge 494 6

Gas stove 496 4

Freezer 490 10

Family income Less than the 
mean LRD 6943 

(£59.85) = 0

Greater than the 
mean LRD 6942 

(£59.85) = 1

201 299

Family expenditure Less than the 
mean of LRD 

4829 (£41.63) = 0

Greater than the 
mean of LRD 

4829 (£41.63) = 1

367 133

Family education No education 
or primary level 

only (0)

Above primary 
level (1)
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Transportation on the commute to work

This study investigates a group of 500 commuters’ revealed preferences 
around transportation on the commute to work. The choice given in 
this study was between a city center bus and underground rail transport 
system. The study also asked what were the important reasons why the 
commuters make the decision to travel to work using either the bus or 
underground system. Rating these choices on a five point Likert scale 
around how important it was to them that the transport was affordable, 
reliable, clean and safe. The data set also contains questions related to 
whether the chosen service was not over-crowded and that there was a 
bus stop or rail station close to their home. The analysis of this data is 
explored in Chapter 7.

Intrinsic motivation

The study on intrinsic motivation is used in Chapter 8 to compare the 
structural differences between four and two point item Likert scales. 
Intrinsic motivation arises when a person feels both self-determined and 
knowledgeable to pursue an area of interest, when feeling both challenged 
by the task but also looking forward to the work (de Charms, 1968; Barron, 
1969; Zuckerman, 1979; Renzulli, 1986, 2012; Hennessey and Amabile, 
1998). The enjoyment and challenge intrinsic motivation items in the 500 
data set are taken from the Work Preference Inventory (WPI) created by 
Amabile et al. (1994).

In the next section we consider the issues that can occur with missing 
data and possible approaches that are available in SPSS and Stata packages 
to deal with this.

Parents preferences Not important (0) Important (1)

221 279

Occupation Unemployed (0) Employed (1)

124 376

Gender 228 (boy = 0) 272 (girl =1)

Child’s age Mean =10.22 SD = 3.328

Number of children in the 
family

Mean = 3.232 SD = 2.235

School choice Government (0) Faith-Based 
Mission (1)

Community (2)

272 106 122



INTROdUCTION ■ ■ ■ ■

■ 16

 ■ Table 1.8 Responses to the transportation study

Unimportant 
(0)

Slightly 
unimportant 

(1)

Neither 
(2)

Slightly 
important 

(3)

Important 
(4)

Cost affordability 
(Cost)

69 66 80 134 151

Service frequency 
and reliability 
(Reliable)

99 62 59 23 257

Level of 
overcrowding on the 
service (Crowding)

116 109 99 93 83

Cleanliness and 
maintenance of 
service (Clean)

108 110 95 88 99

Safety on board 
(Safety)

94 90 102 74 140

Availability of bus 
stop/rail station near 
home (Available)

155 88 76 79 102

Choice Rail (0) Bus (1)

214 286

MISSING daTa
Cases will not be included where there are missing data on a variable 
that is being analysed in SPSS and Stata. Only existing data are analysed. 
When analysing multiple variables a respondent’s data will be completely 
removed automatically if it contains any missing values. This is performed 
by one of two methods, both assume missing completely at random 
(MCAR). This absolute exclusion is called ‘listwise’. In some extreme 
cases it can result in the loss of a considerable proportion of the original 
data, as the analysis will only be performed on respondent’s data that are 
complete. Some statistical procedures allow the ‘listwise’ setting to be 
changed to ‘pairwise’. The pairwise setting only excludes the variables for 
an individual respondent that include missing cases. In this setting all of 
the other variables for this respondent are still used. There are benefits 
to this approach as it allows for more of the data to be analysed and it 
has been shown that in fairly unbiased large samples to produce consistent 
parameter estimates. However ‘pairwise’ can be problematic as specific 
statistical routines may use different subsets of data and hence the reason 
why ‘listwise’ is set as the default (Allison, 2002; Schafer and Graham, 
2002; Brown, 2006).
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Alternatively, there is a range of techniques that allow the researcher 
to replace missing data. These techniques vary from very simple routines 
using the mean value of the variable to sophisticated multiple imputation 
methods.

Missing values can be replaced with a mean, median, mode or linear 
interpolation that relates to the particular variable or set of variables for 
a particular participant. The simplest method is to replace missing values 
with the mean (or median or mode) of that variable. Alternatively, and if 
appropriate to your data, a linear interpolation method replaces missing 
values by using the values before and after the missing numbers to create 
a straight line approximation. The issue with all of these techniques is that 
they alter the true standard deviation. For example in the case of using mean 
values to replace missing data this has a tendency to reduce the spread of 
values for that particular variable.

When a small number of missing values are replaced for non-systematic 
omissions then future analysis estimates can be made with relative accuracy. 
As the number of missing values grows there is a greater tendency towards 
reducing standard errors in future analysis and hence this ‘missing’ added 
data can cause spurious significant results (Roderick et al., 1995).

A more sophisticated method that deals with missing data is multiple 
imputation. The underlying assumption of this technique is that the missing 
data are ‘Missing at Random’ (MAR). Note that the MARs assumption 
assumes that the missing values depend on the observed (collected) and not 
the unobserved data. Imputation works by creating a number of different 
possible solution sets through probability predictions of the missing data. 
These solution data sets are analysed individually and results are then 
combined to produce a summary estimate for the model. In Appendix 1 
an example is given to demonstrate how multiple imputation is performed.

Great care should be taken when ‘filling in gaps’ in data without the help 
of the participant who initially answered the survey, as replacing missing 
data can cause bias. Even when using multiple imputation techniques the 
recommendation is that they should be used when there is only a small 
amount of missing data and that the assumption of ‘missing at random’ is 
met. The best advice is on the day to collect as much data as you can and 
double check to make sure participants in your survey have answered all 
the questions they can (or are willing to do so). Once data collection has 
finished going back and filling in the gaps may not only be difficult but 
can also cause statistical inference problems for the future (Roderick et al., 
1995).

NOTES

1 Note that SPSS normalize Kurtosis to a value of 0, not 3. This is called excess 
Kurtosis.
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STATISTICAL 
SIGNIFICANCE 
AND 
CONTINGENCY 
TABLES

STaTISTICal SIGNIFICaNCE
When you start looking at quantitative methods and statistical techniques 
you will hear the words ‘p-values’, ‘5% significance’ and ‘0.05 values’. It 
is important that you have an understanding of these terms, as this will help 
you to interpret outputs from SPSS and Stata.

A p-value is a probability value. A probability value can range from 0 
to 1. When a statistical package gives you a result it will give a p-value 
significance related to the evidence of the data analysed. In statistical tests 
the most common cut-off point for statistical significance is at the 5% (0.05) 
level p-value. This implies that if you get a result that has less than 5% 
significance then the effect you are looking for exits in your data. Greater 
than this 5% significance then the effect you are looking for cannot be 
detected.

You may ask why 5%? A p-value with a level of significance of 0.05 is 
another way for example of saying that in 19 out of 20 cases (19/20 = 0.95) 
our result would be supported. The 5% p-value significant level means that 
you are 95% (0.95) confident in whatever question you are asking is true. 
This probability is based on an assumption that only 5% of the time you 
would be making an error by assuming that this is true.

If as a researcher you want greater reassurance than the 5% level then 
you could set your significance level lower and accept results at the 1% 
(0.01) level. At the 1% level 99 cases in 100 are true and we are 99% 
sure you have reached the correct decision. Similarly, just as a p-value 
of 0.01 significance means that you are 99% confident, then a p-value 
of 0.001 suggests we are 99.9% confident in whatever question we are 
asking is true.

Let’s consider an example. If your research question looks at the 
difference between two means in your data, for example marathon running 

CHAPTER 
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times for men and women, you may wish to know if the mean times are 
statistically significantly different. If you carry out an independent sample 
t-test and the result provides a p-value of 0.05 then you are 95% confident 
that there is a difference between the means for men and women’s race 
times. The confidence level can be increased as suggested above to 99% 
and 99.9%. The p-value would then need to be less than 0.01 or 0.001. In 
statistics we can never be 100% certain but can obtain levels of confidence 
and therefore an understanding around the likelihood of situations 
occurring.

We now move on to explore the use of contingency tables. Contingency 
tables are a useful tool in allowing the researcher to become familiar with 
their data. In SPSS contingency tables are called ‘crosstabs’ and in Stata 
‘two-way tables’.

CONTINGENCY TaBlES
Contingency means dependence. You will be familiar with the phase 
‘planning for all contingences’ meaning that you would have a plan on how 
to react depending on a range of different outcomes.

To look at how contingency tables can be used to help gain a greater 
understanding of data this chapter will explore a social science research 
student’s study on the drinking habits of customers in coffee shops.

A researcher collected data around consumer drinking habits. The data 
were collected on three different days of the week – Monday, Wednesday 
and Friday. The researcher used an explanatory sequential mixed methods 
research design, firstly, by collecting quantitative data to help inform 
their qualitative data collection (Ivankova et al., 2006; Creswell and 
Plano Clark, 2011). Collecting data through a mixed methods approach 
can help the researcher to examine their data to a higher level of detail 
and triangulate it for the phenomenon to be explored from different 
vantage points (Cohen and Manion, 2000; Creswell, 2002; Johnson  
et al., 2007).

There are great advantages to collecting your own data. These include 
your own personal connection with respondents and the subtle nuances 
you gain during the process. An example of this is recounted here when 
the researcher was gathering data around people’s coffee-drinking habits. 
During the collection of this data the researcher felt that the coffee-drinking 
habits of the consumers were different for men and women. In total 500 
consumers were asked about their coffee-drinking habits, with 51.6% being 
males (n = 258) and 48.4% females (n = 242). A contingency table can be a 
useful tool for a researcher to explore the question of gender differences. 
The researcher in this specific study asked the following question – ‘are 
males more likely to drink certain types of coffee drinks?’

The researcher classified the coffee drinks offered by the shop into 
two categories. The first group defined as drinking Americano, latte and 
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espresso with the second group being all other types of coffee drinks. Table 
2.1 shows the number of people who drank Americano, latte and espresso 
(yes = 373, 74.6%) and those who drank other coffees, i.e., not Americano, 
latte or espresso (no = 127, 25.4%). The survey data in the contingency 
table (Table 2.1) shows the output from the statistical package.

It looks from the contingency table that it could be true that males are 
more likely to drink certain types of coffee on a Monday. Yet we cannot be 
sure as the values for males and females are similar in each category. From 
Table 2.1 it can be seen that there are 203 males and 170 females reporting 
that they are in the category that drink Americano, latte and espresso. But 
there are more males in the sample. The researcher needs to think is this bias 
being caused by more males choosing this category or is it merely that there 
are more males in the sample.

To explore this question we will look at expected values. Statistical 
packages calculate these expected values automatically. However, to give a 
greater understanding of where these values come from we will undertake 
this calculation by hand. We know that in 373 cases out of the 500 (373/500 = 
0.746) the consumers are saying that they would drink Americano, latte or 
expresso on a Monday. So that’s 74.6% of the whole sample. In Table 2.2 
these numbers have been shaded.

The number of people in this sample who are male is 258 out of 500, 
which gives a percentage 51.6% (shaded numbers in Table 2.3).

Therefore the expected number out of this sample, that drink Americano, 
latte and espresso and are male is 74.6% of 51.6% this is around 38.5% of 
the 500.

 ■ Table 2.1 Contingency table: Monday coffee consumers

Coffee Gender Total

Male Female

No 55 72 127

Yes 203 170 373

Total 258 242 500

 ■ Table 2.2 Gender responses to drinking coffee on Monday

Coffee Gender Total

Male Female

No 55 72 127

Yes 203 170 373

Total 258 242 500
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This gives the expected number of male coffee drinkers as 192.5 (38.5% 
of 500). This is shown shaded in Table 2.5 at the intersection of the row and 
column.

Table 2.5 contains the expected values for all the different outcomes. In 
the contingency table, Table 2.5, there is a difference between the expected 
values and the values we have observed during our data collection. You can 
see from the table that the difference is about 10 in every case. The question 
we need to ask is ‘Is this difference enough to be significant or is it merely 
fluctuations in the data?’

Remember that this researcher collected data on three days of the week. 
Tables 2.6 and 2.7 show the expected and observed data for Wednesday 
and Friday. By looking at each of the days it can be decided on which day 

 ■ Table 2.3 Male responses to drinking coffee on Monday

Coffee Gender Total

Male Female

No 55 72 127

Yes 203 170 373

Total 258 242 500

 ■ Table 2.4 Male and yes to drinking coffee on Monday

Coffee Gender Total

Male Female

No 55 72 127

Yes 203 170 373

Total 258 242 500

 ■ Table 2.5 Coffee consumers observed and expected on Monday

Coffee Gender Total

Male Female

Observed who say ‘no’ 55 72 127

Expected numbers for ‘no’ 65.5 61.5 127.0

Observed who say ‘yes’ 203 170 373

Expected numbers for ‘yes’ 192.5 180.5 373.0

Total 258 242 500

Chi-square(1) = 4.688, p = 0.030. Cramer’s V = 0.097 with p = 0.030.
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the difference between observed and expected values is greatest and hence 
most significant.

Tables 2.6 and 2.7  range from no differences in males and females tastes 
around different coffee choices to highly significant differences. These 
differences can been seen by looking at the numbers with Wednesday’s results 
showing only small differences, less than 5 in cell values between expected 
and observed. Monday’s results, as we have already said has differences of 
around 10. Then finally the Friday data has differences of around 20 in each 
cell between expected and observed. The ‘by hand’ calculations therefore 
provide some indication that Friday’s coffee choices for men and women 
are more statistically different than Monday or Wednesday. Also Monday’s 
coffee choices for men and women are more statistically different than 
Wednesday. Now you have got to know your data a bit better what you’d 
like to know is, are these difference statistically significant?

In statistical terms we can assess the relative significant of these three 
sets of data by using a Chi-square test. Running a Chi-square test produces 
the results reported under each table. The Chi-square test looks at the square 
of the differences in each of the cells to determine the level of significance. 

 ■ Table 2.6 Coffee consumers observed and expected on Wednesday

Coffee Gender Total

Male Female

Observed who say ‘no’ 208 203 411

Expected numbers for ‘no’ 212.1 198.9 411.0

Observed who say ‘yes’ 50 39 89

Expected numbers for ‘yes’ 45.9 43.1 89.0

Total 258 242 500

Chi-square(1) = 0.909, p = 0.340. Cramer’s V = 0.043 with p = 0.340.

 ■ Table 2.7 Coffee consumers observed and expected on Friday

Coffee Gender Total

Male Female

Observed who say ‘no’ 105 154 259

Expected numbers for ‘no’ 133.6 125.4 259.0

Observed who say ‘yes’ 153 88 241

Expected numbers for ‘yes’ 124.4 116.6 241.0

Total 258 242 500

Chi-square(1) = 26.316, p = 0.001. Cramer’s V = 0.229 with p = 0.001.
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A result of zero shows that there is no significant difference between the 
expected and observed values. As the resulting value from the Chi-square 
test increases then this implies greater differences.

Carrying out a Chi-square test for Monday gives a value of 4.688 with a 
p-value of 0.030, for Wednesday a Chi-square value of 0.909 and a p-value 
of 0.340 and finally for Friday a Chi-square value of 26.316 with a p-value 
of 0.001.

If we assume significant difference is measured by the p-value of 
0.05 then the choices of coffee for males and females on a Monday 
and Friday are showing a significant difference between expected and 
observed observations. Monday’s data shows significance with a p-value 
of 0.03 indicating that there is a greater likelihood that males are drinking 
Americano, latte and espresso than females. This test significance implies 
you would expect that 97% of the time of being confident with the result. 
Friday’s data has a p-value of 0.001, giving the researcher 99.9% confidence 
in assuming that males are more likely to choose Americanos, lattes and 
espressos than females on a Friday.

The Chi-square test is said to be distribution free and is called a non-
parametric test. A non-parametric test does not rely on assumptions being 
made about the population. Alternatively parametric tests involve the use 
of parameters such as the population mean, population proportion and 
variance. If we assume that the population is normally distributed then 
parameters will dictate that 95% of the population should lie in a range 
of values, 1.96 standard deviations above and below the mean value. In 
contrast non-parametric test such as the Chi-square test, considerations 
around whether the data fits a normal distribution are not necessary. If the 
reader is interested in finding out more about distributional issues these are 
explored in greater depth in Appendix 2.

This preliminary data exploration using contingency tables has shown 
three different levels of confidence. In the next section we will look further 
at Chi-square testing and explore levels of significance.

Issues around Chi-square tests

Chi-square tests are one of the most widely used significance tests, yet the user 
needs to apply these tests with caution. In the case of 2 by 2 contingency tables 
that we have explored the user should additionally check to see if the patterns 
being tested are in agreement with the results obtained. Many statisticians are 
critical of using these methods for larger than 2 by 2 tables. The increase in 
cells can sometimes result in false positive results. This kind of result is what 
is called a Type I error by statistician’s, due to the fact that we are rejecting that 
there is no difference between the groups (Owen and Jones, 1982).

Another issue with a Chi-square test is its dependency on the size of the 
sample. The reason for this is that the more cells in your contingency table 
the more differences you are calculating and therefore inherently the larger 
your Chi-square value will become. In order to avoid issues around false 
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results there are various checks you can perform. One of these tests is called 
Cramer’s V and it is one of the most helpful measures to use as the number 
of cells increases in a contingency table.

A Cramer’s V test can take values in the range from 0 to 1. A value of 
zero means that there is no association and a value of one implies perfect 
association. Cramer’s V also gives an indication of the size of the effect of 
this association. In the coffee example considered in the section above the 
Cramer’s V value of 0.229 for Friday’s data represents a weak association 
to whether males are more likely to drink Americanos, lattes and espressos 
in coffee shops than females. This result is therefore suggesting that yes 
there is a significant difference in gender drinking habits but its effect size 
is relatively small. This result could be implied from Friday’s contingency 
table, as the differences between observed and expected are not large. 
When assessing Cramer’s V results the following interpretations should be 
applied:

0.00 up to but not including 0.10 – no association
0.10 up to but not including 0.30 – weak association
0.30 up to but not including 0.60 – moderate association
0.60 to 1.00 – strong association

Apart from using the Cramer’s V to help interpret effect size it is common 
with discrete categorical data to use odds ratios. Odds ratios give a clear 
way of interpreting data in terms of likelihood ratios.

Odds ratios

Using the data on consumer’s coffee-drinking habits on Wednesday we 
will explore in this final section of the chapter odds ratios. This section will 
demonstrate how odds ratios can be used with contingency tables, to find the 
likelihood of male coffee consumers being more likely to drink Americano, 
latte and espresso than females.

Taking the initial data from the Wednesday’s consumer coffee-drinking 
habits we can calculate the following odds ratios. As in the previous example 
we are going to carry this out by hand to provide a greater understanding of 
where the numbers originate. There are three steps involved in calculating 
an odds ratio.

First the odds ratio of the number of males that drink certain types of 
coffee in relation to females who drink certain types of coffee:

= number males that drink/number of females who did
= 203/170 = 1.19
Second, the odds of the number of males that did not drink these types of 

coffee divided by the number of females who did not:
= number males that did not drink/number of females who did not
= 55/72 = 0.76
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Third, we can calculate the odds ratio of males drinking certain types of 
coffee to drinking other types from the two figures generated above:

= 1.19/0.76
= 1.57
This result implies that male coffee consumers are 1.57 times more likely 

to drink Americano, latte and espresso than a female.
Next if we turn our attention to Friday’s data, this has a higher Cramer’s 

V (0.229) than Monday or Wednesday, suggesting a stronger statistical 
effect size than on the other two days. This would imply that we would 
expect a larger odds ratio associated with Friday than the one obtained for 
Wednesday.

Again there are three steps as for Wednesday’s data. First, calculating the 
odds ratio for the number of males that drink Americano, latte and espresso 
to females who drank the same:

= number males/number of females
= 153/88 = 1.74
Second, the odds ratio for the number of males that did not drink 

Americano, latte and espresso divided by the number of females who also 
did not

= number males that did not/number of females who did not
= 105/154 = 0.68
Third, the odds ratio of males drinking Americano, latte and espresso to 

females using the two figures generated:
= 1.74/0.68
= 2.56
As anticipated the odds ratio is greater, implying that males are 2.56 times 

more likely to drink Americano, latte and espresso than females on a Friday.
In this chapter we looked at contingency tables and Chi-square tests when 

analysing associations between binary data. We also considered Cramer’s V 
and its use as a check and a helpful measure for assessing the associations 
in a contingency table. Later in the book we will revisit contingency tables 
and odds ratios to explore in greater detail how they are useful in critically 
evaluating data before more rigorous analysis is performed. Contingency tables 
are presented in the chapters on logistic regression and discrete choice theory.

HOW TO REPORT CONTINGENCY TaBlES
The data around coffee drinking presented under each of the day’s data took 
the form:

Chi-square(1) = 26.316, p = 0.001. Cramer’s V = 0.229 with p = 0.001.
Alternatively this can be written using the Chi-square symbol and 

p-value inequalities and thus a more concise and mathematical notation:

χ =(1) 26.3162 , p < 0.001. Cramer’s V = 0.229, p < 0.001



SIGNIFICANCE AND CONTINGENCY TABLES ■ ■ ■ ■

■ 28

Or

P [χ ( ) . ] .2 1 26 316 0 001. Cramer’s V = 0.229, p < 0.001

In this notation the ‘1’ in the Chi-square bracket χ (1)2  is the degrees of 
freedom (df).

Calculating contingency tables with Stata and SPSS

For SPSS, select Analyze – Descriptive Statistics – Crosstabs. Then select 
the row and column variables to be analysed. The cell window gives options 
for cell statistics and the statistics window shows test statistics.

For Stata, select Statistics – Summaries, tables and tests – Frequency 
tables – Two-way tables with measures of association. In the drop down 
boxes the user needs to select the row and column variables. The window to 
the left side shows test statistics and the right side the cell statistics.

Select the row and column
variables

Left side shows test statistics

Right side the cell statistics

 ■ Figure 2.1 Stata two-way contingency table

Row variables to be
analyzed

Column variables to be
analyzed

Options for cell statistics

Options for test statistics

 ■ Figure 2.2 SPSS crosstabs contingency table
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 ■ Figure 2.4 SPSS crosstabs statistics

Chi-square test

Cramer’s V

Number of observed cases

Number of expected cases

Percentages for rows and
columns

 ■ Figure 2.3 SPSS cell statistics
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FACTOR 
ANALYSIS

Exploratory

In social science research it is often necessary to ascertain how a measured 
collection of factors have some common single variable affect. These 
are typically known as latent variables. A latent variable is inferred from 
observed variables in the data set.

One of the main ways to obtain rich data is by using a Likert scale. 
Interestingly the Likert scale is named after Rensis Likert a social 
psychologist who developed the 5-point Likert scale in 1932 to measure 
people’s attitudes in behavioral research as part of his PhD. Data obtained 
through Likert scales are discrete, categorical and ordinal.

The number of responses for Likert scale questions can vary. The Likert 
scale is considered to be an ordinal scale as the person is asked to consider 
their answer to a question from one of the ordered categories. The distance 
between each response in the item for a Likert scale is not considered to be 
always equal. Each of the Likert questions is called an item. With a group of 
items measuring a construct(s) that cannot be directly measured. A five point 
Likert scale could be for example 5=strongly agree, 4=agree, 3=undecided, 
2=disagree, 1=strongly disagree.

Factor analysis, both exploratory and confirmatory, allows you to 
identify groups or clusters of variables and understand the structure of these 
variables in questionnaires including Likert scales. Before we explore the 
detailed structures of such questionnaires using factor analysis let’s consider 
a basic technique first.

A numerical addition of Likert scores in the questionnaire gives the 
researcher a rank order. This will help to give us an understanding of the 
data in a similar way to which we started exploring contingency tables in 
the last chapter.

When performing this calculation a researcher would use the numerical 
coded values to create the total. With positively worded items being scored 
directly and negatively worded items recorded in a reverse scale. To see what 
this means let’s take the case of 5=strongly agree, 4=agree, 3=undecided, 
2=disagree, 1=strongly disagree as shown in Table 3.1.

To illustrate how this would be performed we will use three questions 
from the happiness data study. In future chapters the whole of this study will 
be explored using a range of statistical techniques.

CHAPTER 
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Note that the first two questions in Table 3.1 are positively worded and 
the third is negatively worded. If a person responded (a) 4; (b) 1; (c) 4 
then their total score would be 4+1+2 = 7. Note that question (c) has been 
reversed scored from 4 to 2. When analysing Likert scale questions it can 
be difficult to interpret what the statistics are actually inferring about the 
responses. It is often advised that the median measure should be used for 
Likert scale data as opposed to calculating a mean value or as we have done 
here summing the total item scores.

Simplistic numerical addition of Likert scale questionnaires as we have 
just described does NOT reveal the underlying structure or themes within 
the data. This type of analysis would give you a rank order of the responses 
to this part of the questionnaire.

This chapter around factor analysis will enable you as a researcher to 
explore Likert scale data from a more sophisticated statistical standpoint 
and hence being able to unlock a greater wealth of information.

EXPlORaTORY FaCTOR aNalYSIS
Exploratory factor analysis (EFA) is the name given to a range of statistical 
techniques to evaluate the dimensionality of items in a questionnaire. The 
item responses could range from ‘strongly disagree’ to ‘strongly agree’. 
Exploratory factor analysis explores and uncovers the smallest number 
of underlying constructs (called latent structures) in a questionnaire. 
Exploratory factor analysis is an ‘exploratory’ tool as no priori restrictions 
are put on the relationship found between the observed measures and the 
resulting latent variables. With confirmatory factor analysis the number of 
factors and their structure is specified in advance (see Chapter 5). This is 
the key difference between exploratory factor analysis and confirmatory 
factor analysis (CFA). Exploratory factor analysis is sometimes used as a 
precursor to confirmatory factor analysis. The estimates from exploratory 
factor analysis can be ‘confirmed’ in confirmatory factor analysis through 
detailed statistical evaluation (Dixon et al., 2016).

 ■ Table 3.1 Simplistic Likert scale scoring

Strongly 
disagree (1)

Disagree 
(2)

Neutral (3) Agree (4) Strongly 
agree (5)

a)  I feel that life is very 
rewarding.

x

b)  I feel able to take 
anything on.

x

c)  I feel that I am not 
especially in control 
of my life (R).

x
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Factor extraction methods

Factor analysis is used to uncover the underlying constructs and identify 
associated items. The constructs can be thought of as themes contained 
in the questionnaire (Conway and Huffcutt, 2003). In this section we will 
explore how two types of exploratory factor analysis – principal factor 
(principal axis factoring in SPSS) and maximum likelihood – are used to 
identify latent factors created by a set of measured items.

Maximum likelihood (ML) is a method to find latent factors, which have 
the highest likelihood value of giving the best overall fit to the data. Its main 
advantage is that it allows for a detailed statistical evaluation of the factor 
solution. However maximum likelihood estimation requires the assumption 
of multivariate normality. Care needs to be taken when using maximum 
likelihood as it can produce improper solutions. An improper solution is 
when the factor model does not converge to give a final set of estimates or it 
produces an out of range estimate with indicators greater than 1.0.

Principal factor analysis (PF) has the advantage of having no distribution 
assumptions. If your data is markedly non-normal then principal factor 
analysis might be a preferred option. However, unlike a maximum likelihood 
estimation, principal factor analysis does not provide detailed statistical fit 
indices that are important if you are considering in the future performing 
confirmatory factor analysis.

dISCOVERING laTENT FaCTORS
When carrying out factor analysis certain elements need to be considered 
in order to decide whether factor analysis is suited to your data. Being 
able to interpret the results given in the tables generated through statistical 
packages allows you to be confident that the analysis you are performing are 
providing meaningful results. The sections that follow take you through that 
interpretation to make and inform the decisions required.

Communality

There are a number of checks than can be made to see if variables should 
be included in the analysis. The first looks to see if variables share enough 
in common with each other. The total variance for individual items can be 
viewed as having two parts. One aspect being the amount of variance it 
shares with other items. This is called the common variance and the other 
aspect is its own unique variance. The proportion of common variance in an 
item is called communality.

To explore communality we will use the data that were developed by taking 
items from the Oxford happiness questionnaire (Argyle and Hills, 2002). 
Table 3.2 shows the ten items used in this data set taken from the original 29. 
Table 3.3 shows the five hundred responses provided to the questions around 
happiness. Looking at the figures it would seem that those responding to the 
questions are relatively happy, but not particularly healthy or in control of 
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 ■ Table 3.2 Happiness scale

Strongly 
disagree (1)

Disagree 
(2)

Neutral (3) Agree (4) Strongly 
agree (5)

I am very happy.

I laugh a lot.

Life is good.

I feel I have a great 
deal of energy.

I am always committed 
and involved.

I feel that life is very 
rewarding.

I feel able to take 
anything on.

I feel that I am not 
especially in control 
of my life.

I don’t feel particularly 
healthy.

I don’t have particularly 
happy memories.

their own lives. This is not the whole story, so this is why we use factor 
analysis to gain a deeper understanding about what our data tells us.

In order to consider communality, initial and extraction values can be 
explored. These communality values are given in the range from zero to 
one. A value of zero means that a variable shares none of its variance with 
any of the other variables and a value of one means that all of the variance 
that is associated with the variable is common.

When performing exploratory factor analysis the communalities output 
is generated and provides information about the shared and proportional 
variance between items. The communalities table, Table 3.4, has two 
columns labelled ‘initial’ and ‘extraction’. The initial communalities values 
indicate the amount of variance that is shared by the item and the others 
in the list. The extraction communalities values give the proportion of the 
variance that is explained by the extracted factors.

First check the values of the initial communalities to see if any of the 
items has a value that is much lower than the others. In this data set none of 
the values vary greatly. Since there is no great difference in the item scores 
there is no reason to suggest that any of the items should be removed from 
the analysis. After making these checks on the initial values you should next 
look at the column labelled ‘extraction’. If you look for example at the item 
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 ■ Table 3.3 Responses to the happiness study

Strongly 
disagree (1)

Disagree 
(2)

Neutral 
(3)

Agree 
(4)

Strongly 
agree (5)

I am very happy. 40 35 40 77 308

I laugh a lot. 29 37 62 88 284

Life is good. 32 31 38 93 306

I feel I have a great deal of 
energy.

40 39 61 80 280

I am always committed and 
involved.

79 65 74 85 197

I feel that life is very 
rewarding.

166 96 78 75 85

I feel able to take anything on. 81 82 116 107 114

I feel that I am not especially 
in control of my life.

38 54 107 118 183

I don’t feel particularly healthy. 50 55 72 120 203

I don’t have particularly 
happy memories.

126 96 120 81 77

 ■ Table 3.4 Communalities

Communalities

Initial Extraction

I am very happy. .349 .518

I laugh a lot. .315 .436

Life is good. .279 .372

I feel I have a great deal of energy. .268 .348

I am always committed and involved. .146 .330

I feel that life is very rewarding. .075 .172

I feel able to take anything on. .071 .117

I feel that I am not especially in control of my life. .130 .300

I don’t feel particularly healthy. .124 .210

I don’t have particularly happy memories. .089 .195

Extraction Method: Principal Axis Factoring.

‘I am very happy’, this has an extraction communality of 0.518. This means 
that 51.8% of the variance associated with this item is a shared (common) 
variance. All the extraction values are larger than the initial values. This then 
implies that there is more variance explained by each of the individual items.
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Tests suitability of factor analysis

Kaiser-Meyer-Olkin (KMO) is generally considered to be the best measure 
of sampling adequacy for carrying out factor analysis. Output tables can 
be generated in statistical packages providing you with the KMO measure 
of sampling adequacy. A value closer to 1 implies that the data set is most 
appropriate to be analysed using factor analysis giving factors that are 
robust and useful. A KMO value of 0.5 is considered to be mediocre (and 
the minimum to carry out factor analysis), values between 0.7 and 0.8 as 
good, between 0.8 and 0.9 very good and between 0.9 and 1.0 excellent 
(Kaiser, 1970; Hutcheson and Sofroniou, 1999).

Table 3.5 provides a KMO of 0.759 for the happiness data set, which 
would imply a good suitability of the data for structure detection. The 
Bartlett Test of Sphericity is usually given when performing factor analysis 
to verify whether items correlate. If the test produces a significant result 
(p<0.05) then factor analysis is appropriate because relationships between 
variables have been detected. The assumption of this test is that the data are 
normally distributed and if this is not true for your data then the Bartlett 
results should be used with caution.

Looking at the communality, KMO and Bartlett results factor analysis 
would be an appropriate statistical technique to use with the happiness data.

How many factors to include

It is not always obvious how many latent variables (factors) should be 
retained. It can vary due to the particular constructs expected in the research 
or the level of required simplicity required from the data reduction. As with 
our data it would not be sensible to reduce the ten items into nine latent 
variables as this would clearly not achieve our goal of using factor analysis 
to simplify the problem. Experience plays a part here and you will learn 
with practice to decide on what is the optimal number of latent variables 
in different situations. Yet saying this there are guidelines to follow and 
criteria you can use to help you make an informed decision.

The statistical software gives the table in Table 3.6 showing how much 
variation is accounted for by each factor. These have the technical name of 
eigenvalues and are calculated as the sum of all the squared factor loadings 

 ■ Table 3.5 KMO and Bartlett’s test

KMO and Bartlett’s Test

Kaiser-Meyer-Olkin Measure of Sampling Adequacy .759

Bartlett’s Test of Sphericity Approx. Chi-square 629.219

df 45

Sig. .000
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for each factor. Eigen in German means ‘own’ or ‘belonging to’. In terms 
of our context with eigenvalues and eigenvectors this relates to the value 
and the vector that belong to that particular matrix. If you would like more 
information concerning factor analysis, eigenvalues and eigenvectors then 
please see Appendix 3. As with all the information in the appendices this is 
not necessary to understand and perform the statistical techniques.

As we have ten items in our Happiness questionnaire there are ten 
eigenvalues in Table 3.6. The eigenvalues for each factor give the variance 
explained by it. Therefore factor 1 in Table 3.6 explains 26.076% of the 
total variance. In the table it is clear that the first few eigenvalues explain 
the large proportion of the variance, with smaller and smaller percentages 
for subsequent factors.

The default setting in the software for SPSS and Stata is to retain 
eigenvalues greater than one as those smaller than one explain less variance 
this is called the Kaiser criterion. It is also good if total percentage of 
variance explained by the factors with eigenvalues greater than one is larger 
than 50%. You can see in our particular example this is 51.116%

However as suggested in the introduction to this section the researcher 
needs to be aware that a factor with an eigenvalue of 1.075 (factor 3 in 
Table 3.6) is very similar to an eigenvalue of 0.941 (factor 4 in Table 3.6). 
When selecting a cut-off value use your research questionnaire rationale 
and decisions around why you are undertaking factor analysis to check that 
the correct number of latent factors are taken into consideration. Yet as a 
rule of thumb the Kaiser criterion is a sensible starting point (Kaiser, 1970; 
Jolliffe, 1986; Stevens, 1992).

To support you in making your decision in the number of factors you 
retain, it is also useful to look at the scree plot. The scree plot shown in 

 ■ Table 3.6 Total variance explained

Factor

Initial eigenvalues

Total % of variance Cumulative %

1 2.608 26.076 26.076

2 1.429 14.290 40.366

3 1.075 10.750 51.116

4 .941 9.411 60.527

5 .814 8.136 68.662

6 .755 7.551 76.213

7 .689 6.891 83.104

8 .636 6.355 89.460

9 .563 5.630 95.089

10 .491 4.911 100.000
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Figure 3.1 shows the relative sizes of the eigenvalues for our happiness 
data. With the scree diagram you are looking to see where the graph loses 
its steepness. What we mean by steepness in this context is if you look at 
the left hand side of the graph the line is clearly descending quickly, but at 
some point around eigenvalue three and four there is a flatting out and a 
clear change in direction after eigenvalue three.

We will assume that in our particular example we are going to move 
forward with our three latent variables, as the tests detail above suggest that 
these offer the best possible solution.

The next section will consider the output that factor analysis gives in 
relation to the latent factor groupings of the items themes.

Rotation methods

Rotation of factors in factor analysis is an important mathematical procedure 
in order to help to produce a solution that clarifies its interpretation. The 
system is rotated until there is a maximized solution of the sum of the 
variances of the squared loadings. This mathematical procedure called 
rotation preserves the relationship between individual variables. With our 
happiness study an oblique rotation technique is more appropriate as we 
are looking for correlations within factors. The oblique rotation technique 
called Promax should be used as it allows for the inter-woven correlated 
structures between items.

 ■ Figure 3.1 Scree plot
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Table 3.7 is called the pattern matrix giving the factor loading for each 
of the items. These values can be thought of equivalent to the correlations 
between items and factors, with factors between 1 and -1. In Table 3.7 ‘I am 
very happy’ has a correlation with factor 1 with a loading of 0.744. As with 
Pearson correlation the square of these coefficients obtains a measure of 
the importance of a particular variable to a factor. Hence in this case 0.7442 
= 0.554 and so we can say as with r2 values that 55.4% of the variance is 
explained by this latent factor and 44.6% (1–0.7442) unexplained. In other 
words the first latent factor accounts for 55.4% of the variance of the item 
‘I am very happy’. Looking at the next item ‘I laugh a lot’ in the same 
first factor, then by squaring this value you can obtain the level of variance 
explained as 42.25% (0.6502 = 0.4225) by this latent factor.

The happiness data shown in Table 3.7 has three latent factors which we 
could offer having titles as follows:

 ■ ‘happy’ (factor 1) with four items; ‘I am very happy’; ‘I laugh a lot’; 
‘Life is good’; ‘I feel I have a great deal of energy’;

 ■ ‘positive’ (factor 2) with three items; ‘I am always committed and 
involved’; ‘I feel that life is very rewarding’; ‘I feel able to take 
anything on’;

 ■ ‘unhappy’ (factor 3) with three items; ‘I am not particularly optimistic 
about the future’; ‘I don’t have particularly happy memories’; ‘I don’t 
feel particularly healthy’.

 ■ Table 3.7 Pattern matrix

Factor

1 2 3

I am very happy. .744

I laugh a lot. .650

Life is good. .576

I feel I have a great deal of energy. .545

I am always committed and involved. .317 .473

I feel that life is very rewarding. .414

I feel able to take anything on. .301

I feel that I am not especially in control of my life. .503

I don’t feel particularly healthy. .357

I don’t have particularly happy memories. .334

SPSS output table with extraction method: principal axis factoring. Rotation method: 
Promax with Kaiser normalization. Only loadings of magnitude above 0.30 are shown

Stata command: factor <variables>, ipf and postestimation of rotate, promax oblique 
kaiser factors(3) blanks(0.27) gives a similar three factor output.
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Exploratory factor analysis produces a solution with the best simple 
structure maximizing factor loadings close to one and minimizing those 
close to zero. Loadings greater than or equal to 0.3 are said to be salient, 
relating meaningfully to a primary or secondary factor (Brown, 2006). 
According to Guadagnoli and Velicer (1988) a factor with ten item loadings 
greater than 0.4 is stable for a sample size greater than 150, with Field 
(2000) suggesting that retained factors should have at least three items with 
a loading greater than 0.4.

Before we move to look at how we can use exploratory factor 
analysis as a technique in data reduction let us consider the other factor 
extraction method that we discussed at the start of this chapter – maximum 
likelihood (ML).

Maximum likelihood

Research shows that maximum likelihood is robust for small kurtosis 
values (Chou and Bentler, 1995). As discussed in Chapter 1 skewness 
and kurtosis values of zero are said to be perfectly normal. Deviations 
of less than ±1 from zero are considered very good. Values lying outside 
of this range between ±1 and ±2 considered acceptable (Field, 2000; 
Trochim and Donnelly, 2006; Muijs, 2010; Gravetter and Wallnau, 
2014). Maximum likelihood has been shown to be a very well behaved 
estimator for non-normal data so long as there are no extreme outliers 
(Curran et al., 1996). Using these conditions on normality we can check 
our happiness data. Table 3.8 shows descriptive statistics including the 

 ■ Table 3.8 Skewness and Kurtosis statistics

Mean Std. Deviation Skewness Kurtosis

I am very happy. 4.16 1.294 −1.378 .562

I laugh a lot. 4.12 1.224 −1.242 .391

Life is good. 4.22 1.211 −1.509 1.123

I feel I have a great deal of energy. 4.04 1.310 −1.147 .021

I am always committed and 
involved.

