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Preface

Modern economies are full of uncertainties and risk. Economics studies

resource allocations in an uncertain market environment. As a generally

applicable quantitative analytic tool for uncertain events, probability and

statistics have been playing an important role in economic research. Econo-

metrics is statistical analysis of economic and financial data. In the past

four decades or so, economics has witnessed a so-called “empirical revolu-

tion” in its research paradigm, and as the main methodology in empirical

studies in economics, econometrics has been playing an important role. It

has become an indispensable part of training in modern economics, business

and management. This book develops a coherent set of econometric the-

ory, methods and tools for economic models. It is written as a textbook for

graduate students in economics, business, management, statistics, applied

mathematics, and related fields. It can also be used as a reference book on

econometric theory by scholars who may be interested in both theoretical

and applied econometrics.

The book is organized in a coherent manner. Chapter 1 is an intro-

duction to econometrics. It first describes two most important features

of modern economics, namely mathematical modeling and empirical val-

idation, and then discusses the role of econometrics as a methodology in

empirical studies in economics. A number of motivating economic examples

are given to illustrate how econometrics can be used in empirical studies.

Finally, it points out the limitations of econometrics due to the fact that

an economy is not a repeatedly controlled experiment. Assumptions and

careful interpretations are needed when conducting empirical studies in

economics.

Chapter 2 provides a general regression analysis. Regression analysis

is modeling, estimation, inference, and specification analysis of the con-

v



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page vi

vi Foundations of Modern Econometrics

ditional mean of economic variables of interest given a set of explanatory

variables. It is most widely applied in economics. Among many other

things, this chapter interprets the mean squared error and its optimizer—

conditional mean, which lays down the probability-theoretic foundation for

least squares estimation. In particular, it provides an interpretation for

the least squares estimator and its relationship with the true parameter

value of a correctly specified regression model. The importance of correct

model specification for valid economic interpretation of model parameters

is emphasized.

Chapter 3 introduces the classical linear regression analysis. A set of

classical assumptions are first given and discussed, and conventional statis-

tical procedures for estimation, inference, and hypothesis testing are then

introduced. The roles of conditional homoskedasticity, serial uncorrelat-

edness, and normality of the disturbance of a linear regression model are

analyzed in a finite sample econometric theory. We also discuss the gen-

eralized least squares estimation as an efficient estimation method for a

linear regression model when the variance-covariance matrix is known up

to a constant. In particular, the generalized least squares estimation is in-

terpreted as an ordinary least squares estimation of a suitably transformed

regression model via conditional variance scaling and autocorrelation filter-

ing. Chapter 3 is the foundation of modern econometrics and the starting

point for us to present modern econometric theory.

The subsequent Chapters 4 to 7 are the generalizations of classical linear

regression analysis when various classical assumptions fail. A large sample

theoretic approach is taken. For this purpose, Chapter 4 first reviews ba-

sic analytic methods and tools in large sample or asymptotic theory, and

then relaxes the normality and conditional homoskedasticity assumptions,

two key conditions assumed in the classical linear regression modeling. For

simplicity, it is assumed that the observed data are generated from an inde-

pendent and identically distributed random sample. It is shown that while

the finite distributional theory is no longer valid, the classical statistical

procedures are still approximately applicable when the sample size is large,

provided conditional homoskedasticity holds. In contrast, if the data dis-

plays conditional heteroskedasticity, classical statistical procedures are not

applicable even for large samples, and heteroskedasticity-robust procedures

will be called for. Tests for existence of conditional heteroskedasticity in a

linear regression framework are introduced.

Chapter 5 extends the linear regression theory to stationary time series

data. First, it introduces a variety of basic concepts in time series analysis.
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Then it shows that the large sample theory for independent and identically

distributed random samples carries over to ergodic stationary time series

data if the regression error follows a martingale difference sequence. We

introduce tests for serial correlation, and tests for conditional heteroskedas-

ticity and autoregressive conditional heteroskedasticity in a time series re-

gression framework. We also discuss the impact of autoregressive condi-

tional heteroskedasticity on inferences of static time series regressions and

dynamic time series regressions respectively.

Chapter 6 extends the large sample theory to a very general case where

there exist conditional heteroskedasticity and autocorrelation in a linear

regression model. In this case, the classical regression theory cannot be

used, and a long-run variance-covariance matrix estimator is called for to

validate statistical inferences in a time series regression framework.

Chapter 7 is the instrumental variables estimation for linear regres-

sion models, where the regression disturbance is correlated with regressors.

This can arise due to measurement errors, simultaneous equations biases,

omitted variables, and other various reasons. When the regression error is

correlated with the regressors, we usually call that there exists endogeneity.

In Chapter 7, a two-stage least squares estimation method and related sta-

tistical inference procedures are fully exploited to deal with endogeneity.

This is a popular procedure to estimate an economic causal relationship

when data are not generated from a randomized or controlled experiment.

We also introduce Hausman’s (1978) test for endogeneity.

Chapter 8 introduces the generalized method of moments, which is a

popular estimation method for possibly nonlinear econometric models char-

acterized as a set of moment conditions. Indeed, most economic theories,

such as rational expectations in macroeconomics, can be formulated by a

moment condition. The generalized method of moments is particularly suit-

able to estimate model parameters contained in the moment conditions for

which the conditional distribution is usually not available. It also provides

a convenient framework to view many econometric estimation methods.

Chapter 9 introduces the maximum likelihood estimation and quasi-

maximum likelihood estimation methods for conditional probability mod-

els and many other nonlinear econometric models, such as discrete choice

models, censored regression models, truncated regression models, duration

or survival models, and volatility models. We exploit important impli-

cations of correct specification of a conditional distribution model, and

discuss the analogy between the martingale difference sequence property

of the score function and serial uncorrelatedness of the regression error as
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well as the analogy between the conditional information equality and condi-

tional homoskedasticity. These links provide a great help in understanding

the large sample properties of the maximum likelihood estimator and the

quasi-maximum likelihood estimator.

Chapter 10 first summarizes the main contents covered in Chapters 2

to 9. Then starting from a review of the key assumptions of a classical lin-

ear regression model, this chapter describes how modern econometrics has

been developed by generalizing the classical assumptions. Finally, it dis-

cusses some opportunities and challenges which Big data brings to modern

econometrics.

This book has several important features. First, it covers, in a pro-

gressive manner, various econometrics models and related methods from

conditional means to possibly nonlinear conditional moments to the entire

conditional distributions, and this is achieved in a unified and coherent

framework. There exists a strong logical link among the materials covered

in different chapters of the book.

Second, the book provides various intuitions, explanations and poten-

tial applications for important econometric concepts, theories and methods

from an economic perspective. Economic examples are also provided to

motivate important econometric methods and models. Such training is

indispensable in teaching and learning econometrics.

Third, the book emphasizes basic training in asymptotic analysis. It

first provides a brief review of asymptotic analytic methods and tools, and

then show how they are used to develop the econometric theory in each

chapter. Asymptotic analysis helps readers gain deep insight into modern

econometric theory, particularly the conditions under which the economet-

ric theory, methods and models are valid and applicable. By going through

various chapters in this book progressively, readers will learn how to do

asymptotic analysis for econometric models. Such skills are useful not only

for those students who intend to work on theoretical econometrics, but also

for those who intend to work on applied subjects in economics because with

such analytic skills, readers will be able to understand more specialized or

more advanced econometrics textbooks.

As a prerequisite, students are required to have a solid background in

probability and statistics equivalent in both context and level to the text-

book entitled as Probability and Statistics for Economists by Hong (2017).

The present book is based on my lecture notes taught at Cornell Uni-

versity, Renmin University of China, Shandong University, Shanghai Jiao-

tong University, Tsinghua University, and Xiamen University, where grad-
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Chapter 1

Introduction to Econometrics

Abstract: Econometrics has become an integral part of training in mod-

ern economics and business. Together with microeconomics and macroeco-

nomics, econometrics has been taught as one of the three core courses in

most undergraduate and graduate economic programs in the world. This

chapter discusses the philosophy and methodology of econometrics in eco-

nomic research, the roles and limitations of econometrics, and the differ-

ences between econometrics and mathematical economics as well as mathe-

matical statistics. A variety of illustrative econometric examples are given,

which cover various fields of economics and finance.

Keywords: Data Generating Process (DGP), Econometrics, Probability

law, Quantitative analysis, Statistics

1.1 Introduction

Econometrics has become an integrated part of teaching and research in

modern economics. The importance of econometrics has been increas-

ingly recognized over the past several decades. In this chapter, we will

discuss the philosophy and methodology of econometrics in economic re-

search. First, we will discuss the quantitative feature of modern economics,

and the differences between econometrics and mathematical economics as

well as mathematical statistics. Then we will focus on the important roles

of econometrics as a fundamental methodology in economic research via a

variety of illustrative economic examples including the consumption func-

tion, marginal propensity to consume and multipliers, rational expectations

models and dynamic asset pricing, the constant return to scale and regula-

tions, evaluation of effects of economic reforms in a transitional economy,

1
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the efficient market hypothesis, modeling uncertainty and volatility, and du-

ration analysis in labor economics and finance. These examples range from

econometric analysis of the conditional mean to the conditional variance

and the conditional distribution of economic variables of interest, given a

suitable information set. We will also discuss the limitations of economet-

rics, mainly due to the nonexperimental nature of economic data and the

time-varying nature of econometric structures.

1.2 Quantitative Features of Modern Economics

Modern market economies are full of uncertainties and risk. When economic

agents make decisions, the outcomes are usually unknown in advance and

economic agents will take this uncertainty into account in their decision-

making. Modern economics is a study on scarce resource allocations in

an uncertain market environment. Generally speaking, modern economics

can be roughly classified into four categories: macroeconomics, microeco-

nomics, financial economics, and econometrics. Of them, macroeconomics,

microeconomics and econometrics now constitute the core courses for most

economic doctoral programs in the world, while financial economics is now

mainly being taught in business and management schools.

Most doctoral programs in economics emphasize quantitative analysis.

Quantitative analysis consists of mathematical modeling and statistical-

based empirical studies. To understand the roles of quantitative analysis,

it may be useful to first describe the general process of modern economic

research. Like most natural science, the general methodology of modern

economic research can be roughly summarized as follows:

• Step 1 : Data collection and summary of empirical stylized facts.

The so-called empirical stylized facts are often summarized from

observed economic data. For example, in microeconomics, a well-

known stylized fact is the Engel curve, which characterizes that the

share of a consumer’s expenditure on food out of her or his total

income will vary as his/her income changes; in macroeconomics, a

well-known stylized fact is the Phillips (1958) curve, which char-

acterizes a negative correlation between the inflation rate and the

unemployment rate in an aggregate economy; and in finance, a well-

known stylized fact about financial markets is volatility clustering,

that is, a high volatility today tends to be followed by another high

volatility tomorrow, a low volatility today tends to be followed by
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another low volatility tomorrow, and both patterns alternate over

time. The empirical stylized facts often serve as a starting point

for economic research. For example, the development of unit root

and cointegration econometrics was mainly motivated by the em-

pirical study of Nelson and Plosser (1982) who documented that

most macroeconomic time series are unit root processes.

• Step 2 : Development of economic theories/models. With the em-

pirical stylized facts in mind, economists then develop an economic

theory or model in order to explain them, among other things.

This usually calls for specifying a mathematical model of economic

theory. In fact, the objective of economic modeling is not merely

to explain the stylized facts, but to understand the mechanism

governing the economy and to predict the future evolution of the

economy.

• Step 3 : Empirical verification of economic models. Often, eco-

nomic theory only suggests a qualitative economic relationship. It

does not provide any concrete functional form. In the process of

transforming a mathematical model into an empirically testable

econometric model, one often has to assume some functional form,

up to some unknown model parameters. One needs to estimate

unknown model parameters based on the observed data, and check

whether the econometric model is adequate. An adequate model

should be at least consistent with the observed data, particularly

with the empirical stylized facts.

• Step 4 : Applications. After an econometric model passes the em-

pirical evaluation, it can then be used to test economic theories

or hypotheses, to forecast future evolution of the economy, and to

conduct policy evaluation and make policy recommendations.