3.51 1.500 −.493 −1.231

I feel that life is very rewarding. 2.63 1.490 .348 −1.321

I feel able to take anything on. 3.18 1.382 −.179 −1.187

I feel that I am not especially in 
control of my life.

3.71 1.270 −.652 −.650

I don’t feel particularly healthy. 3.74 1.352 −.770 −.671

I don’t have particularly happy 
memories.

2.77 1.390 .189 −1.192
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values for skewness and excess kurtosis, which mainly fall into the very 
good and acceptable regions.

This analysis shows that we can have confidence to apply the maximum 
likelihood extraction when performing exploratory factor analysis. Table 
3.9 shows the pattern matrix. Notice that the extraction produces the same 
three latent factors as found previously using principal axis factoring. The 
principal axis factoring factors from the first factor analysis are shown in 
brackets. As well as producing the same latent factors, it can be seen that 
maximum likelihood extraction method individual item scores are very 
similar to principal axis factoring. The relative error being small for all 
items (1-2%), with only the one item ‘I feel that I am not especially in 
control of my life’ having a larger relative error of 7%

 ■ Table 3.9 Comparison of extraction methods

Pattern Matrix

Factor

1 2 3

I am very happy. 0.753
(0.744)

I laugh a lot. 0.646
(0.650)

Life is good. 0.585
(0.576)

I feel I have a great deal of energy. 0.545
(0.545)

I feel that I am not especially in 
control of my life.

0.536
(0.503)

I don’t feel particularly healthy. 0.363
(0.357)

I don’t have particularly happy 
memories.

0.318
(0.334)

I am always committed and involved. 0.303
(0.317)

0.466
(0.473)

I feel that life is very rewarding. 0.433
(0.414)

I feel able to take anything on. 0.295
(0.301)

SPSS output in the table with extraction method maximum likelihood. In brackets extraction 
method is principal axis factoring. Rotation method: Promax with Kaiser normalization.

Stata command: factor < variables >, ml factors(3) blanks(0.29) and postestimation command: 
rotate, promax oblique kaiser factors(3) detail blanks(0.29) gives a similar three factor output.
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FaCTOR aNalYSIS FOR daTa REdUCTION
Factor analysis can also be used as a data reduction technique. This next 
section will look at an example of how data reduction can be used with 
socio-economic factors. This data reduction into a smaller number of more 
manageable factors allows for greater levels of interpretation.

Principal components analysis (PCA)

The factor extraction technique that is used for data reduction is called 
principal components analysis. Both exploratory factor analysis and 
principal components analysis methods are similar as they are both used 
to examine correlations and covariance’s between sets of items. The two 
methods are often confused due to this similarity.

Principal components analysis accounts for the variance in the observed 
measures rather than explain the correlations amongst them as with 
maximum likelihood and principal factor analysis. Principal components 
analysis reduces a larger set of measured items into a smaller number 
of composite variables. These composite variables can then be used in 
subsequent analysis, without any consideration of prior constructs of the 
underlying structure. As with maximum likelihood and principal factor 
analysis, principal components analysis takes a purely exploratory approach.

A difference with principal components analysis is that it requires 
orthogonal rotation technique such as Varimax as the items under 
investigation are assumed to be unrelated to each other. If this is not the 
case with your data reduction, and the items are related, then you should as 
we have seen earlier in the chapter use an oblique rotation such as Promax.

In the following study we will illustrate the use of principal components 
analysis for data reduction of socio-economic variables. The sample is of 
500 households from poor informal settlements in the Global South. The 
questionnaire in Table 3.10 shows the possible family possessions of these 
households.

 ■ Table 3.10 Socio-economic data

Yes No

The family have a generator

The family own a car or jeep

The family have a computer

The family have a gas stove

The family own land

The family have electricity

The family have a television

The family own a radio

The family own a cell/mobile
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The questionnaire contains the following responses shown in Table 3.11. 
It can be seen from this table that there is a clear split with these poor 
households. A number of the households have electrical devices such as 
mobile phone, television and radio, with less respondents saying that they 
have a computer, car, own land or have an electrical generator.

When principal components analysis data reduction is performed it 
suggests that there could be a three factor solution. This can be seen in 
Table 3.12 as three of the eigenvalues are greater than one, having values of 
2.281, 1.366 and 1.081.

This three factor solution offers the following common themes:

 ■ Factor one is the most affluent households possessing cars, generator, 
gas stove and computers.

 ■ Table 3.12 Eigenvalues: socio-economic data

Initial eigenvalues

Factor Total % of variance Cumulative %

1 2.281 25.340 25.340

2 1.366 15.175 40.515

3 1.081 12.012 52.527

4 .980 10.887 63.414

5 .824 9.154 72.567

6 .734 8.154 80.721

7 .693 7.696 88.417

8 .643 7.140 95.557

9 .400 4.443 100.000

 ■ Table 3.11 Frequencies for socio-economic data

Yes No

The family have a generator 64 436

The family own a car or jeep 169 331

The family have a computer 152 348

The family have a gas stove 146 354

The family own land 159 341

The family have electricity 439 61

The family have a television 433 67

The family own a radio 427 73

The family own a cell/mobile 471 29
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 ■ Factor 2 being a fairly common factor with television and electricity. 
As we have seen in the descriptive statistics that 433 have a television 
and 439 have electricity out of 500.

 ■ Factor 3, is mobile phone, radio and land. We have seen from the 
descriptive data that most families have a mobile phone (471 of the 
500 households).

This data reduction suggests a scale of the most affluent households to the 
least being factor 1 to factor 3 respectively.

It can be seen that one of the eigenvalues is close to 1.0 with a value of 
1.081 (factor 3 in Table 3.12). In this situation it is always worth checking 
to see if a lower solution gives a better set of real life factors. Running 
principal components analysis specifying a fixed number of factors as two 
yields the results shown in Table 3.14.

Looking at these two latent factors it is possible to define differences 
between latent factors 1 and 2. This two factor solution seems to generate 
more common themes than the initial three factor solution obtained by 
simply allowing the Kaiser criterion of all eigenvalues greater than 1.0 to be 
factors. Factor 1 suggests a more affluent household who can afford extras 
in a Global South context such as computer, car and generator. A generator 
supply for electricity in most Global South countries tends to imply a 
wealthier household owing to publically supplied electricity having erratic 
provision, with daily cases of power cuts.

 ■ Table 3.13 Three factor rotated PCA solution

Rotated Component Matrix

Component

1 2 3

The family own a car or jeep .673

The family have a generator .671

The family have a computer .655

The family have a gas stove .627

The family have a television .865

The family have electricity .826

The family own a cell/mobile .793

The family own a radio .539

The family own land .359 .425

SPSS extraction method is principal component analysis. Rotation 
Method: Varimax with Kaiser Normalization.

Stata command principle component factor: factor < variables >, pcf and 
postestimation command: rotate, kaiser factors(3)
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Clearly we can argue the pros and cons of both of these outputs. The 
decision around which of these you would choose to use for your research 
as the wealth factors would be based on your understanding of the data and/
or your literature review relating to the context you are working in.

CalCUlaTING aNd USING laTENT FaCTORS IN 
FUTURE aNalYSIS
A linear regression example

In later chapters we look at how factor analysis can be used to explore 
links between variables. To illustrate this with an example we will look 
to see how the happiness latent factors are affected by socio-economic 
backgrounds using the data we have created in the examples in this 
chapter.

In the happiness data one of the latent factors was having a positive 
attitude to life. The three items in this latent factor are ‘I am always 
committed and involved’, ‘I feel that life is very rewarding’ and ‘I feel able 
to take anything on’. As you can see these suggest a very positive outlook to 
life. Using this as the dependent variable we can ask the following research 
question:
Does your socio-economic background affect your commitment attitudes 
to life?

 ■ Table 3.14 Two factor rotated PCA solution

Rotated Component Matrix

Component

1 2

The family have a generator .680

The family own a car or jeep .672

The family have a computer .654

The family have a gas stove .564

The family own land .436

The family have electricity .855

The family have a television .818

The family own a radio .366

The family own a cell/mobile .362

Extraction Method: Principal Component Analysis. Rotation Method: 
Varimax with Kaiser Normalization. In Stata use principal-component 
factor. Stata command principle component factor: factor  < varia-
bles >, pcf and postestimation command: rotate, kaiser factors(2)
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Table 3.15, a linear regression table (regression will be covered in greater 
detail later in the book), suggests due to the positive significance B-value of 
0.071 and associated p-value of 0.018 that if you come from a more affluent 
household then you have a greater likelihood of having a positive attitude to life.

Calculating the appropriate latent factor score

Having discovered the factor scores for the latent variables it is possible 
to interpret these results relative to the different individuals who have 
answered the questionnaire. To demonstrate how this can be done we shall 
use the three factor scores relating to a ‘positive attitude to life’ from the 
happiness questionnaire in the early part of this chapter.

We can write down an equation for this latent factor where the numbers 
are factor loadings given in Table 3.16 and can be thought of as weightings 
for the various variables:

Positive = 0.473 x Committed + 0.414 x Rewarding + 0.301 x Anything
From this we can calculate the latent factor scores for each person. If for 

example a person had given answers to these three items as 2, 4, and 3 in the 
questionnaire this would result in a factor score of 3.505 for that particular 
individual. The calculation to obtain this value is:

Positive = 0.473 x (2) + 0.414 x (4) + 0.301 x (3)
= 0.946 + 1.656 + 0.903 = 3.505

 ■ Table 3.15 Linear regression for positive happiness

Coefficients

Model Unstandardized 
Coefficients

Standardized 
Coefficients

t Sig.

B Std. Error Beta

(Constant) 1.988E-5 .030 .001 .999

Wealth 1 
richer

.071 .030 .106 2.379 .018

Wealth 2 
poorer

−.005 .030 −.008 −.183 .855

Dependent Variable: Positive happiness

 ■ Table 3.16 Factor scores: positive attitude to life

Item Variable name Factor loading

I am always committed and involved. Committed 0.473

I feel that life is very rewarding. Rewarding 0.414

I feel able to take anything on. Anything 0.301
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This value can be computed by SPSS and Stata, for all the participants 
in the survey giving the latent variable that can be used in further analysis.

The way we calculate the factor score of 3.505 is called a coarse factor 
score and created by a non-refined method. This illustrates how to derive a 
simplistic weighted value of the raw score.

Statistical packages offer the user a range of alternative more 
sophisticated methods to evaluate the latent factors with greater internal 
consistency. These are called refined methods. There are three main refined 
methods used in factor score extraction, Regression, Bartlett and Anderson-
Rubin. All three have advantages and the method of choice depends on how 
the extracted factors are going to be used.

The Regression method (Thurstone, 1935) modifies the factor loadings 
to compensate for the initial correlations between the variables. In most 
cases the regression method is the most frequently used method to estimate 
refined factor scores. With this method the factor scores have a mean of 
zero. The resulting factor scores correlate not only with the items in the 
latent factor but also with the items in the other latent factors. These factor 
scores are standardised to reflect a Z-score metric with the values ranging 
from -3 to +3 (Brown, 2006).

The Bartlett method, in contrast to the regression method produces factor 
scores that are only correlated with items within that latent factor. One 
advantage of Barlett factor scores is that they are most likely to give ‘true’ 
factor scores as they are produced using maximum likelihood estimates 
(Hershberger, 2005).

The third method used to extract factor scores is the Anderson-Rubin. 
With this method the factor scores are uncorrelated and are standardised 
to have a mean of zero and standard deviation of one. Then these are often 
standardised using a T-score which is a shifted Z-score scaled to have a 
mean of 50 and standard deviation of 10, using a data transformation such 
as trunc(50 + 10*Fac1_1 + 0.5). If you wish to create factor scores that are 
uncorrelated for data reduction then the use of Anderson-Rubin method is 
often preferred (Harman, 1976; Grice, 2001; Tabachnick and Fidell, 2001; 
Carifio and Perla, 2008; Di Stefano et al., 2009)

MISSING ValUES
Factors score values will only be calculated for items that contain no 
missing values. If there are any missing item values no factor scores will be 
produced pertaining to that person’s questionnaire category. It is possible 
to avoid these missing data issues by using one of the many imputation 
techniques. In an ideal world data imputation would always be avoided but 
for a multitude of reasons this is not always the case. In Chapter 1 we gave 
more detail on the various options that are available to deal with missing 
values.
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HOW TO REPORT FaCTOR aNalYSIS
As we have seen in this chapter it is important to report the Kaiser-Meyer-
Olkin measure, the Bartlett Test of Sphericity, a Scree plot and the percentage 
of variance explained by the eigenvalue factors included. The report should 
also include factor weightings in the relevant matrix with the extraction 
and rotation method used. When using factor score the extraction method 
should be given, i.e. Regression, Bartlett or Anderson-Rubin method.

Calculating factor analysis with Stata and SPSS

For SPSS, select Analyze – Dimension Reduction – Factor to open a 
dialog box that allows variables and options to be selected. First select 
the variables to be used in factor analysis and drop these into the variable 
box. Then on the right hand side of this window select Descriptives 
and tick KMO. Next select the Extraction window to obtain options for 
factor method – Principal components, Maximum likelihood, or Principal 
axis factoring. In this window you can also select Scree plot and the 
number of factors to extract. The third dialog box is Rotation to select 
the appropriate rotation, either orthogonal Varimax or oblique Promax. 
The fourth window Scores allows you to calculate and save latent score 
factors by ticking the Save as variables box and then selecting the 
appropriate method. The final window Options gives display format with 
options Sorted by size and Suppress small coefficients. It is usual to set the 
Absolute value below: as 0.3

For Stata, select Statistics – multivariate analysis – Factor and 
principal component analysis to open the dialog box. In the menu 
(Model) select the variables (items) that are required for your particular 
factor analysis. In ‘model2’ identify the method to be used principal 
factor, maximum likelihood or principle-component factor. To select 
the appropriate rotation, either orthogonal Varimax or oblique Promax 
then select Statistics – multivariate analysis – Factor and principal 
component – Postestimation – rotate loadings. To generate a Scree plot use 
the same commands as this, changing only the final option to ‘scree plot 
of eigenvalues’, Statistics – multivariate analysis – Factor and principal 
component – Postestimation – Scree plot of eigenvalues. In the ‘Statistics – 
multivariate analysis – postestimation reports and statistics’ section you 
can select the estat tools such as KMO.

To calculate and save latent score factors type in the command line 
‘predict’ and your variable names for these factor scores. The default setting 
is the Regression Method. Hence if you have two factors you would type 
predict var1 var2 or if you wished to use the Bartlett method then you 
would type predict var1 var2, bartlett.
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 ■ Figure 3.3 Stata Varimax or Promax rotation

Select for orthogonal Varimax

Select for oblique Promax

Identify the method to be used -
principal factor, maximum likelihood or
iterated principle component factor

Decide on the maximum number of
factors
Set the minimum value for eigenvalues.
Default is one

 ■ Figure 3.2 Stata factor analysis: select model

 ■ Figure 3.4 SPSS factor analysis

First select the variables to be 
used in factor analysis and 
drop these into the variable
 box

The five sub-window options 
are explained in the figures 
below 
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Methods of factor extraction – Principal
components, Maximum likelihood,
Principal axis factoring

Select Scree plot

If required you can select the number
of factors to be extracted

 ■ Figure 3.5 SPSS extraction window

Select the appropriate
rotation, either orthogonal
Varimax or oblique Promax

 ■ Figure 3.6 SPSS rotation window

 ■ Figure 3.7 SPSS factor scores

To calculate a new variable
for each of the factor scores
in the data
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Sort factor loading
coefficients by size

Only show factor loading
coefficients that are 
larger than 0.3

 ■ Figure 3.8 SPSS options window
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CORRELATION 
AND LINEAR 
REGRESSION

In this chapter several statistical techniques and processes will be explored 
to consider relationships that exist between variables. Firstly we will 
consider the three main statistical techniques that can be used to investigate 
correlations – Pearson, Spearman and Kendal. Visual representations allow 
for greater understanding about what correlation actually means. Therefore 
the chapter starts by interpreting scatterplot diagrams as they assist in the 
understanding of what the output from a Pearson Correlation Coefficient 
represents. The chapter will then move on to analysing ordinal data with the 
use of Spearman rho and Kendal tau correlation techniques. These statistical 
correlation procedures will then be used to explore a study of parental 
involvement in education. Factor analysis in conjunction with correlation 
techniques is used to explore the association between themes in the study.

In the second part of this chapter we will continue this exploration of 
statistical relationships between variables looking at linear regression. 
Regression enables you to estimate the value of one variable (dependent 
variable) given what is known about another variable (independent 
variable). We will start the section taking forward the ideas presented on 
correlations and look at obtaining a line of best fit on a scatter diagram. 
The section then explores multivariate linear regression where a number of 
independent variables can influence a dependent variable and illustrate how 
to interpret and report findings from SPSS and Stata outputs. Concluding 
sections in this chapter explore variable selection methods and appropriate 
sample sizes for regression models.

SCaTTER dIaGRaM
In the first instance, one way of obtaining a sense of an association between 
two variables is to draw a scatterplot. A scatterplot looks at general trends in 
the data. SPSS and Stata provide the tools to plot these diagrams to compare 
visually the relationships between variables.

Many examples can be given to show how scatterplot graphs can be 
helpful when exploring associations. Whether in science, social science or 
health, looking to see whether associations exist or not can help in our desire 
to search for the truth around what does or does not affect daily living. 

CHAPTER 

4
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Examples could include a reflection on whether the number of sales of a 
produce is associated with advertising costs or the advertising campaign. 
Once data have been collected over a number of years, they can be used in 
order to forecast behaviour. Looking for positive, negative or no association 
then reveals the way forward for the investigator.

A positive relationship implies as one variable increases the other 
increases. With the advertising example above, we would expect that a good 
advertising campaign, with increased advertising costs would generate 
greater volume of sales.

Scatterplots can also be used to find relationships between variables that 
have been hypothesised. Figure 4.1 shows that reading scores increase with 
reading age. That is there is a positive relationship in education between 
reading age and reading score. This could be expected but as a researcher 
you need evidence to support your hypothesis. A scatterplot can be the first 
stage in your analysis of data when you are looking for trends and patterns.

Figure 4.2 demonstrates negative correlations in data. In this particular 
case as a person’s level of happiness decreases their level of helpfulness 
increases. As one variable increases the other decreases. This is an example 
of a negative correlation.

Other examples of negative correlation could be the more goods you buy 
the less money you have in your bank account and the more you exercise 
the lower your body weight.

The two cases illustrated in Figures 4.1 and 4.2 show clear relationships, 
this is not always the case. In some situations no clear correlation is 
observable as shown in Figure 4.3.

 ■ Figure 4.1 Positive correlation
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A note of caution needs to be stated before venturing more deeply into 
correlation. Even when a very strong correlation is obtained between 
variables it cannot be assumed that there is a cause and effect relationship. 
This correlation analysis merely tells us that between these two sets of data 
there is a relationship between the pairs of numbers, showing positive, 

 ■ Figure 4.2 Negative correlation

 ■ Figure 4.3 No clear correlation
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negative or no trend. It is up to the researcher to critically evaluate this 
result. Correlation analysis provides a starting point in order to investigate 
causal relationships.

Confident predictions around the significance of the correlation of 
variables requires more than a diagram. Statistical tests therefore are able 
to assess whether correlations between variables are statically significant 
or not. We therefore consider the use of Pearson Correlation and how to 
interpret outputs from statistical packages.

CORRElaTION
Pearson correlation

In the first part of this chapter we looked at how scatterplot diagrams 
can be used to graphically illustrate associations between variables. In 
addition to a visual check it is important to measure the strength of the 
relationship between the two variables using a statistical test. The statistical 
test determines the relative strength or weakness of the relationship 
and whether the correlation is positive or negative. Pearson correlation 
coefficient measures the strength of a linear relationship between 
continuous variables.

The Pearson correlation gives an r-value that lies between −1 and +1, 
with a value of +1 indicating a perfect positive correlation and −1 a perfect 
negative correlation. A value of zero indicates no correlation. The measure 
of importance of these is termed as an effect size. The strength of the effect 
and the associated r-values are as follows:

Weak: −0.1 to +0.1
Modest: In the interval −0.1 to −0.3 or +0.1 to +0.3
Moderate: In the interval −0.3 to −0.5 or +0.3 to +0.5
Strong: In the interval −0.5 to −0.8 or +0.5 to +0.8
Very Strong: In the interval −0.8 to −1.0 or +0.8 to +1.0

The Pearson correlation coefficient (the r-value) is calculated by summing 
all the differences between each individual item value with the mean of all 
the values. Dividing this by the standard deviation of the variables allows 
for standardisation. This is a sophisticated statistical method of calculating 
the average distance of all the points on our scatterplot from an assumed 
best fit straight line through these points.

Figure 4.4 shows a set of seven points with an estimated line drawn as 
close to as many of the points as possible so as to minimize the error. In 
Appendix 4 there is more technical information on how this calculation can 
be made by hand. Fortunately SPSS and Stata are capable of doing these 
calculations for us quickly. This takes away the requirement of calculation 
but interpreting the outputs from SPSS and Stata is crucial in order to gain a 
clear understanding of statistically significant associations.
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By squaring the r-value we calculate what is called a coefficient of 
determination. The r2 value provides a measure of how much of the variation 
can be accounted for due to the variables under consideration and how 
much is due to other factors. For example, obtaining an r-value of 0.745, 
with associated r2-value of 0.555, indicates that 55.5% of the variation can 
be explained by the correlation. This leaves less than 44.5% to be explained 
by other factors. If the r-value was lower, say for example a value of 0.367 
then the coefficient of determination would be r2=0.135 implying that only 
13.5% of the variation is explained. These two examples would be classified 
as the first result of 0.745 being around three times as significant as the 
second result of 0.367.

Factor analysis was the topic focus in Chapter 3 and this next part of 
the chapter links exploratory factor analysis with Pearson Correlation. This 
allows us to explore how to analyse Likert scale questionnaires using latent 
factor scores. The following study shows how Likert scale questionnaire 
items can be converted using factor analysis into single latent scores and 
then analysed using correlation.

Correlation using latent factor scores

Much research has shown there to be a significant association between 
student outcomes and parental involvement. According to Hoover-
Dempsey and Sandler (1995, 1997, 2005) there are three major sources of 
motivation for parents to become involved in their child’s education. The 

 ■ Figure 4.4 Estimated linear relationship
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parental involvement process is made up of three main sources. First, is the 
motivational beliefs of the parents that their role and self-efficacy can be 
important for helping their children to be successful at school. The second 
part of the model relates to how parents can be involved with their children’s 
schooling. The final aspect of the model is around time and ability, and how 
the parents’ beliefs in their own skills and knowledge can affect outcomes. 
The study of 500 parents considers whether the three main sources of 
parental involvement are associated with each other and if so how.

The 25 questions used in this study are taken from the work of Hoover-
Dempsey and Sandler’s model as set out in Walker et al. (2005). All the 
measures are given on a four-point Likert scale, with 1 as strongly disagree, 
2 disagree, 3 agree, and 4 strongly agree. The following procedure in this 
section is the one that Hoover-Dempsey and Sandler have used in their 
research.

First, principal components analysis will be used as a data reduction 
technique to create latent factor themes of Likert scale items. This will 
reduce the 25 original Likert scale questions into nine variables. Then the 
Pearson correlation technique will be applied to the nine variables created 
using principal component analysis to find the relative associations between 
these themes. In the model suggested by Hoover-Dempsey and Sandler these 
factor item groups will have correlated inter-woven structure. The Promax 
oblique rotation method will be applied to capture these groupings with 
the Bartlett method being used to create latent output scores. The Bartlett 
method is used for factor scores as the correlated items are within particular 
latent variable themes. The groups of latent factors fall into three categories:

1) Psychological motivators – with two themed groups – Role activity 
beliefs and Parental self-efficacy;

2) Invitations to involvement – with three themed groups – General 
school invitations, Specific teacher invitations, and Specific child 
invitations;

3) Life context – with two themed groups – Skills and knowledge and 
Time and energy.

The next part of this chapter considers each of these categories in turn.

Psychological motivators

The first theme in the psychological motivators category is the parent’s 
motivational beliefs and how parents feel they should play an active role 
in their children’s education. These are shown in the two single constructs 
(Tables 4.1 and 4.2). Within each of these constructs are a group of three 
items. These three items are combined into single latent factors. In the factor 
relating to the role activity beliefs of the parent, it can be seen in Table 
4.1 that the single item question ‘Communicate with my child’s teacher 
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regularly’ has the highest factor weighting with λ equal to 0.806. All of the 
loadings in the factors ‘role activity beliefs’ and ‘parents’ self-efficacy’ are 
greater than 0.3 and so are said to be salient and relate meaningfully to these 
factors. Regarding the parents’ self-efficacy factor there are three items 
in this factor concerning the parents’ ability to make a difference to their 
children’s education through their involvement. The item ‘I feel successful 
about my efforts to help my child learn’ has the highest factor weighting of 
0.871. The latent construct for parents’ self-efficacy can therefore be said 
to explain 75.9% (0.8712) of the variation in this item with only 24.1% 
(1–0.8712) left unexplained.

Invitations to involvement

Invitations to involvement is the second theme and focuses on parents’ 
feelings regarding involvement in school generally, covering a wide range 
of opportunities for parental involvement as set out in Tables 4.3–4.5. The 

 ■ Table 4.1 Role activity beliefs

Factor

Communicate with my child’s teacher regularly (School) .806

Talk with my child about the school day (Home) .780

Volunteer at the school (School) .527

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.558. Bartlett’s Test of Sphericity(3)=119.241, 
p<0.001. 51.206% of variance explained.

Stata command for principle component factor: factor rab1 rab2 rab3, pcf factors(1) and 
postestimation command: rotate, promax oblique kaiser factors(1)

 ■ Table 4.2 Parents self-efficacy

Factor

I feel successful about my efforts to help my child learn .871

I know how to help my child to do well in school (Home) .828

I do know if I’m getting through to my child .613

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.579. Bartlett’s Test of Sphericity(3)=293.723, 
p<0.001. 60.691% of variance explained

Stata command principle component factor: factor pse1 pse2 pse3, pcf factors(1) and 
postestimation command: rotate, promax oblique kaiser factors(1)
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 ■ Table 4.3 General school invitations

Factor

I feel welcome at the school (School) .880

The school lets me know about special school events and 
meetings (School)

.811

The teachers at the school keep me informed about my child’s 
progress in school (School)

.686

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.596. Bartlett’s. Test of Sphericity(3)=337.216, 
p<0.001. 63.436% of variance explained.

Stata command principle component factor: factor gsi1 gsi2 gsi3, pcf factors(1) and 
postestimation command: rotate, promax oblique kaiser factors(1)

 ■ Table 4.4 Specific teacher invitations

Factor

My child’s teacher asked me to talk with my child about the 
school day (Home)

.918

My child’s teacher asked me or expected me to help my 
daughter with her homework (Home)

.861

My child’s teacher asked me to attend a special event at 
school (School)

.790

My child’s teacher asked me to help out at the school (School) .657

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.693. Bartlett’s Test of Sphericity(6)=996.267, 
p<0.001. 66.008% of variance explained.

Stata command principle component factor: factor sti1 sti2 sti3 sti4, pcf factors(1) and 
postestimation command: rotate, promax oblique kaiser factors(1)

three themes contain three and four items. All of the factor loadings are 
greater than 0.3 and so relate meaningfully to the themes.

The general school invitations theme is divided into three items. The 
first two items relate to parents feeling welcome at school (λ=0.880 and 
λ=0.811) and the other item is regarding the parents being informed about 
their children’s progress (λ=0.686).

The second theme has a group of items that are associated with the 
teacher inviting parental involvement.1
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The last factor group can be classified as interactions between the child 
and parent solely, in relation to the child’s homework and the support that 
the parent gives.

Life context

The final life context category contains two themes. The first is related to 
skills and knowledge and the second is around parents’ perception of the 
demands put on their time. Concerning the first theme, a parent may not 
feel that they have the background skills to help their child due to their 
own school history and education journey. All of the items in the skills and 
knowledge factor are nearly equally weighted (0.972, 0.964 and 0.960) 
implying that these items play almost an equal role in the construction of 
this latent factor.

This has not been seen with the other educational constructs. For 
example, regarding the theme, role activity beliefs, the weightings for the 
first two items are similar with 0.806, 0.780 but the third is 0.527. When 
calculating the explained variances for these items this difference becomes 

 ■ Table 4.5 Specific child invitations

Factor

My child asked me about her homework (Home) .731

I know how to supervise my child’s homework (Home) 815

My child asked me to explain things about her homework (Home) 801

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.653. Bartlett’s Test of Sphericity(3)=247.637, 
p<0.001. 61.337% of variance explained

Stata command principle component factor: factor ci1 ci2 ci3, pcf factors(1) and postes-
timation command: rotate, promax oblique kaiser factors(1)

 ■ Table 4.6 Skills and knowledge

Factor

I know enough about subjects to help my child with homework .972

To be able to look for more information about subjects if 
required

.964

To believe that she can learn new things .960

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.776. Bartlett’s Test of Sphericity(3)=1772.763, 
p<0.001. 93.166% of variance explained.

Stata command principle component factor: factor sk1 sk2 sk3, pcf factors(1) and pos-
testimation command: rotate, promax oblique kaiser factors(1)
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clearer with the first two being 65% (0.8062) and 61% (0.7802) and the final 
item only explaining 28% (0.5272) of the variation. There is nothing wrong 
with this as all the weightings are above accepted limits (0.3). This just tells 
us that the make-up of the latent construct factor for role activity beliefs has 
a low weighting on the ‘volunteer at school’ question. It could be implied 
from this that the parents in this data set feel that communicating with their 
child’s teacher and talking to their child about their day at school hold more 
importance for them than volunteering at school.

The final theme in this category is time and energy. There are five items 
that relate to the perception that parents have when they are thinking about 
involvement with school, teachers and the child.

Home and school based items

The analysis of this study thus far has formed seven themed groups of 
reduced factors. In addition to these themed groups Hoover-Dempsey and 
Sandler also created two additional groups from the original 25 questions 
in their research. These items are related to either involvement behaviours 
for parents around ‘home-based’ or ‘school-based’ questions. All the home-
based items are given in Table 4.8. They include statements such as ‘I know 
how to supervise my child’s homework’ and ‘I have enough time and energy 
to supervise my daughter’s homework’ (λ=0.722 and λ=0.478 respectively).

School-based involvement items included questions that are related to 
parents’ involvement with teachers and school, for example ‘I have enough 

 ■ Table 4.7 Time and energy

Factor

I have enough time and energy to help out at my child’s school 
(School)

.872

I have enough time and energy to help my child with homework 
(Home)

.838

I have enough time and energy to attend special events at 
school (School)

.823

I have enough time and energy to communicate effectively with 
my child’s teacher (School)

.792

I have enough time and energy to supervise my daughter’s 
homework (Home)

.622

SPSS output in the table with extraction method principal component analysis. Rotation 
method Promax. Kaiser-Meyer-Olkin 0.797. Bartlett’s Test of Sphericity(10)=1233.163, 
p<0.001 .63.879% of variance explained

Stata command principle component factor: factor te1 te2 te3 te3 te5, pcf factors(1) and 
postestimation command: rotate, promax oblique kaiser factors(1)
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 ■ Table 4.8 Home based items

Factor

I have enough time and energy to help my child with homework (Home) TE2 .887

My child asked me about her homework (Home) CI1 .810

I know how to help my child to do well in school (Home) PSE2 .810

I know how to supervise my child’s homework (Home) CI2 .722

I know how to explain things to my child about their homework (Home) CI3 .612

My child’s teacher asked me to talk with my child about the school day 
(Home) STI 1

.568

My child’s teacher asked me or expected me to help my daughter with her 
homework (Home) STI2

.545

I have enough time and energy to supervise my daughter’s homework 
(Home) TE5

.478

SPSS output in the table with extraction method principal component analysis. Rotation method 
Promax. with Kaiser Normalization. 48.054% of variance explained.

Stata command principle component factor: factor te2 ci1 pse2 ci2 ci3 sti1 sti2 te5, pcf fac-
tors(1) and postestimation command: rotate, promax oblique kaiser factors(1)

 ■ Table 4.9 School based items

Factor

I have enough time and energy to help out at my child’s school (School) TE1 .831

I have enough time and energy to communicate effectively with my child’s 
teacher (School) TE4

.803

I have enough time and energy to attend special events at school 
(School) TE3

.784

The school lets me know about special school events and meetings 
(School) GSI2

.739

My child’s teacher asked me to attend a special event at school (School) STI3 .559

My child’s teacher asked me to help out at the school (School) STI4 .553

Communicate with my child’s teacher regularly (School) RAB1 .519

The teachers at the school keep me informed about my child’s progress 
in school (School) GSI3

.455

SPSS output in the table with extraction method principal component analysis. Rotation method 
Promax. Kaiser-Meyer-Olkin 0.761. Bartlett’s Test of Sphericity(28)=1441.990, p<0.001. 
44.897% of variance explained

Stata command principle component factor: factor te1 te4 te3 gsi2 sti3 sti4 rab1 gsi3, pcf fac-
tors(1) and postestimation command: rotate, promax oblique kaiser factors(1)
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time and energy to help out at my child’s school’ and ‘Communicate with 
my child’s teacher regularly’ (λ=0.831 and λ=0.519 respectively).

Pearson correlation and association between themes

The nine themes that have been constructed are termed latent constructs 
and are used by Hoover-Dempsey and Sandler to see if correlations exist 
between these nine variables. Table 4.10 shows the results for this data set 
with stars indicating if the Pearson correlation is significant.

Table 4.10 shows that all of the correlations are positive and that 
most are significant. Only four of the variables are not significant. All of 
these variables relate to the factor ‘skills and knowledge’. There are two 
variables that are said to have a very strong correlation with values in the 
interval from +0.8 to +1.0. One of these is the positive correlation between 
‘home-based involvement’ with ‘specific child invitations’. This particular 
correlation has an r-value of 0.908.

The r-values in the range 0.5 to 0.8 are strong significant correlations and 
in the table there are fifteen of these. The latent construct ‘time and energy’ 
features here in this class with a correlation of 0.582 with ‘general school 
invitations’.

Seven correlations are in the range 0.3 to 0.5 suggesting moderate 
correlations. The remaining eight correlations are in the modest category 
with r-values ranging from 0.1 to 0.3. Overall this data shows that there 
are clear correlations in parent’s attitudes around their child’s schooling. 
Hoover-Dempsey and Sandler published similar findings to these shown in 
Table 4.10 in their research.

When to use Pearson correlation

Pearson’s correlation coefficient is not appropriate to use when we are 
looking to find correlations between variables with data that has outliers, 
ordinal scales and non-linear relationships. This is due to the fact that 
Pearson’s correlation coefficient can be sensitive to outliers, with even just 
a few extreme data points, leading to wide variations in r-values. When your 
data is not continuous, such as ordinal data in a Likert scale then we cannot 
use Pearson’s coefficient. We could, as we have seen in Chapter 2, use the 
Chi-square test in this situation, as it is a robust measure as long as there are 
not too many categories.

The final important condition to bear in mind when deciding to use 
an alternative statistical correlation test is that of non-linearity. This is 
sometimes found when the data that you are analysing has unequal gaps due 
to the discrete choices on offer in the item scales. Willingness to pay options 
often have this kind of structure. An illustration of such a willingness to pay 
scale is one that is measured in six discrete units such as $1, $5, $10, $20, 
$50 and $100. Gaps between these values are $4 ($5-$1), $5 ($10-$5), $10 
($20-$10), $30 ($50-$20), $50 ($100-$50). The gaps are $4, $5, $10, $30, 
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and $50 and as these are not a constant value they are said to be non-linear. 
In a linear sequence such as $4, $6, $8, $10, $12, all the differences have 
constant difference of $2.

When the conditions such as these described occur then the requirements 
for using Pearson’s correlation coefficient are not met. It is then necessary 
to use a non-parametric statistic such as Spearman’s rho and Kendall’s tau. 
In the next two sections we will look at each of these statistical tests in turn.

SPEaRMaN’S RaNK CORRElaTION COEFFICIENT 
(SPEaRMaN’S RHO)

Spearman’s rho can be used with ordinal, non-linear or continuous data that 
describes a monotonic relationship. A monotonic relationship is defined to be 
one in which as one variable increases the other either increases or decreases. 
As seen earlier in this chapter this is another way of saying a positive or 
negative correlation. As with the Pearson correlation coefficient a rho value 
(ρ) of +1 is a positive correlation and ρ-value of −1 is a negative correlation.

The way Spearman’s rho calculates this coefficient is to create a ranking 
order for each of the two variables under consideration. The statistical test 
then measures the difference between these two ranks for each of the survey 
respondents. Details on how this test is calculated are set out in Appendix 4.

Let us apply the Spearman’s rho correlation to two Likert scale items 
from the parent’s survey we looked at earlier in this chapter based on 
the work of Hoover-Dempsey and Sandler. We can use SPSS or Stata to 
calculate the Spearman’s rho for two of the questions from the school and 
home categories. The questions ‘communicate with my child’s teacher 
regularly (School)’ and ‘talk with my child about the school day (Home)’ 
show that there is a positive correlation ρ = 0.434 with significance of  
p < 0.01. Note that when Pearson’s correlation test was used to calculate 
the correlation for these same two questions it gave a value of 0.418, with a 
significance of p<0.01. Both of these statistical techniques are very robust 
to variations in data types as the results will usually show little difference.

The limitation with using Spearman’s rho correlation is you need to 
be able to demonstrate that the rankings are equidistant. If your Likert 
scale questionnaire ranks are not equidistant then the statistical test called 
Kendall’s Tau can be used instead of Spearman’s rho. This is because 
Kendall’s Tau does not include the restriction around the assumption of 
equidistance between consecutive ranks.

KENdall’S TaU CORRElaTION (τ)
The statistical procedure is very similar to Spearman’s rho in that Kendall’s 
tau assigns ranks for the two variables under investigation. The statistical 
test differs slightly from Spearman’s rho by ordering one of the variables 
in rank order and using this as an anchor column. This anchor column is 
then compared against the other variable known as a reference column. 
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Deviations from the monotonic association, i.e. perfectly positive or negative 
are termed the amount of rank disarray. The amount of rank disarray is 
given as the number of cases in the reference column differing from the 
anchor column as a percentage. The Kendall’s tau value produced via this 
test gives a result in the same range as Spearman’s rho, with Kendall’s tau 
(τ) of −1 indicating completely negative correlation and τ=+1 complete 
positive correlation. As the value of Kendall’s tau approaches zero this 
indicates complete rank disarray with a great number of the pairs of ranked 
values not following a monotonic pattern.

Looking at the same Likert scale questions ‘communicate with my 
child’s teacher regularly (School)’ and ‘talk with my child about the school 
day (Home)’ as we did previously gives τ = 0.410, p<0.01. Again a similar 
result to that obtained previously, showing the strength of these statistical 
techniques to deal with a range of data types.

Note that Kendall’s tau-b is a slightly different statistical test that is 
offered in statistical packages as it corrects for cases when there are tied 
ranks. In Appendix 4 you can find greater mathematical detail on how both 
Spearman’s rho and Kendall’s tau statistical techniques are calculated.