For an excellent example highlighting these four steps, see Gujarati

(2006, Section 1.3) on labor force participation. We note that not every

economist or every research paper has to complete these four steps. In

fact, it is not uncommon that each economist may only work on research

belonging to a certain stage in his/her entire academic lifetime.

From the general methodology of economic research, we see that modern

economics has two important features: one is mathematical modeling for

economic theory, and the other is statistical-based empirical analysis for

economic phenomena. These two features arise from the effort of several

generations of economists to make economics a “science”. To be a science,
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any theory must fulfill two criteria: one is logical consistency and coherency

in theory itself, and the other is consistency between theory and stylized

facts. Mathematics and econometrics serve to help fulfill these two criteria

respectively. Indeed, this has been the main objective of the Econometric

Society. The setup of the Nobel Memorial Prize in economics in 1969 may

be viewed as the recognition of economics as a science in the academic

profession, and the first Nobel prizes in economics were given to two well-

known econometricians—Ragnar Frisch and Jan Tinbergen.

1.3 Mathematical Modeling

We first discuss the role of mathematical modeling in economics. Why do

we need mathematics and mathematical models in economics? It should

be pointed out that there are many ways or tools (e.g., graphical methods,

verbal descriptions, and mathematical models) to present economic theory.

Mathematics is just one of them. To ensure logical consistency of the the-

ory, it is not necessary to use mathematics. Chinese medicine is an excellent

example of science without using mathematical modeling. However, math-

ematics is well-known as the most rigorous logical language. Any theory,

when it can be represented by the mathematical language, will ensure its

logical consistency and coherency, thus indicating that it has achieved a

rather sophisticated level. Indeed, as Karl Marx pointed out, the use of

mathematics is an indication of the mature development of a science.

It has been a long history to use mathematics in economics. In hisMath-

ematical Principles of the Wealth Theory, Cournot (1838) was among the

earliest to use mathematics in economic analysis. Although the marginal

revolution in economics, which provides a cornerstone for modern eco-

nomics, was not proposed with the help of mathematics, it was quickly

found in the economic profession that the marginal concepts, such as

marginal utility, marginal productivity and marginal cost, correspond to the

derivative concepts in calculus. Walras (1874), a mathematical economist,

heavily used mathematics to develop his general equilibrium theory. The

game theory, which was proposed by Von Neumann and Morgenstern (1944)

and now becomes a core in modern microeconomics, originated from a

branch in mathematics.

Why does economics need mathematics? Briefly speaking, mathematics

plays a number of important roles in economics. First, the mathematical

language can summarize the essence of a theory in a rather concise man-

ner. For example, macroeconomics studies relationships between aggregate
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economic variables (e.g., Gross Domestic Product (GDP), consumption,

unemployment, inflation, interest rate, and exchange rate). A very impor-

tant macroeconomic theory was proposed by Keynes (1936). The classical

Keynesian theory can be summarized by two simple mathematical equa-

tions:

National Income identity: Y = C + I +G,

Consumption function: C = α+ βY,

where Y is income, C is consumption, I is private investment, G is govern-

ment spending, α is the “survival level” consumption, and β is the marginal

propensity to consume. Substituting the consumption function into the in-

come identity, arranging terms, and taking a partial derivative, we can

obtain the multiplier effect of government spending

∂Y

∂G
=

1

1− β
.

Thus, the essence of the Keynesian theory can be effectively summarized

by two mathematical equations.

Second, complicated logical analysis in economics can be greatly simpli-

fied by using mathematics. In introductory economics, economic analysis

can be done by verbal descriptions or graphical representations. These

methods are very intuitive and easy to grasp. One example is the partial

equilibrium analysis where a market equilibrium can be characterized by

the intersection of the demand curve and the supply curve. However, in

many cases, economic analysis cannot be done easily by verbal languages

or graphical representations. One example is the general equilibrium the-

ory first proposed by Walras (1874). This theory addresses a fundamen-

tal problem in economics, namely whether the market force can achieve

an equilibrium for a competitive market economy where there exist many

markets and when there exist mutual interactions between different mar-

kets. Suppose there are n goods, with demand Di(P ), supply Si(P ) for

good i, where P = (P1, P2, ..., Pn)
′ is a price vector for n goods. Then the

general equilibrium analysis addresses whether there exists an equilibrium

price vector P ∗ such that all markets are clear simultaneously:

Di(P
∗) = Si(P

∗) for all i ∈ {1, ..., n}.

Conceptually simple, it is rather challenging to provide a definite answer be-

cause both the demand and supply functions could be highly nonlinear. In
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fact, Walras was unable to establish this theory formally. It was satisfacto-

rily solved by Arrow and Debreu many years later, when they used the fixed

point theorem in mathematics to prove the existence of an equilibrium price

vector. The power and magic of mathematics was clearly demonstrated in

the development of the general equilibrium theory in economics.

Third, mathematical modeling is a necessary path to empirical verifica-

tion of an economic theory. Most economic and financial phenomena are

in form of data (indeed we are in a digital era!). We need to “digitalize”

economic theory so as to link the economic theory to the observed data.

In particular, one needs to formulate economic theory into an empirically

testable mathematical model whose functional form or important structural

model parameters will be estimated from the observed data.

1.4 Empirical Validation

We now turn to discuss the second feature of modern economics: statistical-

based empirical analysis of an economic theory. Why is statistical-based

empirical analysis of an economic theory important? The use of mathe-

matics, although it can ensure logical consistency of a theory itself, cannot

ensure that economics is a science. An economic theory would be useless

from a practical point of view if the underlying assumptions are incorrect

or unrealistic. This is the case even if the mathematical treatment is free

of errors and elegant. As pointed out earlier, to be a science, an economic

theory must be consistent with reality. That is, it must be able to explain

historical stylized facts and predict future economic phenomena.

How to check a theory or model empirically? Or how to validate an

economic theory? In practice, it is rather difficult or even impossible to

check whether the underlying assumptions of an economic theory or model

are correct. Nevertheless, one can confront the implications of an economic

theory with the observed data to check if they are consistent. In the early

stage of economics, empirical validation was often conducted by case studies

or indirect verifications. For example, in his well-known Wealth of Nations,

Adam Smith (1776) explained the advantage of specialization using a case

study example. Such a method is still useful nowadays, but is no longer

sufficient for modern economic analysis, because economic phenomena are

much more complicated while data may be limited. For rigorous empirical

analysis, we need to use econometrics. Econometrics is the field of eco-

nomics that concerns itself with the application of mathematical statistics

and the tools of statistical inference to the empirical measurement of rela-
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tionships postulated by economic theory. It was founded as a scientific dis-

cipline around 1930 as marked by the founding of the Econometric Society

and the creation of the most influential economic journal—Econometrica

in 1933.

Econometrics has witnessed a rather rapid development in the past sev-

eral decades, for a number of reasons. First, there is a need for empirical

verification of economic theory, for forecasts using economic models, and for

quantitative evaluation of economic policies and programs. Second, there

are more and more high-quality economic data available. Third, advance

in computing technology has made the cost of computation cheaper and

cheaper over time. In the 1950s and 1960s, economists used electromechan-

ical desk calculators to calculate regressions. Before 1970, it sometimes

took up to 24 hours to receive the result from one regression, but now we

do it in less than a second. The speed of computing grows faster than the

speed of data accumulation.

Although not explicitly stated in most of the econometric literature,

modern econometrics is essentially built upon the following fundamental

axioms:

• Any economy can be viewed as a stochastic process governed by

some probability law.

• Any economic phenomenon, as often summarized in form of data,

can be reviewed as a realization of this stochastic Data Generating

Process (DGP).

There is no way to verify these axioms. They are the philosophic views of

econometricians toward an economy. Not every economist or even econo-

metrician agrees with this view. For example, some economists view an

economy as a deterministic chaotic process which can generate seemingly

random numbers. However, most economists and econometricians (e.g.,

Granger and Teräsvirta 1993, Lucas 1977) view that there are a lot of un-

certainty in an economy, and they are best described by stochastic factors

rather than deterministic systems. For instance, the multiplier-accelerator

model of Samuelson (1939) is characterized by a deterministic second-order

difference equation for aggregate output. Over a certain range of parame-

ters, this equation produces deterministic cycles with a constant period of

business cycles. Without doubt this model sheds deep insight into macroe-

conomic fluctuations. Nevertheless, a stochastic framework will provide a

more realistic basis for analysis of periodicity in economics, because the

observed periods of business cycles never occur evenly in any economy.
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Frisch (1933) demonstrates that a structural propagation mechanism can

convert uncorrelated stochastic impulses into cyclical outputs with uneven,

stochastic periodicity. Indeed, although not all uncertainties can be well

characterized by probability theory, probability is the best quantitative an-

alytic tool to describe uncertainties. The probability law of this stochastic

economic system, which characterizes the evolution of the economy, can

be viewed as the “law of economic motions.” Accordingly, the tools and

methods of mathematical statistics will provide the operating principles.

One important implication of the fundamental axioms is that one should

not hope to determine precise, and deterministic economic relationships, as

do the models of demand, production, and aggregate consumption in stan-

dard micro- and macro-economic textbooks. No model could encompass the

myriad essentially random aspects of economic life (i.e., no precise point

forecast is possible, using a statistical terminology). Instead, one can only

postulate some stochastic economic relationships. The purpose of econo-

metrics is to infer the probability law of the economic system using observed

data. Economic theory usually takes a form of imposing certain restrictions

on the probability law. Thus, one can test economic theories or hypotheses

by checking the validity of these restrictions.

It should be emphasized that the role of mathematics is different from

the role of econometrics. The main task of mathematical economics is to

express economic theory in the mathematical form of equations (or models)

without regard to measurability or empirical verification of economic the-

ory. Mathematics can check whether the reasoning process of an economic

theory is correct and sometime can give surprising results and conclusions.

However, it cannot check whether an economic theory can explain reality.

To check whether a theory is consistent with reality, one needs economet-

rics. Econometrics is a fundamental methodology in the process of economic

analysis. Like the development of a natural science, the development of

economic theory is a process of refuting the existing theories which cannot

explain newly arising empirical stylized facts and developing new theories

which can explain them. Econometrics rather than mathematics plays a

crucial role in this process. There is no absolutely correct or universally

applicable economic theory. Any economic theory can only explain the re-

ality at certain stage, and therefore, is a “relative truth” in the sense that

it is consistent with historical data available at that time. An economic

theory may not be rejected due to limited data information. It is possible

that more than one economic theory or model coexist simultaneously, be-

cause data does not contain sufficient information to distinguish the true
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one (if any) from false ones. When new data becomes available, a theory

that can explain the historical data well may not explain the new data well

and thus will be refuted. In many cases, new econometric methods can lead

to new discovery and call for new development of economic theory.

Econometrics is not simply an application of a general theory of mathe-

matical statistics to economic data. Although mathematical statistics pro-

vides many of the operating tools used in econometrics, econometrics often

needs special methods because of the unique nature of economic data, and

the unique nature of economic problems at hand. One example is the gen-

eralized method of moment estimation (Hansen 1982), which was proposed

by econometricians aiming to estimate rational expectations models which

only impose certain conditional moment restrictions characterized by the

Euler equation and the conditional distribution of economic processes is un-

known (thus, the classical maximum likelihood estimation cannot be used).

The development of unit root and cointegration (e.g., Engle and Granger

1987, Phillips 1987), which is a core in modern time series econometrics, has

been mainly motivated from Nelson and Plosser’s (1982) empirical docu-

mentation that most macroeconomic time series display unit root behaviors.