CORRElaTIONS BETWEEN TWO VaRIaBlES OF 
dIFFERENT SCalES

The three different correlation techniques described so far in this chapter 
can be used with continuous (Pearson) and ordinal (Spearman and Kendall) 
data. If you wish to find associations between two variables with different 
scales then Kendall’s tau is recommended. Analysing the correlation 
between age and the Likert question ‘I have enough time and energy to 
supervise my daughter’s homework (Home)’ gives the result that as the 
child gets older the parent feels that they have less time and energy to spend 
helping with homework. We know that the result implies ‘less time’ as the 
Kendall’s tau for this is negative with a value of τ = −0.109, and significant 
with p<0.05 having an exact p-value of 0.014

HOW TO REPORT CORRElaTIONS
As we have seen in this chapter it is important to report whether the 
correlation is positive or negative. The report should also include the type of 
correlation you have used and the level of significance given by the result. 
Hence the statement:

shows that there is a positive correlation, Spearman’s rho value of 
0.434 with a significance of p < 0.01

This can be given in a more condensed form if required:

positive correlation ρ = 0.434, p < 0.01
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Scatterplots with Stata and SPSS

In SPSS select Graphs – Legacy Dialogs – Scatter/Dot. Select one of the 
scatterplot options and then insert variables in x- and y-axis boxes.

In Stata select Graphics – Two way Graph – Create – Scatter. In the drop 
down windows select the correct variables for the scatterplot.

CalCUlaTING CORRElaTION WITH STaTa aNd 
SPSS

In SPSS select Analyze – Correlate – Bivariate. From this select the required 
correlation, either Pearson, Spearman or Kendall, depending on the scale 
of the variables to be correlated. Using Pearson with continuous variables 
and Spearman or Kendall with ordinal, non-linear or continuous data that 
describe a monotonic relationship. Next click the arrow to move the marked 
items to the variable box to be correlated. Then click OK to carry out the 
calculation.

Select variable for 
y-axis

Select variable for 
x-axis

 ■ Figure 4.5 SPSS scatterplot

Select two way graph

Select type of plot, in
this case ‘scatter’ 

Select variables for x and y-axis

 ■ Figure 4.6 Stata scatterplot
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In Stata, for Pearson correlation select Statistics – Summaries, tables and 
tests – Summary and descriptive statistics – Correlations and covariances. 
This is just for Pearson and to perform Spearman or Kendall correlations 
you need to select Statistics – Summaries, tables and tests – Nonparametric 
tests of hypotheses. Next choose which correlation you wish to use either 
Spearman or Kendall.

lINEaR REGRESSION
Linear regression looks to fit the ‘best’ straight-line relationship for a set of 
points. This is a similar statistical procedure to the one discussed earlier in 
this section on bivariate correlation. Linear regression is a more powerful 
statistical technique as it allows us to assess how a group of variables can 
influence a single variable. This technique is called multivariate linear 
regression.

In this section we will start by looking at a two variable case, modelling 
the relationship between the dependent and the independent variable. This 

Mark the variables to be
correlated and move to 
‘variables’box 

Select the require correlation

 ■ Figure 4.7 SPSS correlation

Selection of parameters

Variables to be correlated

 ■ Figure 4.8 Stata correlation
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is linear regression. We then move onto the more complex multivariate 
linear regression where a number of independent variables may influence 
a dependent variable. To help explore this technique we will continue to 
use the study on parental motivation (Green et al., 2007). The study will be 
used to illustrate how to interpret and report findings from SPSS and Stata 
outputs. The chapter then continues exploring purposeful variable selection, 
which is a method to help when making significant variable choices for 
regression models. The chapter concludes with a short discussion around 
appropriate sample sizes for regression models. If you would like more 
mathematical information on linear regression and associated statistical 
tests this is contained in Appendix 5.

Linear regression using latent factor scores

Once Likert scale questions have been transformed into latent factors using 
exploratory factor analysis, then they can be used in regression analysis. 
This allows for a detailed exploration of Likert scale questionnaires using 
linear regression. To illustrate this we will explore aspects of parents’ home-
based and school-based involvement. Starting with a two variable example 
with the dependent variable being ‘home support’ and the independent 
variable ‘child invitations’ we then build on this to consider multivariate 
linear regression. Using these two variables in linear regression gives the 
output shown in Table 4.11.

Let’s interpret the linear regression output set out in Table 4.11. It is 
important to remember that linear regression with two variables is visually 

 ■ Table 4.11 Linear regression

Coefficients

Model
Unstandardized 
Coefficients

Standardized 
Coefficients

95.0% 
Confidence 
Interval for B

B
Std. 
Error Beta t Sig.

Lower 
Bound

Upper 
Bound

Constant −4.714E-15 .019 .000 1.000 −.037 .037

Child invitations 
requests for 
parental help at 
home

.908 .019 .908 48.388 .000 .871 .945

SPSS Linear regression: Dependent Variable: Home support. Tolerance=1, VIF=1

Stata linear regression command: regress Home CI
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a two dimensional straight line. The equation for this line can be obtained 
from our output and can be written as follows using the B-values:

Home support = 0.908×Child invitations −4.714E−15

The value of 0.908 is the slope coefficient of the line. In this case its 
approximately one. If you look at the graph in Table 4.9 for every one you 
move to the right in the x direction (child invitation) you move one up in 
the y direction (home support) along the line. This is called the gradient of 
a line. The other value in the equation, −4.714×10-15 gives the intercept on 
the y-axis. You can see on the graph in Figure 4.9 that the line nearly goes 
through the point (0,0).

This line suggests that parents’ home based involvement is significantly 
dependent on child invitations. The p-value is less than 0.001 and the beta 
coefficient indicates for every 0.908 standard deviations in home support this 
will result in one standard deviation change in child invitations. Once you have 
a model that you feel confident with it is necessary to check significance to 
confirm that the model is a better representation than the initial base model 
with no independent variables. The F-test statistic is a ratio that calculates the 
significant change in the value of the R2 when additional independent variables 
are added to the base model. If the t is significant then this suggests that the 
independent variables added, play an important part in the model. This model 
has a significant p-value with an F-test of P[F(1, 498) ≥2341.393] <0.001 and 

 ■ Figure 4.9 Regression line for child invitations
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r2=0.824, showing that the independent variable is important. You can see 
from Figure 4.9 that the points are scattered fairly close to the regression line. 
The 95% confidence limits for the B–value of 0.908 are between 0.871 and 
0.945. These upper and lower bound values for 95% confidence are close to the 
B-value as the standard error is small. These values can be calculated by hand 
as follows:

0.908−1.96×0.019 = 0.871

0.908 + 1.96×0.019 = 0.945

Next we will add a single additional variable, ‘teacher invitations’, and 
see how this affects the model. This model has two independent variables 
‘child invitations’ as before and now the additional variable ‘teacher 
invitations’. Notice that the weighting on ‘child invitations’ is still high and 
a dominant part of the model. Both independent variables can be seen to be 
significant from Table 4.12. The model’s equation can be written as follows 
using the B-values set out in the table:

Home support = 0.816×Child invitations
+ 0.320 × Teacher invitations −4.665×10-15

There is no improvement in the F-test as the value has not reduced 
(2341.393 to 2789.356) showing that the one variable model is a better 
fit. By calculating the R2 it can be seen that the amount of variance left 
unexplained has reduced from 18% (1−0.824) to 8% (1–0.918).

 ■ Table 4.12 Home support regression

Coefficients

Model

Unstandardized 
Coefficients

Standardized 
Coefficients

t Sig.B
Std. 
Error Beta

1 Constant –4.665E–15 .013 .000 1.000

Child invitations 
requests for parental 
help at home

.816 .013 .816 60.891 .000

Teacher invitations .320 .013 .320 23.846 .000

SPSS Linear regression: Dependent Variable: Home support. P[F(2, 497) ≥2789.356] <0.001, 
adjusted R2=0.918 Tolerance=0.917, VIF=1.091

Stata linear regression command: regress Home CI STI
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MUlTICOllINEaRITY
A possible issue that sometimes occurs with multiple regression analysis 
is that of multicollinearity. This occurs when independent variables in the 
model are highly correlated. The result of multicollinearity is that some 
variables may become redundant. A good literature review can often help to 
inform survey design prior to data collection and may help to avoid major 
multicollinearity issues around highly correlated variables.

Typical ways of measuring for multicollinearity include variance 
inflation factors (VIF) and tolerance statistics (Meyers, 1990; Bowerman 
and O’Connell, 1990; Hair et al., 2006; Sheather, 2009). Variance inflation 
factors with values close to one imply that no multicollinearity exists and if 
the VIF is greater than 10 then there is multicollinearity.

A tolerance statistic measures the amount of variance unexplained 
by other factors. A value close to one indicates that none of the other 
independent variables explain the variance in that particular variable. A 
value close to zero indicates nearly all the variance is explained and hence 
there are tolerance problems.

A simple complimentary way to detect multicollinearity is by calculating 
the correlations between variables as we saw earlier in this chapter. If you 
have variables that are close to being perfectly correlated then there is 
likely to be mutlicolinearity. When you have independent variables that are 
highly correlated, i.e. close to one, it is a good policy to remove one of 
these variables or to combine variables to create a new variable. A possible 
method of combining variables is as we have seen in Chapter 3 through factor 
analysis. If multicolinearity is detected then the variable with the highest 
VIF of the correlating variables should be removed. Once one variable has 
been removed then others with high VIF can be removed until the VIF of all 
the variables reaches an acceptable level. Care also needs to be taken with 
your sample size as small samples can often yield multicolinearity.

MUlTIVaRIaTE lINEaR REGRESSION
We are now ready to extend our regression technique to a multivariate linear 
regression model with seven independent variables. The equation for this 
multiple regression can be written as follows using the B values from Table 
4.13:

Home support = 0.599 × Child invitations +
0.205 × Teacher invitations 
+0.134 × Time and energy + 0.250 × Parental Self-efficacy 
+0.028 × General school invitations 
−0.046 ×  Role and activity beliefs
−0.015 × Skills and knowledge 
−4.115 × 10-16

Table 4.13 shows the results for multivariate linear regression. This next 
part of the chapter sets out how to interpret and report the findings using 
the figures in the table. In addition to the unstandardised coefficients (B) 
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and robust standard errors (SE) Table 4.13 shows standardised beta values 
(Beta), which indicate the number of standard deviations that a dependent 
variable will change as a result of one standard deviation change in the 
independent variable. So for example as ‘home support’ is our dependent 
variable, if the independent variable ‘child invitations’ changes by one 
standard deviation, then ‘home support’ will change by 0.599 standard 
deviations (1.0×0.599). Note that in this particular example as all of these 
variables were created by factor analysis their standard deviations are 
1.0 and hence B and Beta-values are the same. There are five statistically 
significant independent variables with one being negative as shown in the 
‘Sig column’. The role and activity beliefs of the parent have a negative 
impact on home support (B=−0.046, p<0.001). If the parent has greater self-
efficacy (B=0.250, p<0.001) and more time and energy (B=0.134, p<0.001) 
to spend on their child then home support will be greater. If the teacher 
(B=0.205, p<0.001) or the child asks (B=0.599, p<0.001) for support at 
home the parent is more likely to offer home support than if the invitation is 
not made. We can see that by using home support as our dependent variable 
this has helped us to gain a greater understanding and awareness of parents’ 
home based involvement. The constructs account for a significant amount 
of the variance, P[F(7, 492) ≥1746.911] <0.001, adjusted R2=0.961. The 
F-value shows that this model is a significant improvement from the base 
model and only 3.9% of the variance is left unexplained (1–0.961).

 ■ Table 4.13 Home support multivariate regression

Coefficients

Model

Unstandardized 
Coefficients

Standardized 
Coefficients

B SE Beta t Sig.

Constant −4.115E−16 .009 .000 1.000

Role and activity beliefs −.046 .010 −.046 −4.490 .000

Parental self-efficacy .250 .015 .250 16.243 .000

General school invitations .028 .015 .028 1.846 .066

Teacher invitations .205 .011 .205 17.998 .000

Child invitations requests 
for parental help at home

.599 .016 .599 37.891 .000

Skills and knowledge −.015 .009 −.015 −1.686 .092

Time and energy .134 .016 .134 8.406 .000

SPSS Linear regression: Dependent Variable: Home support P[F(7, 492) ≥1746.911] <0.001, 
Adjusted R2=0.961. ‘Time and energy’ Tolerance=0.312, VIF=3.209

Stata linear regression command: regress Home CI STI TE PSE GSI RAB SK
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Before we move on let us run the multivariate linear regression again, but 
this time with the dependent variable being ‘school support’. Looking at the 
data in Table 4.14 we can see that of the seven variables six are significant, 
with only ‘skills and knowledge’ (p=0.125) being not statistically significant. 
As with the ‘home support’ model set out above the F-value is significant 
and R2-value is high.

Looking at the coefficients given by the B value and taking into account 
whether the variable is statistically significant, then concerning ‘parental 
self-efficacy’, there is a negative relationship with ‘school support’ 
(B=−0.077, p<0.001). As parental self-efficacy increases then this will 
decrease the likelihood for the need of school support.

This part of the chapter has considered how to interpret the regression 
output that will be provided using statistical packages. The next section 
looks at how decisions can be made around retaining or not retaining 
variables in the model.

Variable selection for models

When carrying out regression it is easy to fall into the trap of entering into 
the model everything that you have collected and inputted into SPSS or 
Stata. This can often be done without considering carefully why and what 
you are looking to discover through the data. So sit back before you start 
selecting everything and think:

What does your literature review suggest will be significant?
What is your hypothesis?
What are your research questions around this hypothesis?

In many cases there are a number of variables that you could choose to 
include in the regression model. The goal of a researcher is to select those 
variables that construct the ‘best’ model. It is sensible to have a plan for 
selecting variables and a method for assessing the quality of the final model 
achieved. There is no one correct method for doing this and the method(s) 
you use will vary depending on a number of factors. The reason for variable 
selection could be due, in part, to past literature and findings. Think about 
the springboard you are using for your own research and what have the 
findings in the past determined to be significant around your research 
question. The research literature will often suggest certain empirical models 
and these will have informed your own research design. The model you 
have decided to use as a researcher could have been heavily influenced due 
to time constraints or survey collection limitations. All these factors will 
impact on the final structure and you as a researcher will balance, reflect and 
in the end state limitations of your study in relation to these.

Two methods for statistical selection that can be performed using 
statistical software are stepwise and purposeful. Stepwise procedures can 
inform the researcher very quickly about the ‘best’ significant model and 
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are a useful tool in the total process of variable selection. The disadvantage 
of the stepwise method is that the whole procedure is performed without the 
researcher being allowed to make any judgments informed by their literature 
review at any intermediate stage in the process of variable selection. In the 
next section we suggest an approach to variable inclusion based purely on 
statistical considerations. This approach can be used wholly or in part to 
help a researcher to make final decisions on variables that are included in 
the final analysis.

Purposeful selection of variables

In this section we consider purposeful data selection as a possible technique 
to help the researcher have a clearer understanding of the variables in their 
data set that have a significant affect and should be retained in the model 
(Bursac et al., 2008; Hosmer et al., 2013). The method builds a statistical 
model based on the data you have collected without being influenced by 
any other factors.

The first step in purposeful selection begins with the uni-variable analysis 
of each of the independent variables in relation to the dependent variable. 
It is important at this stage, as we have suggested in Chapter 2, to make use 
of contingency tables. This will help the researcher to become familiar with 
their data set. During this initial stage, variables that have a p-value less 
than 0.25 should be kept for future use. This criteria around a significance of 
0.25 comes from Bendel and Afifi (1977) and Mickey and Greenland (1989) 
who show that if you initially retain variables that only satisfy the p-value 
to equal 0.05 then some important variables will be discounted too early in 
the decision-making process.

Once the initial variable selection has been made in the first stage the 
model can be tested for any variables with p-values outside of a significant 
range. At this point the researcher needs to make a decision about which 
level of significance they are happy to retain for further investigation.

The new smaller model’s quality of fit can then be compared with the 
initial larger model. At this stage particular attention should be paid to any 
variables whose coefficients have greatly altered. A value that has greater 
than 20% absolute variation is considered significant and requires further 
investigation. The following example shows how the calculation would be 
carried out for a particular variable. If in your first model the coefficient 
B-values for a particular variable was 1.80 and it changed in the new model 
to a B-value of 1.40, then the variation can be calculated as:

(1.80 − 1.40)/1.40 = 0.286.

The percentage change is 28.6% implying that one of the variables 
taken out of the first model was important. The removed variable may not 
have been statistically significant but it was having an effect on the other 
variables and so should be retained. Removed variable(s) need to be added 
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back into the new model and the cycle described above repeated. To make 
these stages easier it is best to remove only one or two variables at a time. 
Once you have a model that you feel confident with it is necessary to check 
significance to confirm that the model is a better representation than the 
initial base model. The F-test can be used to check to see if the independent 
variables added to the model play a significant role.

Once you have obtained the basic model then more complex interactions 
can be investigated if it is felt that certain variables may have product 
interactions. Decisions for this need to be made not only at a statistical level 
but also related to whether it makes sense for these variables to interact in 
this way. To clarify this discussion we will look at an example involving 
the relationship between weight and age. Three models involving weight 
and age variables are illustrated in Table 4.15. As well as having variables 
of weight and age separately you can also check to see if there are any 
interactions involving multiple variables. In our example we include in 
Model 3 the variable – Weight*Age. This type of interaction variable implies 
that the effect of the individual variables, weight and age in this example, 
are not linearly dependent and there is some higher order interaction. In 
the example shown in Table 4.15 it can be seen that it would have been 
incorrect to stop at Model 2. When we add interaction term ‘Weight*Age’ 
in Model 3 all of the independent variables are still significant. The value of 
p<0.001 gives considerable evidence of statistical interaction between the 
two covariates of weight and age.

The interaction variables should be assessed for statistical significance as 
previously outlined above. At this stage of the purposeful section procedure 
the main individual variables should not be removed. These variables are 
the main part of the model and the interaction terms should be seen as 
adding to this. If an interaction term is to be included then the individual 

 ■ Table 4.15 Purposeful selection

Model Variable Coeff. SE t P 95% CI

1 Weight −1.353 0.471 −2.873 0.004 −2.278 −0.428

Constant 79.392 5.062 15.683 0.000 69.446 89.338

2 Weight −0.941 0.457 −2.059 0.040 −1.838 −0.043

Age 0.324 0.050 6.497 0.000 0.226 0.422

Constant 67.259 5.210 12.910 0.000 57.023 77.495

3 Weight −0.921 0.451 −0.087 0.042 −1.807 −0.034

Age 0.259 0.052 4.977 0.000 0.157 0.362

Weight*Age 1.169 0.311 3.762 0.000 0.157 0.362

Constant 62.843 5.284 11.892 0.000 52.460 73.226
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variable terms should also be retained. This allows for clarity around how 
the variables relate to the dependent variable.

lINEaR REGRESSION SaMPlE SIZE CONdITIONS
Green (1991) suggests for linear regression a minimum sample size 50 + 8n 
where n is the number of variables. With 10 independent variables you 
would require a minimum sample of 50 + 8×10 = 130. Appendix 6 contains 
more information on sample size.

As well as the number of independent variables you may also wish to 
consider the relative effect size and the sample required for this. Cohen 
(1988) suggests that r=0.1 is a small effect size, r=0.3 is medium effect 
and r=0.5 is a large effect. These r-values explain 1%, 9% and 25% of the 
total variance respectively. Care needs to be taken not to use these values as 
absolutes as there is debate concerning what constitutes ‘small’, ‘medium’ 
and ‘large’ effect sizes. Therefore, it is best to use these as markers to help 
form judgments (Sedlmeier and Gigerenzer, 1989; Schagen and Elliot, 
2004; Thompson, 2007; Zientek et al., 2010). Miles and Shevlin (2001) 
suggest for a large effect size then a sample of 80 is sufficient for up to 20 
independent variables. A medium effect size requires a sample of over 200 
for up to 20 variables and a small effect size requires a sample of over 600 
with up to 6 independent variables.

HOW TO REPORT lINEaR REGRESSION
As we have seen in this chapter it is important to report B-values, standard 
errors and standardised beta values, include the significance of the 
B-values. If these significance values are reported in tabular form then 
it is usual to indicate the level with multiple asterisks, such as * p<0.1,  
** p<0.05, and *** p<0.01. It is also usual to give an F-value and R2-value 
to validate the significance of the overall model and the amount of variance 
left unexplained. A concise notation for the F-value has been seen in this 

Select the dependent and
independent(s) variables

Then to analyze your
selection by clicking OK

 ■ Figure 4.10 Stata linear regression
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chapter takes the form of P[F(7, 492) ≥1836.505] <0.001, for example. 
Where in this example the notational positioning of the values is given by 
‘7’ degrees of freedom, ‘492’ residual degrees of freedom, ‘1836.505’ the 
F-value and ‘0.001’ p-value significance.

Calculating linear regression with Stata and SPSS

In SPSS to open the linear regression window by selecting Analyze - 
Regression – linear. Then select the dependent and independent variables 
you require. Then to analyse your selection click OK.

Linear regression in Stata select Statistics – linear models and related – 
linear regression. Then enter the dependent variable in dependent variable 
field and independent variables in the independent variable field. Then you 
can click OK or submit to analyse your selection.

NOTES

1 These ‘invitation’ questions come from the work of Epstein and Salinas (1993)

Select the dependent and
independent(s) variables

Then to analyze your selection by
clicking OK

 ■ Figure 4.11 SPSS linear regression
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FACTOR 
ANALYSIS

Confirmatory

In Chapter 3 we looked at exploratory factor analysis and investigated 
techniques to find groups of items that have a common latent structure. We 
investigated how exploratory factor analysis (EFA) determines the hidden 
underlying structure in a set of items in a questionnaire. Chapter 4 applied 
this exploratory concept to explore correlations. Firstly a factor analysis data 
reduction technique was used to create latent factor themes of the Hoover-
Dempsey and Sandler Likert scale questionnaire. Once these latent factors 
were obtained then Pearson correlation was used to find any association 
between these themes. This chapter takes forward the ideas from Chapters 
3 and 4 to considers how we can confirm these latent structures using 
statistics. Confirmatory factor analysis (CFA) assesses the hypothesised 
structure of items in grouped constructs and quantifies the quality of the fit.

Confirmatory factor analysis is useful in assessing a prior belief or an 
empirical models structure of items. It can also be used in conjunction with 
exploratory factor analysis to confirm the fit of an exploratory structure. 
The difference between exploratory factor analysis and confirmatory factor 
analysis is that for confirmatory the researcher needs to have a good prior 
understanding of how the variable items in the model are thought to inter-
relate and the connections between these items. Hence in confirmatory 
factor analysis the researcher specifies the pattern of how the items and 
latent factors are related in advance as well as any covariance that may exist 
between these. This pre-specified model structure is then evaluated through 
rigorous statistical procedures.

Confirmatory factor analysis is a subset of a much wider class of modelling 
called structural equation modelling (SEM). Structural equation modelling 
allows for a set of linear equations to be constructed and evaluated. A range 
of disciplines such as psychology, economics, medicine, psychiatry and 
social science use structural equation modelling.

The software to perform confirmatory factor analysis is available in Stata 
and is located in the strand of utilities called structural equation modelling. 
There are other packages which cover the techniques involved in structural 
equation modelling. If you do not have access to Stata then you can use 
LISREL, EQS, Mplus, Amos, R and SAS. It is worth noting that Amos is 
an added SPSS module and belongs to the IBM SPSS software collection. 

CHAPTER 

5
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It is specially designed for structural equation modelling, path analysis and 
confirmatory factor analysis.

CONSTRUCTING FIRST ORdER CFa MOdElS
To illustrate how confirmatory factor analysis can be used to test the 
validity of the structure of a model we will use the happiness study that was 
first explored in Chapter 3. There are four items in the happiness survey 
that form the first latent factor. A latent variable is not directly observed but 
inferred from directly observed variables. In this case the latent variable is 
made up of four questions that together have a single dimensional theme 
around being happy. Forming this one latent factor from four items is a 
similar concept to having an overall factor score in exploratory factor 
analysis.

The four observed items are ‘I am very happy’, ‘I laugh a lot’, ‘life 
is good’ and ‘I feel I have a great deal of energy’ with variable names 
vhappy, Laugh, Goodlife and Energy respectively. It can be seen from the 
exploratory factor analysis table (Table 5.1) that all of these factors have 
strong weightings ranging from 0.545 to 0.744 suggesting that they will 
form a good single factor.

 ■ Table 5.1 Exploratory factor structure for happiness study

Pattern Matrix

Factor

1 2 3

I am very happy (vhappy) .744

I laugh a lot (Laugh) .650

Life is good (Goodlife) .576

I feel I have a great deal of energy (Energy) .545

I am always committed and involved .317 .473

I feel that life is very rewarding .414

I feel able to take anything on .301

I feel that I am not especially in control of my life .503

I don’t feel particularly healthy .357

I don’t have particularly happy memories .334

SPSS output table with extraction method: principal axis factoring. Rotation method: 
Promax with Kaiser normalization. Only loadings of magnitude above 0.30 are shown.

Stata command: factor <variables> and postestimation of rotate, promax oblique kaiser 
factors(3) blanks(0.27) gives a similar three factor output.
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Drawing the model

Figure 5.1 shows the model for these four items. The oval shape is used 
in confirmatory factor analysis models to indicate a latent variable. The 
observed variables are given by the rectangles. These observed variables 
can be thought of as similar to the items making up one factor in exploratory 
factor analysis. The smaller circles are the error terms (ε) made up of the 
unique error to that variable and the associated random error.

Interpreting model output

Once you have built your SEM diagram then clicking the ‘Estimate’ icon 
will produce the diagram in Figure 5.1. As we have seen with exploratory 
factor analysis in Chapter 3 it is common to report results as standardised 
solutions and all statistical packages give the option to do this. The 
diagram in Figure 5.1 shows a standardised solution for this confirmatory 
factor analysis model.

 ■ Figure 5.1 CFA for happiness items
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The latent factor is standardised to have a mean of zero and standard 
deviation of one. This is the number written in the latent variable oval. 
The numbers given in the item rectangles are the standardised mean values 
for these observed variables. The diagram can be thought of as a visual 
representation of these four equations:

λ × εvhappy =  happy +1 1

λ × εLaugh =  happy +2 2

λ × εGoodlife =  happy +3 3

λ × εEnergy =  happy +4 4

Adding the numbers from the diagram results in the following equations:

    ×vhappy = 0.72  happy + 0.48

     ×Laugh = 0.65  happy + 0.58

 ×Goodlife = 0.61  happy + 0.63

     ×Energy = 0.58  happy + 0.67

Factor loadings (λ) can be interpreted as standardised regression 
coefficients. For example this implies looking at Figure 5.1 that a one 
standard deviation increase in the happiness latent factor is associated with 
a 0.65 standardised score increase in ‘I laugh a lot’. This factor loading can 
also be interpreted as a correlation between the latent factor and the item. 
As explained in previous chapters, squaring the standardised factor loading, 
gives an indication of the proportion of the variance in that item that is 
explained by the latent factor. By calculating one minus the square of the 
factor loading we will obtain the proportion of the variance in the item that 
is not explained by the latent factor. Notice that this result is the value of 
the error (ε) term. Table 5.2 shows how this calculation can be performed 
for the four items.

 ■ Table 5.2 Proportion of variance explained calculations

Item Factor loading 
(λ)

Proportion of variance 
explained. (Square of 
factor loading)

Proportion of variance 
not explained

vhappy 0.72 0.722 = 0.52 1 − 0.722 = 0.48

Laugh 0.65 0.652 = 0.42 1 − 0.652 = 0.58

Goodlife 0.61 0.612 = 0.37 1 − 0.612 = 0.63

Energy 0.58 0.582 = 0.33 1 − 0.582 = 0.67
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Expanding the model

The next three questions in the happiness study relate to a person’s positive 
and committed outlook. These three questions are ‘I am always committed 
and involved’, ‘I feel that life is very rewarding’ and ‘I feel able to take on 
anything’. Using these three questions we can build on this confirmatory 
factor analysis happiness model as shown in Figure 5.2. Note that as is 
suggested by the exploratory factor analysis result, in Table 5.1, the item 
‘I am always committed and involved’ has weights of 0.317 and 0.473 in 
the exploratory factor analysis with factor one and two respectively. We 
add this cross loading to the confirmatory factor analysis to allow for the 
convergence of the model as shown in Figure 5.2.

 ■ Figure 5.2 Model 1 Two latent structure
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Continuing to expand on this happiness model we can add an additional 
correlation between the latent factors. This correlation is shown in Figure 5.3 
as a ‘double headed arrow’ between the two latent variables ‘happy’ and 
‘positive’. This demonstrates that there is only a weak negative correlation 
of – 0.19 between these two latent factors in this model.

The first order model fit can then be estimated using the post estimation 
tools for SEM. A range of fit and comparison-based indices, including Chi-
square, can be used to determine a models fit to the data (Bentler, 1990; 
Steiger, 1990; Browne and Cudeck, 1993; Brown, 2006). The fit indices 
include Root Mean Square Error of Approximation (RMSEA), Standardised 
Root Mean Square Residual (S-RMR), Coefficient of Determination (CD), 
Tucker-Lewis Index (TLI) and Comparative Fit Index (CFI). Hu and 
Bentler (1999) suggest various cut offs for these fit indices. To minimise 
Type I and Type II errors we should use these in combination with S-RMR 

 ■ Figure 5.3 Model 2 Two latent structure with covariance
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or the RMSEA. In general good models should have an S-RMR < 0.08 or 
the RMSEA < 0.06. The fit index values for CD, TLI and CFI should be 
> 0.8 for an acceptable fit, greater than 0.9 for a good fit, and greater than 
0.95 representing an excellent fit. Information regarding RMSEA, S_RMR, 
CD, TLI and CFI for Model 1 and Model 2 are given below. It can be seen 
with RMSEA, S-RMR both less than 0.06 and CD greater than 0.8 and TLI 
and CFI greater than 0.95 that the goodness of fit for both models is good 
to excellent.

When all items are connected to one latent factor this is known as a uni-
dimensional model. Table 5.3 shows the uni-dimensional model (Model 3) 
does not provide such a good fit as the other two models. This implies that 
the construct of happiness, as built from our data, is multi-dimensional. The 
research supports this multi-dimensional construct model of happiness and 
so CFA is useful here as a way to confirm this (Furnham and Brewin, 1990; 
Argyle and Hills, 2002; Mason, 2015).

We will now look in greater detail at how to interpret the Chi-square and 
degrees of freedom for each of the three models. Degrees of freedom (df) 
refers to the number of items that we can arbitrarily assign values to after 
fixing the Chi-square ( x2 ) value. Before we explore this in greater detail let 
us first look at how these degrees of freedom are determined.

Chi-square and degrees of freedom

Three happiness models are now considered in turn in order to illustrate 
how the value of degrees of freedom is obtained.

 ■ Model 1 – happy and positive with cross loading: has 15 parameters, is 
made up of eight factor loading (λ1 to λ8) and seven variances (ε1 to ε7). 
The observed correlation matrix has 7 variances, plus 21 correlations, 
a total of 28 terms. Consequently the postulated model has 28−15 = 13 

 ■ Table 5.3 Table of fit indices

X2 df RMSEA

Fit Index

CFIS-RMR CD TLI

Model 1: Happy and 
positive with cross 
loading

17.489 13 0.026 0.032 0.875 0.984 0.990

Model 2: Happy, 
positive with cross 
loading and correlated 
latent variables

15.511 12 0.024 0.027 0.879 0.987 0.992

Model 3: Uni-
dimensional model

50.640 14 0.072 0.049 0.749 0.881 0.921
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degrees of freedom (df), which is the difference between the input 
matrix and the number of parameters.

 ■ Model 2 – happy and positive with cross loading and correlated latent 
variables: happy and positive has 16 parameters. The extra parameter 
is due to the correlated latent variable. Eight factor loading (λ1 to λ8) 
and seven variances (ε1 to ε7) and one correlation between happy and 
positive. The observed correlation matrix has 7 variances, plus 21 
correlations, a total of 28 terms. Consequently the postulated model 
has 28–16 = 12 degrees of freedom. The equations below show how 
this model is formed.

 λ × εVhappy =  happy +1 1

    λ × εLaugh =  happy + 2 2

λ × εGoodlife =  happy + 3 3

λ × εEnergy =  happy + 4 4

λ × εcommit =  happy +5 5

λ × εcommit =  positive + 6 5

λ × εreward =  positive + 7 6

λ × εanythingon =  positive + 8 7

COV(happy, positive)

 ■ Model 3 is the uni-dimensional model which only has one latent 
variable and 14 parameters, seven factor loading (λ1 to λ7) and seven 
variances (ε1 to ε7). The observed correlation matrix has 7 variances 
and 21 correlations, a total of 28 terms. Consequently the postulated 
model has 28–14 = 14 degrees of freedom.

The fit indices for Model 1 and Model 2 show that the goodness of fit is 
good to excellent. We therefore need to investigate using Chi-square and the 
degrees of freedom if one of the models is the better fit.

Firstly looking at Model 1 and 2 the respective Chi-square values are 
17.489 and 15.511. The difference between these is 1.978. The difference 
in the degrees of freedom in these models is 1. Therefore we can calculate 
a p-value to see if there is any statistically significant difference between 
these two models. Using Microsoft Excel we can calculate the p-value by 
typing into any cell =CHIDIST(1.978, 1). This gives a p-value of 0.1596, 
which is greater than 0.05 and so we accept our null hypothesis that there 
is no significant difference between the two models. Therefore in this 
particular case both Model 1 and 2 are equally good representations. This 
can also been seen from how the fit indices are very similar for both models.

Now if we compare Model 2 with the uni-dimensional (Model 3) using 
the Chi-square and degrees of freedom, Excel gives an extremely small 
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p-value for =CHIDIST(35.129, 2) that is p < 0.001. We would reject the 
null hypothesis that there is no difference between the models. That implies 
then that there is a statistically significant difference between Model 2 and 
Model 3. Model 2 with the better fit indices would be the model to choose 
in this case. This result again supports us in suggesting that the construct of 
happiness is multi-dimensional. In the next section we shall explore more 
complex SEM models and illustrate with examples how these can be used 
to gain a greater understanding of data sets.

MORE COMPlEX CFa MOdElS
In this section we will firstly investigate the Roets rating scale for 
leadership and then continue with the parental involvement study that 
featured in Chapter 4. The Roets rating scale is a self-reporting assessment 
questionnaire, which is intended to measure leadership qualities, including 
leadership, confidence, ambition, desire and teamwork (Roets, 1997). 
Before building a SEM model we will generate factor scores to explore the 
correlation relationships of these variables. This same process was carried 
out with the parental motivation study, as this is a useful first step when 
analyzing data providing an understanding of structures and interrelations 
between variables.

There are 26 items in the original Roets questionnaire that looks at 
leadership characteristics. The scale was developed by Roets to help identify 
people who may benefit from leadership skills training programmes. This 
study only considers 13 of the original 26 items. Using principal axis 
factoring with Promax on these thirteen items from the Roets questionnaire 
we generate the four latent factor structure shown in Table 5.4.

In this particular example of the Roets leadership questionnaire we are 
using a binary scale. A response is scored ‘0’ if the person feels that this is 
‘not very often like me’ and ‘1’ if the person feels that this is ‘quite often 
like me’. In Table 5.4 factor analysis reveals that there is a clear four factor 
latent structure.

Factor 1 – Confidence (C1, C2, C3, C4)
Factor 2 – Leadership (L1, L2, L3, L4)
Factor 3 – Ambition and desire (A1, A2, A3)
Factor 4 – Teamwork (T1, T2)

Table 5.5 shows that five of the six correlations are positively significant. 
The strongest correlations are between confidence and leadership (r = 0.644) 
with r2 = 0.415. This means that 41.5% of the variations can be explained by 
the correlation and 58.5% (100% – 41.5%) is explained by other factors. 
The next strongest correlation is between confidence and teamwork 
(r =  0.624). The only correlation that is not significant is between ‘ambition 
and desire’ and ‘teamwork’ (r = 0.034). This correlation has a weak measure 
of importance with a value very close to zero.



 ■ Table 5.4 Pattern matrix for Roets leadership study

Pattern Matrix

Factor

1 2 3 4

Have strong convictions (C1) .672

Have self confidence (C2) .660

Promote what is believed (C3) .637

Can say opinions in public (C4) .626

Act for what one is convinced of (L1) .788

Like to be in charge (L2) .629

Think one can do well as a leader (L3) .549

Lead on projects (L4) .548

Dream of a time of accomplishment (A1) .915

Admire those who have achieved (A2) .586

Can speak with authority (A3) .577

Can be a peacemaker (T1) .753

Listen to both sides (T2) .595

SPSS output table with extraction method: principal axis factoring. Rotation method: 
Promax with Kaiser Normalization.

Stata command: factor c1 c2 c3 c4 l1 l2 l3 l4 a1 a2 a3 t1 t2, ipf factors(4) and post-
estimation rotate, promax oblique kaiser factors(4).

C = Confidence; L = Leadership; A = Ambition and desire; T = Team work. Only loadings 
of magnitude above 0.3 are shown. Variation explained = 60.949% KMO = 0.790 Chi-
square(78) = 1497.645, p < 0.001.

 ■ Table 5.5 Pearson correlations for Roets leadership study

Correlations

1 2 3 4

1. Confidence

2. Leadership 0.644**

3. Ambition and desire 0.127** 0.257**

4. Team work 0.624** 0.520** 0.034

**Correlation is significant at the 0.01 level (2-tailed).
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The covariate analysis correlation can be used as a way of refining 
SEM models. Figure 5.4 shows a SEM diagram illustrating the power of 
this technique to reveal interrelated complex structures. In the diagram we 
can see that the correlation between ‘confidence’ and ‘ambition’ (r = 0.11, 
p = 0.056), and ‘ambition’ and ‘team’ (r = 0.01, p = 0.860) are both small 
with ambition and team not significant. Removing the correlation between 
ambition and team as this is not significant from Model 1 gives Model 2 (see 
Table 5.6). It can be noted that both models give an extremely good fit. This 
study illustrates the level that can be achieved when exploring the structures 
and relationships within questionnaires.

 ■ Figure 5.4 Complex CFA structure for Roets leadership study

 ■ Table 5.6 Fit indices for Roets leadership study

x2 df RMSEA

Fit Index

CFIS-RMR CD TLI

Model 1: Roets 55.315 59 0.000 0.025 0.994 1.003 1.000

Model 2: Roets 55.347 60 0.000 0.025 0.994 1.004 1.000

Uni-dimensional 
model

637.121 65 0.133 0.100 0.803 0.523 0.602

Note that the TLI is non-normed and hence it can have values greater than 1.
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Looking at the uni-dimensional model where all 13 items are connected 
to one latent factor, as in the previous study on happiness the model is not 
a good fit. As suggested in the literature around Roets, our study indicates 
that leadership is multi-dimensional. It is always good when writing up your 
CFA to show the range of possible models and their goodness of fit indices.

The statistics for this study in Stata will not only generate the fit index 
measures, but also values for r2. Generating the statistics for Model 2 
will provide you with an r2 value of 0.803. This implies that only 19.97% 
(1 – 0.803) of the variation is not explained using this model.

UNCOVERING STRUCTURES IN QUESTIONNaIRES
In this next section we will continue to look at the benefits of SEM 
and confirmatory factor analysis as a way of uncovering structures in 
questionnaires. If you are working your way through this book you will 
remember the parental involvement study that featured in Chapter 4. We 
will now use the same data from that study to create models of best fit 
as well as to explore relationships and structures. According to Hoover-
Dempsey and Sandler (1995, 1997, 2005) there are three latent constructs, 
with seven items in their model and these are:

1) Psychological motivators – Role activity beliefs and Parental 
self-efficacy;

2) Invitations to involvement – General school invitations and Specific 
teacher invitations, and Specific child invitations;

3) Life context – Skills and knowledge and Time and energy.

The first construct relates to how parents perceive their role and self 
efficacy as being important to their child’s success at school. The second 
construct relates to how parents can become involved with their children’s 
schooling. The final aspect of the model is around time and ability, and how 
the parent’s beliefs in their own skills and knowledge can affect outcomes. 
The three latent variables ‘psychological motivators’, ‘invitations to 
involvement’ and ‘life context’ have not been measured. The values of these 
latent variables can be determined using the seven items in the model. In the 
last chapter we created seven factor scores using PCA data reduction and the 
Bartlett method. We will investigate the first model of parental involvement 
using the PCA data. Using these PCA factor scores we can create the CFA 
diagram shown in Figure 5.5.