Thus, it is necessary to provide an econometric theory for unit root and

cointegrated systems because the standard statistical inference theory is

no longer applicable. The emergence of financial econometrics is also due

to the fact that financial time series display some unique features such as

persistent volatility clustering, heavy tails, infrequent but large jumps, and

serially uncorrelated but not independent asset returns. Financial applica-

tions, such as financial risk management, hedging and derivatives pricing,

often call for modeling for volatilities and the entire conditional probabil-

ity distributions of asset returns. The features of financial data and the

objectives of financial applications make the use of standard time series

analysis quite limited, and therefore, call for the development of finan-

cial econometrics. Labor economics is another example which shows how

labor economics and econometrics have benefited from each other. La-

bor economics has advanced quickly over the last few decades because of

availability of high-quality labor data and rigorous empirical verification

of hypotheses and theories on labor economics. On the other hand, mi-

croeconometrics, particularly panel data econometrics, has also advanced

quickly due to the increasing availability of microeconomic data and the

need to develop econometric theory to accommodate the features of mi-

croeconomic data (e.g., censoring and endogeneity).
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In the first issue of Econometrica, the founder of the Econometric So-

ciety, Fisher (1933), nicely summarizes the objective of the Econometric

Society and main features of econometrics: “Its main object shall be to

promote studies that aim at a unification of the theoretical-quantitative

and the empirical-quantitative approach to economic problems and that

are penetrated by constructive and rigorous thinking similar to that which

has come to dominate the natural sciences.

· · ·
But there are several aspects of the quantitative approach to economics,

and no single one of these aspects, taken by itself, should be confounded

with econometrics. Thus, econometrics is by no means the same as eco-

nomic statistics. Nor is it identical with what we call general economic

theory, although a considerable portion of this theory has a definitely quan-

titative character. Nor should econometrics be taken as synonomous [sic]

with the application of mathematics to economics. Experience has shown

that each of these three view-points, that of statistics, economic theory, and

mathematics, is a necessary, but not by itself a sufficient, condition for a

real understanding of the quantitative relations in modern economic life. It

is the unification of all three that is powerful. And it is this unification that

constitutes econometrics.” Like advanced calculus, probability and statis-

tics are indispensable mathematical tools in econometrics and economics.

1.5 Illustrative Examples

Specifically, econometrics can play the following roles in economics:

• Examine how well an economic theory can explain historical eco-

nomic data (particularly the important stylized facts);

• Test validity of economic theories and hypotheses;

• Predict the future evolution of the economy;

• Conduct policy evaluation and make policy recommendations.

To appreciate the roles of modern econometrics in economic analysis,

we now discuss a number of illustrative econometric examples in various

fields of economics and finance.

Example 1.1. [Keynesian Model, Multiplier and Policy Recom-

mendation]: The simplest Keynesian model can be described by the
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system of equations {
Yt = Ct + It +Gt,

Ct = α+ βYt + εt,

where Yt is aggregate income, Ct is private consumption, It is private in-

vestment, Gt is government spending, and εt is consumption shock. The

parameters α and β can have appealing economic interpretations: α is sur-

vival level consumption, and β is the marginal propensity to consume. The

multiplier of the income with respect to government spending is

∂Yt

∂Gt
=

1

1− β
,

which depends on the Marginal Propensity to Consume (MPC) β.

To assess the effect of fiscal policies on the economy, it is important to

know the magnitude of β. For example, suppose the Chinese government

wants to maintain a steady growth rate (e.g., an annual 8%) for its economy

by active fiscal policy. It has to figure out how many government bonds

to be issued each year. Insufficient government spending will jeopardize

the goal of achieving the desired growth rate, but excessive government

spending will cause budget deficit in the long run. The Chinese government

has to balance these conflicting effects and this crucially depends on the

knowledge of the value of β. Economic theory can only suggest a positive

qualitative relationship between income and consumption. It never tells

exactly what β should be for a given economy. It is conceivable that β

differs from country to country, because cultural factors may have impact on

the consumption behavior of an economy. It is also conceivable that β will

depend on the stage of economic development in an economy. Fortunately,

econometrics offers a feasible way to estimate β from observed data. In

fact, economic theory even does not suggest a specific functional form for

the consumption function. The linear functional form for the consumption

is assumed for convenience, not implied by economic theory. Econometrics

can provide a consistent estimation procedure for the unknown consumption

function. This is called the nonparametric method (see, e.g., Härdle 1990,

Pagan and Ullah 1999).

Example 1.2. [Rational Expectations and Dynamic Asset Pricing

Models]: Suppose a representative agent has a constant relative risk aver-



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 12

12 Foundations of Modern Econometrics

sion utility

U =

n∑
t=0

βtu(Ct) =

n∑
t=0

βtC
γ
t − 1

γ
,

where β > 0 is the agent’s time discount factor, γ ≥ 0 is the risk aversion

parameter, u(·) is the agent’s utility function in each time period, and Ct

is consumption during period t. Let the information available to the agent

at time t be represented by the σ-algebra It—in the sense that any variable

whose value is known at time t is presumed to be It-measurable, and let

Rt = Pt/Pt−1 be the gross return to an asset acquired at time t − 1 at a

price of Pt−1. The agent’s optimization problem is to choose a sequence of

consumptions {Ct} over time to

max
{Ct}

E(U)

subject to the intertemporal budget constraint

Ct + Ptqt ≤ Wt + Ptqt−1,

where qt is the quantity of the asset purchased at time t and Wt is the

agent’s period t income. Define the marginal rate of intertemporal substi-

tution

MRSt+1(θ) =

∂u(Ct+1)
∂Ct+1

∂u(Ct)
∂Ct

=

(
Ct+1

Ct

)γ−1

,

where model parameter vector θ = (β, γ)′. Then the First Order Condition

(FOC) of the agent’s optimization problem can be characterized by

E [βMRSt+1(θ)Rt+1|It] = 1.

That is, the marginal rate of intertemporal substitution discounts gross

returns to unity. This FOC is usually called the Euler equation of the

economic system (see Hansen and Singleton 1982 for more discussion).

How to estimate this model? How to test validity of a rational expecta-

tions model? Here, the traditional popular maximum likelihood estimation

method cannot be used, because one does not know the conditional dis-

tribution of economic variables of interest. Nevertheless, econometricians

have developed a consistent estimation method based on the conditional

moment condition or the Euler equation, which does not require knowledge

of the conditional distribution of the data generating process. This method

is called the generalized method of moments (see Hansen 1982).
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In the empirical literature, it was documented that the empirical es-

timates of risk aversion parameter γ are often too small to justify the

substantial difference between the observed returns on stock markets and

bond markets (e.g., Mehra and Prescott 1985). This is the well-known eq-

uity premium puzzle. To resolve this puzzle, effort has been devoted to the

development of new economic models with time-varying and large risk aver-

sion. An example is Campbell and Cochrance’s (1999) consumption-based

capital asset pricing model. This story confirms our earlier statement that

econometric analysis calls for new economic theory after documenting the

inadequacy of the existing model.