Figure 5.5 shows the model for parental involvement. The oval shapes 
are the latent variables, three in this case representing our three constructs. 
The observed variable items are given in rectangles. The smaller circles are 
the error terms made up of the unique error to that variable and the random 
error associated with that variable.

Having created the three latent constructs and their respective items, 
double-headed correlation connections can be added between the relevant 
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latent variables. In Figure 5.5 we have added three such correlations to link 
the three latent constructs. Clicking the ‘Estimate’ icon in Stata will produce 
the diagram in Figure 5.5. As in previous examples the model fit can then 
be estimated using the ‘postestimation tools for SEM’. A range of fit and 
comparison-based indices, including Chi-square, can be used to determine 
the models fit to the data (Bentler, 1990; Steiger, 1990; Browne and Cudeck, 
1993; Brown, 2006).

Table 5.7 shows that the model is not a good fit. The RMSEA should be 
less than 0.06 and the fit index values for CD, TLI and CFI should all be 

 ■ Figure 5.5 Simple factor structure for parental involvement study

 ■ Table 5.7 Fit indices for parental involvement study

x2 df RMSEA

Fit Index

CFIS-RMR CD TLI

Model 293.713 11 0.227 0.081 0.545 0.648 0.815

Uni-dimensional 
model

383.010 14 0.230 0.094 0.934 0.638 0.759
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greater than 0.8. The uni-dimensional model is also not a good fit. However, 
to determine which is the ‘better’ fit we can use the following calculations. 
First calculate the difference between the two model’s Chi-square ( χ 2) 
value, that is 383.010 – 293.713 = 89.297. The difference between the df 
is 3. Using Excel we then calculate ‘=CHIDIST(89.297, 3)’ which gives 
a very small value. This means that p < 0.001. We therefore reject the null 
hypothesis that there is no difference between the two models as the test 
reveals that there is a statistically significant difference. There being a 
difference in the models we would choose the uni-dimensional model as 
it is the one with the slightly better fit indices. Therefore there is a lack of 
latent structure in our data and further investigation is required.

First we can investigate the coefficients for each of the individual items. 
Figure 5.5 shows these coefficients on the single arrows emanating from 
the latent factors to the observed variables. Stata offers the option to obtain 
greater detail concerning these coefficients and these values are shown in 
Table 5.8. These coefficients can be thought of as equivalent to the factor 
loadings given in exploratory factor analysis. Any factors that are small 
are an indication that this item should not be included in the model. In this 
example all of the values are above 0.3, apart from ‘skills and knowledge’. 
Second we can explore the correlations between factors. As seen in the 
diagram these are sufficiently larger than zero (1.2, 1.3, and 1.5) and the 
Stata output shows that these have p-value significance of less than 0.001.

Third we can test for the overall goodness of fit. The overall model R2-
value is 0.545, which is good. When we look at the R2 values for each of the 
individual variables most of these are fairly low and offer an indication of 
the models lack of fit. Note in Table 5.9 only ‘child invitation’ and ‘time and 
energy’ have R2 values greater than 0.6. There is also a very low value for 
‘skills and knowledge’ of 0.0294 being nearly zero implying that this item 
is not related to the latent variable.

 ■ Table 5.8 Coefficient for parental involvement study

Coefficient Standard 
error

95% confidence interval

Role belief 0.3199 0.0526 0.2168 0.4230

Parent self efficacy 0.5026 0.0629 0.3791 0.6261

School invitation 0.6429 0.0282 0.5877 0.6981

Teacher invitation 0.4384 0.0376 0.3646 0.5122

Child invitation 0.7798 0.0197 0.7411 0.8185

Skills and knowledge 0.1716 0.0454 0.0825 0.2607

Time and energy 0.8347 0.0691 0.6991 0.9702

All significance p < 0.001
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When looking in detail at the correlations, Table 5.10 confirms the fact 
that some of these items are not correlated. Again we see that ‘skills and 
knowledge’ is only correlated with one of the six items and the correlation 
with ‘parental self-efficacy’ (0.009) is close to zero. This implies that these 
two items are completely unrelated and orthogonal to each other.

From the above investigation we see that the model has some issues. As 
the PCA reduced data model causes concern we can explore the original 
data to investigate if a better model could be produced. At this stage as a 
researcher we may want to go back to the original individual item data.

Going back to the original data we see that all the measures for the 
individual question items are given on a 4 point Likert-scale (1 as strongly 
disagree, 2 disagree, 3 agree and 4 strongly agree). The diagram in Figure 
5.6 shows a second order SEM model, giving the latent structure of the 
Likert scale questions in relation to the overall structure. Figure 5.6 reveals 
the complex structures that can be uncovered when you use SEM to explore 
questionnaires. The 21 item categories form six latent factors that separate 
into two distinct groupings. These structures form at the first order into two 
groups of three latent factors. On the left we see the three invitation groups 
of items – school invitations (GSI 1–3), teacher invitations (STI 1–4), child 
invitations (CI 1–3). On the right the three resulting latent groups are – 
skills and knowledge (SK 1–3), time and energy (TE 1–5) and role beliefs 
(RAB 1–3).

At the second order level there is a latent factor that links these six 
first order latent factors. We have labelled this on the diagram as parental 
involvement. Emanating from this second order latent factor are direct 
regression paths (single headed arrows) and correlation connectors (double 
headed paths). This complex structure model shows why our first simple 
model was not sufficient in capturing the detail. The power of confirmatory 
factor analysis is its ability to reveal this kind of complex latent structure. 
In this particular example we see first and second order factors in a model, 
revealing a highly interwoven themed structure created from a single simple 
Likert scale questionnaire.

 ■ Table 5.9 R2 values for parental involvement

R-squared value

Role belief 0.1023

Parent self-efficacy 0.2526

School invitation 0.4133

Teacher invitation 0.1922

Child invitation 0.6081

Skills and knowledge 0.0294

Time and energy 0.6967
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lONGITUdINal MEaSUREMENT INVaRIaNCE
Longitudinal measurement invariance is a technique used to assess the 
equality of a construct measurement over time. It determines whether the 
change is a true change in the construct or if it is due to structure and/or 
measurement. Figure 5.7 shows an evaluation of an intervention with the 
same four item questions being asked before (A1 to A4) and after (B1 to 
B4) the intervention.

The model is hypothesised to be structurally the same at both assessment 
points in time and hence invariant. If the factor structure is found to be 
equivalent then other tests on the data can be performed confident in the 
knowledge that it is a true change and not one brought about by structural 
issues. In this particular example we estimate and run the model to assess 
the quality of the fit.

It can be seen that the model is a good fit from the data in Table 5.11 and 
hence this implies that this model is structurally invariant. This therefore 
establishes, with this longitudinal data, that we are satisfied that the same 
factor structure is present at both of the testing occasions. We can proceed 
with the longitudinal analysis confident that any differences are due to the 
change in the construct (Golembiewski et al., 1976; Chan, 1998; Brown, 
2006). To test for significant differences in the latent factors due to the 
intervention we can use an ANOVA or MANOVA if we wish to control 

 ■ Figure 5.6 Higher order CFA model for parental involvement study
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for covariates, such as socio-economic factors. If we wish to compare the 
change in individual Likert scale items then Kilmogorov-Smirnov test can 
be used as a non-parametric test (see Appendix 2).

HOW TO REPORT CONFIRMaTORY FaCTOR 
aNalYSIS

It has been highlighted in this chapter that it is important to report the 
fit indices when carrying out confirmatory factor analysis. The fit indices 
include Root Mean Square Error of Approximation (RMSEA), Standardised 
Root Mean Square Residual (S-RMR), Coefficient of Determination (CD), 
Tucker-Lewis Index (TLI) and Comparative Fit Index (CFI). To minimise 

 ■ Figure 5.7 Longitudinal measurement invariance

 ■ Table 5.11 Fit indices for longitudinal measurement invariance

χ2 df RMSEA

Fit Index

CFIS-RMR CD TLI

Model 424.799 28 0.030 0.026 0.837 0.969 0.983
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Type I and Type II errors you should use these fit indices in combination with 
S-RMR or the RMSEA. In general good models should have an S-RMR 
< 0.08 or the RMSEA < 0.06. The fit index values for CD, TLI and CFI 
should be > 0.8 for an acceptable fit, > 0.9 good fit and > 0.95 representing 
an excellent fit. The report should also include Chi-square comparisons 
between evaluated CFA uni-dimensional and multi-dimensional models. 
Additional mathematical detail on how to report CFA is contained in 
Appendix 7.

Calculating confirmatory factor analysis with Stata and 
SPSS (Amos)

The software to perform confirmatory factor analysis (CFA) is available in 
Stata and is called Structural Equation Modeling (SEM). In SPSS Amos is 
an added SPSS module and belongs to the IBM SPSS software collection. 
Amos is specially designed for structural equation modelling, paths analysis 
and confirmatory factor analysis. The confirmatory factor analysis drawing 
board is similar in both of these packages and allows you to create a visual 
representation of the model to be tested.

For Stata, select Statistics – SEM (Structural equation modeling) – 
Model building and estimation to open the dialog box.

In the SEM builder select the variables (items) for each latent factor 
using the tool add measurement component (M) that are required for 
your particular confirmatory factor analysis. Repeat using the add 
measurement component (M) tool to all the latent factors. Next add in 
any covariance between these latent factors using the add covariance 
(c) doubled headed arrows. If second order terms are present use the add 
latent variable (L) oval to select these, making any links to other terms 
with covariance or path arrows. Stata has options to add/amend name 
‘labels’ for the variables and alter the size and orientations of the boxes. 
Once the model is drawn select ‘estimate’ from the tool bar to run the 
model.

Goodness of fit statistics RMSEA, S_RMR, CD, TLI and CFI that 
have been illustrated in the above studies for the model can be found 
selecting Statistics – SEM (Structural equation modeling) – Goodness of 
fit – Overall goodness of fit. In the ‘Statistics to be displayed’ select ‘All 
of the above’ from the drop down box. If as in exploratory factor analysis, 
you wish to save the factor scores for the latent variables these can be 
obtained by selecting SEM (Structural equation modeling) – Predictions – 
Factor score.



Rectangle measurement component

Oval used to add latent variable

Correlation between two variables

Add measurement component (M)

 ■ Figure 5.8 Stata drawing palette icons

 ■ Figure 5.9 Stata defining the factor structure

Latent variable name

Measurement items

Measurement direction



 ■ Figure 5.10 Stata goodness of fit

To find the overall goodness
of fit, in the ‘Statistics to be
displayed’ drop down box
select ‘All of the above’. 

Once the model is drawn
select ‘estimate’ from the
tool bar to run the model.   

 ■ Figure 5.11 Stata goodness of fit statistics

Goodness of fit statistics RMSEA,
S_RMR, CD 

Comparative fit index (CFI)
Tucker-Lewis index (TLI)
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This chapter explores logistic regression which is the technique to use when 
the outcome variable is discrete taking two or more possible values. There 
are differences in the form of the logistic model and its assumptions, but the 
techniques used in both linear and logistic regression have many similarities. 
In this chapter we will use contingency tables to help support and illustrate 
logistic regression. Additional technical detail on the mathematics that 
underlies logistic regression can be found in Appendix 8.

The chapter starts by illustrating how to interpret and report simple outputs 
from SPSS and Stata for dichotomous, polychotomous and continuous 
independent variables. Using data sets, techniques such as reference cell 
and negative question coding are explored to consider how Likert scale 
data can be analysed. Next the section explores multivariable analysis, as 
up to this point in the chapter we have been mainly concerning ourselves 
with cases of a single independent variable in the fitted model. These more 
complex multivariable models are used to provide an understanding and an 
interpretation of SPSS and Stata outputs. In the final section of the chapter 
a range of additional examples are provided to illustrate how to perform 
and report multinomial logistic regression with three dependent variable 
categories.

SIMPlE lOGISTIC REGRESSION
The first study considered in this chapter is one around student’s aspirations 
to attend university (coded 1 if the student has aspirations to go to university 
and zero if they do not). It is used to illustrate, case by case, how we 
calculate simple logistic regression when the independent variable is either 
dichotomous, polychotomous or continuous.

The research literature suggests that aspirations are a progressive 
developmental process that builds from childhood into adulthood. Studies 
have found that gender, academic attainment, self-efficacy and student 
interests significantly influence aspirations (Pottorff et al., 1996; Trusty 
et al., 2000; Chenoweth, 2003; Strand and Winston, 2008). As well as 
personal factors, research into aspirations suggests that teachers and 
school environment can encourage students to help to cultivate aspirations 

CHAPTER 
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(Khoo and Ainley, 2005; Archer et al., 2014). Positive peer support and 
friends having high aspirations have also been shown to influence student 
aspirations (Strand and Winston, 2008; David-Kacso et al., 2014).

Dichotomous independent variables

Our first example is where the independent variable in the logistic 
regression is dichotomous. The dichotomous variable that we will use from 
the aspirations study in this section is gender. This has been coded one for 
girls and zero for boys. The contingency table (Table 6.1) sets out the data 
concerning the education aspirations for boys and girls and whether they 
wish to attend or not attend university.

Following the same procedure, used in Chapter 2, we can calculate the 
odds ratio from this contingency table as follows:

Odds of the number of girls that have aspirations to go to university, to girls 
who do not

= number of girls who have aspiration to go to university/number not
= 239/72 = 3.319

Odds of the number of boys that have aspirations to go to university, to boys 
who do not

= number boys/number of boys who do not
= 126/63 = 2.0

Odds ratio of girls to boys of having aspirations to go to university

= 3.319/2.0
= 1.66

This calculation implies that in our data girls are 1.66 times more likely 
to have aspirations to go to university. In this case as Cramer’s V of 0.111 is 
low there is only a weak association. If you prefer not to calculate the odds 

 ■ Table 6.1 Contingency table: education aspirations

Education aspiration

TotalNon-university (0) University(1)

Boy (0)    63 126 189

Girl (1)    72 239 311

Total 135 365 500

Chi-square(1) = 6.184, p = 0.001. Cramer’s V = 0.111 with p = 0.013.
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ratio by hand, that is that girls are 1.66 times more likely to have aspirations 
to go to university than boys, you are able to obtain this by running logistic 
regression in SPSS or Stata. Table 6.2 shows this result and the fact that it is 
statistically significant with a p-value of 0.013 (p<0.05). The odds ratio can also 
be written as EXP(B) (we will explain why this is the case later in the book).

Table 6.2 shows that the output when performing logistic regression in 
SPSS or Stata provides the same odds ratio value as calculated from our 
contingency table. When we have only one independent variable calculating 
odds ratios by hand is fairly simple. It will become clear as we progress 
through the chapter that as we add more independent variables to a model, 
calculations by hand become more complex.

In the gender and education aspirations case the odds ratio was greater 
than one implying that there is an increase in the likelihood of this event 
occurring. If the odds ratio is less than one then this implies that there is a 
decrease in the likelihood of the event occurring. Hence, if in our example 
above the resulting odds ratio had been 0.5 we would say there is a decrease 
in the likelihood of girls having aspirations to go to university as opposed 
to boys by a factor of 0.5.

In this section we have dealt with a dichotomous case. In other words, 
a dependent variable with only two possible values, sometimes called a 
binary variable. In our case this binary variable took a value of one for a 
girl and zero for a boy. If the independent variable has a number of distinct 
values as opposed to only two, then you need to deal with this in a slightly 
different way and this is illustrated in the next section.

Polychotomous independent variables

There are a number of ways you can approach polychotomous independent 
variables and the method chosen largely depends on the objective of the 
analysis (Dodd et al., 1995). To understand why this is the case we will 
continue to explore children’s aspirations around university attendance. 
First, let us consider the case of a four point Likert scale question ‘I work 
hard at school’ to investigate if this item has an impact on children’s 
aspirations. The data for each Likert scale value is shown in Table 6.3.

 ■ Table 6.2 Logistic regression: education aspiration

Uni aspire
Odds ratio 
or EXP(B) Std Err Z P

95% con. Interval on 
odds ratio (EXP(B)

Gender 1.660 0.3397 2.48 0.013 1.1113 2.4787

Constant 2 0.3086 4.49 0.000 1.4780 2.7062

SPSS logistic regression: Dependent variable: Education Aspiration P[χ2(1) > 6.09] ≤ 0.05 
Cox and Snell R2 = 0.012 and Nagelkerke R2 = 0.018

Stata logistic regression command: logistic univaspire gender
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The final column of Table 6.3 sets out the odds ratios for the categories as 
compared to the base category ‘least like me (1)’. The base category is made 
up of those children who responded ‘least’ to the question ‘I work hard at 
school’ (Workhard). The odds ratios in the table can be calculated by hand 
similarly to before as follows:

OR(Little, Least) = (23/10)/(23/8) = (23 × 8)/(10  ×  23) = 0.8
OR(very much, least) = (96/10)/(44/8) = (96 × 8)/(10  ×  44) = 1.745
OR(Most, least) = (236/10)/(60/8) =(236  × 8)/(10  ×  60)= 3.147

In the following section we will illustrate how these odds ratios can be 
calculated using a technique called reference cell coding. This is required 
when using SPSS and Stata as they do not generate automatically odds ratio 
figures and you will need to use the reference cell coding technique to do so.

Reference cell coding

You will need to create three new columns in your data to allow for the 
polychotmous independent variable to be transformed into binary variables 
for each of the category choices. These estimates can also be obtained from 
logistic regression by setting the base as 0 and each of the other categories 
as 1 depending on the Likert scale response. This is termed ‘reference cell 
coding’. Note that all reference (base) categories are set to zero in Table 6.4. 
A single variable is assigned a value one in each of the categories.

Table 6.5 can be generated using Stata or SPSS now that you have your 
‘new’ dichotomous variables. Running a logistic regression with education 
aspiration as your dependent variable and including the new reference cell 
coded variables (Workhard1, Workhard2 and Workhard3) we can see this 
produces the same odds ratios obtained in Table 6.3.

 ■ Table 6.3 Contingency table: work hard at school

Education aspiration

Totalnon_university(0) University(1)
Odds 
ratio

I work hard 
at school 
(Workhard)

Least like me (1) 8 10 18 1

A little like me (2) 23 23 46 0.8

Very much like me (3) 44 96 140 1.745

Most like me (4) 60 236 296 3.147

Total 135 365 500

Chi-square(3) = 22.02, p < 0.001. Cramer’s V = 0.216 with p < 0.001.
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Note that in this case only ‘Workhard3’ is significant at the p < 0.05 
(5% level) with a p-value of 0.021. The result show that only students 
who responded that it was ‘most like me’ to the survey question ‘I work 
hard at school’ are 3.1466 times more likely to have aspirations to go to 
university than those who said it was ‘least like me’ (base case). Now that 
the technique is becoming familiar we can continue with this reference cell 
coding process and analyse other items in the questionnaire.

To start let’s look at the question that asked children to rank again under 
the headings ‘least like me’, ‘a little like me’, ‘very much like me’ and ‘most 
like me’ the answer to the question ‘my friends think doing well at school 
is important’. Just as in the case above new reference cell coded variables 
(Doingwell1, Doingwell2, Doingwell3) will be inserted into the SPSS and 
Stata worksheet. The base case will be ‘least like me’ with a 1 given to each 
in turn to the other categories.

When running logistic regression a table will be generated again with 
education aspiration being the dependent variable (see Table 6.6). The data 
in Table 6.6 show that only the final factor, the ‘most like me’ category is 
close to being significant at the 5% level with a p-value of 0.059. That is 
children who responded that it is was most like them, that their friends think 
doing well at school is important, were 3.042 times more likely to have 
aspirations to go to university.

 ■ Table 6.4 Reference cell coding: work hard at school

Workhard1 Workhard2 Workhard3

Least like me 0 0 0

Very little like me 1 0 0

Much like me 0 1 0

Most like me 0 0 1

 ■ Table 6.5 Logistic regression: work hard at school

B S.E. Sig. Exp(B)

Workhard1 −.2231 .5585 .690 .8

Workhard2 .5570 .5080 .273 1.7454

Workhard3 1.146 .4958 .021 3.1466

Constant .2231 .4743 .638 1.25

SPSS logistic regression: Dependent variable: Education Aspiration P[χ2(3) > 22.02] ≤ 0.0001 
Cox and Snell R2 = 0.043 and Nagelkerke R2 =0.063

Stata logistic regression command: logistic univaspire workhard1 workhard2 workhard3
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The ‘most like me’ category questions for both ‘work hard’ and ‘doing 
well’ have been shown to be the most significant so far in our analysis. 
Before moving on to consider other types of simple logistic regression we 
will investigate the model containing these two variables. Table 6.7 shows 
that the ‘doing well’ variable is not significant in this model with a p-value 
of 0.246.

The likelihood ratio test is used to evaluate the fit of the model in a 
similar way to the F-test in linear regression. The likelihood ratio test is 
calculated by the difference in the base model (only containing constant 
term) to the model including the variables Workhard3 and Doingwell3. 
The test is obtained in this case by calculating the difference between the 
–2log likelihood values of 37.372 and 19.571 in the model fit output. By 
multiplying this log likelihood value by minus two creates a Chi-square 
distribution that can be used for testing. The Chi-square value in this case is 
17.802 (37.372–19.571). The reduction in this value tells us that the model 
is a better predictor than the constant model. Chi-square and log likelihood 
values are output given as model fit information in both SPSS and Stata. This 
information can be written in a concise form as P[χ2(2) > 17.80] ≤ 0.0001. 

 ■ Table 6.6 Logistic regression: doing well at school

B S.E. df Sig. Exp(B)

Doingwell1 1.099 .816 1 .178 3.000

Doingwell2 .659 .620 1 .287 1.933

Doingwell3 1.113 .589 1 .059 3.042

Constant .000 .577 1 1.000 1.000

SPSS logistic regression: Dependent variable: Education Aspiration Cox and Snell R2 = 
0.012 and Nagelkerke R2 =0.017. P[χ2(3)  > 6.038] ≤ 0.11

Stata logistic regression command: logistic univaspire doingwell1 doingwell2 doingwell3

 ■ Table 6.7 Logistic regression: work hard and doing well at school

Variables in the Equation

B S.E. df Sig. Exp(B)

Doingwell3 .275 .237 1 .246 1.316

Workhard3 .773 .210 1 .000 2.168

Constant 0.365 .209 1 .082 1.440

Dependent variable: Education Aspiration Cox and Snell R2 = 0.035 and Nagelkerke 
R2 =0.051 P[χ2(2)  > 17.80]  ≤  0.0001

Stata logistic regression command: logistic univaspire doingwell3 workhard3
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The Chi-square test is highly significant in this case, showing that the model 
is a significant improvement on the base model and so at this stage is worth 
keeping for further investigation.

Another useful fit measure as we have seen with multiple linear regression 
is the R2-value. In logistic regression this is called a Pseudo R2–value and 
is analogous to the R2-value and can be calculated using tests such as the 
Cox and Snell or Nagelkerke. Results for these tests have been given under 
each of the tables. These values are typically lower when compared to linear 
regression R2-values. Hosmer et al. (2013) have suggested an alternative R2 
measure that is calculated by simply dividing the –2log likelihood model 
value by the original base value. For our example above this would be 
R2 = 19.571/37.372 = 0.523. This is called the Hosmer and Lemeshow R2-
value. It is often useful to use these R2 measures to discriminate between 
two outcome groups and not as a measure for an individual model. The 
appendix offers greater information on goodness of fit measures and their 
relative benefits. There is also more technical information on log likelihood 
statistics and its analogous F-test used in linear regression in Appendix 8.

Negatively worded questions

Before discussing the continuous independent variable case, we will 
illustrate how to analyse questions that are phrased in a negative fashion. 
This technique of using negatively worded questions in surveys is a way 
of ensuring that the respondent is actively thinking and considering their 
answers. To understand why this is a useful technique we can consider the 
case when all the questions in your survey are positively phrased. In a case 
such as this a person may just tick all the same responses i.e. ‘strongly agree’. 
One way to avoid this kind of non-thinking response is to interspace your 
questionnaire with some ‘reversed’ phrased questions. In the aspirations 
questionnaire there is a question that is phrased in this reversed fashion 
‘family members do not think that school is very important’. In our survey on 
aspirations let us see how the group of students responded to this negatively 
worded question. The contingency table (Table 6.8) shows 219 students out 
of the 365 who have aspirations to go to university report that this is ‘least 
like me’. In other words, they are saying that if they have aspirations to go to 
university then their family members do think that school is very important.

In cases such as this we can reverse the coding so that the base case 
becomes ‘most like me’. This can be done by recoding the variable to have 
‘most like me’ as the base. Reverse coding in this way allows the item under 
consideration to be changed to reflect the positive response (see Table 6.9).

Table 6.10 shows the results from logistic regression. The data show that 
those students who responded that it was ‘least like them’ (Schoolimport3) 
that their family do not think school is important is significant (p<0.0001). 
They are 2.781 times more likely to have aspirations to go to university 
than those who said it was ‘most like me’ to have parents who did not think 
school was important.



 ■ Table 6.8 Contingency table: family attitudes to school

Family members do not think that school is very important. Education 
aspiration (non uni = 0)

non_university university Total

Family members/carers 
do not think that school 
is very important

least 60 219 279

a little 15 50 65

very much 28 54 82

most 32 42 74

Total 135 365 500

Dependent variable: Education Aspiration Chi-square(3) = 16.812, p < 0.001. Cramer’s 
V = 0.183 with p < 0.001.

 ■ Table 6.9 Reverse coding: school is important

Schoolimport1 Schoolimport2 Schoolimport3

Least like me 0 0 1

Very little like me 0 1 0

Much like me 1 0 0

Most like me 0 0 0

 ■ Table 6.10 Logistic regression: school is important

Variables in the equation

B S.E. df Sig. Exp(B)

Schoolimport1 .385 .331 1 .244 1.469

Schoolimport2 .932 .376 1 .013 2.540

Schoolimport3 1.023 .276 1 .000 2.781

Constant .272 .235 1 .246 1.312

SPSS logistic regression: Dependent variable: Education Aspiration Cox and Snell  
R2 = 0.032 and Nagelkerke R2 =0.046. P[χ2(3)  > 16.032]  ≤  0.001

Stata logistic regression command: logistic univaspire schoolimport1 schoolimport2 
schoolimport3
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We can also see from Table 6.10 that those students who reported that 
it was ‘very little like me’ were also significant (p = 0.013). These students 
being 2.540 times more likely to have aspirations to go to university than 
those who had parents who did not feel school was very important.

We will use what we have learnt through this initial investigation around 
the data set later on in the chapter when considering multivariable models. 
First in the next part of the chapter we will look at continuous independent 
variables and how we interpret the output that is given when carrying out 
logistic regression.

Continuous independent variable

The previous sections have dealt with dichotomous and polychotomous cases, 
where the independent variable has either two possible values or a number 
of distinct values. In this section we will consider a continuous independent 
variable case. Once again the student aspiration survey provides us with 
data but this time we are considering a continuous independent variable of 
English test scores. The result of running logistic regression with English 
test scores is shown in Table 6.11. This output shows that English test scores 
are highly significant (p<0.001) related to children’s aspirations to attend 
university. The estimate for the B-value is 0.06, with an odds ratio of 1.061.

It should be noted that the output for the odds ratio for a continuous 
variable is given in the same format as in the previous examples for 
dichotomous and polychotomous cases. By this we mean that the estimate 
is related to a probability change between 0 and 1. When considering 
continuous variables a change of 1 may not be of interest to the researcher. 
More often you will be interested in a change by a certain amount, such as 
by a specific score, for example 10 or 50, or by a change in one standard 
deviation (SD). Let us take these different possible cases one at a time and 
explore what this means when we are working with continuous independent 
variables in logistic regression.

First, consider the case when the change is by a certain amount. The 
estimate for an increase in the English test scores by 10 marks, with the 
B-value of 0.06, gives an odds ratio of OR(10) = EXP(10 ×  0.06) = 1.822. 
This shows that for every increase in the students’ test score by 10 marks 

 ■ Table 6.11 Linear regression: continuous independent variable

B S.E. df Sig. Exp(B)

English .060 .009 1 .000 1.061

Constant −1.890 .415 1 .000 .151

Dependent variable: Education Aspiration Cox and Snell R2 = 0.108 and Nagelkerke 
R2 =0.157. P[χ2(1)  >  57.213]   ≤   0.0001
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the odds that a student has aspirations to go to university increases by 1.822 
times. There is a caveat to this statement in that an increase in marks from 
30 to 40 may be very different to an increase from 80 to 90 marks, as the 
English test scores may not follow a linear distribution.

Second, and maybe a more common interpretation for a continuous 
independent variable, is that the odds ratio can be written in terms of 
standard deviations (SD). The odds ratio would be given by OR(SD)= 
EXP(SD×coeff.). When calculating the standard deviation for this set of 
English test scores we see that it is 14.19. Using this figure we can calculate 
the odds ratio thus: OR(14.19)=EXP(14.19  ×  0.06) = 2.34. This is the 
estimated odds ratio for an increase of one standard deviation (SD), where 1 
SD is said to be a meaningful change in the continuous variable. From this 
information we can report the results as follows:

Students with higher English test scores are more likely to have 
aspirations to attend university. Increasing this English test score 
characteristic by 1 SD increases the likelihood of a student having 
aspirations to attend university by a factor of 2.34 (p < 0.001).

Or in an alterative form:

The English test score indicator suggests that students are 2.34  
(p < 0.001) times more likely to have aspirations to go to university 
than not for every 1 SD increase in this English test score.

The next part shows you how to visually present data around test scores and 
educational aspirations for boys and girls.

Estimating marginal effects

The command ‘margins’ in Stata is a useful way of estimating marginal 
effects. A marginal effect is defined as changes in responses for a change 
in a covariate. In Figure 6.1 we illustrate this technique by estimating the 
predictive margins for boys and girls at various English test score results 
from 40 through 90 using the multivariable model just analysed. The 
graph in Figure 6.1 shows a greater likelihood for girls to have university 
educational aspirations regardless of English test score results, but this gap 
does reduce as test scores improve. Additional detail on how to perform 
margins in Stata is given in Appendix 9.

Estimating models with only single independent variables is not common 
as usually there are associations that variables have with a range of other 
variables in a model. To get a comprehensive picture of data in a study 
it is therefore usual to use multivariable analysis. Next, we will illustrate 
multivariable analysis using the data from previous sections in this chapter 
to create a model that includes gender and English.
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MUlTIVaRIaBlE aNalYSIS
Table 6.12 shows three logistic regression models. The first model contains 
only one dichotomous variable (gender) which is significant (p = 0.013) and 
P[χ2(1) >  6.09]  ≤  0.05. The pseudo R2-values for Cox and Snell = 0.012 and 
Nagelkerke =0.018 show the amount of variance in the dependent variable 
(education aspiration) which is explained by the model.

In Model 2 the continuous variable English test score has been added to 
Model 1 resulting in gender and English both being significant (p  <  0.01). 
The probability reduces to P[χ2(2) > 64.69]  ≤  0.0001 indicating an improved 
model. Cox and Snell R2 = 0.121 and Nagelkerke R2  =  0.176 both increase. 
Model 2 is a better fit than Model 1.

It has been shown previously in this chapter that only ‘workhard3’ was 
significant and so we add this variable to Model 3. The results for Model 
3 are shown in Table 6.12. Using the change in the likelihood ratio test 
to calculate the difference in the base model to the final Model 3 yields a 
p-value of P[χ2(3)  >  77.297]   ≤ 0.0001 which is highly significant.

Note also for this third model that our pseudo R2-values are also greater 
than in the previous two models with Cox and Snell R2 = 0.144 and Nagelkerke 
R2  =0.210. This demonstrates that Model 3 is a significant improvement on 
the base model. This procedure for assessing the significance of the model is 
similar to the F-test in linear regression. The Chi-square (χ2) value is given 
in Stata and SPSS outputs as standard.

When we include other variables that have been independently found 
to be significant this results in a more complex multivariable logistic 

 ■ Figure 6.1 Margin plot: university aspirations
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regression model, which is shown in Table 6.13. There are four significant 
variables with p < 0.05.

Continuous approximations to ordinal variables

It is advisable when dealing with Likert scale independent variables in 
logistic regression to use the reference cell technique, which has been 
demonstrated previously, although alternative methods of calculation are 
possible. In this section we will illustrate one of these different techniques, 
using the dataset on university aspirations. The technique assumes that a 

 ■ Table 6.12 Multivariate logistic regression

Model Variable Coeff B Std Err Sig Exp(B)

1 Gender 0.506 0.204 0.013 1.659

Constant 0.693 0.154 0.000 2

2 English .060 .009 0.000 1.062

Gender .602 .220 0.006 1.825

Constant −2.287 .447 0.000 0.102

3 gender .716 .229 0.002 2.047

English .058 .009 0.000 1.059

Workhard3 .825 .225 0.000 2.282

Constant −2.692 .475 0.000 0.068

Dependent variable: Education Aspiration

 ■ Table 6.13 Logistic regression with multiple independent variables

B S.E. Sig. Exp(B)

Gender .685 .233 .003 1.983

English .058 .009 .000 1.060

Workhard3 .783 .232 .001 2.187

Doingwell3 .062 .270 .818 1.064

Schoolimport2 .930 .370 .012 2.535

Schoolimport3 .394 .251 .116 1.483

Constant −3.056 .515 .000 .047

SPSS logistic regression: Dependent variable: Education Aspiration 
P[χ2(6)  > 84.559]  ≤ 0.0001, Cox and Snell R2 = 0.157 and Nagelkerke R2=0.228

Stata logistic regression command: logistic univaspire gender english workhard3 doing-
well3 schoolimport2 schoolimport3
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continuous approximation can be made to the ordinal variable rather than 
using reference cell coding.

Looking at the same calculation we performed in the last section on 
university aspirations it can be seen from Table 6.14 that we obtain very 
similar results to those in Table 6.13. The variables Gender, English 
and Workhard are all significant (p < 0.01). The variable ‘Doingwell’ is 
not significant (p = 0.922). The only variable that falls on the boundary 
is ‘Schoolimport’ as it is nearly significant at the 10% level. This is not 
surprising for if we look at Table 6.13 we see that ‘Schoolimport2’ is 
significant (p = 0.012) and ‘Schoolimport3’ (p = 0.116) is not. These results 
would imply that the variable requires further investigation. Note also that 
this variable has a negative B-value as it is a negatively worded question.

When the variable ‘Doingwell’ is removed from the model the following 
solution is obtained as shown in Table 6.15. The variable ‘Schoolimport’ 

 ■ Table 6.14 Model 1 continuous approximations to ordinal variables

B S.E. Sig. Exp(B)

Gender .681 .230 .003 1.976

English .056 .009 .000 1.058

Workhard .527 .132 .000 1.694

Doingwell −.016 .166 .922 0.984

Schoolimport −.159 .098 .106 .853

Constant −3.544 .920 .000 .028

SPSS logistic regression: Dependent variable: Education Aspiration 
P[χ2(5)  >  85.31]  ≤ 0.0001, Cox and Snell R2 = 0.157 and Nagelkerke R2 =  0.228.

Stata logistic regression command: logistic univaspire gender english workhard doing-
well schoolimport

 ■ Table 6.15 Model 2 continuous approximations to ordinal variables

B S.E. Sig. Exp(B)

Gender .681 .230 .003 1.976

English .056 .009 .000 1.058

Workhard .526 .132 .000 1.692

Schoolimport −.157 .095 .100 .855

Constant −3.600 .722 .000 .027

SPSS logistic regression: Dependent variable: Education Aspiration 
P[χ2(4)  >  85.30]  ≤  0.0001, Cox and Snell R2  =  0.157 and Nagelkerke R2  =  0.228

Stata logistic regression command: logistic univaspire gender english workhard 
schoolimport
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becomes significant (p < 0.10) with B = −0.157 indicating, as expected, that 
lower values on the Likert scale imply a greater likelihood of aspirations to 
go to university.

We are assuming these are continuous independent variables and can 
therefore calculate the odds ratio using EXP(SD×coeff.) as described earlier 
in this chapter. The results of these calculations are shown in Table 6.16 
which gives the estimated odds ratio for an increase of 1 SD where one 
standard deviation is a meaningful change in the continuous variable. We 
can report the result related to working hard at school as:

Students reporting higher scores on the Likert scale for ‘My friends think 
doing well at school is important’ are more likely to have aspirations to 
attend university. Increasing this score characteristic by 1 SD increases 
the likelihood of a student having aspirations to attend university by a 
factor of 1.408 (p < 0.001).

Care needs to be taken when reporting a reverse question, such as ‘Family 
members do not think that school is very important’. Lower values on the 
Likert scale are correlated with ‘less likely’ to aspire to go to university. 
Reporting can be carried out thus:

Students who state that ‘Family members do not think that school is 
very important’ are less likely to have aspirations to attend university. 
Increasing this outcome by 1 SD decreases the likelihood of a student 
having aspirations to attend university by a factor of 0.836 (p < 0.05).

Multinomial logistic regression

So far we have explored logistic regression with a binary dependent 
variable. When using multinomial logistic regression we can have a 
dependent variable that is expressed through a number of levels. To 
illustrate how logistic regression can be used in such situations, the mood 
questionnaire will be explored together with the hunger scale (see Chapter 
1 if you have forgotten what these scales are). The dependent variable 
‘hunger scale’ has three categories. We will use this variable to explain 
how to carry out multinomial logistic regression and extend beyond the 
binary case.

 ■ Table 6.16 Odds ratio calculations

B SD BxSD EXP(BxSD)

English 0.056 14.189 0.795 2.214

Workhard 0.526 0.651 0.342 1.408

Schoolimport −0.157 1.143 −0.179 0.836

Dependent variable: Education Aspiration
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The study will be used to investigate how eating breakfast affects 
children’s moods. Breakfast is one of most important meals of the day, 
however an American study has shown there to be an increasing trend for 
children not to have breakfast (Siega-Riz et al., 1998). Other studies in 
America have reported that around 50% of young children aged 6 to 11 
years do not eat breakfast before going to school. Eating breakfast has been 
shown to have a significant impact on young children’s cognitive function 
and in the long term decreasing the risk of being overweight in later life 
(Cromer et al., 1990; Kanarek, 1997; Dwyer et al., 2001; Mahoney et al., 
2005; Pearson et al., 2009).

In this study the Visual Analogue Scale (VAS) hunger scale is from zero 
to ten, with zero denoting extreme hunger and ten representing being full. 
This is our dependent variable for this multinomial logistic regression and 
provides a measure for the participant’s hunger and fullness. Participants 
in the study indicated the point on the line that they thought was most 
appropriate to them at that moment in time when the question was asked. 
For each participant the question was always asked at the same time of day.

First, we can define the dependent variable in the model by using bands 
defined by the standard deviation. Table 6.17 shows the range of responses 
from the children in this data set, with a mean of 5.1 and SD of 3.5. These 

 ■ Table 6.17 Hunger scale

0-very hungry, 10-full

Scale Frequency Percent Valid Percent Cumulative 
Percent

0 69 13.8 13.8 13.8

1 32 6.4 6.4 20.2

2 42 8.4 8.4 28.6

3 36 7.2 7.2 35.8

4 32 6.4 6.4 42.2

5 83 16.6 16.6 58.8

6 45 9.0 9.0 67.8

7 22 4.4 4.4 72.2

8 12 2.4 2.4 74.6

9 9 1.8 1.8 76.4

10 118 23.6 23.6 100.0

Total 500 100.0 100.0

Mean = 5.1 SD = 3.5
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responses can be grouped into three approximate bands using roughly plus 
and minus one standard deviation about the mean. The first band (base = 0) 
is made up of children who scored 0, 1 and 2 (less than one SD) and totals 
28.6% of the respondents. This band we now call Hungry. The second band 
(1) is children who marked a score of 3, 4, 5, 6, or 7. This band contains 
43.6% of the respondents and is denoted as Fine. The final band (2) contains 
children that scored their hunger level between 8 and 10, containing 27.8%. 
This band is titled Full. These bands are shaded in Table 6.17. These three 
bands are used in the analysis for the categories of the dependent variable in 
the multinomial logistic regression.

The mood questionnaire provides us with our eight independent variables. 
Originally Thayer (1989) used four components – energy, tiredness, tension 
and calmness. For our purpose each of these moods will have two adjectives 
to describe them as follows:

Energy: energetic and enthusiastic;
Tiredness: tired and drowsy;
Tension: worried and stressed;
Calmness: calm and quiet.