Example 1.3. [Production Function and Hypothesis of Constant

Return to Scale]: Suppose that for some industry, there are two inputs—

labor Li and capital stock Ki, and one output Yi, where i is the index for

firm i. The production function of firm i is a mapping from inputs (Li,Ki)

to output Yi:

Yi = exp(εi)F (Li,Ki),

where εi is a stochastic factor (e.g., the uncertain weather condition if Yi

is an agricultural product). An important economic hypothesis is that the

production technology displays a Constant Return to Scale (CRS), which

is defined as follows:

λF (Li,Ki) = F (λLi, λKi) for all λ > 0.

CRS is a necessary condition for the existence of a long-run equilibrium

of a competitive market economy. If CRS does not hold for some indus-

try, and the technology displays the Increasing Return to Scale (IRS), the

industry will lead to natural monopoly. Government regulation is then nec-

essary to protect consumers’ welfare. Therefore, testing CRS versus IRS

has important policy implication, namely whether regulation is necessary.

A conventional approach to testing CRS is to assume that the produc-

tion function is a Cobb-Douglas function:

F (Li,Ki) = A exp(εi)L
α
i K

β
i .

Then CRS becomes a mathematical restriction on parameters (α, β):

H0 : α+ β = 1.

If a+ β > 1, the production technology displays IRS.
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In statistics, a popular procedure to test one-dimensional parameter re-

striction is the classical Student’s t-test. Unfortunately, this procedure is

not suitable for many cross-sectional economic data, which usually display

conditional heteroskedasticity (e.g., a larger firm has a larger output vari-

ation). One needs to use a robust and heteroskedasticity-consistent test

procedure, originally proposed in White (1980).

It should be emphasized that CRS is equivalent to the statistical hypoth-

esis H0 : α + β = 1 under the assumption that the production technology

is a Cobb-Douglas function. This additional condition is not part of the

CRS hypothesis and is called an auxiliary assumption. If the auxiliary as-

sumption is incorrect, the statistical hypothesis H0 : α + β = 1 will not

be equivalent to CRS. Correct model specification is essential for a valid

conclusion and interpretation for the econometric inference.

Example 1.4. [Effect of Economic Reforms in Transitional Econ-

omy]: We now consider an extended Cobb-Douglas production function

(after taking a logarithmic operation)

lnYit = lnAit + α lnLit + β lnKit + γBonusit + δContractit + εit,

where i is the index for firm i ∈ {1, ..., N}, and t is the index for year

t ∈ {1, ..., T}, Bonusit is the proportion of bonus out of total wage bill,

and Contractit is the proportion of workers who have signed a fixed-term

contract. This is an example of the so-called panel data model (see, e.g.,

Hsiao 2003).

Paying bonuses and signing fixed-term contracts were two innovative

incentive reforms in the Chinese state-owned enterprises in the 1980s, com-

pared to the fixed wage and life-time employment systems in the pre-reform

era. Economic theory predicts that the introduction of the bonus and con-

tract systems provides stronger incentives for workers to work harder, thus

increasing the productivity of a firm (see Groves, Hong, McMillan and

Naughton 1994).

To examine the effects of these incentive reforms, we consider the null

statistical hypothesis

H0 : γ = δ = 0.

It appears that the classical t-tests or F -tests would serve our purpose here,

if we can assume conditional homoskedasticity. Unfortunately, this cannot

be used because there may well exist the other way of causation from Yit
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to Bonusit : a productive firm may pay its workers higher bonuses regard-

less of their efforts. This will cause correlation between the bonuses and

the error term uit, rendering the Ordinary Least Squares (OLS) estimator

inconsistent and invalidating the classical t-tests or F -tests. Fortunately,

econometricians have developed an important estimation procedure called

Instrumental Variables (IV) estimation, which can effectively filter out the

impact of the causation from output to bonus and obtain a consistent es-

timator for the bonus parameter. Related hypothesis test procedures can

be used to check whether bonus and contract reforms can increase firm

productivity. IV regression has been a popular methodology to identify

economic causal relationships based on nonexperimental observations.

In evaluating the effect of economic reforms, we have turned an economic

hypothesis—that introducing bonuses and contract systems has no effect

on productivity—into a statistical hypothesis H0 : δ = γ = 0. When the

hypothesis H0 : δ = γ = 0 is not rejected, we should not conclude that the

reforms have no effect. This is because the extended production function

model, where the reforms are specified additively, is only one of many ways

to check the effect of the reforms. For example, one could also specify

the model such that the reforms affect the marginal productivities of labor

and capital (i.e., the coefficients of labor and capital). Thus, when the

hypothesis H0 : δ = γ = 0 is not rejected, we can only say that we do

not find evidence against the economic hypothesis that the reforms have no

effect. We should not conclude that the reforms have no effect.

Example 1.5. [Efficient Market Hypothesis (EMH) and Predict-

ability of Financial Returns]: Let Yt be the stock return in period t,

and let It−1 = {Yt−1, Yt−2, ...} be the information set containing the history

of past stock returns. The weak form of EMH states that it is impossible

to predict future stock returns using the history of past stock returns:

E(Yt|It−1) = E(Yt).

The left hand side, the so-called conditional mean of Yt given It−1, is the

expected return that can be obtained when one is fully using the informa-

tion available at time t − 1. The right hand side, the unconditional mean

of Yt, is the expected market average return in the long-run; it is the ex-

pected return of a buy-and-hold trading strategy. When EMH holds, the

past information of stock returns has no predictive power for future stock

returns. An important implication of EMH is that mutual fund managers

will have no informational advantage over layman investors.
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EMH is a model-free hypothesis. One simple way to test EMH is to

consider the following AutoRegressive (AR) model

Yt = α0 +

p∑
j=1

αjYt−j + εt,

where p is a pre-selected number of lags, and εt is a random disturbance.

This linear model is called an AR(p) model. EMH implies

H0 : α1 = α2 = · · · = αp = 0.