When asked to rate their hunger on the hunger scale, questions were also 
answered about mood. The mood scale is a three point Likert scale made up of 
‘I do not feel like this’ ‘Undecided’ and ‘I feel like this’. The contingency table 
(Table 6.18) gives an understanding of the part played by variables involved in 
this model. For example, if we take the mood ‘energetic’ under the component 
of Energy, the contingency table shows the 500 children’s responses.

Previously in this chapter we have looked at a dependent variable with 
only two categories (aspirations to attend university). As there are now 
three dependent variable categories (hunger scale) in this model then this 
results in a larger number of odds ratio values. To calculate these odds 
ratios, comparisons need to be made at each category level referenced to the 
base. To illustrate how these can be calculated by hand we will use the item 

 ■ Table 6.18 Contingency table: hunger scale and energetic mood

Energetic

Hunger scale

Total
0

Hungry
1

Fine
2

Full

I do not feel like this (1) 31 60 5 96

Undecided (2) 59 63 66 188

I feel like this (3) 53 95 68 216

Total 143 218 139 500

Chi-square(4) = 36.763, p < 0.0001. Cramer’s V = 0.192 with p < 0.0001.
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energetic mood given in Table 6.18. Using ‘I do not feel like this’ as the base 
category gives the four odds ratios as follows:

OR
2 (hunger scale (1), hunger scale (0)) = (63/60)/(59/31)

 =(63 × 31)/(60 × 59) =0.552
OR

2 (hunger scale (2), hunger scale (0)) = (66/5)/(59/31)
 =(66 × 31)/ (5 × 59) =6.936

OR
3 (hunger scale (1), hunger scale (0)) = (95/60)/(53/31) 

=(95 × 31)/(53 × 60) =0.926
OR

3 (hunger scale (2), hunger scale (0)) = (68/5)/(53/31)
 =(68 × 31)/(53 × 5) =7.954

The results of fitting the multinomial logistic regression model to the 
data using SPSS or Stata is given in Table 6.19. This output is the same 
as we obtained from the by hand calculation using the contingency table 
shown in Table 6.18.

The total model significance of the variable ‘energetic’ is given by the 
change in the log-likelihood relative to the constant model. This is given as 
44.916, with a highly significant p-value of P[χ2(4) > 44.916] ≤ 0.0001. The 
pseudo R2 values of Cox and Snell R2 = 0.086 and Nagelkerke R2 =0.097 
should also be quoted when reporting results. These values seem low, but 
this is typical for logistic regression. Hosmer et al. (2013, p.185) say that 
this is sometimes a problem when reporting these values to those who are 
used to seeing larger R2 values in linear regression.

 ■ Table 6.19 Multinomial logistic regression: energetic mood

Hunger scale B Std. Error Sig. Exp(B)

95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

1 (Fine) Intercept .660 .221 .003

[Energetic=3] −.077 .280 .784 .926 .535 1.603

[Energetic=2] −.595 .286 .038 .552 .315 .966

2 (Full) Intercept −1.825 .482 .000

[Energetic=3] 2.074 .516 .000 7.955 2.896 21.852

[Energetic=2] 1.937 .514 .000 6.936 2.532 18.999

SPSS multinomial logistic regression dependent variable: Hunger scale. Firstly, transform 
independent factor ‘energetic’ variable so that 1 becomes 3, 2 becomes 2 and 3 becomes 
1, using the routine Transform − Recode into Different Variable. P[χ2(4) > 44.916] ≤ 0.0001 
Cox and Snell R2 = 0.086 and Nagelkerke R2 = 0.097

Stata multinomial logistic regression command: mlogit hungryscale i. energetic, baseout-
come(0) rrr
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It can be concluded from the multinomial logistic regression model that 
‘energetic’ is significant in relation to ‘hunger’. Children from the upper 
band (full), report a greater likelihood that ‘energetic’ was a mood associated 
with them. The significance is p<0.001 with an odds ratio of 7.955 times 
more likely to have energetic moods as opposed to those reporting this is 
not the way they feel. The estimated 95% standard errors of the coefficients 
for the odds ratio 7.955 have a lower bound of 2.896 and an upper bound of 
21.852. These bound values also illustrate why the p-value is so significant, 
as even the lower bound value is approximately three times the likelihood 
of children who are full having an energetic mood.

COMPlEX MUlTINOMIal MOdElS
We have seen in the previous section of this chapter how to undertake 
multinomial logistic regression when we have a three category dependent 
variable. In this section we will illustrate how this can be extended to a full 
multinomial model with a number of independent variables.

First, we will analyse a full model. Then the variables in this model will 
be reduced and analysed in dichotomous form. Finally, purposeful selection 
is used to reduce the model down to just a few significant variables. There 
are alternative schools of thought around reducing the number of variables 
in a model. One reason for this is the concern that non-significant results 
can be relevant. Hence care needs to be taken and each particular data set 
viewed on its own individual merit (Hosmer et al., 1997).

There is a range of alternative methods that can be used to build a model. 
In this particular example we will firstly check to see which of the items in 
the model may have significance. We will do this through an exploratory 
examination using a continuous approximation to the ordinal variables. The 
continuous approximation method is one that we have already explored 
earlier in this chapter. This technique gives an ‘initial feel’ for which 
variables could be important. We can then explore these variables in greater 
detail using reference cell coding and purposeful selection.

Table 6.20 shows that most of the ‘mood’ items are significant. Four 
of these – energetic, enthusiastic, drowsy and worried are significant at 
p < 0.05. The moods ‘quiet’ (p = 0.06) and ‘stressed’ (p = 0.113) are outside 
of the 5% level of significance. The moods ‘tired’ and ‘laidback’ fall outside 
of the significant levels and it would seem from this exploratory analysis 
that these items have little significance in this particular data set.

If we explore each of the covariates in turn there is a greater level of 
significance associated with the Likert scale response ‘I feel like that’ (3) 
in relation to ‘I do not feel like that’ (1) and the ‘undecided’ (2) response. 
From the initial exploration of the mood items, we can form a dichotomous 
covariate with 1 as ‘definitely feel like that’ and 0 as both ‘unsure and not’. 
Pooling categories like this is a technique that is used in complex logistic 
regression models to allow significant factors to emerge.1 Let’s proceed 
now to carry out a multinomial logistic regression to explore how a child’s 
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hunger is associated with the mood adjectives now the responses have been 
transformed into dichotomous values. Table 6.21 shows the results from 
the regression that now uses the pooled category for the mood items. This 
now allows for purposeful selection to be carried out in order to reduce the 
model to contain only those variable that are significant.

Let us now look at reducing the model. First let’s start by taking out some 
of the non-significant variables and check for any change in the coefficients 
of the B-values. By removing ‘tired’ and ‘quiet’ we see there is no change 
greater than 20% of the absolute variation. Remember from previously, in 

 ■ Table 6.20 Model 1 multinomial logistic regression: hunger scale

Parameter Estimates

Hunger scale B Std. Error Sig. Exp(B)

95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

1 (Fine) Intercept 1.160 .848 .171

Energetic .087 .153 .569 1.091 .809 1.472

Enthusiastic .171 .140 .225 1.186 .901 1.562

Drowsy −.436 .184 .018 .647 .451 .927

Tired .128 .178 .473 1.136 .801 1.611

Stressed .247 .138 .074 1.280 .976 1.678

Worried −.335 .130 .010 .715 .554 .923

Quiet −.291 .161 .070 .747 .545 1.024

Calm .078 .168 .644 1.081 .777 1.503

2 (Full) Intercept −2.573 1.019 .012

Energetic .671 .180 .000 1.956 1.375 2.783

Enthusiastic .360 .159 .024 1.433 1.049 1.958

Drowsy −.499 .212 .018 .607 .401 .919

Tired .080 .200 .688 1.084 .733 1.602

Stressed .325 .160 .041 1.385 1.013 1.893

Worried −.383 .148 .010 .682 .510 .911

Quiet .303 .177 .087 1.354 .957 1.916

Calm .285 .197 .148 1.330 .904 1.957

SPSS multinomial logistic regression dependent variable: Hunger scale and independent varia-
bles covariates. P[χ2(16) > 57.267] ≤ 0.0001 Cox and Snell R2 = 0.108 and Nagelkerke R2  =  0.122

Stata multinomial logistic regression command: mlogit hungryscale energetic enthusiastic tired 
drowsy worried stressed calm quiet, baseoutcome(0)
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Chapter 4, that with purposeful data selection you need to check for variables 
whose coefficients have altered by more than a 20% absolute variation. A 
20% absolute variation implies that these items may have an effect on other 
variables still in the model and further investigate is required. Removing 
these moods results in a variation of 3.8% ((0.352−0.366)/0.366 = −0.038) 
of the mood ‘enthusiastic’. This is an absolute change of 3.8%, which is not 
significant. We will continue and remove these variables from the model 
along with other non-significant variables.

 ■ Table 6.21 Model 2 multinomial logistic regression: hunger scale

Hunger scale B Std. Error Sig. Exp(B)

95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

1 Intercept .288 .311 .383

Energ1 .338 .230 .140 1.403 .894 2.200

Enthus1 .169 .236 .474 1.184 .745 1.881

Drowsy1 −.515 .226 .023 .598 .384 .931

Tired1 .483 .438 .270 1.621 .687 3.822

Stress1 .330 .227 .146 1.391 .891 2.171

Worried1 −.524 .235 .026 .592 .374 .938

Quiet1 −.299 .303 .324 .742 .410 1.343

Calm1 .328 .292 .261 1.388 .784 2.458

2 Intercept −.689 .389 .076

Energ1 .622 .256 .015 1.862 1.128 3.074

Enthus1 .352 .261 .178 1.422 .852 2.373

Drowsy1 −.608 .253 .016 .545 .332 .894

Tired1 .301 .482 .533 1.351 .525 3.473

Stress1 .674 .257 .009 1.963 1.187 3.247

Worried1 −.867 .273 .001 .420 .246 .717

Quiet1 .324 .312 .299 1.383 .750 2.551

Calm1 .544 .332 .101 1.723 .899 3.302

SPSS multinomial logistic regression dependent variable: Hunger scale. First, pooling 
categories and then transform independent factors so that 1 becomes 0 and 0 becomes 
1, using the routine Transform – Recode into Different Variable

P[χ2(16) > 37.085] ≤ 0.01 Cox and Snell R2 = 0.071 and Nagelkerke R2=0.081

Stata multinomial logistic regression command: mlogit hungryscale energ1 enthus1 
drowsy1 tired1 stress1 worried1 quiet1 calm1, baseoutcome(0) rrr
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Table 6.22 gives the model for this study around hunger and mood once 
all of the insignificant variables have been removed though the procedure 
outlined above. It can be seen that a child who reports being full has a 
significant likelihood of reporting energetic mood (B = 0.618, p = 0.013). 
Having negative B-values the moods of drowsy and worried are associated 
with a decreased likelihood in a child who has reported they feel full. It can 
be seen from the table that the B-values associated with ‘full’ on the hunger 
scale for drowsy and worried are B = –0.549 (p = 0.026) and B = –0.764 
(p = 0.003) respectively. There is a significant decreased likelihood of 
children reporting drowsy (B = –0.454, p = 0.039), who report feeling fine 
with regards to hunger. Overall it can be reported from this data that 
students’ moods are related to hunger. The more food they have the more 
energetic they feel. These full children are also less drowsy and worried.

HOW TO REPORT lOGISTIC REGRESSION
In this chapter we have reported logistic regression output as B-values, 
EXP(B)-values (odds ratios) and standard errors. As with linear regression 
we have also given the significance of these values indicating the level with 
multiple asterisks, such as * p<0.1, ** p<0.05, and *** p<0.01.

 ■ Table 6.22 Model 3 reduced multinomial logistic regression: hunger scale

hungryscale B Std. Error Sig. Exp(B)

95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

1 Intercept .685 .195 .000

Energ1 .364 .225 .106 1.439 .926 2.236

Drow1 −.454 .221 .039 .635 .412 .978

worr1 −.434 .225 .054 .648 .417 1.007

2 Intercept .261 .214 .222

Energ1 .618 .249 .013 1.856 1.138 3.025

Drow1 −.549 .246 .026 .578 .357 .936

worr1 −.764 .260 .003 .466 .280 .775

SPSS multinomial logistic regression dependent variable: Hunger scale. First pooling 
categories and then transform independent factors so that 1 becomes 0 and 0 becomes 
1, using the routine Transform – Recode into Different Variable

P[χ2(16) > 19.316] ≤ 0.01 Cox and Snell R2 = 0.038 and Nagelkerke R2  =  0.043

Stata multinomial logistic regression command: mlogit hungryscale energ1 enthus1 
drowsy1 tired1 stress1 worried1 quiet1 calm1, baseoutcome(0) rrr
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As in the linear regression chapter we report F-value and R2-value when 
testing for the significance of a model. Similarly to the R2-value in logistic 
regression there are two commonly reported R2 values called pseudo R2 
values and these are Cox and Snell R2 and Nagelkerke R2. These values 
are often lower than R2 and so it can be difficult to use these to give a 
clearly understandable interpretation around the goodness of fit of the 
model. In logistic regression the comparable statistic to the F-value is the 
log-likelihood. The change in the likelihood ratio is used to calculate the 
difference in the base model that only contains the constant term to the 
final model. This result is given in the form P[χ2(df) > G] ≤  significance. The 
G-value follows a Chi-square distribution and is calculated from minus two 
times the change in the likelihood ratio. For greater detail on this and other 
aspects of logistic regression see Appendix 8.

Calculating logistic regression with Stata and SPSS

In SPSS open the binary logistic regression window by selecting Analyze – 
Regression – Binary logistic. Then select the dependent and independent 
variables you require.

You will also need to inform SPSS which of your independent variables 
are categorical. To do this click categorical button on the right-hand side 
of the window and add these variables. Then to analyse your selection by 
clicking OK. For multinomial logistic regression Analyze – Regression – 
Multinomial Logistic Regression. Then as with binary logistic regression 
select the dependent and independent variables you require and click OK 
to analyse your selection.

In Stata as with SPSS there are a few different options that you can 
select when undertaking logistic regression. For binary dependent variable 
outcomes select Statistics – Binary outcomes – Logistic regression, 
reporting coefficients OR Logistic regression, reporting odds ratios. 
Then enter the dependent variable in the dependent variable field and 
independent(s) variables in the independent variable field. Then you can 
click OK or submit to analyse your selection. For multinomial logistic 
regression select Statistics – Categorical outcomes – Multinomial logistic 
regression. Then as with the binary case enter the dependent variable in the  
dependent variable field and independent variables in the independent 
variable field. A polychotomous factor variable is written by adding i. to 
the variable name, i.e. i.variable. The regression will then fit estimates for 
each level and include these results as separate covariate outputs. Specify 
the value of the base outcome then you can click OK or submit to analyse 
your selection.

Note that in SPSS Multinomial Logistic Regression to produce the 
correct output for a base outcome of zero you will need to reverse the values 
of the independent variable(s). With our ‘gender’ variable this would mean 
that 0 becomes 1 and 1 becomes 0. In SPSS you can do this relatively easily 
by using the routine Transform – Recode into Different Variable. Then you 
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can use the new variable(s) in your analysis. In Stata this transform is not 
required as the lowest code is set as the base group. To avoid errors in 
analysis it is always worth checking your logistic regression output using a 
contingency table as we have demonstrated in this chapter.

NOTES

1 An alternative way of investigating this data could be to pool the hunger scale 
into two categories. With for example 2 and 1 becoming ‘not hungry’ and zero 
being ‘hungry’. We are not going to do this in our example.

Enter the dependent variable
and independent(s) variables

Specify the value of the base
outcome for the dependant
variable

Click OK or submit to analyse
your selection

 ■ Figure 6.2 Stata logistic regression

Enter the dependent variable

In Categorical select the
variables and reference
category to ‘first’ and
select ‘change’.

Enter the independent(s)
variables

Click OK  to analyse your
selection

 ■ Figure 6.3 SPSS binary logistic regression
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MAKING 
CHOICES

Discrete choice 
theory

In order to determine how choices are made, discrete choice theory sets out 
an empirical method allowing for probability likelihoods to be determined. 
Here we build on the method explained in the logistic regression chapter 
using the logit regression. Examples of models with choice preferences and 
demographic characteristics will be explored using odds ratio probability 
likelihoods. Research examples around stated preference and revealed 
preference data, including some of my own research into parental school 
choice will be explored in the chapter.

We all love to have choice. Whether it’s choice when doing our daily 
shopping or when making bigger long term life decisions. Choice is 
very much part of our modern lives. A discrete choice model is a way of 
analysing the decisions that are made around a range of alternatives. These 
alternatives could be from different fields of enquiry such as transportation, 
food, health, education, business, etc.

There are three characteristics that define a set of alternatives when using 
a discrete choice theory model. This set of alternatives is called the choice 
set. The first characteristic is that the range of alternatives should be mutually 
exclusive, in that a person only chooses one of the possible alternatives. 
Second is that the choice set of alternatives needs to include all possible cases 
and third there should be a finite number of alternatives (McFadden, 2001).

It would seem that the first characteristics is quite restrictive and does not 
allow for situations where a decision maker may want to make a range of 
choices. This is in fact not the case. We can see this by considering an example 
of research in consumer choice related to fruit products. Given that the 
consumer has two fruit choices – ‘apples’ and ‘oranges’. These alternatives can 
be made mutually exclusive by defining them as these four possible choices 
– ‘apples only’, ‘oranges only’, ‘apples and oranges’ and ‘neither apples or 
oranges’. As you can see from this simple example the researcher just needs 
to carefully define the choice set of alternatives under investigation to allow 
for meaningful results to be obtained. You will see how this can be done in 
practice as we proceed to explore the studies within this chapter.

CHAPTER 

7
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STaTEd aNd REVEalEd PREFERENCE
If a decision maker ‘states’ their preference this implies that they are making 
a hypothetical choice. For example, this hypothetical situation could arise 
with a study that looks at people’s choice of dream cars. If when asked 
which Ferrari they would have the person may reply that they would pick 
the Daytona as opposed to Testarossa or Moza. Revealed preference on the 
other hand is a consumer’s actual choice. In terms of consumers’ choice for 
different cars then they would be asked what brand and model of car did 
they own.

Surveys can use questions that elicit revealed or stated preferences in 
order to inform an outcome. For example, if a new shopping centre was 
under construction then the local population could be asked about the types 
of shops they would like in the development. Alternatively, the survey could 
ask the local population about which shops they visit on a weekly/monthly 
basis and hence use revealed preference data to develop the shopping centre.

These types of data have advantages and disadvantages. Revealed 
preference allows for an understanding of customer behaviour, habits and 
actual choice. The revealed preference is restricted to a limited choice set 
that the customer is aware of and does not allow for the exploration of new 
products and services on the market. Stated preference choice allows for 
new product development, customer price variation considerations and new 
options. The disadvantage with a stated preference choice survey is whether 
people’s actions are truly reflected in what they say they would do.

a SIMPlE CONSUMER CHOICE MOdEl
In order to look at discrete choice theory we will first consider a data set 
around organic foods. The organic trade association reported in 2017 that 
in the US more than 82% of households were buying organic food. Organic 
food sales in the US have been reported to make up 30% of the retail food 
market (Packaged Facts, 2018). This report also confirms that organic food 
is thought to be tastier and good for your health. The Global Organic Foods 
and Beverages Market Industry Report (Grand View Research, 2017) states 
that in 2015 the organic food market was valued at $77.4 billion and it is 
estimated that by 2025 it will be worth $110 billion. The variables used in 
this study have been shown by research to be some of the important factors 
in determining consumer food choice. Discrete choice theory allows some 
understanding of what motivates consumers to buy organic food (Huang, 
1996; Verhoef, 2005; Yiridoe et al., 2005; Tsakiridou et al., 2006)

This first study illustrates how the discrete choice technique can be 
applied to choice decisions. As the data set also includes socio demographic 
information around the consumer this allows for the analysis to take into 
account a range of factors that affect choice.

The focus of this study is to investigate consumers’ knowledge of 
organic food products as opposed to conventional food. In the design of 
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the study consumers would have been randomly selected, preferably from 
a household survey, but could also have been interviewed in a shopping 
centre. If a shopping centre data collection methodology were used then the 
researcher would need to take care in deciding on the location to administer 
the face-to-face questionnaire. Bias could be introduced if all of the data 
were gathered inappropriately say outside an organic food shop!

This organic food questionnaire was designed to analyse consumer 
attitudes and purchasing behaviour. Consumers were asked questions 
related to their knowledge of organic foods, how often they eat organic 
food, price, quality, health benefits, food attributes and their own socio-
demographics (gender, age, education level and income). Table 7.1 shows 
the variables that are included in the organic food choice model.

 ■ Table 7.1 Code for variables in the organic food study

Variable name Variable definition

Choice 2 if the consumer eats organic food on a regular basis. 
Eating some organic every day of the week; 1 if they eat at 
least some organic food. Eating some organic food but not 
every day; 0 if they do not eat any organic food.

Health 1 if the consumer feels that organic food products are 
beneficial for your health; 0 otherwise

Quality 1 if the consumer feels that organic food products have 
higher quality than other similar products; 0 otherwise

Taste 1 if the consumer believes that taste is important in their 
organic food purchase; 0 otherwise

Appearance 1 if the consumer believes that appearance is important in 
their organic food purchase; 0 otherwise

Knowledge 1 if the consumer reported that they were knowledgeable 
about organic food; 0 otherwise

Environ 1 if the consumer feels that their organic food purchase is 
beneficial to the environment; 0 otherwise

Price 1 if the consumer believes that price is important in their 
organic food purchase; 0 otherwise

Gender 1 if the consumer who answered the questionnaire was 
female; 0 if male

Income 1 if the consumer earns more than an average yearly wage; 
0 if lower

Higheduc 1 if the consumer has completed higher studies; 0 if not

Age 1 if under 21 years of age; 2 if reported to be 21 and up to 
25 years; 3 if 25 and up to 40; 4 if 40 and up to 55; 5 if 55 
and over.
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Care needs to be taken when defining the choice set to avoid unobserved 
factors not being correlated over alternatives. An assumption of all logit 
models is that the error for one of the dependent alternatives contains no 
information about the error contained in another alternative. This model 
carefully defines a ‘regular buyer’ in the choice set to be a consumer saying 
that they eat some organic food everyday of the week. If the consumer is not 
able to meet this strict criterion – that a day does not go by without eating 
organic food – then they fall naturally into the second category. The final 
category is also strict saying that the consumer does not eat any organic 
food.

A single dichotomous covariate

Before launching into a full analysis using multinomial logistic regression 
it is advisable to carry out certain practices in order to ensure correct 
interpretation and understanding of the data set. It is good practice to obtain 
a rough feel for how a simplified model behaves with one or two variables. 
This will help with your understanding and allow you to choose the correct 
default setting within the statistical package you are using. Some hand 
calculations at the start can help allay any future confusion. Discrete choice 
analysis is a complex technique and errors can occur easily. Carrying out 
pre-checks could save time in the long-run.

In order to look at the simplified model for the organic food survey we 
start by considering a single dichotomous covariate that may affect choice 
and as shown in Table 7.1 is coded 0/1. For this example we use the variable 
‘Health’.

 ■ Table 7.2 Contingency table: organic food choice

Health Choice Total

Consumer 
regularly 

eats organic 
food (2)

Consumer 
eats at least 

some organic 
food (1)

Otherwise (0)

Consumer feels 
that organic 
food products 
are beneficial 
for your health

No (0) 31 66 30 127

Yes (1) 165 182 26 373

Total 196 248 56 500

Pearson Chi-square (2) = 33.148, p<0.001. Cramer’s V = 0.257, p<0.001
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A contingency table is generated that shows the frequencies around 
consumer choice of organic food in relation to perceived health benefits. 
The frequencies in Table 7.2 show that there are 500 consumers, with 373 
who feel that organic food is good for their health. Out of these 373, there 
are 165 consumers who eat organic food on a regular basis, 182 who eat at 
least some organic food and the remaining 26 consumers who do not eat 
organic food. Only 127 of the 500 consumers feel that organic food is not 
beneficial for their health.

Using the contingency table (Table 7.2), as you will remember from 
Chapter 2, we can calculate the odds ratio using the cross product ratio of the 
frequencies. Taking the base case of ‘otherwise’ (0) and the notation for the 
odds ratio as OR , we will work through the calculation step by step below.

First calculate the odds that regular consumers of organic food think that 
it is beneficial for their health. Use the figures in Table 7.2 thus:

= number of consumers who regularly eat/number otherwise
=165/26 = 6.3461
Calculate the odds that regular consumers of organic food do NOT think (0) 

that it is beneficial for their health:
= number regular/number otherwise
= 31/30 = 1.0333
Using these two values it is then possible to calculate the odds ratio  

[OR 2 (regular eat organic(2), otherwise(0))] that regular consumers of 
organic food think that it is beneficial for their health:

= 6.3461/1.0333

OR 2 (regular eat organic (2), otherwise(0)) = 6.142

This result implies that a person who regularly eats organic food is 
6.142 times more likely to believe that organic food is good for their health 
compared to someone who does not eat organic food.

Let’s now calculate the odds ratio for consumers who ‘eat at least some 
organic food’ (1) following the same principal as above. The odds that they 
think that it is beneficial for their health is given by:

= number of consumers who eat at least some/number otherwise
=182/26 = 7.0
Calculate the odds that those who eat at least some organic food do NOT 

think that it is beneficial for their health:
= number eating some/number otherwise
= 66/30 = 2.2

Odds ratio [OR 1 (eat organic, otherwise)] that those who eat at least 
some organic food think that it is beneficial for their health

= 7.0/2.2

OR 1 (eat organic (1), otherwise (0)) = 3.182
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This result implies that a person who eats organic food at least some of 
the time is 3.182 times more likely to believe that organic food is good for 
their health compared to someone who does not eat organic food. These two 
odds ratios offer a measure of association between the categories.

Note that to produce this table in SPSS you need to reverse the values in 
order to calculate a reference category of zero. With our ‘Health’ variable 
this would mean that 0 becomes 1 and 1 becomes 0. In SPSS you can do this 
by using Transform – Recode into Different Variable. This new variable can 
then be used in the analysis. In Stata this is not required.

Running multinomial logistic regression with ‘Health’ as the independent 
variable and ‘choice’ the dependent variable produces the output as set out 
in Table 7.3. You can see that the figures in the Exp(B) column (apart from 
some small rounding errors) are the same as those we have just calculated 
by hand using the contingency table method.

Next let us explore how these odds ratios help to understand the consumer 
choice data. Looking at the category ‘regularly eat organic’ the statistically 
significant coefficient for the variable ‘Health’ (B = 1.815) is positive and 
this indicates that consumers who are eating organic food regularly feel 
that the product has health attributes. The odds ratio of those who regularly 
eat organic food is 6.141. This means that those consumers who regularly 
eat organic food are 6.141 times more likely to think that organic food is 
beneficial to their health than those who do not.

The 95% confidence interval indicates that the odds ratio is in the range 
from 3.205 to 11.769. Due to the fact that this range is greater than one 
it indicates that the perceived health benefits are highly significant for 
consumers who regularly eat organic food.

 ■ Table 7.3 Model 1 multinomial logistic regression: organic food choice

Choice variable B Std. Error Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Eat some 
organic (1)

Intercept .788 .220 .000

Health 1.157 .304 .000 3.182 1.753 5.774

Regularly eat 
organic (2)

Intercept .033 .256 .898

Health 1.815 .332 .000 6.141 3.205 11.769

SPSS multinomial logistic regression dependent variable: Choice with reference cat-
egory as otherwise (0) and independent variables covariates. P[χ2(2) > 30.821] ≤ 0.001. 
Pseudo R2 values for Cox and Snell = 0.060, Nagelkerke = 0.070.

Stata multinomial logistic regression command: mlogit choice health, baseoutcome(0)
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Note that ‘Health’ is also significant at the p<0.001 (0.1% level) with 
p=0.000 in the ‘eat some organic’ category. The result shows that consumers 
who responded that ‘organic food products are beneficial to your health’ to 
the survey are 3.182 times more likely to ‘eat at least some organic food’ 
than those who said ‘they do not eat organic food’.

The 95% confidence range for this likelihood is between 1.753 and 
5.774, showing again that we can be very confident about this result. The 
range values are again, as with the health category for regular eating of 
organic food, all above the odds ratio value of one indicating that the result 
is significant. As you will remember from the previous chapter a value 
greater than 1 for the odds ratio means it has a positive B-value. If the 
odds ratio is less than 1 then there would be a negative B-value. If the 95% 
confidence values for the lower and upper bound do not cross the boundary 
line of 1 this implies that the variable will have a significant p-value.

Expanding on the simple choice model

Using the purposeful selection technique you can then add subsequent 
variables to the model. For example, we could start with the variable 
‘Income’, so running again multilevel logistic regression we obtain the 
results set out in Table 7.4. We can see that both ‘Health’ and ‘Income’ are 
significant. Consumers who regularly eat organic food are 3.424 times more 
likely to be ‘earning more than an average yearly wage’ than consumers 
that do not eat organic food. There is a similar significant result for those 

 ■ Table 7.4 Model 2 multinomial logistic regression: organic food choice

Choice variable B Std. Error Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

organic 
products (1)

Intercept .609 .230 .008

Income .844 .351 .016 2.326 1.168 4.631

Health .975 .313 .002 2.650 1.436 4.890

regular eating 
organic (2)

Intercept −.274 .271 .313

Income 1.231 .360 .001 3.424 1.690 6.938

Health 1.535 .342 .000 4.642 2.375 9.073

SPSS multinomial logistic regression dependent variable: Choice with reference category 
as otherwise (0) and independent variables covariates. P[χ2(4) > 44.22] ≤ 0.001 Pseudo R2 
values for Cox and Snell = 0.085, Nagelkerke = 0.099, McFadden=0.046

Stata multinomial logistic regression command: mlogit choice i.health i.income, 
baseoutcome(0)
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consumers who only eat some organic food being twice as likely to have 
earnings more than the average yearly wage. These results seem to imply 
from our data that more wealthy consumers are eating organic food.

This process of purposeful selection can be continued (as we have seen 
in previous chapters) in order to obtain a statistical model containing only 
significant variables. Alternatively, as we have also discussed, an empirical 
model could be created using past research and literature that has also 
considered consumer behaviour and organic food choice. In this particular 
study if we added in all the variables as suggested by the literature the 
variable ‘income’ does not feature as significant. This is due to the interaction 
of all the other variables in the model and illustrates the need for caution and 
careful exploration of models before merely applying statistical techniques.

In the full model shown in Table 7.5 there are five factors that are significant 
at the 5% level. The three factors for consumers who eat some organic foods 
are ‘Health’ (p = 0.040), ‘Taste’ (p < 0.001) and ‘Price’ (p = 0.050). The variable 

 ■ Table 7.5 Empirical model: organic food choice

Choice variable B Std. Error Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Some 
organic 
food

Intercept −1.310 .773 .090

Female −.489 .438 .265 .613 .260 1.448

Income .620 .400 .121 1.860 .849 4.074

Higheduc .346 .472 .463 1.414 .561 3.567

Age −.063 .113 .576 .939 .752 1.172

Health .702 .342 .040 2.017 1.032 3.943

Quality .348 .387 .369 1.416 .663 3.023

Taste 1.465 .372 .000 4.328 2.087 8.979

Appearance .123 .483 .799 1.131 .439 2.916

Knowledge .488 .421 .247 1.629 .713 3.719

Environ .475 .789 .548 1.607 .342 7.547

Price 1.190 .607 .050 3.286 .999 10.803

Regular 
eating 
organic

Intercept −1.256 .788 .111

Female .016 .467 .972 1.017 .407 2.540

Income .286 .435 .510 1.331 .568 3.122

Higheduc .644 .490 .189 1.903 .729 4.969

Age .080 .125 .523 1.083 .848 1.382
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‘Taste’ (p < 0.001) is also considered highly important by consumer’s who 
regularly eat organic food, along with the variable ‘Environment’ (p = 0.013). 
It is interesting to note that for consumers who regularly eat organic foods 
‘Health’ is also nearly significant with a p-value of 0.052 and an odds ratio 
of 2.142. From our early work using just this variable in the contingency 
table it seems that it would be worth further investigation.

It is clear from our initial exploration of these data that taste is likely to be 
a major factor for consumers choosing organic food. It is also interesting to 
note that price is only a concern for non-regular consumers of organic foods 
and it could be speculated that this is a reason for them not buying more 
organic foods. This is an interesting finding and mixed methods research 
using qualitative interviews would be a way for a researcher to investigate 
these findings further.

There are limitations to the study design we are offering here. It would be 
good in a mixed methods approach to have some qualitative data from the 
consumers about their reasons for eating organic foods. This could include daily 
or weekly diaries detailing consumer’s organic food purchases and meals. This 
information could be used together with the discrete choice analysis to create a 
rich picture of the decision making process linked to consumer’s motivations, 
background, buying habits and attitudes to organic food shopping.

The next study we are going to investigate uses revealed preference 
data, which relates to the parents’ actual school choices rather than stated 
preference data, where the parents would have been presented with 
hypothetical choice situations around school selection.

Choice variable B Std. Error Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Health .762 .392 .052 2.142 .994 4.617

Quality .121 .418 .773 1.128 .498 2.557

Taste 2.030 .420 .000 7.613 3.340 17.354

Appearance .623 .497 .210 1.865 .703 4.944

Knowledge .390 .448 .383 1.478 .614 3.553

Environ 1.941 .778 .013 6.966 1.515 32.029

Price −.640 .574 .265 .527 .171 1.623

SPSS multinomial logistic regression dependent variable: Choice with reference cate-
gory as otherwise (0) and independent variables covariates. P[χ2(22) >191.813] ≤ 0.001 
Pseudo R2 values for Cox and Snell = 0.319, Nagelkerke = 0.373.

Stata multinomial logistic regression command:  mlogit choice i.health i.income i.quality 
i.environ i.price i.taste i.appearance i.knowledge i.female age i.highedu, baseoutcome(0)
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MUlTINOMIal lOGISTIC REGRESSION MOdEl 
WITH SOCIO-ECONOMIC FaCTORS

Over the past few decades research has revealed that in many sub-Saharan 
African countries a range of school management types exist and have been 
giving educational choices to parents, including very poor parents, living 
in informal settlements (Dixon and Humble, 2017; Humble and Dixon, 
2017). This research has shown that parents in the Global South are making 
decisions and choices about where to educate their children. These parents 
are being offered choices for government, faith based and community 
schools in the same way that parents are making choices to go to Charter, 
Academy and faith based schools in the Global North.

In this discrete choice survey parents were asked if it was possible for 
them to access all school types – government, faith and community. Only 
those parents who indicated that it was an option for them to choose between 
all of the school management types were included in this data set. At the 
start of this chapter we set out criteria that the range of alternatives should 
be mutually exclusive, in that a person only chooses one of the possible 
alternatives. Note that these alternatives need to be accessible to all, so in 
the case of school choice this implies that parents can pick any one of the 
school management types. This implies choice without restrictions due to 
cost, location or other limitations. In this particular example it is assumed 
that all the school management types are ‘free’. Yet, as we all know, no 
form of education is truly free as there are always hidden costs. These 
hidden costs could be in the form of uniforms, meals, books, stationary and 
transportation to and from school.

Figure 7.1 shows parental school choice by family income decile. We 
can use this to illustrate that the parents in this particular data set are not 
restricted in their choice of schooling alternatives due to financial issues. 
Within each income category parents are able to choose each of the three 

 ■ Figure 7.1 School choice by family income decile
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types of schools under consideration. When looking at the lowest income 
categories we see that this is not a barrier and all of the three school 
alternatives are accessible.

In this revealed preference household study the parents were asked to 
provide the three main reasons for choosing their eldest child’s school. The 
percentage of parents selecting the six most cited preferences is shown in 
Table 7.6. The three most frequently cited reasons given by the parents in 
this data set were school reputation, academic performance and quality of 
teaching with popularity of 70.0%, 66.2% and 78.2% respectively. Table 7.6 
is a summary of the parents’ school preferences.

In a study such as this where preferences can be subjective, and 
individuals may interpret questions differently, it is good to ask those 
being surveyed how they would define the preferences they selected. When 
writing an article about these data you would want to include a paragraph 
such as the one that follows that defined these preferences to help the reader 
understand how the participating parents interpreted these words.

Quality of assessment is typically made through informal methods 
and can be quite subjective. First, for parents ‘quality of teaching’ 
typically implies that teachers attend school regularly (i.e., are not 
absent) and are committed and caring towards the children in their 
charge. Second regarding ‘school reputation’ the parents place 
emphasis on the reputation of the school proprietor and leader. 
Personal relationships within the community also foster reputation 
around safe environment and discipline. Third, parents believe that 
schools that are within walking distance for their child are ‘close to 
home’ and therefore ‘trusted’ within the community. Finally, regard-
ing academic performance this is typically based on examination 
results but parents also value what they are familiar with, such as the 
amount of homework given and the number of times teachers mark 
their homework.

 ■ Table 7.6 Parents’ preferences: school characteristics

Preference Important Not important

Affordability 25.0 75.0

Strong disciplinary environment 47.2 52.8

Safe and close to home 42.8 57.2

School reputation 70.0 30.0

Academic performance 66.2 33.8

Quality of teaching 78.2 21.8
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To help to clarify how parents are making these decisions and to show that 
they are informed decisions it is good to clarify the procedure that they have 
undertaken in collecting this evidence. This helps to underpin your research 
and validate the preferences given. It is usual in this type of research to state 
the range of sources of evidence parents have used to inform their decision 
making process. These could include talking to relatives, friends and 
neighbours to find out how they feel about the school and their experiences 
of sending children to the school. Parents will generally make school visits 
to a range of alternatives and on these visits they may have the opportunity 
to observe lessons. They could have also looked at school websites and 
other sources to find out information on examination performance, extra 
curricula activities and opportunities gained by past students.

Indeed, some suggest that only between 10% and 20% of parents need 
to be informed decision makers in order for the market to be competitive 
(Thorelli and Engledow, 1980; Feick and Price, 1987). In terms of education 
this implies there is a range of valid school alternatives that offer parents 
a choice that they believe is appropriate for their child’s needs. Schneider 
et al. (1998) suggest in their paper ‘Shopping for Schools: In the Land of 
the Blind, The One-Eyed Parent Is Enough’ that it only requires a subset of 
parents to be informed decision makers to allow for choice in schooling to 
be effective.

Socio-economic factors scores

This data set on school choice asked a number of questions around family 
possessions and wealth. As we saw in Chapter 3 an exploratory factor 
analysis data reduction technique can be used to collapse these into a smaller 
set of combined factors. In Table 7.7 the set of items dealing with household 
wealth have been combined into a smaller set of measures. Principal factor 
analysis was used with the Varimax procedure to produce an optimal two-
factor solution.

When looking at how the household items group together there are two 
clear themes that emerge which have been termed ‘electric’ and ‘home’ as 
follows:

 Factor 1 – Wealth 1 – Electric: Smart Phone, Computer, TV, DVD, 
Generator.
Factor 2 – Wealth 2 – Home: Fridge, Gas stove, Freezer.

These two factors explain 47.783% of the variation in this set of data. 
Factor scores for these wealth factors were derived for each pupil in the data 
set. As we are looking for factor scores that are only correlated with items 
within that latent factor the Bartlett method was used to produce Wealth 1 
and Wealth 2 variables.

Using the parent school choice survey the following items are also 
incorporated into this model and have been collapsed into two categories to 
form dichotomous variables using the mean as a cut-off point.
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 ■ Family Income: less than the mean $59.85 = 0, greater than the mean 
$59.85 = 1);

 ■ Family Expenditure: less than the mean of $41.63 = 0, greater than the 
mean of $41.63 = 1).

Family education and occupation were also reduced to dichotomous 
variables as follows:

 ■ Highest Level of Education in the Household (no education or primary 
level only=0, above primary level=1);

 ■ Occupation (unemployed=0, employed=1).

Multinomial logistic regression model

Once the data have been organised then multinomial logistic regression 
can is used to estimate the empirical model. There are three school choice 
categories, Government (s = 0); Faith-Based Mission (s = 1); Community 
(s = 2). Note that the base category for the multinomial logistic regression 

 ■ Table 7.7 Data reduction: wealth factors

Rotated Component Matrix

Component

1 2

TV .861

Generator .829

DVD Player .703

Laptop or Computer .529

Car .457

Motorbike .357

Smart Phone .382

Fridge .864

Gas Stove .810

Freezer .769

SPSS extraction method is principal component analysis. Rotation Method: 
Varimax with Kaiser Normalization. 51.039% variance explained. KMO=0.728,  
Chi-square(45)=1600.423, p<0.001

Stata command principle component factor: factor tv generator dvdplay computer car 
motorbike smartphone fridge gasstove freezer, pcf factors(2) blanks(0.38) and postesti-
mation command: rotate, kaiser factors(2) blanks(0.38)



MaKING CHOICES ■ ■ ■ ■

■ 136

model for this particular study will be government. Parameter estimates can 
be obtained to estimate the following equation:

C = + D + P +i i i iαα ββ γγ εε

where Ci is the type of school choice that parent i has selected for their child. 
Di is the vector controlling for household, parent and child demographic 
characteristics. These include gender, age, number of children, parent’s 
occupation and highest education, household income and expenditure, 
two wealth factors and the proportion of non-government schools in the 
household’s community. Pi is a vector of each household’s preferences for a 
set of school characteristics and εi is the unobserved factors.

In Table 7.8 each odds ratio coefficient (Exp(B)) indicates the change 
in the likelihood that a parent selects a given type of school as opposed to 
a government school. For a one standard deviation increase in a particular 
parental preference or school characteristic we can calculate the odds ratio 
as Exp(SD × B).

Looking in detail at Table 7.9 the results show that there are three 
parental preferences around school choice that are statistically significant. 
Parents who stated a preference when selecting schools for their children 
by them having good ‘academic performance’ are more likely to send their 

 ■ Table 7.8 Odds ratio calculations for significant variables

SD B × SD EXP(B × SD)

Academic performance 0.474 0.671 × 0.474 1.374

Safe 0.495 1.747 × 0.495 2.374

Reputation 0.495 0.952 × 0.495 1.602

Affordability 0.433 –0.462 × 0.433 0.818

 ■ Table 7.9 Multinomial logistic regression: school choice study

School type B Std. 
Error

Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Faith (s=1) Intercept –2.282 0.73 0.002

Childs_Age 0.127 0.043 0.003 1.135 1.044 1.234

Gender –0.355 0.239 0.137 0.701 0.439 1.12

No. children 0.071 0.053 0.18 1.073 0.968 1.191

Fam. Income 0.309 0.261 0.236 1.362 0.817 2.27
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School type B Std. 
Error

Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Expenditure –0.309 0.29 0.287 0.735 0.416 1.296

Occupation 0.112 0.284 0.694 1.118 0.64 1.952

High. Edu 0.34 0.25 0.174 1.405 0.86 2.293

Wealth1 –0.248 0.129 0.054 0.781 0.607 1.004

Wealth2 0.052 0.112 0.642 1.053 0.846 1.312

Qual. Teach 0.031 0.37 0.932 1.032 0.5 2.13

Affordability 0.474 0.361 0.190 1.606 0.791 3.262

Discipline –0.468 0.345 0.174 0.626 0.318 1.231

Safe 0.023 0.363 0.948 1.024 0.502 2.087

Reputation –0.488 0.351 0.164 0.614 0.309 1.221

Acad. Perf –0.133 0.378 0.725 0.876 0.417 1.837

Community 
(s=2)

Intercept –1.547 0.664 0.02

Childs_Age –0.102 0.036 0.005 0.903 0.841 0.97

Gender –0.416 0.234 0.075 0.66 0.417 1.043

No. children 0.039 0.058 0.495 1.04 0.929 1.164

Fam. Income –0.206 0.244 0.399 0.814 0.504 1.314

Expenditure –0.064 0.274 0.814 0.938 0.549 1.603

Occupation 0.135 0.273 0.62 1.145 0.671 1.954

High. Edu 0.35 0.242 0.149 1.419 0.883 2.28

Wealth1 –0.173 0.123 0.159 0.841 0.661 1.07

Wealth2 0.029 0.111 0.796 1.029 0.827 1.28

Qual. Teach –0.543 0.328 0.097 0.581 0.306 1.104

Affordability –0.462 0.33 0.161 0.63 0.33 1.203

Discipline 0.565 0.292 0.053 1.759 0.992 3.119

Safe 1.747 0.317 0.000 5.737 3.079 10.689

Reputation 0.952 0.323 0.003 2.59 1.375 4.88

Acad. Perf 0.671 0.332 0.043 1.957 1.021 3.749

SPSS multinomial logistic regression dependent variable: School type with reference cat-
egory as Government(0) and independent variables covariates. P[χ2(30)>87.162]≤0.001. 
Cox and Snell=0.160, Nagelkerke=0.185.

Stata multinomial logistic regression command: mlogit schoolchoice gender age num-
children income expenditure occup educat wealth1 wealth2 qualteach afford discipl safe 
reput acad, baseoutcome(0)
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children to a community schools. The results show the likelihood of parents 
selecting a community school is approximately 1.374 times the likelihood 
of selecting a government school for every 1 SD increase in the preference 
rating (p < 0.05).

Parents who state that ‘safe’ is a preference are more likely to send their 
children to community schools than government. All else equal, a one 
standard deviation increase in the preference indicator of safe is associated 
with an increase in the likelihood of selecting community schools instead of 
government by a factor of 2.374 (p < 0.001). Regarding school reputation, 
parents are also more likely to send their children to a community school 
when stating these preferences, there is 1.62 times the likelihood of parents 
selecting a community school for every 1 SD increase in the preference 
rating (p < 0.01).

Individual characteristics show that there is a decrease in the likelihood 
of parents sending a child to community schools but an increase in the 
likelihood of attending faith-based schools as the child gets older. The 
reason it is a decrease for community schools is that the B-value is negative 
(B=−0.102, p=0.005) and an increase for faith-based schools as the B-value 
is positive (B=0.127, p=0.003).

The preceding discussion is around the items that are significant (p<0.05) 
and gives odds ratio likelihoods in relation to government schools within 
the data. We have only discussed here significant variables but researchers 
may also discuss the variables that are not significant in their reports as 
these may have played a major part in previous literature or are an important 
aspect of the present study.

The final study in this chapter illustrates how a discrete choice model 
can be applied to revealed choice decisions for consumers related to 
transport. The societal demands around transport for people living in 
metropolitan areas is constantly growing due to changing life patterns 
related to work and leisure. Consequences of this are often seen in traffic 
congestion, increased noise and air pollution and road accidents. Urban 
environmental planners attempt to avoid these issues by introducing a 
greater range of transport systems, with the expectation that the public 
feel more comfortable, happy and safe during journeys for work and 
pleasure.

ORdEREd lOGIT CHOICE MOdEl
In this study a group of commuters were asked about their revealed 
preference choice of transport on their commute to work. The choice is 
between a bus and underground journey into the city centre. Upon making 
the decision around the mode of transport they preferred they were then 
asked what were the important factors that influenced this decision. 
Ratings were given on a five point Likert scale (see Table 7.10) around the 
importance of transport affordability, reliability, cleanliness, safety, close 
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to home and issues around overcrowding. City planners use this type of 
model in order to improve transport systems for the future.

Traditionally as you have seen from earlier examples we could tackle this 
choice decision by using multinomial logistic regression. The predictions 
from the logistic regression show the likelihood is that cost is more important 
to rail commuters (rail = 0; bus = 1) as the B-value is negative (B= − 0.183) 
as can be seen from the results in Table 7.11.

All else being equal, the preference indicator for ‘cost’ is associated with 
a significant decrease in the likelihood that bus commuters would find the 
cost an important issue as compared with rail commuters by a factor of 
0.833 (p<0.01).

As an alternative statistical technique to using multinomial logistic 
regression we can apply an ordered logit to this kind of model. With 
this technique it is possible to obtain greater detail about the preferences 
commuters reveal about transport in this study.

 ■ Table 7.10 Questionnaire for commuters

Unimportant 
(0)

Slightly 
unimportant 

(1)

Neither (2) Slightly 
important (3)

Important 
(4)

Cost 
affordability 
(Cost)

Service 
frequency 
and reliability 
(Reliable)

Level of 
overcrowding 
on the service 
(Crowding)

Cleanliness 
and 
maintenance 
of service 
(Clean)

Safety on 
board (Safety)

Availability 
of bus stop/
rail station 
near home 
(Available)
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In this survey the respondent has a range of five Likert scale responses. 
These responses are ‘rated’ and hence ordered. For example we would 
say that responses with similar meaning such as ‘slightly important’ and 
‘important’ are related and those further away such as ‘slightly unimportant’ 
and ‘important’ as less similar. The ordered logit takes into account the 
ordinal nature of the outcomes and in certain circumstances give greater 
detail to the analysis (Hausman and Ruud, 1987).

The way in which an ordered logit procedure deals with the range of 
answers is to represent the respondent’s opinion by a utility variable (U). 
The consumer is said to obtain a certain level of utility or advantage from 
each of the alternatives. Individual consumers feel that the alternatives offer 
differing utility. The consumer chooses the alternative that provides the 
greatest perceived benefit. The paradigm of utility maximization provides a 
link by which choice probabilities can be estimated (Train, 2009).

This variable (U) takes a range from high being positive to low being 
negative for the opinions on that particular question. You can think of U 
as being the range of opinions for a particular question. In this study, for 
example, the person’s response to a question on a Likert scale is broken 
down into a series of decision cut-off points as follows:

‘important’ if U > k1
‘slightly important’ if k2 < U < k1
‘neither’ if k3 < U < k2
‘slightly unimportant’ if k4 < U < k3
‘unimportant’ if U < k4

Figure 7.2 illustrates the probability density function with the four cutoff 
points k1 to k4 that determine the probability distribution. The general shape 
of the curve is determined by unobserved distribution (ε). Therefore the 
probability that the commuter answers ‘important’ is the probability that 
U is greater than k1. This is given by the area under the curve in the right 
hand side of the distribution. The probability that the commuter gives the 
response to the question asked as ‘slightly important’ is given by the area 

 ■ Table 7.11 Logistic regression: choice and cost

Choice B Std. Error Sig. Exp(B) 95% Confidence 
Interval for Exp(B)

Lower 
Bound

Upper 
Bound

Intercept .746 .191 .000

cost –.183 .066 .006 .833 .731 .949

SPSS logistic regression dependent variable: choice and the reference category is 
Rail(0). P[χ2(1)>7.748]≤0.01. Cox and Snell=0.015, Nagelkerke=0.021. 

Stata logistic regression command: logit choice cost
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under the curve between the cut-off points k2 and k1. In the same way the 
probability for ‘neither’, ‘slightly unimportant’ ‘unimportant’ is calculated 
from the area under the curve for their respective regions.

In Appendix 10 we discuss in greater detail how these cut-off points can 
be represented on a distribution of the unobserved factors(ε). The assumption 
is that the distribution of unobserved factors is distributed logistically. The 
cumulative distribution function of ε takes the form F(ε)=1/(1+exp(-ε)) and 
is the area under the curve.

 ■ Figure 7.2 Cut-off points for decisions

Prob (unimportant) Prob (neither) Prob (important) 

k4 k3 k2 k1

 ■ Table 7.12 Model 1 ordinal logit regression: choice and cost

Estimate Std. 
Error

Odds 
ratio

Sig. 95% Confidence 
Interval for odds 

ratio

Lower 
Bound

Upper 
Bound

Threshold [cost = 0] –2.089 .165 .000 –2.412 –1.767

[cost = 1] –1.243 .141 .000 –1.520 –.967

[cost = 2] –.527 .131 .000 –.784 –.270

[cost = 3] .600 .132 .000 .341 .858

Location [Choicenew=1] –.429 .162 0.6509 .008 0.4739 0.8942

SPSS ordinal regression. Dependent variable cost and independent variable choice. 
P[χ2(1)>7.066]≤0.01 Cox and Snell=0.014, Nagelkerke=0.015. Note to obtain this in 
SPSS for Ordinal regression you need to change Choice variable from 0 to 1 and 1 to 0 
to calculate a reference category of zero. This is the same procedure we highlighted in 
the logistic regression chapter. Stata does not require you to do this. 

Stata ordered logistic regression command: ologit cost choice
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Going back to our discussion about cost related to consumer choice 
and using the output in Table 7.12 the following model for cost can be 
written as:

U = –0.429 × Choice + ε
The expected value is –0.429 and this result demonstrates as we have 

previously shown that the rail commuters are more concerned about cost 
than the bus commuters.

The estimated response probabilities can also be obtained from SPSS and 
Stata by using the ‘estimated response probabilities’ option. We will work 
through two examples by hand in detail to give a clearer understanding of 
how the software calculates these probabilities.

Using the values in Table 7.12 the response probability that a commuter 
answers ‘unimportant’ can be calculated. This is the probability that U is

Prob (‘unimportant’) = Prob (U < k4)
= Prob (–0.429 × Choice + ε < –2.089) – (1)

With choice as bus commuters (choice =1) this gives

Prob (ε < –2.089 + 0.429) = Prob (ε < –1.66) =1/(1+ Exp (1.66)) =0.1587
The threshold points tell us how to interpret the score. Setting choice =0 

in equation (1) above, gives ε < –2.089 and a resulting probability of 0.11. 
As noted earlier the calculations for these probabilities have been obtained 
using the logistic distribution.

The probability a commuter responses to ‘slightly unimportant’ is 
the probability that U lies between k3 and k4. The probability for the bus 
commuter (1) is calculated using the following equation:

( )Prob ‘slightly unimportant’  = Prob (k < U < k )4 3

( ) ( )ε ε= Prob –2.089 < – 0.429 +  < –1.243  = Prob –1.66 <  < – 0.814

( ) ( )( ) ( )= 1/ 1+ exp 0.814 –1/ 1+ exp 1.66 = 0.3070 – 0.1597 = 0.1473

Looking at the probability for rail choice (0) gives the probability of 
‘slightly unimportant’ as –2.089 < ε < –1.243

= 1/(1+exp(–1.243)) – 1/(1+exp(–2.089))=0.2239–0.1102=0.1137

Response probabilities

These response probabilities can also be calculated through a contingency 
table (see Table 7.13). This technique is one we have seen in previous 
chapters and is useful to help the researcher gain a ‘feel’ for the data before 
applying more sophisticated techniques.

Taking an example from Table 7.13 with the variable ‘Cost’ and the 
category ‘unimportant’ we can see that the number of responses from 
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commuters stating that they believe cost is unimportant is 19 out of 214 
possible rail commuters. Hence the response probability is 19/214 giving 
a value of 0.09. The number of bus commuters who have the same opinion 
that the cost of transport is unimportant is 50 out of 286. Hence the response 
probability can be calculated as 50/286 which is equal to 0.17. Clearly in 
this particular sample bus commuters show less concern around cost of 
transport, as this is nearly twice the response probability for rail commuters.

The predictions from the ordered logit model allow for a complete 
solution as we have seen previously when calculating odds ratios for logistic 
regression. Table 7.14 shows that comparing the response probabilities from 
the contingency table and the ordered logit methods are very similar.

 ■ Table 7.13 Contingency table: choice of transport

Choice of bus or rail Total

Rail (0) Bus (1)

Cost relating to 
affordability

Unimportant 19 50 69

Slightly 
unimportant

25 41 66

Neither 42 38 80

Slightly important 51 83 134

Important 77 74 151

Total 214 286 500

 ■ Table 7.14 Ordered logit model predictions

Contingency table probability Order logit

Rail (0) Bus (1) Rail (0) Bus (1)

Unimportant (0) 0.09 0.17 0.11 0.16

Slightly 
unimportant (1)

0.12 0.14 0.11 0.15

Neither (2) 0.20 0.13 0.15 0.17

Slightly 
important (3)

0.24 0.29 0.27 0.26

Important (4) 0.36 0.26 0.35 0.26

SPSS command for estimated response probabilities: In ordinal regression output select 
‘estimated response probabilities’ 

Stata command for estimated response probabilities: ologit cost choice and then predict 
var0 var1 var2 var3 var4
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Complex ordered logit model

We have seen from this example that the ordered logit provides a technique 
to look in greater detail at a multiple response Likert scale questionnaire. 
This technique is not limited to comparing just the one dependent variable 
of ‘cost’ to the independent variable ‘choice’.

Let us next consider a model with additional independent variables. In 
addition to the variable ‘Cost affordability (cost)’ we will add ‘Cleanliness 
and maintenance of service (clean)’. We do this in order to explore whether 
a respondent’s ratings are related. For example a rail commuters rating of 
cleanliness is probably related to their rating of cost. So we can explore this using 
multiple ordered response probabilities. It can be seen from Table 7.15 that ‘clean’ 
is more important for bus commuters with a positive significant effect (0.154) 
and choice (–0.429) is still negative. This multivariate model can be written as

U = − 0.429 × Choice + 0.154 × Clean + ε

Note the additional term from the previous model of the variable ‘clean’ 
is added with its associated coefficient of 0.154. Regarding this study 
the data suggest that rail commuters (rail = 0) are still more concerned 
about cost as the coefficient is negative (negative B = − 0.429). The bus 
commuters are more concerned about cleanliness and maintenance of 
service (positive B = 0.154). Prediction for the probability of each of 
the five categories can be calculated using the same method that we 
have used in the previous section to obtain the response probability 
predictions. Again we shall illustrate this by calculating the first few of 
these probabilities by hand.

 ■ Table 7.15 Model 2 ordinal logit regression: choice, cost and clean

Estimate Std. 
Error

Odds 
ratio

Sig. 95% Confidence 
Interval of odds 

ratio

Lower 
Bound

Upper 
Bound

Threshold [cost = 0] –1.816 .192 .000 –2.192 –1.440

[cost = 1] –.963 .174 .000 –1.303 –.622

[cost = 2] –.236 .168 .161 –.566 .094

[cost = 3] .904 .173 .000 .565 1.243

Location Clean .154 .056 1.166 .006 1.042 1.304

[Choicenew=1] –.429 .163 0.651 .008 0.4739 0.8944

SPSS ordinal regression with dependent variable cost, independent  variable choicenew 
and covariate clean. P[χ2(2)>14.330]≤0.001 Cox and Snell = 0.028 Nagelkerke = 0.030.

Stata ordered logistic regression command: ologit cost choice clean
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For bus commuters (choice =1), gives the following:

Prob (‘slightly unimportant cost’) = Prob (k4 < U < k3)
= Prob ( − 1.816 < −0.429 +0.154 × Clean + ε <  − 0.963)

Using this we can then calculate the relevant probabilities for the 
different ‘clean’ responses to the questionnaire. To calculate when the bus 
commuters responded ‘important’ concerning cleanliness and maintenance 
of service (Likert scale value of 4) with the associated cost response of 
‘slightly unimportant’ we proceed as follows:

= Prob ( − 1.816 <  − 0.429 +0.154x4 + ε <  − 0.963)
= Prob ( − 1.816 < 0.187 + ε <  − 0.963)
= Prob ( − 2.003 < ε <  − 1.15)
= 1/(1+exp(1.15))  −  1/(1 + exp(2.003)) = 0.240 − 0.119 = 0.121

Let us calculate another example for bus commuters (choice =1), who 
state that cost is ‘slightly important’ (cost = 3) then following the same 
procedure:

Prob (‘slightly important cost’) = Prob (k2 < U < k1)
= Prob ( − 0.236 <  − 0.429 +0.154 × Clean + ε < 0.904)

Then for different ‘clean’ responses to the questionnaire you can 
calculate the relevant probabilities. For example, to calculate when bus 
commuters responded ‘neither important or not’ concerning cleanliness and 
maintenance of service (clean = 2) we can produce the following probability:

= Prob ( − 0.236 <  − 0.429 +0.154 × 2 + ε < 0.904)
= Prob ( − 0.236 <  − 0.121 + ε < 0.904)
= Prob ( − 0.115 < ε < 1.025)
= 1/(1 + exp( − 1.025))  −  1/(1 + exp(0.115))  =  0.736  −  0.471 =  0.265

Table 7.16 is the completed response probability table when bus is the 
choice variable (1). This allows the researcher to investigate the associations 
between the variables ‘clean’ and ‘cost’.

The response probability table can also be created when the choice is rail 
(choice = 0). The equation for this is U = − 0.429 × (0) + 0.154 × Clean + ε and 
hence U = 0.154 × Clean + ε

Predictions for the probability of each of the five categories can be 
obtained from software packages or can calculated by hand following the 
method illustrated earlier. Table 7.17 shows these response probabilities, it 
illustrates that the highest probable response is of rail commuters stating 
that clean and cost are important for them (0.43), with the lowest response 
being that cost in unimportant and clean is important (0.08).

The results in Tables 7.16 and 7.17 can be obtained from SPSS and Stata 
by using the functionality ‘estimated response probabilities’.

To close this section on the transport study we add two further variables 
into the model. This model can be written as follows with the addition 
of the two new variables concerning ‘availability of bus stop/rail station 
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near home (available)’ and the ‘level of overcrowding on the service 
(crowding)’:

U =  −  0.473×Choice+0.113×Clean+0.165×Avaliable+0.200×Crowding+ε

Table 7.18 shows the whole multivariate model for the ordered logit. 
The model shows a highly significant level of fit with a p-value of 
P[χ2(4) > 38.267] ≤ 0.0001. Notice that all of the four variables – clean, 
available, crowding and choice – are all significant (p < 0.05) with bus 
commuters being more concerned about cleanliness, availability of services 
and levels of overcrowding.

 ■ Table 7.17  Multivariable model: estimated response probabilities 
(choice =0 (Rail))

Choice = 0 Order logit

Clean

Cost 0 1 2 3 4

Unimportant 0 0.14 0.12 0.11 0.09 0.08

Slightly unimportant 1 0.14 0.12 0.11 0.10 0.09

Neither 2 0.17 0.16 0.15 0.14 0.13

Slightly important 3 0.27 0.28 0.27 0.28 0.27

Important 4 0.29 0.32 0.36 0.39 0.43

 ■ Table 7.16  Multivariable model: estimated response probabilities 
(choice =1 (Bus))

Choice = 1 Order logit

Clean

Cost 0 1 2 3 4

Unimportant 0 0.20 0.18 0.16 0.14 0.12

Slightly 
unimportant

1 0.17 0.16 0.15 0.13 0.12

Neither 2 0.18 0.18 0.17 0.16 0.16

Slightly 
important

3 0.24 0.25 0.27 0.27 0.28

Important 4 0.21 0.24 0.26 0.29 0.33
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THE RaNGE OF dISCRETE CHOICE MOdElS
Due to advances in software development the logit model, used throughout 
this chapter, is one of the most popular and widely used discrete choice 
modelling techniques as it does not have distribution restrictions. This 
means that it can be used when the data is not normally distributed. The 
key assumption of all logit models is that the unobserved factors are not 
correlated over the alternatives. Putting this a different way, it is saying 
that the error for one alternative (not defined by the choice set) gives no 
information about the error contained in another alternative. During the 
initial stages of the research design the alternatives in the choice set need 
to be carefully defined. It is important to take care when constructing the 
empirical model during the design stage of the research as it will help to 
avoid any of these unobserved factors impacting on results. As we have 
seen in this chapter, one way of overcoming possible issues with Likert 
scale responses having dependent errors is to use an ordered logit model. 
Other discrete choice models have been developed over the years and 
include probit, GEV (Generalised Extreme Value model) and mixed logit. 
When the research design cannot compensate for the independence of the 

 ■ Table 7.18  Model 3 ordinal logit regression: choice, cost, clean available, 
crowding

Parameter Estimates

Estimate Std. 
Error

Odds 
ratio

Sig. 95% Confidence 
Interval for odd 

ratio

Lower 
Bound

Upper 
Bound

Threshold [cost = 0] –1.327 .217 .000 –1.751 –.902

[cost = 1] –.449 .203 .027 –.848 –.050

[cost = 2] .313 .202 .122 –.084 .709

[cost = 3] 1.496 .213 .000 1.079 1.914

Location Clean .113 .057 1.1192 .047 .999 1.254

Available .165 .054 1.1794 .002 1.057 1.315

Crowding .200 .059 1.2208 .001 1.085 1.373

[Choicenew=1] –.473 .164 0.6229 .004 0.4528 0.8569

SPSS ordinal regression with dependent variable cost, independent variable choicenew 
and covariate clean available crowding. P[χ2(2)>14.330]≤0.001 Cox and Snell = 0.028, 
Nagelkerke = 0.030.

Stata ordered logistic regression command: ologit cost choice clean available crowding
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unobserved factors it is advisable to use one of these techniques (Train, 
2009; Hosmer et al., 2013).

The GEV model allows for correlations of unobserved factors over 
alternatives within a nested group and no correlation for unobserved factors 
in different nested groups. The most commonly used version of this class 
of GEV model is called the nested logit. An example of this is when a study 
is looking at decision makers in different neighbourhoods. An assumption 
would be that people in the same neighbourhood would come from the 
same socio-economic background and have access to similar shops and 
entertainment venues. These neighbourhoods could be ‘nested’ into groups 
and decision makers choices within these groups analysed for trends over 
the whole choice set and also between these groups (Small, 1987; Lee, 
1999; Bekhor and Prashker, 2007).

The probit model is particularly useful when decision makers are being 
investigated over time and they are able to make repeated choices. The 
restriction of the model is the assumption that the unobserved factors are 
normally distributed. The probit model is mainly used for cases when 
choice alternatives vary over time (Haaijer et al., 1998; Greene, 2000; Dow 
and Endersby, 2004; Chen and Tsurumi, 2010).

A mixed logit model removes the three limitations required by the 
standard logit model that is 1) allowing for random taste variation, 2) 
unrestricted substitution patterns and 3) that unobserved factors can be 
correlated over time. The model has great flexibility around the type of 
distribution of the unobserved factors with lognormal, uniform, triangular, 
gamma or any other being able to be used. In recent years the mixed logit 
model has become more widely used due to improvements in computer 
processing speeds that allow for the simulation of complex integrations 
through quadrature (Train, 2009).

HOW TO CalCUlaTE ORdEREd aNd ORdINal 
REGRESSION

In SPSS open the Ordinal regression (PLUM) window by selecting 
Analyze – Regression – Ordinal Regression. Then select the dependent 
and independent(s) variables you require in the factor(s) and covariate(s) 
windows. Then analyse your selection by clicking OK.

Note to obtain values in SPSS for ordinal regression you need to change 
‘factor(s)’ variable from 0 to 1 and 1 to 0 to calculate a reference category 
of zero. This is the same procedure we highlighted that was required in the 
logistic regression chapter. In SPSS you can do this by using the routine 
Transform – Recode into Different Variable. Use the new variable(s) in your 
analysis. This is due to the fact that SPSS default coding is to use the highest 
code as the reference value. Alternately, Stata uses as a default the lowest 
code as the reference group.

In Stata as with SPSS there are a few different options that you can 
select when undertaking ordered logistic regression. The technique we have 
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looked at in this chapter is part of a suite of statistical methods under the 
heading ordinal outcomes. Select Statistics – Ordinal outcomes – Ordered 
logistic regression. Then enter the dependent variable in dependent variable 
field and independent(s) variables in the independent variable field. Then 
you can click OK or submit to analyse your selection.

Calculating ordered and ordinal regression in Stata and 
SPSS

 ■ Figure 7.3 Stata ordered logistic regression

Enter the dependent variable
and independent(s) variables
in the independent variable
field

Then you can click OK or
submit to analyse your
selection.

 ■ Figure 7.4 SPSS ordinal regression

Then select the dependent and
independent(s) variables you
require in the factor(s) and
covariate(s) windows

Then to analyze your selection
by clicking OK.  
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ITEM 
RESPONSE 
THEORY

In this chapter we will explore ways of analysing questionnaires using item 
response theory. Item response theory is a statistical technique that allows 
for the analyses of the items in a questionnaire in relation to their latent 
traits. A questionnaire consists of a series of items related to the proposed 
research area under investigation. A latent trait cannot be measured directly 
as it is unobservable and derived from groups of question item responses. 
These items are collected on a dichotomous (binary) or ordinal scale as we 
have seen throughout this book. This chapter looks at the fundamentals of 
item response theory for both dichotomous and polytomous data items and 
how probabilistic techniques can be used to evaluate the latent structures 
within questionnaires (Embretson and Reise, 2000; Baker and Kim, 2004).

In the first part of the chapter the study on organic food will be revisited 
to illustrate how 1-parameter and partial credit models (1PL and 2PL) are 
used to calculate category and item characteristic curves. The chapter then 
explores how differential item testing and the information function are used 
to investigate items in relation to latent model structure. To conclude this 
chapter, we will investigate validity and reliability issues associated with 
collapsing Likert scale categories.

Taking forward the study on organic food from the last chapter allows 
for a closer evaluation of the items in relation to their underlying traits. The 
questionnaire on organic food was designed to analyse consumers’ attitudes 
and purchasing behaviour. Consumers were asked questions related to their 
knowledge of organic foods and how often they ate organic food. Data in this 
study included the consumer’s attitudes to price, quality, health benefits and 
food attributes. There are also socio-demographic data on the respondent’s 
gender, education level, age and income. Income is a binary variable with 1 
being if the consumer earns more than an average yearly wage. Education 
is also given as a binary variable with respondents reporting if they had 
completed some higher studies.

The hypothesis is that by asking consumers questions about organic food 
we can conceptualise a latent trait. That trait can be displayed on a straight 
line and in this case could be thought of as a consumer’s perception of 
organic food.

CHAPTER 

8
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ITEM RESPONSE MOdEl
First let’s set out a definition of item response theory. Item response theory 
(irt) uses a probability logistic function transform, defined in general as 

p e
e

=
+

ψ
ψ1

 with the value of p lying between 0 and 1. The value p being 

the probability on a transform of the logit equal to ln(p/(1−p)). This gives the  
natural logarithm of the odds ratio as a logit function that can be defined 
for a continuous range of values in the domain [ −∞ +∞ , ]. We can see for 
example if the probability was p = 0.5 this would give a central value of zero 
for the function, i.e. ln[0.5/(1−0.5)] = 0.

The item response theory definition for a probability model is given as the:

Probability of observing the item = trait level of the person – a threshold 
(difficulty) you need to obtain to get a positive response.

This can be written in a more compact form and is called a 1-parameter or 
Rasch model.

y bij j iθ= −  with 
1

p e
ei j

y

y

ij

ij
θ( ) =

+

We can now show how to use the 1-parameter item response theory 
model to investigate the health variable in the organic food study. Figure 
8.1 is the item characteristic curve. The threshold is marked for this item 
and has a trait level of −1.5 (b-value for health). This gives the point where 
50% of consumer responses believe that organic foods have a health benefit.

 ■ Figure 8.1 Item characteristic curve: health
Stata command: irt 1pl health quality environ price taste appearance knowledge female 
income highedu and item characteristic curve irtgraph icc health, bcc
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Partial credit models – 1PL

When looking at ordinal responses with two or more categories then partial 
credit models (PCMs) are an adaption of the Rasch model for dichotomous 
items. In our particular organic food study we have a two response scale, 
with 1 being if the consumer feels positive towards organic food products 
and related affects and 0 if this is not the case.

In a partial credit model the items vary in their difficulty parameter but 
share the same discrimination parameter. The advantage of a partial credit 
model is that it can offer greater information with ordered or categorical 
items. Looking at the same data the health item has the category characteristic 
curve as show in Figure 8.2.

The graph in Figure 8.2 shows the curve for consumers feeling that 
organic food has beneficial health effects (Health = 1) and not (Health = 0). 
It can be seen that the cut-off probability of 0.5 is at the intersection of the 
two curves around −1.5.

Looking at the difference (θ − b) gives the probability likelihood. Hence 
when θ > b, the person is more likely to perceive health benefits from organic 
food. Similarly if θ < b they are less likely to perceive health benefits.

If we compare the consumers’ perceived health benefits with the 
responses to the environmental question using an item characteristic curve 
we can see a marked contrast (see Figure 8.3). As the model assumes a 
normal distribution (θ − N (0, 1)) then the perception of the health benefit 
item is on a standard normal scale. The theta value is a z-score and is 
measured in units of standard deviations. In the example in Figure 8.3 

 ■ Figure 8.2 Category characteristic curve: health
Stata category characteristic curve command irtgraph icc health, ccc
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the perceived point where 50% of the consumers believe that organic 
food has health benefits has a trait level of −1.5 (b-value for health). This 
is interpreted as, perceived health benefits are 1.5 standard deviations 
below the mean on the organic food latent trait. On the same organic food 
latent trait scale 50% of consumers who believe that purchasing organic 
foods will be good for the environment are at 1.88 standard deviations 
above the mean. There is a greater likelihood that these respondents will 
perceive health benefits for organic food as opposed to the environmental 
benefits.

Table 8.1 shows numerical output for the 1PL partial credit model, giving 
the discriminant for the whole model (a), trait level coefficients (b), standard 
errors (SE) and 95% confidence intervals for the mood variables. The 
output gives this discrimination parameter (a) for the whole model, which 
can be thought of as the slope of the curve. This value gives an indication of 
the relative discrimination between all of the items for this concept. In this 
model the value 0.8131 implies that the items are moderately discriminating. 
This suggests that any two people would have similar probabilities when 
responding to these items.

An item with a larger discrimination value has a higher correlation 
between the latent trait and the probability of benefit for that 
particular item. The larger the discrimination parameter the greater the 
distinguishing power between high and low values of the latent trait. 
The interpretation of the discrimination values is given in Table 8.2 
(Baker, 2001).

 ■ Figure 8.3 Item characteristic curve: health and environment
Stata item characteristic curve command: irtgraph icc health environ, bcc
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Partial credit models – 2PL

Using a 2-parameter model (2PL) y a bij i j iθ= −( )  there is an additional 
term ai which is called a discrimination of item i. Partial credit 2PL models 
have discrimination factors for each individual item in the model instead of 
having an overall discrimination factor.

These discrimination factors can be thought of as similar to the factor 
loadings in factor analysis or as coefficients in regression analysis. They 
inform how strongly the item associates with this latent trait. As previously 
in this chapter when we calculated the 1PL model the 2-parameter model 
also has an adaptation called the graded response model (GRM). The graded 
response model is for use with ordinal or categorical items. In the 2PL and 
GRM the items vary in both their difficulty and discrimination.

Using the partial credit model with the organic food study, the 
discrimination value for the ‘health’ variable is 1.36 and ‘appearance’ 

 ■ Table 8.1 Partial credit model: organic food study

Coef. SE 95% confidence interval

Discriminant for 
whole model (a)

0.8131*** 0.0504 0.7142 0.9127

Coef. (b) difficulty 
(DIFF)

SE 95% confidence interval

Health −1.5069*** 0.1614 −1.8233 −1.1906

Quality 0.1009 0.1263 −0.1465 0.3484

Environment 1.8783*** 0.1794 1.5266 2.2299

Price −2.2559*** 0.2006 −2.6493 −1.8627

Taste −1.3651*** 0.1554 −1.6696 −1.0605

Knowledge −1.3374*** 0.1543 −1.6397 −1.0350

Appearance 1.7171*** 0.1712 1.3814 2.0528

Stata 1PL command: irt 1pl health quality environ price taste appearance knowledge female 
income highedu choice2

***p<0.001 Log likelihood = –3197.6995

 ■ Table 8.2 Discrimination values

0.01−0.34 Very low

0.35−0.64 Low

0.65−1.34 Moderate

1.35−1.69 High

1.70 and above Very high
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of organic food has a value of 0.90. In Figure 8.4 it can be seen that the 
‘appearance’ variable curve has a flatter shape. The discrimination parameter 
can be thought of as the slope of the curve and hence the slope for ‘health’ 
at 1.36 is steeper than that of ‘appearance’ at 0.90. The flatter shape in this 
item characteristic curve means that a smaller proportion of the respondents 
thought that the appearance of organic food was important.

Using a 2PL or GRM technique with the total model for all the variables 
in the organic food study gives the numerical output in Table 8.3. For each 
of the variables we have a discrimination and difficulty coefficient.

 ■ Figure 8.4 Item characteristic curve: health and appearance
Stata item characteristic curve command: irtgraph icc health appearance, bcc

 ■ Table 8.3 GRM model: organic food study

Coef. SE 95% confidence interval

Health

Discrim(a) 1.3673*** 0.1977 0.9798 1.7549

Diff (b) −1.0558*** 0.1333 −1.3172 −0.7945

Quality

Discrim(a) 1.4480*** 0.18539 1.0847 1.8114

Diff (b) 0.0617 0.0860 −0.1069 0.2302

Environment

Discrim(a) 1.5312*** 0.2186 1.1027 1.9599

Diff (b) 1.2268*** 0.1383 0.9558 1.4979

(continued)
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In item response theory the output will not always give a positive 
discriminant value. To illustrate this let us next consider the variable ‘price’ 
and see how important consumers feel that this is related to their own organic 
purchase. Comparing price to health you can see from Figure 8.5 that the 

 ■ Figure 8.5 Item characteristic curve: price and health
Stata item characteristic curve command: irtgraph icc health price, bcc

Coef. SE 95% confidence interval

Price

Discrim(a) −1.3385*** 0.2068 −1.7438 −0.9332

Diff (b) 1.5889*** 0.1889 1.2186 1.9591

Taste

Discrim(a) 1.9368*** 0.2685 1.4105 2.4631

Diff (b) −0.8071*** 0.0944 −0.9921 −0.6222

Appearance

Discrim(a) 0.9024*** 0.1521 0.6044 1.2005

Diff (b) 1.5822** 0.2437 1.1047 2.0599

Knowledge

Discrim(a) −1.1882*** 0.1687 −1.5188 −0.8576

Diff (b) 1.0151*** 0.1419 0.7369 1.2932

Stata GRM command: irt grm health quality environ price taste appearance knowledge 
female income highedu choice2.

***p<0.001 Log likelihood = −2897.9039

 ■ Table 8.3 (continued)



■ ■ ■ ■ ITEM RESPONSE THEORY

157 ■

probability curves are very different shapes. This is a surprise as if we look 
at the discriminant value in Table 8.3 for ‘price’ it shows that the slope 
is negative with a value of −1.3385 and has a negative relationship with 
the latent characteristic trait. Combining this fact with the b-value (1.5889) 
for ‘price’ suggests that there is a greater likelihood that most people are 
placing less importance on price.

dIFFERENTIal ITEM TESTING
It is possible with item response theory to investigate whether a particular 
test item behaves differently for people within the same latent trait. This 
technique can also be used in longitudinal studies to calculate how items 
change over time (Embretson and Reise, 2000; CFPB, 2017).

To illustrate differential testing with the organic foods study we will 
divide the data into two consumer groups. One group eats organic food on a 
regular basis and the other group is made up of those consumers who either 
eat some organic food or do not eat any. Table 8.4 shows the significant 
difference of the items in relation to these two groups.

In these two different choice groups there is no significant difference 
in the respondents’ perceptions of health and quality, but all of the 
other categories show significant differences. The odds ratios show 
that you are seven times more likely to feel that you are having an effect 
on the environment if you are a consumer eating organic food on a regular 
basis. You are nearly three times more likely to believe that the product 
will taste better if you are in the group who eat organic foods on a regular 
basis.

The ‘knowledge’ items odds ratio is less than one, showing that there is a 
significant decrease in the likelihood for the group who eat organic food on 
a regular basis to be more knowledgeable. This may seem counterintuitive. 

 ■ Table 8.4 Differential item test: purchasing groups

Item Chi-square 
test

p-value Odds 
ratio

95% confidence interval

Health 0.07 0.7953 1.1226 0.6381 1.9748

Quality 0.01 0.9081 1.0510 0.6805 1.6233

Environment 48.72 0.0000 7.0962 3.9618 12.7102

Price 66.44 0.0000 0.0994 0.0531 0.1861

Taste 13.07 0.0003 2.8846 1.6236 5.1248

Appearance 7.77 0.0053 2.0316 1.2578 3.2813

Knowledge 22.92 0.0000 0.3462 0.2256 0.5314

Stata Mantel-Haenszel DIF Analysis command: difmh health quality environ price taste 
appearance knowledge, group(choice2)
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When we look at the data using a contingency table (see Table 8.5) it reveals 
the reason for this result.