Any nonzero coefficient αj , 1 ≤ j ≤ p, is evidence against EMH. Thus,

to test EMH, one can test whether the αj are jointly zero. The classical

F -test in a linear regression model can be used to test the hypothesis H0

when var(εt|It−1) = σ2, i.e., when there exists conditional homoskedastic-

ity. However, EMH may coexist with volatility clustering, which is one of

the most important empirical stylized facts of financial markets and which

implies that var(εt|It−1) is time-varying. Therefore, the standard F -test

statistic cannot be used here, even asymptotically. Similarly, the popular

Box and Pierce’s (1970) portmanteau Q test, which is based on the sum of

the first p squared sample autocorrelations, also cannot be used, because

its asymptotic χ2 distribution is invalid in presence of autoregressive con-

ditional heteroskedasticity. One has to use procedures that are robust to

conditional heteroskedasticity.

Like the discussion in Example 1.4, when one rejects the null hypoth-

esis H0 that the αj are jointly zero, we have evidence against EMH. Fur-

thermore, the linear AR(p) model has predictive ability for asset returns.

However, when one fails to reject the hypothesis H0 that the αj are jointly

zero, one can only conclude that we do not find evidence against EMH.

One cannot conclude that EMH holds. The reason is, again, that the linear

AR(p) model is one of many possibilities to check EMH (see, e.g., Hong

and Lee 2005, for more discussion).

Example 1.6. [Volatility Clustering and ARCH Model]: Since the

1970s, oil crisis, the floating foreign exchanges system, and the high interest

rate policy in the U.S. have stimulated a lot of uncertainty in the world

economy. Economic agents have to incorporate the uncertainty in their

decision-making. How to measure uncertainty has become an important

issue.
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In economics, volatility is a key instrument for measuring uncertainty

and risk in finance. This concept is important to investigate information

flows and volatility spillover, financial contagions between financial markets,

options pricing, and calculation of Value at Risk (VaR).

Volatility can be measured by the conditional variance of asset return

Yt given the information available at time t− 1:

σ2
t ≡ var(Yt|It−1) = E

[
(Yt − E(Yt|It−1))

2|It−1

]
.

An example of the conditional variance is the AutoRegressive Conditional

Heteroskedasticity (ARCH) model, originally proposed by Engle (1982).

An ARCH(q) model assumes that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Yt = μt + εt,

εt = σtzt,

μt = E(Yt|It−1),

σ2
t = α+

∑q
j=1 βjε

2
t−j , α > 0, β > 0,

{zt} ∼ IID(0, 1),

where IID stands for Independent and Identically Distributed. This model

can explain a well-known stylized fact in financial markets—volatility clus-

tering: a high volatility tends to be followed by another high volatility, and

a small volatility tends to be followed by another small volatility. It can

also explain the non-Gaussian heavy tail of asset returns. More sophisti-

cated volatility models, such as Bollerslev’s (1986) Generalized ARCH or

GARCH model, have been developed in time series econometrics.

In practice, an important issue is how to estimate a volatility model.

Here, the models for the conditional mean μt and the conditional variance

σ2
t are assumed to be correctly specified, but the conditional distribution of

Yt is unknown, because the distribution of the standardized innovation {zt}
is unknown. Thus, the popular Maximum Likelihood Estimation (MLE)

method cannot be used. Nevertheless, one can assume that {zt} is IID

N(0, 1) or follows other plausible distribution. Under this assumption, we

can obtain a conditional distribution of Yt given It−1 and estimate model

parameters using the MLE procedure. Although {zt} is not necessarily IID

N(0, 1) and we know this, the estimator obtained this way is still consistent

for the true model parameters. However, because the conditional distribu-

tion of zt given It−1 is likely to be misspecified, the asymptotic variance of
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this estimator is generally larger than that of MLE (which is based on the

true distribution of {zt}). This is the cost one has to pay not knowing the

true distribution of {zt}. This method is called the Quasi-MLE, or QMLE

(see, e.g., White 1982 and 1994). Inference procedures based on QMLE are

different from those based on MLE. For example, the popular likelihood

ratio test cannot be used. The difference comes from the fact that the

asymptotic variance of QMLE is different from that of MLE, just like the

fact that the asymptotic variance of the OLS estimator under conditional

heteroskedasticity is different from that of the OLS estimator under con-

ditional homoskedasticity. Incorrect calculation of the asymptotic variance

estimator for QMLE will lead to misleading inference and conclusion (see

White 1982, 1994 for more discussion).

Example 1.7. [Modeling Economic Durations]: Suppose we are in-

terested in the time it takes for an unemployed person to find a job, the

time that elapses between two trades or two price changes, the time length

of a strike, the time length before a cancer patient dies, the time length

before a financial crisis (e.g., credit default risk) comes out, the time length

before a startup technology firm goes bankrupt, and the time length before

a family gets out of poverty. Such analysis is called duration analysis or

survival analysis.

In practice, the main interest often lies in the question of how long a

duration will continue, given that it has not finished yet. The so-called

hazard rate or hazard function measures the chance that the duration will

end now, given that it has not ended before. This hazard rate therefore can

be interpreted as the chance to find a job, to trade, to end a strike, etc.

Suppose random variable Ti is the duration from a population distribu-

tion with Probability Density Function (PDF) f(t) and Cumulative Distri-

bution Function (CDF) F (t). Then the survival function is

S(t) = P (Ti > t) = 1− F (t),

and the hazard rate

λ(t) = lim
δ→0+

P (t < Ti ≤ t+ δ|Ti > t)

δ
=

f(t)

S(t)
.

Intuitively, the hazard rate λ(t) is the instantaneous probability that an

event of interest will end at time t given that it has lasted for period t.

Note that the specification of λ(t) is equivalent to a specification of the

PDF f(t). But λ(t) is more interpretable from an economic point of view.
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The hazard rate may not be the same for all individuals. To control het-

erogeneity across individuals, we assume that the individual-specific hazard

rate depends on some individual characteristics Xi via the form

λi(t) = exp(X ′
iβ)λ(t).