There are only 118 people in the group who eat organic foods on a 
regular basis who feel knowledgeable about organic food products. Yet we 
have 243 consumers who do not eat organic foods on a regular basis who 
are saying they are knowledgeable. This is why the odds ratio for regularly 
eating organic food is less than 1 and thus a decreased likelihood. Using the 
data given in the contingency table (Table 8.5) we can obtain an estimate for 
this odds ratio as (118/78)/(243/61) = 0.38.

Care always needs to be taken when reporting the findings of your 
data. Sometimes as in this case where the results do not feel intuitive, a 
contingency table can be a useful support mechanism to help clarify any 
confusions. Differential item testing can also be used to calculate gender 
differences. Using the organic food study we will illustrate how to do this 
by exploring how gender may affect attitudes to organic food.

In the organic food study gender is coded 1 for female and 0 for male 
and so the results in Table 8.6 show that females are 3.2 times more likely 
to believe that organic food is of better quality. There is also a greater 
likelihood that females believe that organic food will taste better. Other 

 ■ Table 8.5 Contingency table: knowledge

Eat some organic food 
or do not eat any (0)

Regularly eat 
organic food (1)

Total

Knowledge 0 61 78 139

1 243 118 361

Total 304 196 500

1 if the consumer reported that they were knowledgeable about organic food; 0 otherwise

 ■ Table 8.6 Differential item test: gender

Item Chi-square test p-value Odds ratio 95% confidence interval

Health 2.32 0.1276 1.6115 0.9058 2.8668

Quality 26.25 0.0000 3.2824 2.0830 5.1724

Environment 1.55 0.2131 1.4525 0.8482 2.4872

Price 24.67 0.0000 0.2422 0.1343 0.4370

Taste 12.13 0.0005 2.8373 1.5896 5.0642

Appearance 0.45 0.5022 1.2258 0.7401 2.0304

Knowledge 43.48 0.0000 0.2089 0.1276 0.3419

Stata Mantel-Haenszel DIF Analysis command: difmh health quality environ price taste 
appearance knowledge, group(female)
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statistically significant results are that there is a decrease in the likelihood 
that females believe that organic food price is important. These data show 
that females have a significant likelihood of having less knowledge about 
organic food then men.

In the next section we will revisit the study on food insecurity to illustrate 
how item response techniques of boundary values, category characteristics 
and the information function can be used to allow for greater understanding 
of items within a questionnaire.

GRadEd RESPONSE MOdEl (GRM)
In Chapter 6 we explored how children responded to a questionnaire around 
their moods in a study on hunger. A modified eight item version of a mood 
check list was used with a polytomous scale. In this section the Graded 
Response Model (GRM) will be used to illustrate techniques for ordinal 
items with three categories.

The difficulty parameter represents the point at which a person with 
trait level θj = bik has a 50% chance of responding in category k or higher. 
For example, looking at the estimated parameters of item ‘energetic’ in the 
mood data, we see from Table 8.7 that a person with θ = −2.1537 has a 50% 
chance of answering 1 instead of 2 or 3. This energetic item has a trait level 
of −2.1537 (b-value), which is 2.1537 standard deviations below the mean 
for children’s mood response on the food latent trait scale. A person with a θ 
value of 0.4346 has a 50% chance of answering 1 or 2 instead of 3. Therefore 
related to the latent structure there is a greater probability likelihood that a 
child will be expressing the opinion that they are undecided (2) or that they 
feel energetic (3). The estimated discrimination parameter for energetic is 
0.7337 and so the curves’ slopes are relatively flat (see Figure 8.6).

We can also plot a category characteristic curve to show the probabilities, 
Pr(Y = k) as a function of θ. Figure 8.7 illustrates the category characteristic 
curves (CCC) for ‘energetic’.

Figure 8.7 shows how the children’s energetic mood in the three ordinal 
responses ‘I do not feel like this’ (1), ‘Undecided’ (2) and ‘I feel like this’ (3) 
are related to the general mood latent trait level. The boundary characteristic 
curves show that values of the latent scale below approximately −2.15 are 

 ■ Table 8.7 GRM model: energetic 

Coef. SE 95% confidence interval

Energetic

Discrim(a) 0.7337*** 0.1749 0.3907 1.0767

Diff (bi2) ≥2 −2.1537*** 0.4603 −3.0559 −1.2514

Diff(bi3)=3 0.4346*** 0.1619 0.1173 0.7519
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 ■ Figure 8.6 Boundary characteristic curve: energetic
Stata boundary characteristic curve command: irtgraph icc energetic, bcc

 ■ Figure 8.7 Category characteristic curve: energetic
Stata category characteristic curve command: irtgraph icc energetic, xlabel(−4 −2.15 
0.43 4, grid)

most likely to respond in the first category. When the latent trait level lies 
between −2.15 and 0.43 the most likely response is in the second category. 
For the third category values on the latent scale above 0.43 are most likely.
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PaRTIal CREdIT MOdElS (PCM)
To explore this ordinal mood model further we can run a partial credit 
model (PCM). In a PCM items vary in their difficulty but share the same 
discrimination parameter. This type of item response model is like a 1PL 
model but can be used with ordered or categorical items. In the latent 
mood model we find the discrimination parameter is very low at 0.28 when 
running a PCM, suggesting that the conceptual model scale is not robust at 
discriminating for individuals.

Research into ordinal response has shown that as the number of response 
categories increases then people find it difficult to differentiate between 
Likert scales with responses such as ‘a like true of me’ compared to 
‘somewhat true of me’ (Gray-Little et al., 1997). This is not likely in our case 
as there are only three items that are very distinct. As the low discrimination 
parameter in our study is not due to the number of categories there must be 
other underlying reasons for this. In the next section of the chapter we will 
investigate how to determine possible reasons for our low discrimination 
parameter and therefore illustrate how to explore the structure of your data 
using the item information function (IIF).

INFORMaTION FUNCTION
The information function checks the reliability of an item in relation to the 
latent model structure. If the variance of the estimator is σ2, then the amount 
of information is given by the formula I = 1/σ2.

The amount of information is proportional to the discrimination 
parameter. The greater the reliability of an item the more precision it has 
in measuring the latent trait as a discriminating tool. If the value of the 
information function is large, this means that the person’s responses can be 
estimated with precision. Alternatively, if small then there is less precision 
in the estimate and responses could be scattered through the latent trait.

Next we illustrate how the information function can give insights into 
data by considering three studies. The first is the mood study with Figure 
8.8 clearly demonstrating how ‘drowsy’ gives the highest discrimination 
estimate. The other items offer little discriminatory power as seen from 
their low information values across the whole of the theta domain. This 
indicates that the mood questionnaire offers little in the way of a general 
discriminatory latent construct to assess children’s moods overall, implying 
that the individual items are not forming a single themed construct.

In contrast the organic food data information function, shown in Figure 
8.9, shows a much greater range of values for the latent structure. There is a 
slight bias towards the item information in the negative region of the latent 
trait. Items featuring significantly have their highest peaks at around negative 
one. As the graph shows greater item information in the negative region, this 
suggests that the item responses provide slightly more information about 
consumers located at the lower end of the organic food latent construct. 
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Overall the item information function suggests that the questionnaire 
measure provides good information across the latent trait spectrum.

The final data set we will consider is the Roets leadership study where the 
questionnaire provides a good level of item uniformity. The self-reporting 

 ■ Figure 8.8 Item information function: mood categories
Stata item information function command: irtgraph iif

 ■ Figure 8.9 Item information function: organic food
Stata item information function command: irtgraph iif
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assessment leadership scale, as we have discovered in previous chapters, is 
intended to measure leadership, confidence, ambition, desire and team work 
(Roets, 1997). Thirteen items in this questionnaire are shown in Figure 8.10. 
The item information function looks at the overall structure and shows a 
number of peaks across the latent trait spectrum for leadership. It suggests 
that the questionnaire measure provides a good level of information to help 
inform the single latent leadership concept. Notice that there is a range of 
peaks, some with negative theta and other positive. A slightly larger number 
of these peaks are above zero, suggesting that the questionnaire as a whole 
provides more information about people at the mid to high end of the 
leadership latent trait spectrum. Notice in the diagram there is a unity of the 
amount of information in the item values suggesting that the questions have 
equality. This supports the work seen earlier in the book when we explored 
the structure of the responses through exploratory and confirmatory factor 
analysis. Running PCM for the whole model gives a discrimination value of 
1.13 for the whole model. This is classified as moderate discrimination and 
suggests a good distinguishing power between high and low values of the 
latent trait, which is supported in Figure 8.10.

Using differential item testing as explored earlier in this chapter we can 
investigate to see if gender plays a role in the leadership study. From Table 
8.8 there is only a significant difference in two of the items concerning 
gender. These are ‘listen to both sides’ (T2) and ‘promote what is believed’ 
(C3) with p<0.05. The odds ratios illustrate that as a female leader you have 
twice the likelihood to promote what is believed and there is a decrease in 
the likelihood that you would listen to both sides.

 ■ Figure 8.10 Item information function: Roets leadership study
Stata item information function command: irtgraph iif
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Non-uniform difficulty

Continuing to explore the leadership study we can use non-uniform difficulty 
to investigate if different groups are favoured for certain ranges of a latent 
trait. We will consider gender with this leadership data but this technique can 
be used for any defined group, for example with longitudinal data you could 
define the two groups to be before and after an intervention. Additional 
information on longitudinal data analysis can be found in Appendix 11.

Table 8.9 gives the results of the non-uniform difficulty test on gender. 
The two questions, ‘promote what is believed’ C3 (p = 0.0324) and ‘admire 
those who have achieved’ A2 (p = 0.0007) are the only significant items at 
the 5% level.

Non-uniform difficulty (DIF) is observed in graphical output when two 
item characteristic curves cross. In Figure 8.11, for low latent values, just less 
than −2, females prefer the response ‘not very often’ (0) to ‘quite often’ (1). 
Females have a greater likelihood of giving a positive response to ‘admire 
those who have achieved’ (A2) for a greater range of the latent spectrum. 
Women are much less likely to respond that they would ‘promote what is 
believed’ (C3) with virtually zero probability throughout the negative values 
of theta. It is not until around one standard deviation above the mean that 
the latent trait for women’s attitudes to leadership would respond positively 
and 1.19 when the likelihood is greater than 0.5.

 ■ Table 8.8 Differential item test: gender in Roets leadership study

Item Chi2 p-value Odds ratio 95% confidence interval

C1 1.06 0.3034 1.3592 0.8106 2.2791

C2 1.10 0.2945 1.4261 0.7926 2.5660

C3 4.45 0.0349 2.0307 1.0912 3.7791

C4 3.26 0.0708 1.7878 0.9947 3.2131

L1 1.03 0.3105 0.7359 0.4365 1.2406

L2 0.19 0.6666 0.8795 0.5560 1.3912

L3 0.01 0.9378 1.0616 0.6163 1.8285

L4 3.03 0.0817 0.6374 0.3955 1.0270

A1 0.00 0.9603 1.1446 0.3745 3.4986

A2 0.07 0.7889 1.2859 0.4908 3.3687

A3 2.52 0.1128 1.8031 0.9012 3.6076

T1 3.07 0.0796 0.5608 0.3063 1.0267

T2 4.14 0.0419 0.6044 0.3796 0.9622

Stata Mantel-Haenszel DIF Analysis command: difmh C1 C2 C3 C4 L1 L2 L3 L4 A1 A2 A3

T1 T2, group(gender)



 ■ Table 8.9 Non-uniform difficulty: gender in Roets leadership study

Item Non-uniform Uniform

Chi-square p-value Chi-square p-value

C1 0.00 0.9770 1.57 0.2102

C2 2.71 0.0999 1.70 0.1921

C3 4.58 0.0324 6.51 0.0107

C4 0.35 0.5560 3.80 0.0512

L1 0.00 0.9876 2.13 0.1440

L2 0.93 0.3344 0.63 0.4278

L3 0.11 0.7389 0.09 0.7677

L4 2.24 0.1346 4.52 0.0336

A1 0.25 0.6158 0.02 0.8768

A2 11.37 0.0007 0.13 0.7173

A3 0.00 0.9748 3.30 0.0693

T1 0.33 0.5663 2.84 0.0917

T2 0.21 0.6489 3.76 0.0524

Stata logistic regression DIF analysis command: diflogistic C1 C2 C3 C4 L1 L2 L3 L4 A1 
A2 A3 T1 T2, group(gender)

 ■ Figure 8.11 Non-uniform boundary curves: gender in Roets leadership 
study
Stata boundary characteristic curve command: irtgraph icc c3 a2 gender, bcc
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In this final section of the chapter we will explore how item response 
theory can be used to check the validity and reliability of collapsing Likert 
scale data that has already been collected. Throughout the book we have 
seen examples of where Likert scale variables have been collapsed into a 
smaller number of categories to aid calculations. As a researcher we could 
be interested to understand what affects such transformations may have on 
the results.

RElIaBIlITY OF MEaSURES WHEN COllaPSING 
lIKERT SCalE CaTEGORIES

In this section we will use the study on intrinsic motivation to demonstrate 
numerically how item response theory techniques can be used to check and 
assess the extent to which the latent structure of the measurement outcome 
is altered by changing the scale. Using four items from both the enjoyment 
and challenge categories of an intrinsic motivation scale we explore the 
consequences of changing this scale from a four category Likert scale to a 
two category binary scale. In Appendix 12 greater theoretical information is 
discussed around the issue of altering the structure of a questionnaire after 
the data have been collected.

Intrinsic motivation arises and leads to action, when a person feels both 
self-determined and competent to pursue an area of interest, feeling both 
competent and autonomous (de Charms, 1968; Barron, 1969; Zuckerman, 
1979; Renzulli, 1986, 2012). The enjoyment and challenge intrinsic 
motivation items are taken from the Work Preference Inventory (WPI) 
created by Amabile et al. (1994). It is a short paper and pencil personality 
instrument that is used to assess various aspects of motivation (Hennessey 
and Amabile, 1998). The four item Likert scale categories are ‘almost never 
true of you’ (1), ‘sometimes true of you’ (2), ‘often true of you’ (3) and 
‘always true of you’ (4) and the transformed two-point binary scale is ‘not 
true of you’ (0) and ‘true of you’ (1).

First, we will look at the structural differences of the four-point and two-
point item scales using factor analyses. In Table 8.10 the model on the left 
is binary and on the right the four-point Likert scale. The rank order of these 
values is the same and there is little difference between the values in these 
two models, as can be seen in Table 8.10.

The binary model has two rotated factors with eigenvalues 1.980, 1.362 
explaining 41.77% of variance, with a correlation between these factors of 
0.298. KMO is 0.679 and Chi-square(28) = 285.501 (p<0.001). Very similar 
results are seen with the four-point Likert scale model. The two rotated factors 
have eigenvalues with slightly stronger factors of 2.285 and 1.355 explaining 
a greater significance of the variance 45.50%. Again the correlation between 
these factors, KMO and Chi-squared values are all greater than the four-
point category scale at 0.393, 0.725 and 420.975 (p<0.001) respectively.

Notice that in Figure 8.12 the peak of the information function is in 
roughly the same position just to the left of zero. The curves also demonstrate 



(a) (b)

 ■ Figure 8.12 Test information function for models
Model on the left is binary and on the right four-point Likert scale

 ■ Table 8.10 Factor analysis comparison of models

Binary factors Four point scale

1 2 1 2

Challenge 1: The more difficult the 
problem, the more I enjoy trying to 
solve it.

.601 .627

Challenge 2: I enjoy tackling problems 
that are completely new to me.

.483 .606

Challenge3: I prefer work I know I can 
do well over work that stretches my 
abilities.

.463 .519

Challenge4: I enjoy trying to solve 
complex problems.

.317 .377

Enjoyment1: I prefer to figure things out 
for myself.

.568 .616

Enjoyment 2: Curiosity is the driving 
force behind much of what I do.

.456 .516

Enjoyment 3: It is important for me to 
be able to do what I most enjoy.

.417 .457

Enjoyment 4: I want my work to provide 
me with opportunities for increasing my 
knowledge and skill.

.403 .392

SPSS extraction method for both models was principal axis factoring with rotation 
method Promax with Kaiser Normalization.

Stata command: factor <variables>, ipf and postestimation of rotate, promax oblique 
kaiser factors(2) blanks(0.3) gives a similar two factor output.
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a similar pattern with the binary curve’s information dropping lower faster, 
implying that more information has been lost at the higher end of the latent 
scale. Next we will explore in detail the individual items and compare item 
information functions (see Figure 8.13).

Most of the information from the individual items is below 0.3 on 
the binary scale with only one item above this. This is the item ‘intrinsic 
enjoyment1’. The items having the next highest peaks are ‘challenge4’ and 
‘enjoyment3’ with negative latent scale values of theta at −2 and 0. This is 
different in the four-point scale with challenge 2, 3 and 4 all being above 
0.3 but with the curves peeking more centrally. Clearly the information 
resulting from these items is greater but as with the binary items others are 
below 0.3.

Table 8.11 shows challenge items 1 to 4 for Likert and binary, and 
illustrates how this technique can be used to test to see if a change of scale 
still offers a good representation of a model. By looking in greater detail at 
individual items using the graded response model (GRM) it can be found 
that the variation in the coefficients show only a small difference in these 
two models and hence suggest reliability for the change. We can also see 
this in Table 8.11 by looking at the values for the items difficulty and 
discrimination parameters.

There are a number of advantages of using item response theory to assess 
models. We have seen in this chapter how item response theory can be used 
to explore the detail of items, item information, differential questions, assess 
the quality of questions and quality of latent structures in questionnaire data. 
Deriving trait level estimates for items and their properties directly relate to 
test behaviour in structural analysis. The theory can also be used to assess 
item category reduction in relation to latent traits (Jansen and Roskam, 
1986; Andrich, 1996).

 ■ Figure 8.13 Item information function for models
Model on the left is binary and on the right four point Likert scale.

(a) (b)
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Calculating item response theory with Stata

In Stata the item response theory we have looked at in this chapter is part 
of a suite of statistical methods under the heading irt – item response theory 
models. Select Statistics – irt (item response theory). Then select the item 
model required from the list, either ‘Binary item models’, ‘Ordered item 
models’, ‘Unordered categorical item model’ or ‘Hybrid models’. Then you 
can click ‘Fit model’ to analyse your selection.

Selecting Graph allows for item characteristic curves, category 
characteristic curves, item information function and other test information 
diagrams. Selecting DIF allows for differential item functioning using the 
Mantel-Haenszel test with a differential grouping variable.

Select the item model required
from the list 

Select ‘Graph’ button allows for
drawing item and test curves

Selecting ‘DIF’ button gives
differential item test options

 ■ Figure 8.14 Stata item response theory
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APPENDIX

This appendix is designed to support the reader who wishes to have a greater 
depth of understanding of statistical techniques employed in this book. 
The idea of the appendix is to answer some of the additional background 
questions that the reader may have in relation to the statistics employed. 
Due to space the appendix can only offer a starting point, a glimpse into the 
wonderfully fascinating world of statistics. The appendix is supplementary 
to the rest of the book and is not required reading to be able to perform 
any of the statistical data analysis that is carried out. Contained is greater 
detail on the statistical methods employed, offering the reader a range of 
statistical tests, their mathematical equations, proofs and calculations. 
Statistical topics covered are regression, correlation, distribution fitting, 
factor analysis, longitudinal data, discrete choice theory and item response 
theory.

1 MUlTIPlE IMPUTaTION
As discussed in Chapter 1 there is a range of methods to deal with missing 
data. The most sophisticated of these is called multiple imputations. 
Imputation methods predict the missing data using weighted evidence from 
other items in the survey. The imputation assumption is that the missing 
values depend on the observed (collected) data not on unobserved data. 
Univariate imputation is used to impute missing data for a single variable 
using such techniques as linear regression for continuous variables. In 
the case of binary or categorical variables then logistic regression should 
be used. When imputing multiple variables it is advised to impute them 
simultaneously using a multivariate technique. A multivariate normal data 
augmentation technique is most often used as typically the missing values 
are distributed randomly. This imputation technique can also be used with 
binary and categorical data with the results being rounded to whole numbers 
when necessary (Rubin, 1987; Allison, 2002).

To illustrate the concept of imputation the screenshot from Stata (Figure 
A.1) shows a small data set of ten respondents each having data on three 
variables (var1, var2, var3). The first variable ‘var1’ contains two missing 
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values in row six and eight. An imputation technique in Stata is used by 
selecting Statistics – Multiple Imputation (Control Panel). In the control 
panel select Setup and Impute options to estimate missing data. Figure A.1 
shows the output from the Stata code commands:

mi set mlong: mi register imputed var1: mi register regular var2 var3
mi impute mvn var1 = var2 var3, add(10)
mi estimate, saving(mit1): regress var1 var2 var3
mi predict var4 using mit1

Variable ‘var4’ in the seventh column gives the prediction for ‘var1’ 
using our imputed data and the other variables. For the first missing variable 
the prediction is 6.177909. This value is smaller than 6.53 as seen in row 
five. This would be expected due to similarities between these rows. An 
analogous argument can be made around the missing value in row eight.

As we have discussed in Chapter 1, imputation of data is not the best 
option but if needs must and as a researcher you feel that it is appropriate 
to augment your collected data to make it complete, then there are a great 
range of highly sophisticated imputation techniques at your disposal in both 
Stata and SPSS (Carpenter and Kenward, 2013).

2 dISTRIBUTION FITTING
As we have seen by calculating the skewness and kurtosis of data you can 
gain some insight into the relative normality of the data. A value of zero 
is said to be perfectly normal. Deviations of less than ±1 from zero are 
considered very good. If the values lie outside of this range between ±1 and 
±2 then this is considered acceptable.

An alternative way to determine if your data is normally distributed is to 
use a test that compares the distance between your distributions cumulative 
function and a comparable normal distribution. A non-parametric statistical 
test that can be used to compare distributions is the Kolmogorov-Smirnov 

 ■ Figure A.1 Stata imputation screenshot
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test (Goodman, 1954; Stephens, 1974; Gregoire and Driver, 1987; Royston, 
1991, 1992; Conover 1999).

If the Kolmogorov-Smirnov test gives a significant result with p<0.05 
then the distributions tested differ. A significant result means the data is not 
normally distributed. The only limitation of this kind of test is as the sample 
size increases there is a tendency for the test to give a significant result, 
implying a difference in the data.

As an example we will use the Kolmogorov-Smirnov test to see if ‘home 
support’ from the parental involvement education study is distributed 
normally. The variable ‘home support’ has 500 observations with a mean 
value that is approximately zero and a standard deviation of one, hence an 
approximation to N(0,1). Using the Stata command ksmirnov HomeSupport = 
normal((HomeSupport-0) /1) gives the output shown in the Table A.1.

The output from Stata for this data states that there are 78 matching 
unique values out of the 500 observations. It is a significant result with a 
p-value of 0.000, suggesting that the sample data set differs from the normal 
distribution.

The Kolmogorov-Smirnov test is said to be highly effective when used to 
compare two sample data sets to establish if they have a similar distribution 
pattern. The maximum absolute difference between the two cumulative 
distribution functions [Fn(x) and Gm(x)] is D. Given that Dα is the critical 
value calculated from the Kolmogorov-Smirnov distribution tables, then 
p D D α≤ =α( )  1 –  can be used to test the hypothesis that Fn(x) and Gm(x) 

are similar distributions of data.

If 
    

     

  ( ) ( )− ≤ αF x G x D
x
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n m  then the samples are a good fit, i.e. D ≤ Dα

The proof of this statement comes from the Glivenko-Cantelli theorem 
that states that if Fn(x) is made of samples from the same distribution as 
Gm(x) then this statistic will converge to zero in the limit as n goes to infinity 
(Darling, 1957; Conover, 1999). The Kolmogorov distribution has a value of:
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when n > 50
To illustrate how to use the Kolmogorov-Smirnov test we will 

compare two 5-point Likert scale data sets. First we will calculate the 

 ■ Table A.1 One sample Kolmogorov-Smirnov distribution test of normality

Smaller group D p-value

Home support: 0.1386 0.000

Cumulative: − 0.2342 0.000

Combined K-S: 0.2342 0.000
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Kolmogorov-Smirnov test by hand and compare the result with the output 
from Stata. Table A.2 shows the distribution of the responses to a Likert 
scale question asked before and after an intervention. The cumulative totals 
have been calculated in order to find the largest absolute difference (D). 
The maximum difference is 0.088 and the approximate Kilmogorov-
Smirnov critical value at the 5% level is 1.3581 / 500  0.0607=

Therefore   0.088  0.0607  0.0420.05( )= > = =D D p  and hence the data 
sets are not similar. We can therefore say that this intervention has had an 
effect and that there is a statistically significant change in the respondent’s 
Likert scale answers.

The output in Table A.3 shows the three different tests produced by Stata. 
The first test is the hypothesis that group 1 (before intervention) contains 
smaller values than group 2 (after intervention). This is found not to be 
true as the p-value is 0.998 and so we reject this hypothesis. The second 
test is of the hypothesis that group 1 (before) contains larger values than 
group 2 (after). This is significant with a p-value of 0.021 and so we accept 
the hypothesis. The final test gives the same answer as the calculation we 
preformed showing that the data sets are not similar.

Finally in this section we will look at two data sets when two distributions 
are similar. As in the first example we will use data from five hundred 

 ■ Table A.2 Two sample Kolmogorov-Smirnov test

Likert scale Before Cumulative/500 After Cumulative/500 Difference 
(D)

1 48 0.096 50 0.1 0.004

2 46 0.188 50 0.2 0.012

3 107 0.402 100 0.4 0.002

4 155 0.712 200 0.8 0.088

5 144 1 100 1 0

Total 500 500

 ■ Table A.3 Stata Model 1: two sample Kolmogorov-Smirnov test

Smaller group D p-value

1: 0.0020 0.998

2: − 0.0880 0.021

Combined K-S: 0.0880 0.042

ksmirnov var, by(group), with group being before = 1 and after = 2
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responses given to a question before and after an intervention. Table A.4 shows 
cumulative totals calculated in order to find the largest absolute difference 
(D). The maximum difference is 0.046 and the approximate Kolmogorov-
Smirnov critical value at the 5% level is 1.3581 / 500  0.0607=

 0.046  0.0607  0.6650.05( )= < = =D D p  and hence the data sets are 
similar. In this second example of equality of distribution functions we can 
say that the intervention has not had a statistically significant effect on the 
way people responded.

The Stata output in Table A.5 demonstrates that all three tests are not 
significant and hence there is no significant difference between the two data 
samples.

3 FaCTOR aNalYSIS
In this section in order to aid the understanding of how factor models are 
derived we calculate a factor solution by hand using a set of simultaneous 
equations (Loehlin, 2004; Brown, 2006). Firstly we will set out the notation 
required to formulate equations in exploratory and confirmatory factor 
analysis. The covariance or correlation between variables is associated to 
factor loadings by the equation  1,  2  1 11 2λφ λ( ) =COV X X  where Xj are the 

 ■ Table A.4 Kolmogorov-Smirnov test calculation 

Likert scale Before Cumulative/500 After Cumulative/500 Difference 
(D)

1 48 0.096 50 0.1 0.004

2 46 0.188 50 0.2 0.012

3 107 0.402 100 0.4 0.002

4 176 0.754 200 0.8 0.046

5 123 1 100 1 0

Total 500 500

 ■ Table A.5 Stata Model 2: two sample Kolmogorov-Smirnov test

Smaller group D p-value

1: 0.0020 0.998

2: − 0.0460 0.347

Combined K-S: 0.0460 0.665
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individual items, λj are the eigenvalue factor loadings and ϕ11 is the factor 
variance of latent factor η1. In the completely standardised solution the 
latent factor is equal to 1.00. The variable ϕ12 is the covariance between 
the two latent variables and εj represents the variance that is unique to the 
indicator Xj. Figure A.2 illustrates this model.

From this diagram we can construct the following equations:

 1,  2  11 11 21λ φ λ( ) =COV X X

 1  11
2

11 1VAR X λ φ ε( ) = +

 3,  4  32 12 42λ φ λ( ) =COV X X

The errors (residual variances) can be calculated as one minus the 
square of the factor loading as  1 1 11

2ε λ= −  The square of the factor loading 
represents the proportion of the variance in a variable item that is explained 
by the latent factor 1

2
11
2η λ=

Considering the study around parental involvement in education, 
Figure A.3 shows the latent factor ‘general school invitations’ (L1) 
accounting for 94.09% (0.972 = 0.9409) of the variance in ‘I feel welcome 
at school’ (GSI1). The smallest eigenvalue factor loading in this model 
is 0.45 and accounts for only 20.25% (0.452=0.2025) of the variance in 
‘the teachers at the school keep me informed about my child’s progress 
in school’ (GSI3).

We will use the simple one factor model in Figure A.3 as an example 
to illustrate how factor analysis calculations are performed. Using the 

 ■ Figure A.2 Factor model
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equations of the form COV (X1, X2) = λ11ϕ11λ21 we can write the following 
non-linear simultaneous equations:

 1,  2    0.60911 11 21λ φ λ( ) = = =COV GSI GSI ab
 

 1,  3    0.44011 11 31λ φ λ( ) = = =COV GSI GSI ac

 3,  2     0.28731 11 21λ φ λ( ) = = =COV GSI GSI bc

a b c and ,  ,   ,   1.0011 21 31 11λ λ λ φ= = = =

The parent’s educational motivation correlations that we considered in 
Chapter 5 are given in Table A.6.
Using the values from Table A.6, the COV equations, the 3 factor loadings 
(λ11, λ21, λ31 changed to a, b, c), 3 error terms (ε1,ε2,ε3), the factor variance 
fixed at 1.00 (ϕ11) we can write the following six equations:

 0.609   1( )= −ab

 0.440  2( )= −ac

 ■ Figure A.3 Factor loading

 ■ Table A.6 Correlations for parental education motivation

GSI1 GSI2 GSI3

I feel welcome at school (GSI1) 1.000

The school lets me know about 
special school events and 
meetings (GSI2)

0.609 1.000

The teachers at the school keep 
me informed about my child’s 
progress in school (GSI3)

0.440 0.287 1.000

Letting
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  0.287  3( )= −bc

 1  1
2ε = − a

 1 –  2
2ε = b

 1  3
 2ε = − c

Rearranging equations (1) and (2) to give b =0.609/a and c =0.440/a and 
then substituting these into equation (3) gives:

0.609 / 0.440 /   0.287( )( ) =a a

Solving gives a a= = ≈ 0.9337 and   0.96626 0.972

Using this result and = = ≈ 0.609 /  gives   0.63025 0.63b a b
Similarly, with c a c= ≈ 0.440 /  we can calculate 0.45
Hence 
ε ε ε= − ≈ = ≈ = ≈ 1  0.97 0.06,  1 –  0.63 0.6,  and  1 –  0.45 0.791

2
2

2
3

2

Note that we can see that these are the factor loading values and error terms 
in Figure A.3.

Eigenvalues and eigenvectors

Eigenvalues and eigenvectors allow us to gain an insight into the structure 
of matrices (Thurstone, 1935; Tabachnick and Fidell, 2001; Anthony and 
Harvey, 2012). In this section will look at how to calculate eigenvalues and 

eigenvectors from a simple two by two matrix: 
5 3
3
2

1
2

=
− −















A

The matrix A is made up of numerical values that could represent in a 
data set the responses from two people to two items in a survey. Generally 
research data could produce much larger matrices. For example, ten survey 
items with responses from 200 people would produce a matrix with 200 rows 
by 10 columns. The first step in calculating eigenvalues and eigenvectors is 
to calculate the determinant of matrix A.

I(  – ) 0  
5 3
3
2

1
2

1 0
0 1

λ λ= =
− −

















−


























det A det  where 

1 0
0 1

=








I  is called the identity matrix.

I(  – ) 
5 3

3
2

1
2

λ
λ

λ
=

−

− − −
det A  = 5 1

2
9
2

1
2

4λ λ λ λ( ) ( )− − −






+ = −






−
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From this 1
2

4λ λ( )−






−  we obtain the two eigenvalues as λ = 4 and λ=½ 

for matrix A. To find the eigenvectors we use the equation Ax = λx with 

=








x a

b
 being the vector we are looking to calculate that goes with each 

eigenvalue. To find the eigenvector when the eigenvalue is 4 we can write 
this equation as

 
5 3
3
2

1
2

5 3
3
2

1
2

4=
− −





















=

+

− −















=






Ax a

b

a b

a b
a
b

 

This results in two equations which are the same a +3b =0 and − 3a − 9b =0.
The solution is a = − 3b. This means that there is an infinity of solution 
vectors that could represent this, all of which take the form of the vector in 

the direction 3
1
−





 Similarly you can calculate the eigenvector as 2

3
−





 

for the eigenvalue ½

The combination of eigenvalues and eigenvectors is given as 

4 3
1

1
2

2
3

−





+ −





. Notice that the eigenvalue of 4, simply due to its 

magnitude, has a greater impact on the resulting vector direction.

Using these eigenvalues as a representation of matrix A we can write this 
as a combination of vectors λ η= 1X j j

and their relationship to the single  
η1 the latent factor in this case.

Item 1:  41 1 1 1 1λ η ε η ε+ = +
Item λ η ε η ε+ = +2 : 2 1 2

1
2 1 2

In general terms we are looking to solve Ax = λx to find eigenvalues 
(λ) and eigenvectors (x) for our matrix (A). First let (A − λI)x =0, as x is 
only zero for a trivial solution then this implies that det (A − λI) =0 for 
non-trivial solutions. As we have seen in the example above this allows us 
to calculate the eigenvalues and eigenvectors of the matrix A. Eigenvalues 
and eigenvectors are the mathematics used to determine the components in 
exploratory and confirmatory factor analysis.

4 CORRElaTION
Linear Pearson correlation coefficient r

In the formula for Pearson correlation the value of Σ(x − x ) (y − y ) is 
influenced by the strength of the correlation between and the spread of the 
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variables. If there is a positive correlation between the points the value 
is positive and negative if there is a negative correlation. If there is no 
correlation between the variables then the sum of the products of positive 
and negative values tend to cancel each other out and result in a sum near 
zero.

The addition to the formula of the number of values (n) gives the average 
deviation from the bivariate centroid, known as covariance:

, 1 ∑( ) ( )( )= − −Cov x y
n

x x y y

If we then divide this by the standard deviations for x and y we obtain the 

linear correlation coefficient r defined as  
2 2

∑
∑ ∑

( )( )
( ) ( )

=
− −

− −
r

x x y y

x x y y
 in a 

slightly amended form this can be written as r
( ) ( )2 2 2 2

∑
∑ ∑

=
−

− −

xy nxy

x nx y ny

Dividing by the standard deviations of x and y removes the issue of the size 
of r being dependent on the measurement units being used and allows for r 
to lie between − 1 and +1. If r = +1 then this means there is a perfect positive 
correlation and r = − 1 then a perfect negative correlation. A value r = 0 
implies that there is no linear correlation.

The following example illustrates how correlation can be calculated 
by hand for a data set containing two variables (mathematics and English 
scores) for seven sets of scores (a-g). As can be seen from Table A.7 the 
variables are multiplied together (xy), squared and the totals of these rows 
are then calculated.

The mean of x is =x  4 and y is 4=y . The calculated values are then 
substituted into the following formula for the Pearson correlation coefficient: 

xy nxy

x nx y ny
r

( ) ( )

133 7 4 4
140 7 16 140 7 16

21
28

0.75
2 2 2 2

∑
∑ ∑

=
−

− −
= − × ×

− × − ×
= =

 ■ Table A.7 Worked example Pearson correlation calculation

Item a b c d e f g Total

Mathematics (x) 5 1 7 3 2 4 6 28

English (y) 4 3 7 1 2 6 5 28

xy 20 3 49 3 4 24 30 133

x2 25 1 49 9 4 16 36 140

y2 16 9 49 1 4 36 25 140
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This result of 0.75 shows that there is a strong positive linear correlation 
between these two variables. In SPSS and Stata the calculation for this data 
gives the result as r=0.75, with a significance of p=0.052

Note that you can prove that r will only take values in the range 
1 1− ≤ ≤ +r  by using u, v, Σ(x − x )2, and (  )2Σ −y y

As a hint on how to do this let    / (  )2= Σ −U u x x  and V = v/Σ(y − y )2 
and then show that 2 1

2

∑( ) ( )+ = +U V n r  hence prove that 1−r

Then by considering both 
2

∑( )+U V  and 
2

∑( )−U V  use these to prove 
the result that 1 1− ≤ ≤ +r

Spearman rank correlation coefficient r (Spearman’s rho (ρ))

The Spearman rank correlation coefficient is calculated in a very similar 
fashion to the Pearson correlation coefficient but using ranks assigned 
to the data. We assume that the ranks of x and y in the data take integer 
values from 1, 2, 3, …, n. The total of these integer ranks are made for the n 

integers x y n n( )Σ = Σ = +1
2

1  and for the sum of the squares of the integers 
1
6

1 2 12 2 ( )( )Σ = Σ = + +x y n n n

Hence 1
2

1( )= = +x y n

The difference (d) between x and y is given as d = x − y. Hence the difference 
squared can be written as,  –   22 2 2 2( )Σ = Σ = Σ + Σ − Σd x y x y xy

From this equation we can write  1
6

1 2 1 1
2

2∑( )( )Σ = + + −xy n n n d

Using the Pearson correlation coefficient

r  
x x y y

x x y y
2 2

∑
∑ ∑

( )( )
( ) ( )

=
− −

− −
 in this slightly amended form we can 

write

r
( ) ( )2 2 2 2

∑
∑ ∑

=
−

− −

xy nxy

x nx y ny

Substituting from the above equations we can obtain the Spearman rank 
correlation coefficient rs

 1
6

1 2 1  1
2

1
4

1

 1
6

1 2 1 1
4

1

2 2

2

∑( )( ) ( )
( )( ) ( )

=
+ + − − +

+ + − +
r

n n n d n n

n n n n n
s

1  
6

1 2 2 1 3 1

2∑
( ) ( ) ( )= −

+ + − + 
r

d
n n n ns
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1
6

1

2

2
∑

( )= −
−

r
d

n ns

The following example shows how the Spearman rank correlation can be 
calculated for two rankings of n paired data items. The example in Table 
A.8 shows data from two judges in a cookery competition. The judges have 
given a rank score for seven scones in the cookery competition. From Table 
A.8 we can see that n = 7 and calculate

Σ d2 = 1+4+0+4+0+4+1 =14
These values can then be used in the Spearman rank correlation formula to 

calculate the coefficient 1
6

1
1 6 14

7 48
1 84

336
0.75

2

2
∑

( )= −
−

= − = − =r
d

n n
x
xs

The value of 0.75 shows that there is a strong positive linear correlation 
between these judge’s scores. The software packages SPSS and Stata give 
the result for this data as r=0.75, with p=0.052

Kendall rank correlation coefficient (Kendall’s Tau (τ))

Kendall correlation coefficient is a different measure of rank correlation to 
Spearman correlation. This correlation technique has less restrictions on the 
data, with no need for there to be an equal distance between the ranks. The 
way that Kendall correlation works is to look at identifying the amount of rank 
disarray in the reference column. To calculate the Kendall rank correlation 
coefficient every pair of items needs to be taken into consideration.

To illustrate how this technique is calculated we will look again at the 
scone cookery competition example (Table A.8). Letting the reference 
column be the first judge (x) and we rearrange the table so that the first 
judge’s ranks are in order. There are 7 items and so 21 pairs (6+5+4+3+2+1) 
to look at. These pair are ab, ac, ad, ae, af, ag, bc, bd, be, etc. The first rank in 
the column for the second judge is 3 and below this there are 4 ranks greater 
than 3. These are the pairs bf, ba, bg, and bc. There are only 2 ranks less 
than 3 and these are the disagreements. The second entry for the second 
judge is 2 and below this there are 4 ranks greater than this. These are the 

 ■ Table A.8 Worked example of Spearman rank correlation

Item a b c d e f g

1st Judge(x) 5 1 7 3 2 4 6

2nd Judge (y) 4 3 7 1 2 6 5

d 1 − 2 0 2 0 − 2 1

d2 1 4 0 4 0 4 1
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pairs ef, ea, eg and ec. With only one disagreement being ed. Continuing to 
work down the table using this same method results in the figures in Table 
A.9. Hence =rk  (number of agreements – number of disagreements)/(total 
number of pairs)

= (16−5)/21 = 0.52
The formula for Kendall’s rank correlation can be written as

1
2

1( )
=

−

−
r A D

n n
k  where A is the number of agreements and D is the number 

of disagreements. In SPSS and Stata the data gives the result as r=0.524, 
with p=0.099

5 lINEaR REGRESSION
Linear regression models the relationship between two variables. Although 
points may not fall exactly on a straight line, linear regression involves the 
fitting of a best-fit straight line for a set of data points. The regression line 
is said to be a perfect fit when all of the points lie on a straight line. The 
Pearson correlation coefficient for this is either r = −1 (negative correlation) 
or r = +1 (positive correlation).

The square of the correlation coefficient is called the coefficient of 
determination (r2). When r2 = 0 then the goodness of fit is poor and r2 =1 the 
goodness of fit is perfect. This r2 value implies the share of the y variance 
explained by the x variance. For example if r2 = 0.82 then this means that 
82% of the variance in y is explained through the variance in x.

In this section we will look at the details of how the regression technique 
works in two dimensions. Consider a set of paired data observations (xi, yi) 
plotted on a scatter graph we can estimate the straight line that passes close 
to these observations as yi= a + bxi + εi The goal of regression is to create 

 ■ Table A.9 Worked example of Kendall correlation

Item 1st judge(x) 2nd judge(y) Agreements Disagreements

b 1 3 4 2

e 2 2 4 1

d 3 1 4 0

f 4 6 1 2

a 5 4 2 0

g 6 5 1 0

c 7 7

Total 16 5
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the equation of a line with gradient (b) and intercept on the y-axis (a) for a 
set of paired data observations (xi, yi). The position of this regression line 
being such that it minimises the errors (εi). One method of achieving a linear 
model for bivariate data is by minimizing the sum of the squares of these 
errors using a technique called method of least squares.

To illustrate the method of least squares we will use a set of seven points 
shown in Figure A.4. The line is an estimate, which has been drawn as close 
to as many of the points as possible in order to minimise the error.

The dotted lines are shown as the errors (εi) and the aim of the least 
squares method is to a minimise these distances above and below the line. 
Given that (xi, y) are the straight line regression point estimates and (xi, yi) 
are the actual values, then the error quantity is the amount of deviation from 
the true score value. It can be written as y − (a + bxi)= εi and is called the 

 ■ Figure A.4 Regression line with errors

 ■ Table A.10 Calculating regression residuals

Coordinates of the 
seven points on 
the graph (xi , yi )

Regression 
line y -value

Residual error 
εi-value

y − (a + bxi )= εi

Error squared (εi )
2-value 

(y−(a + bxi ))
2 =(εi )

2

xi yi y = 1 + 0.75xi
Error

y − (1 + 0.75xi )= εi

Residual
(y−(1 + 0.75xi ))

2 =(εi )
2

1 3 1.75 1.25 1.5625

2 2 2.5 − 0.5 0.25

3 1 3.25 − 2.25 5.0625

4 5 4 1 1

5 6 4.75 1.25 1.5625

6 4 5.5 − 1.5 2.25

7 7 6.25 0.75 0.5625

Total 0 12.25
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residual. Classical test theory (CTT) states that any measured score consists 
of two parts, a true score and an amount of error (Gulliksen, 1950; Novick, 
1966; Lord and Novick, 1968).

When SPSS and Stata are used to calculate this line for the seven points 
shown in Figure A.4 they give the variable output B-value of 0.75 and a 
constant value of 1. Hence the equation of the line is y = 1 + 0.75xi

The output will also give the standard error of the B-value and the constant. 
The smaller the standard error value the greater confidence we have in the 
regression line being a good fit to the points. The sum of the squares of the 
residuals in this example has a value of 12.25 (see Table A.10).

This residual will be reflected in the p-value significance and the 95% 
confidence interval bounds. Using the standard error you can calculate these 
confidence interval bounds as Coef ± 1.96 SE. The upper 95% confidence 
interval bound is 0.75 +1.96x0.295 = 1.32 and the lower bound as 0.75–
1.96x0.295 = 0.17

Method of least squares

The following is the derivation of method of least squares for the two 
dimensional case.

The sum of squares can be written as   ( )
2 2ε( )( )= Σ − + = ΣS y a bx

To simplify the algebra we can write this as

y a bx y y( )− + = −     (  ) b x x y a bx− + − −– (  )  ( )  where y  and x  are the 
mean values of yi and xi

Letting u x x y y c y a bx= − = − = − −  ,  v  ,  and to give

   –    
2( )= Σ +S v bu c

  –  2  –  2   22 2 2 2( )= Σ + + +v b u c buv bcu cv

     –  2   –  2     2   2 2 2 2= Σ + Σ + Σ Σ + Σv b u nc b uv b u c v
As Σ = Σ =   0 and   0u v  then

       –  2  2 2 2 2= Σ + Σ + ΣS v b u nc b uv
Completing the square

       /       (  /   )  2 2
2

2 2 2 2( )( ) ( )= Σ − Σ Σ + Σ − Σ Σ +S u b uv u v uv u nc

If S takes a minimum value   (  /   )2 2 2( )Σ − Σ Σv uv u  when 

b uv u    /   2( )= Σ Σ  and c =0

Hence obtaining 0− − =y a bx
The least squares regression line for the equation y = a + bx with values of 
a and b calculated from the following formulas

    /     ( (   ) (  )) / (   )    2 2( )= Σ Σ = Σ − − Σ − = −b uv u x x y y x x and a y bx
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Note that by definition the regression line will always pass through the 

point ( , )x y

Multivariate regression coefficients

It is often the case that there is not just one independent variable that is the 
influencing factor. Multivariate analysis is comparable to using bivariate 
regression as the technique to find a solution for the vector bi such that the 
sum of square residuals is a minimum. The general form in the multivariate 
case, for n observations with i independent variables is a vector equation 
Y x b   n in i nεε= +  which can be written in its expanded matrix form as a set 
of n linear equations;
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To find the least squares estimates for all bi the sum of squares is a mini-
mum when

E EE2∑ ( ) ( )= ′ = − −y x b y x bn n in i

T

n in i

The smallest sum of squares could be when all εn are zero and then 
Y x b  n in i=  By using the fact that  =x xb x yT

i
T  then it is possible to estimate 

b in the vector form 
1( )−

x x x yT T  where xT is the transpose matrix and ()− 1 is 
the inverse matrix (Fox, 1997; Draper and Smith, 1998; Sen and Srivastava, 
2011)

Adjusted R2

The aim of linear regression as we have seen in the previous sections is to 
use independent variables to help explain a predicted model in relation to a 
dependent variable. As the number of independent variables increases this can 
improve the coefficient of determination but there is also a greater risk of some 
variables having little explanatory ability. This is called over parameterization. 
There is an R2 value that compensates for this called adjusted R2. As additional 
variables are added the adjusted R2 formula takes this into account.

Adjusted  1 –  1 1 /2 2( )( ) ( )= − − −R R n n k
In this formula k is the number of variables in the model and n is the 

number of observations. For the researcher it is worth bearing in mind that 
additional variables can increase the quality of the model but they can also 
reduce it. This reduction will be visible by using the adjusted coefficient 
of determination comparing models with different numbers of variables.
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Goodness of fit F-test

As we have seen the coefficient of determination (R2 value) is not the 
only measure of whether independent variables give a more accurate 
representation of a model. The F-test is a goodness of fit measure that uses 
the mean square sums of squares rather than the sum of squares in R2 test. 
The F-test is the ratio of improvement in the model, giving a value that 
tells us how much variation is explained by the model and how much is left 
unexplained. In general for multivariate regression the F-value is calculated 
as the mean sum of squares or the explained variance divided by the residual 
mean squares or the unexplained variance.

F = (explained variance)/(unexplained variance)

∑

∑ ∑

)(

)(
)

)

(

(

=

−
−

−
−

=

= =

1
1
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i
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n

ij i
i

With Yi  as the sample mean in the i-th group, ni is the number of 
observations in the i-th group, Y  is the overall mean of the data, K is the 
number of groups within the data. The variable Yij is the j-th observation in 
the i-th group out of K, and N is the total sample size.

6 SaMPlE SIZE
Deciding on a significant sample size is important for research validity. In 
this section we will first consider conditions related to normally distributed 
data and then more general cases. To illustrate this we will take an example 
where we wish to be 95% certain that the sample mean is within ten units 

of the population mean (  10±x ). Then this implies that  1.96 σ
±x

n
 for a 

sample with known variance (σ2). The upper bound for this limit has to be 

less than or equal to ten and can be written as 10 1.96 σ
≥

n
 Solving this 

inequality gives the minimum size for the sample under these conditions as 
0.196

2
σ( )≥n

In the general case for non-parametric tests these can be approximated 
by a normal distribution with mean np and variance np(1−p), with 
X = N(np, np(1−p)). The sample proportion is found by dividing the 
number observed by the size of the sample (x/n). We can use this to write 

x
n

N np
n

,  
np 1 p

n
N p,

p 1 p
n2

( ) ( )=
−







 =

−







  indicating that the distribution of 

the sample proportion is approximately normal with population proportion 
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(p) and the variance depends on the size of the sample and p. Using this 

result we can define a 95% confidence interval as ˆ 1.96
1( )±

−
p

p P
n

 with  

p̂ being the sample proportion. It can be seen from this that any given 
confidence interval has a maximum width when p=0.5. Proof of this is 
simply shown by differentiating p(1−p) to give a stationary value condition 
of 0=1−2p. This 95% confidence interval gives an upper bound and allows 
for the calculation of the minimum sample size as approximately

ˆ 1.96
0.5 1 0.5

ˆ 1( )±
−

≈ ±p
n

p
n

For example this can be used to determine the minimum sample size for a 
required specific degree of accuracy. Suppose we wish to determine the pro-
portion of consumers from a total population who select a certain preferen-

tial choice to within 10% of accuracy. The inequality 0.1 1
≥

n
 shows that 

the sample size (n) needs to be greater than 100 for us to be 95% confident 
that we will get an appropriate sample.

Bartlett et al., (2001) is a good starting point for readers interested in 
obtaining more detail on the range of techniques for determining sample 
sizes for surveys. The paper calculates the minimum samples size for various 
populations. It states that at the 5% level of significance the minimum 
sample size should be 119 for continuous data and 370 for categorical data 
for a population of size ten thousand. For the same population size, the 1% 
level of significance for these minimum sample sizes increase to 209 for 
continuous data and 623 for categorical data.

7 CONFIRMaTORY FaCTOR aNalYSIS (CFa)
A CFA model can be expressed in matrix form as   ,η ε= Λ +X x  where 
X is the relationship among observed variables, η the latent factors 
and ε unique variances. The expanded form of this matrix equation is 

    1 1 2 2λ η λ η λ η ε= + + ……+ +X j j j jm m j  where Xj represents the j th of p 
indicators obtained from n independent subjects (n is the number of people in 
your sample), λjm represents the eigenvalue factor loadings relating variable 
j to the m th eigenvector factor η (if m = 2 this means that the number of 
grouping relationships, latent factors is two), and εj represents the variance 
that is unique to the indicator Xj and is independent of all η’s and all other ε’s.

With general assumptions that there is no correlation between constructs 
and an expected value of zero for ε and η the variance–covariance matrix 
for the indicators X denoted as Σ = ΛxΦΛ’

x +θε where Φ is the covariance 
matrix of latent constructs (η) and θε is a diagonal matrix of the variance 
errors. It is this set of matrices that are used with Stata’s CFA procedure to 
generate maximum likelihood estimates.
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In order to establish which model provides the best fit the 2χ  test and the 
fit indices can be calculated in Stata.

Formally, the null and alternative hypotheses of a confirmatory model 
are specified as:

H0: Σ = Σ(θ)
Ha: Σ = Σα

where Σ is the population matrix estimated by the observed correlations 
between indicators, Σ(θ) is the implied correlation matrix that results from 
the pattern matrices and Σα is any positive definite matrix. Retaining H0 
implies that the observed correlations among the indicators are well modelled 
by the specified pattern matrices (Λx, Φ, θε). Conversely, rejection of H0 
implies poor model fit. A range of fit and comparison-based indices, including 
the Chi-square test, is used to determine which model provides the best fit for 
these data (Bentler, 1990; Steiger, 1990; Browne & Cudeck, 1993; Brown, 
2006). The fit indices include Root Mean Square Error of Approximation 
(RMSEA), Standardised Root Mean Square Residual (S-RMR), Coefficient 
of Determination (CD), Tucker-Lewis Index (TLI) and Comparative Fit 
Index (CFI). Hu and Bentler (1999) suggest various cut offs for these fit 
indices. To minimize Type I and Type II errors one should use a combination 
with S-RMR or the RMSEA. In general good models should have an S-RMR 
<0.08 or the RMSEA <0.06 with the fit index values > 0.9.

8 lOGISTIC REGRESSION
The distribution of the logistic regression can produce very meaningful 
estimates of effects due to the functions simplicity of use. These estimates 
are called odds ratios and are obtained from the expected distribution 
function:

|  /   1π ( )( ) ( )( ) ( ) ( ) ( )= = +E Y x x Exp g x Exp g x

 With  0 1( ) = +g x b bx  (1)

This transformation is important as it gives properties of a continuous 
function with linear parameters. The outcome variable is π ε( )= +y x  for 
dependent variable x. The quantity ε is one of two possible values depending 
on the value of y:

y=1 then   1ε π ( )= − x  with probability π(x)

y=0 then   ε π ( )= − x  with probability   1ε π ( )= − x
Therefore ε has a binomial distribution with mean of 0 and variance of 

/ 1  π π( ) ( )−x x
Logistic regression produces an estimate for π(x) from a 2 by 2 

contingency table as shown in Table A.11.
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 ■ Table A.11 Expected distribution contingency table

Dependant variable y= π(x)+ε

No (0) Yes(1)

Independent 
variable x

No (0) 1−π(0) π(0)

Yes(1) 1−π(1) π(1)

Odds ratio for ‘yes’ is identified as π(1)/1−π(1) and for ‘no’ is π(0)/ 
1−π(0) giving the ratio for ‘yes’ relative to ‘no’ as

  [ 1 / 1 1 ] / [ 0 / 1  0 ]   1π π π π( ) ( ) ( ) ( ) ( )= − − =OR Exp b  (2)

This result is obtained by substituting values for π(x) from equation 
(1) above into (2), thus producing the standard odds ratio exponential for 
the independent variable to the dependent variable (Rothman et al., 2008; 
Hosmer et al., 2013)

In this next example we will explore in greater detail the contingency 
table (Table A.12) which illustrates data on males and female coffee-
drinking habits to give an idea how calculations are performed for standard 
errors and confidence limits.

The odds of the number of males that drink Americano, latte and espresso 
to females who drink the same = number males/number of females = 153/88 
= 1.74
The odds of the number of males that did not drink Americano, latte and 
espresso divided by the number of females who also did not = number 
males that did not/number of females who did not = 105/154 = 0.68

Odds ratio of males drinking Americano, latte and espresso to females
= 1.74/0.68 = 2.56

Giving the OR  of 2.56 implies that a male is 2.56 times more likely to drink 
Americano, latte and espresso in a coffee shop than a female. By taking the 
natural log of the odds ratio, B-values can be calculated. In this example the 
B-value is b1= ln(2.56)=0.94 and standard error = [1/105 +1/154 + 1/153 + 
1/88]1/2 = 0.034.

Chi-square= 26.316, p=0.001. Cramer’s V=0.229 with p=0.001.

 ■ Table A.12 Example data for expected distribution 
contingency table

Male Female

No 105 154

Yes 153 88
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The 95% confidence interval can be calculated for this case as b1 as 0.94 
± 1.96×0.034. The general form of the 95% confidence interval for B-values 
are of the form B± 1.96×SE. The 95% confidence interval for the Odd ratios 
are EXP(B± 1.96×SE).

For continuous independent variables as discussed Chapter 6 these limits 
need to include either a constant change value (in the chapter we gave the 
example using 10 units) or one standard deviation (SD). This means that the 
confidence limits can be calculated as follows:

The 95% confidence interval for B-values are of the form B± 1.96× 
SD×SE. The corresponding limits in general the 95% confidence interval 
for Odd ratios are EXP(B± 1.96× SD ×SE).

Log-likelihood test

There are two stages to assessing models, firstly building a model and 
making sure that it contains the required variables. Secondly, assessing 
the goodness of fit so that the model reflects the ‘true’ outcomes and is 
an accurate representation of the observed values. Tests for assessing the 
significance of variables in a model need to consider whether the inclusion 
of a variable improves the model. This is not a measure of whether these 
variables give a more accurate representation as this is called a measure of 
goodness of fit that will be discussed below.

The log-likelihood test is a measure that compares observed to predicted 
values in a similar approach to that of the F-test for linear regression. The 
log-likelihood test is based on the G statistic which is defined as G = D(model 
without the variables) – D(model with variables) where D is given by  
D = −2ln [(likelihood of fitted model)/(likelihood of the saturated model)].

In linear regression the method used for estimating the unknown 
parameter values of a and b is called least squares. This is used to 
calculate these parameters that minimise the error of S = Σ (y−  (a+bx))2 = 
Σ (ε)2. Since the outcome of logistic regression is dichotomous a different 
method is required to calculate the unknown parameter values b0 and 
b1 in the equation below. This method is called maximum likelihood 
and it calculates the values of b0 and b1 that maximise the probability 
of obtaining the observed data set. The logistic regression model is this 
transform of π(x)

|  /   1π ( )( ) ( )( ) ( ) ( ) ( )= = +E Y x x Exp g x Exp g x

with  0 1( ) = +g x b bx

The importance of this transform is that g(x) is linear and continuous over a 
range of x. With the above expected distribution function the log-likelihood 
function can be written

as  { ln 1 ln 1 }
1

L y x y x
i

n

i i i i∑ π π( )( ) ( ) ( )=   + − −
=

 (3)
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derived from the expression [1 ]1π π( ) ( )− −x xi

y

i
yi i

Where this expression π(x) is the conditional probability that yi is equal to 
1 given x, and similarly 1 − π(x) is the quantity that yi is equal to 0 given x.

To calculate the values of b0 and b1 equation (3) is differentiated with 

respect to b0 and b1 to give these two equations 

0∑ π ( )−  =y xi i

0∑ π ( )−  =x y xi i i

These equations are nonlinear and an iterative procedure is required to 
solve these in SPSS and Stata (McCullagh and Nelder, 1989). Note that 
some software packages report the value of the deviance of D rather than 
the log-likelihood of the fitted model.

We will illustrate the log-likelihood test with an example of an improved 
model, where adding variables gives a larger value of the log-likelihood 
than a base model with no variables.

Using the G-statistic G = D(model without the variables) – D(model with 
variables) and log-likelihoods calculated by a software package of:

L(model without the variables) = −16.764 and L(model with 
variables)= − 9.679.
Calculating G = −2(−16.764 − (−9.679)) = 14.17. Where the value 14.17 is 
a Chi-square value, whose significance can then be accessed to evaluate the 
model, as we have seen in Chapter 6, to give a p-value associated with this test.

Wald test

The Wald test (W) assesses the individual contributions of the independent 
variables. The Wald value is calculated by using slope parameter (B) divided 
by the standard error (W= B/SE). The significance of the Wald value is 
given as a p-value.

Hauck and Donner (1977) carried out a detailed investigation around the 
performance of this test and found that it behaved in an ‘aberrant manner’. 
Their paper suggests that the test often rejects the null hypothesis when the 
coefficient is actually significant. The advice from this research is to use the 
test with caution. If used it should be in conjunction with other tests such as 
the likelihood ratio. The likelihood ratio test is particularly recommended to 
assess the significance of coefficients due to its consistent reliability (Hauck 
and Donner, 1977; Hosmer, et al, 2013).

Goodness of fit test

Goodness of fit tests are used to assess whether the probabilities obtained 
from a logistic regression truly reflect the outcome data set. In goodness 
of fit tests we are comparing the fitted values to the observed values. It has 
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been found that these tests are most reliable with samples over four hundred 
(Hosmer et al., 1997; Canary 2013).

If observed sample outcome variables are y’ = (y1, y2, y3, … .yn) and the 
models estimated fitted values are ŷ ’=( ŷ 1, ŷ 2, ŷ 3 … … ŷ n) then the model 
can be said to fit under the follow criteria:

(1) if the distance between y’ and ŷ ’ are small and (2) if each pair (yi, ŷ i) 
for i=1,2,3…n contribute a small error related to the structure of the model.

Note that p-values in goodness of fit tests are not a good measure to 
differentiate between models. For example when two different models have 
p-values greater than 0.05, the model with a higher p-value does not imply 
that this model is a better fit. The researcher should think that both models 
fit and look into other considerations to determine, if appropriate, which is 
preferred. Alternatively if goodness of fit results provides one model with 
a p-value below 0.05 and another with one above 0.05, then the one above 
is preferred. Yet even in this case caution needs to be taken (Hosmer et al., 
1997). It should be noted that goodness of fit tests should not be used to help 
build models as likelihood ratio tests are better in judging the significance 
of coefficients.

Pseudo R2 value measures

These measures offer a comparison between the fitted model and the empty 
model. The three pseudo R2 measures considered in this book are:

 ■ Hosmer and Lemeshow  /2 ( )=R LL Model LL  (Original)

 ■ Cox and Snell  1  ( 2 / (   2 ( ) ( )= − − −R Exp n LL Model LL (Orginal)))

 ■ Negelkerke ( )=       / 1–  ( 2 /  (Original))2 2R Cox and Snell R Exp n LL   

LL stands for the log-likelihood. The measure can vary between 0 and 1, 
with 1 indicating that the model predicts the outcome variable perfectly and 
zero not at all. The number of items in the sample is defined by n.

Care needs to be taken when considering pseudo R2 values as these are 
often low and do not always provide a clear understandable interpretation 
around the goodness of fit of the model.

Receiver Operating Characteristic (ROC)

The classification accuracy can be measured by looking at the area under the 
Receiver Operating Characteristic (ROC) curve. This curve shows the ability 
of the model to discriminate between yes outcomes (1) and no outcomes 
(0). This is used to measure the model’s fit to assign a higher probability 
to the outcome with value 1 rather than to value 0. The technique does this 
by looking at the probability of sensitivity (true=1) related to 1-specificity 
(false=0) for all possible values.
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ROC = 0.5 No discrimination

0.5 < ROC < 0.7 Poor discrimination

0.7 ≤ ROC < 0.8 Acceptable discrimination

0.8 ≤ ROC < 0.9 Excellent discrimination

ROC ≥ 0.9 Outstanding discrimination

(Source: Hosmer et al., 1997, p.177)

 ■ Figure A.5 Histograms illustrating excellent discrimination

(a) (b)

 ■ Figure A.6 ROC curve

General guidelines for discrimination values of the area under the ROC 
curve are:
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The histograms with excellent discrimination would look similar 
to those shown in Figure A.5. We can clearly see from these plots the 
estimated probabilities discriminating towards lower probability values for 
an outcome of zero and higher probability values for an outcome of one.

The ROC curve shown in Figure A.6 is an example of excellent 
discrimination having a ROC value of 0.88. Such ROC curves are created 
by plotting Sensitivity against 1- Specificity. The ROC graph can be drawn 
in SPSS and Stata once logistic regression has been performed.

Alternatively if the probability distributions for both outcome one 
and zero have been determined from the statistical package then a ROC 
curve can be drawn using these outputs. This can be obtained by plotting 
the cumulative distribution function for outcome = 1 on the y-axis against 
cumulative distribution function for outcome = 0 on the x-axis.

9 MaRGINal EFFECTS
In Chapter 6 we used the command ‘margins’ in Stata as a way of estimating 
marginal effects. The example was used in relation to logistic regression 
as an estimate of the predictive margins for males and females to levels 
of English test results from 40 through 90 at intervals of 10. The graph in 
Figure A.7 was used to illustrate how useful this command can be showing 
the probability of having aspirations to go to university related to student’s 
gender and their English test score results.

 ■ Figure A.7 Stata margins plot
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The code used in Stata to produce this graph is as follows:

logit Univaspire English Doingwell3 Workhard3 Schoolimport2 
Schoolimport3 i.gender
margins: margins gender, at(English=(40(10)90))
marginsplot

This margins technique can also be used for longitudinal data. In the 
example shown in Figure A.7 the variable gender could be replaced with a 
longitudinal variable, coded as 0 for baseline results and 1 for results after 
the intervention.

10 dISCRETE CHOICE THEORY
Discrete choice theory is used to help to understand the process that leads 
individuals to make choices and factors that collectively determine or cause 
this choice. A consumer decision maker, labelled n, faces choices among 
j alternatives. We assume that the consumers have certain preferences 
that maximise their utility. By utility we mean how much usefulness a 
consumer thinks that they obtain by making the choice. This paradigm of 
utility maximization provides a link by which choice probabilities can be 
estimated. The utility that the decision maker n obtains from alternative 
j is Unj, j=1, … J. This utility is known to the decision maker but not the 
researcher. Therefore the behaviour model is stated as – choose alternative 
i if and only if Uni > Unj ∀  j ≠ i.

The researcher does not observe the decision makers’ utility. The 
researcher merely observes some attributes of the alternatives as faced 
by the decision maker, labelled   ∀X j  and some attributes of the decision 
maker, labelled Snj. The function, called the representative utility, that 
relates these observed factors to the decision maker’s utility is Vnj = 
V(Xnj, Snj) ∀  j as there are aspects that the researcher does not observe Vnj 
≠ Unj. The utility is decomposed as Unj = Vnj + εnj where εnj is the unknown 
factor. As the decision maker’s choice is not deterministic, as εnj is not 
observed, then the probability of any particular outcome is derived. The 
probability that the decision maker chooses a particular preference i from 
the set of all possible outcomes is Pni = Prob(Vni + εni > Vnj + εnj ∀  j ≠ i) 
and hence, Pni = Prob(εnj < εni + Vni − Vnj ∀  j ≠ i)

In the logit choice probability model, the cumulative distribution over all 
j ≠ i is the product of the individual cumulative distributions:

P \
ni ni

ej i
e ni Vni Vnjε = ∏ ≠

− ( )− + −

The probability that the decision maker chooses outcome Unj is the 
expected value of this over all possible values of the unobserved factors 
(εni) weighted by its density:
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P \ Givingni P f d P e
eni ni ni ni ni
ni
V

j nj
V∫ ε ε ε( ) ( )= =

Σ⋅  
(1)

The relationship of the logit probability to the representative utility 
(Vnj) is sigmoid. If the representative utility of an alternative is very low 
compared with other alternatives, a small increase in the utility has little 
effect on the probability of it being chosen. The point at which the increase 
has the greatest effect on the probability of it being chosen is when the 
probability is close to 0.5. In this case a small improvement creates a large 
change in the probability.

For example, to investigate different consumers’ choices, the following 
discrete choice theory model could be used to estimate the following 
equation:

 α ββ= + + γ + εU S X ni ni ni nir r r  
(2)

Uni is the discrete choice groups under consideration in the research. An 
advantage of using the logit model for discrete choice is that it accounts 
for individual taste variation, that is the fact that different people are 
different. Two people may have the same income, education, etc., and yet 
they could make different choices, reflecting their individual preferences 
and concerns. Logit models can capture these taste variations. Tastes that 
vary systematically with respect to some attributes of the decision maker 
are incorporated into the model as the vector controlling for household, 
parent and child demographic characteristics (Sni). These could include the 
consumer’s gender, age, occupation, education, wealth factors, income and 
other relavent demongraphics. Xni is a vector of the consumer preferences 
for a set of alternative choices as faced by the decision maker and εni is 
the unobserved factors. Importantly, McFadden (1974) demonstrated that 
the log-likelihood function with these choice probabilities is globally 
concave in parameters β and γ, which helps in the numerical maximisation 
procedures.

Such a logit choice probability model can be expressed as follows from 
equations (1) and (2) above as:

U r
S X

S X
ni

r r ni r ni

s r r ni r ni

Pr
exp

exp
0

1

∑
β γ

β γ
( ) ( )

( )
= =

α + +

α + +
=

where r is the different discrete choice groups under consideration in the 
research. By estimating this model it is possible to see how preferences and 
demographics affect the different choice groups.
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Derivation of a choice model

In this next section we will derive a simple choice model to illustrate its 
relationship to logistic regression. Assuming that a person only takes on an 
action if some linear function (U) is positive where 0β ε= + >U x . Let the 
unobserved actions be considered random, with density ε( )f , where the 
function ‘f()’ is logistic.

Defining, a binary function ‘I()’ to take the values of one and zero, with 
I(U)=1 if the value of ε  and x  have a person choosing the ‘selected outcome’ 
and I(U)=0 the person makes a different choice.

The probability of choosing the outcome is the expected value of I(U) 
over all possible unobserved factors can be written as the following integral.

1 0∫ ∫ε ε β ε ε ε( )( ) ( ) ( ) ( ) ( )= = = + >P I U I U F d I x f d

Assuming that the function f() is logistic then 
1

2ε
( )( ) =

+

ε

ε

−

−
f e

e
 and 

1
1

ε ( )( ) =
+ ε−

F
e

Using these facts in our integral gives the probability of choosing the 
outcome as 1 ∫ ε β ε ε( )( ) ( ) ( )= = > −P I U I x f d  and hence we can set limits 
of integration as

1 1 1
1 1∫ ε ε β( ) ( )= − − = −

+
=

+ε β
β

β

β
=−

∞

f d F x
e

e
ex

x

x

x

Evaluating this choice integral above gives the resulting form of the odds 
ratio in logistic regression.

In 1974, McFadden proposed a modification to this model to include 
multiple cases. This is called a discrete choice model or multinomial logistic 
regression. McFadden was awarded the Noble prize for economics for this 
work in 2000.

11 lONGITUdINal daTa aNalYSIS
In this section we will give some specialised examples of how the techniques 
in this book can be used to investigate longitudinal data.

Intent to treat (ITT) estimate

The intent to treat estimating equation can be written as:

Yis = β0 + β1Y0 + β2Interventioni + β3Xi + εis

and may be used to analyse the impact of an intervention (treatment group) 
using linear regression. Where Yis represents a continuous measure for 
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student i in subject s. To improve the precision of the estimates, we control for 
baseline measure given by the variable Y0. The equation includes a vector that 
controls for student background characteristics, Xi. This would include such 
variables as student gender; age; household characteristics – mother’s and 
father’s highest level of educational attainment; mother’s job status; average 
monthly income for the household; and the number of adults and children 
living in the household, etc. Although interventions will generally have 
random assignment of participants it is still a good policy to include baseline 
covariates in the impact estimation to make the estimation more precise and 
therefore increase the power of the analysis. Doing so also controls for the 
handful of differences between the treatment and control groups on observable 
characteristics apparently generated by chance. The primary coefficient 
of interest is β2, which provides an unbiased estimate of the intervention 
controlling for baseline measures and background characteristics. Table A.13 
illustrates how that calculation would be performed. It is also usual when 
calculating intent to treat to give the linear regression output to illustrate 
which variables significantly contribute to the model.

The intervention group mean is calculated as the mean of the control 
group plus the estimated difference value taken from regression analysis. 
The Cohen’s d measure of effect size can be calculating as β2/SD.

Wilcoxon signed rank test

Longitudinal repeated measures such as Likert scale data, that come from 
the same participants, can be analysed using statistical techniques such as 
the dependent t-test and Wilcoxon signed rank test (de Winter and Dodou, 
2010).

To illustrate how to interpret a Wilcoxon signed rank test we will use an 
example from a Likert scale question that has been asked to two groups of 
500 participants before and after an intervention.

For group A 192 of the 500 participants gave a higher Likert response 
after the intervention, with 275 of the ranks tied. In contrast for group 
B only 113 of the 500 cases gave a higher response with 313 tied. 
For group B the Wilcoxon shows no statistically significant change in 
rank order (z = 3.626, p > .05, r = 0.115) but for group A the change in 

■ Table A.13 Intent to treat

Outcome Control 
group mean

Intervention 
group mean

Difference 
(Estimated 
impact)

Effect size p-value of 
estimate

Continuous 
outcome 
measure

Mean Mean + β2 β2 β2/SD p-value from 
β2 regression
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rank order was statistically significant (z = 10.463, p < .01, r =0.330). 
As the Cohen’s effect size in this case is a mark between 0.3 to 0.5 
and represents a moderate change in group A’s responses.

Note that the r-value effect size in a Wilcoxon signed rank test is calculated 
by dividing the Z-score by the square root of the number of observations. 
In this case there are 1000 observations, as we have 500 participants being 
tested at two points in time.

Generalised estimating equations (GEE)

Marginal models provide a natural way of extending generalised linear 
models (GLM) to longitudinal data. The marginal models do not require 
distributional assumptions for observations and are known as generalised 
estimating equations (GEE). The GEE approach offers a general and 
unified approach to analysing correlated responses that can be discrete or 
continuous. Both Stata and SPSS can analyse data using the GEE method of 
estimation (Karlstrom, 2001; Fitzmaurice et al., 2011).

12 ITEM RESPONSE THEORY
Item response theory can be used to check the validity and reliability of 
collapsed Likert scale categories that have already been collected. For 
example, we may wish to collapse categories in a data set having collected 
Likert scale responses ‘strongly agree’, ‘agree’, ‘disagree’ and ‘strongly 
disagree’. We want to check the reliability of collapsing this data to a 
dichotomous scale consisting of only ‘disagree’ and ‘agree’.

This can be expressed mathematical as one of invariance. By altering 
the structure of the questionnaire after the data has been collected we wish 
to know how much we have altered the latent structure of the measurement 
outcome.

Using a 1-parameter model (1PL)  ( )θ= −y bij j i  for polytomous items as 
exp

exp∑
θ

θ
( )

( )=
−

−
p

b

bij
jy iy

k jk ik

 with j people answering the Likert scale questions 

(Rasch, 1960; Jansen and Roskam, 1986; Andrich, 1996). Each item i having 
y categories. For example if you had j=500, i=10 and y=4, this would be 
500 people answering 10 Likert scale questions with each question having 
4 response categories. To explore this we will firstly look at a proof by 
Jansen and Roskam (1986) that states for the compressed Likert scale to 
represent the initial scale the parameter weights for the categories need to 
be equal. This is a very strong restriction as it is basically saying the two 
categories that are being collapsed need to have the same item response 
profile.
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Collapsed Likert scale categories

What follows is the proof and a perturbation of this strong restriction, to 
see how much variation is allowed to produce a valid response. Using the 
following item response model:

exp

exp∑
θ

θ

( )
( )

=
−

−
p

b

b
ij

jy iy

k jk ik

The first step in the proof is to make a unidemensional reduction, this 
assumes that θjy and biy are linearly dependent.   φ θ ψ φΘ = + =and b bjy y j y iy y i

The parameter ϕy weights each of the subject parameters differently for 
each category. A similar idea to what we have seen before in the 2PL model. 
The parameter ψy gives the measure of how the person assesses the easiness 
in responding to each category, either positive or negative.
Substituting these into the Rasch model gives the following uni-dimensional 

polychotomous model. 
exp  ( )

exp  ( )
p

b

bij
y y j i

k k k j i∑
ψ φ θ

ψ φ θ
( )

( )=
+ −

+ −

Using this model we wish to assess what conditions are required when 
joining two categories. Let us assume that we are jointing category 3 and 4 
to create category 2. In terms of probabilities we can write:

Prob(choosing category 2) = Prob(choosing category 3) +Prob(choosing 
category 4)

Using the uni-dimensional polychotomous model we created above and 
substituting into our probability statement we obtain.

exp(ψ2)exp(ϕ2(θj − bi) = exp(ψ3)exp(ϕ3(θj − bi) + exp(ψ4)exp(ϕ4(θj − bi)

Taking θj = bi in this equation above gives exp(ψ2) = exp(ψ3) + exp(ψ4)

Next to allow for ease of solution the following transformations are made:
( –  )    θ =exp b xj i

2 , 3 , 4φ φ φ= = =p q r

( ) , ( )  ,  ( )  2 2 3 3 4 4ψ ψ ψ= = =exp A exp A exp A

This gives  3 4 3 4( )+ = +A A x A x A xp q r  

re-writing this as   /  3 4 3 4
  ( )( )+ = +A A A x A x xq r p

As the left-hand side of this equation is constant for all x the derivative 
is zero.

03
1

4
1( ) ( )− − =− − − −A q p x A r p xq p r p
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which can be written as   03 4( ) ( )− + − =−A q p x A r pq r

Taking θj = bi this gives x=1 and this equation then becomes 
    /2 3 4 3 4φ ( ) ( )= = + +p Aq A r A A

Substituting back into   03 4( ) ( )− + − =−A q p x A r pq r  gives 
–  0( ) ( )− − =−q r x q rq r  hence q = r and substituting back into 

 3 4 3 4( )+ = +A A x A x A xp q r  gives the condition 2 3 4φ φ φ= =  required for 
collapsing the two categories into one.

Perturbing for a small change in   0 1ε= +x x x  gives this for 
 ( )  0 1 0 1 0

1
ε ε( ) ( )+ ≈ +

−
p x x x px xp p p

 with similar results with q and r.

Substituting into  3 4 3 4( )+ = +A A x A x A xp q r  and looking ε terms gives 

 3 4 1 3 1 4 1( )+ = +A A px Aqx A rx  and hence 2 3

2 4

4

3

φ φ
φ φ

−
−

=
ψ

ψ
e
e

 showing that when 

there is a slight difference between the two categories then there is slight 
difference in the final collapsed. This difference is proportional in relative 
size to the easiness in responding to each category. These results support 
that care needs to be taken when collapsing categories but that under certain 
conditions valid and reliable outcomes can be obtained.

Computing likelihoods and trait levels

In this section an example is taken from the organic food study with seven 
items. The difficulty level for each of these items is given in Table A.14 
along with one set of responses to these. For this person the response pattern 
can be written as (1,1,1,0,1,0,1). If the trait levels and the item difficulty 
are known for a person (person ‘a’ in this case) then the probability can be 
calculated for all the probabilities Pia by using the relevant irt equation, in 

■ Table A.14 Calculating likelihoods and trait levels

Item Coef. (b) difficulty 
(DIFF)

Persons 
response

Term Trait level

Θ=0 Θ=2

Health − 1.5069*** 1 P1a 0.8186 0.9709

Quality 0.1009 1 P2a 0.4748 0.8698

Environment 1.8783*** 1 P3a 0.1326 0.5304

Price − 2.2559*** 0 P4a 0.9052 0.9860

Taste − 1.3651*** 1 P5a 0.7966 0.9666

Knowledge − 1.3374*** 0 P6a 0.7921 0.9657

Appearance 1.7171*** 1 P7a 0.1522 0.5703
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this case the PCM. Table A.14 shows the calculations for the probabilities 
at trait levels 0 and 2.

exp 0 1.5
1 exp(0 1.5

0.81861 θ
( )( ) ( )

( )=
− −

+ − −
=p a         

exp 2 1.7
1 exp 2 1.7

0.57037 θ( ) ( )
( )=
−

+ −
=p a

From these values it is also possible to calculate the probability 
of the likelihood of a response pattern. Responses are of a 
probability of 1 being P or the probability of not a 1 being 1-P. In 
this example the likelihood of response pattern is given as L(Xa) = 

1 11 2 3 4 5 6 7P P P P P P Pa a a a a a a( ) ( )− −  Hence for trait level theta equals zero  
it is ( | 0) 0.81 0.47 0.13 1 0.90 0.79 1 0.79 0.15L Xa ( ) ( )Θ = = × × × − × × − ×  
= 0.000123.

Then you can if you wish, calculate response patterns for individual people 
in your sample. The same idea can be used to calculate 2PL models.
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