This is called the proportional hazard model, originally proposed by Cox

(1972). The parameter

β =
∂

∂Xi
lnλi(t) =

1

λi(t)

∂

∂Xi
λi(t)

can be interpreted as the marginal relative effect of Xi on the hazard rate

of individual i. Inference of β will allow one to examine how individual

characteristics affect the duration of interest. For example, suppose Ti is the

unemployment duration for individual i, then the inference of β will allow

us to examine how individual characteristics, such as age, education and

gender, can affect the unemployment duration. This will provide important

policy implication on labor markets.

Because one can obtain the conditional PDF of Yi given Xi

fi(t) = λi(t)Si(t),

where the survival function Si(t) = exp[− ∫ t

0
λi(s)ds], we can estimate β by

the MLE method.

For an excellent survey on duration analysis in labor economics, see

Kiefer (1988), and for a complete and detailed account, see Lancaster

(1990). Duration analysis has been also widely used in credit risk mod-

eling in the recent financial literature.

The above examples, although not exhaustive, illustrate how economet-

ric models and tools can be used in economic analysis. As noted earlier, an

economy can be completely characterized by the probability law governing

the economy. In practice, which attributes (e.g., conditional moments) of

the probability law should be used depends on the nature of the economic

problem at hand. In other words, different economic problems will require

modeling different attributes of the probability law and thus require dif-

ferent econometric models and methods. In particular, it is not necessary

to specify a model for the entire conditional distribution function for all

economic applications. This can be seen clearly from the above examples.
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1.6 Limitations of Econometric Analysis

Although the general methodology of economic research is very similar to

that of natural science, in general, economics and finance have not reached

the mature stage that natural science (e.g., physics) has achieved. In par-

ticular, the prediction in economics and finance is not as precise as natural

science (see, e.g., Granger 2001, for an assessment of macroeconomic fore-

casting practice).

Why?

Like any other statistical analysis, econometrics is the analysis of the

“average behavior” of a large number of realizations, or the outcomes of

a large number of random experiments with the same or similar features.

However, economic data are not produced by a large number of repeated

random experiments, due to the fact that an economy is not a controlled

experiment. Most economic data are nonexperimental in their nature. This

imposes some limitations on econometric analysis.

First, as a simplification of reality, economic theory or model can only

capture the main or most important factors, but the observed data is the

joint outcome of many factors together, and some of them are unknown

and unaccounted for. These unknown factors are well presented but their

influences are ignored in economic modeling. This is unlike natural science,

where one can remove secondary factors via controlled experiments. In

the realm of economics, we are only passive observers; most data collected

in economics are nonexperimental in that the data collecting agency may

not have direct control over the data. As a result, it has been rather dif-

ficult, although not impossible, to identify the causal relationships among

economic variables. The recently emerging field of experimental economics

can help somehow, because it studies the behavior of economic agents un-

der controlled experiments (see, e.g., Samuelson 2005). In other words,

experimental economics controls the data generating process so that data

is produced by the factors under study. Nevertheless, the scope of experi-

mental economics is limited in many applications. One can hardly imagine

how an economy with 1.3 billion of people can be experimented. For ex-

ample, can we repeat the economic reforms in China and former Eastern

European Socialist countries?

Second, an economy is an irreversible or non-repeatable system. A

consequence of this is that data observed are a single realization of economic

variables. For example, we consider the annual Chinese GDP growth rate

{Yt} over the past two decades:



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 21

Introduction to Econometrics 21

Y1997 Y1998 Y1999 Y2000 Y2001 Y2002 Y2003 Y2004 Y2005 Y2006 Y2007

9.2% 7.8% 7.7% 8.5% 8.3% 9.1% 10.0% 10.1% 11.4% 12.7% 14.2%

Y2008 Y2009 Y2010 Y2011 Y2012 Y2013 Y2014 Y2015 Y2016 Y2017 Y2018

9.7% 9.4% 10.6% 9.6% 7.9% 7.8% 7.3% 6.9% 6.7% 6.8% 6.6%

.

GDP growths in different years should be viewed as different random

variables, and each variable Yt only has one realization! There is no way

to conduct statistical analysis if one random variable only has a single

realization. As noted earlier, statistical analysis studies the “average” be-

havior of a large number of realizations from the same data generating

process. To conduct statistical analysis of economic data, economists and

econometricians often assume some time-invarying “common features” of

an economic system so as to use time series data or cross-sectional data of

different economic variables. These common features are usually termed as

“stationarity” or “homogeneity” of the economic system. With these as-

sumptions, one can consider that the observed data are generated from the

same population or populations with similar characters. Economists and

econometricians assume that the conditions needed to employ the tools of

statistical inference hold, but this is rather difficult, if not impossible, to

check in practice.

Third, economic relationships are often changing over time for an econ-

omy. Regime shifts and structural changes are rather a rule than an ex-

ception, due to technology shocks and changes in preferences, population

structure and institution arrangements. A well-known example is the so-

called Great Moderation of the U.S. macroeconomy, whose volatilities have

been declining since the 1980s (e.g., Bernanke 2004). Figures 1.1 and 1.2

are the time series plots of annual U.S. GDP growth rates and U.S. inflation

rates, from which one can see that volatilities of U.S. GDP growth rates

and inflation rates have been declining since mid-1980s. Indeed, similar

and perhaps more striking phenomena can also been observed for Chinese

GDP growth rates and inflation rates. Figures 1.3 and 1.4 show that the

volatilities of Chinese GDP growth rates and inflation rates have been de-

clining since the 1990s. An unstable economic relationship makes it dif-

ficult for out-of-sample forecasts and policy-making. With a structural

break, an economic model that was performing well in the past may not

forecast well in the future. Over the past several decades, econometri-

cians have made some progress to copy with the time-varying feature of an

economic system. Chow’s (1960) test, for example, can be used to check
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Figure 1.1 Time series plots of annual U.S. GDP growth rates.

Data source: http://data.worldbank.org
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Figure 1.2 Time series plots of annual U.S. inflation rates.

Data source: http://data.worldbank.org
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Figure 1.3 Time series plots of Chinese GDP growth rates.

Data source: http://data.worldbank.org
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Figure 1.4 Time series plots of Chinese inflation rates.

Data source: http://data.worldbank.org
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whether there exist structural breaks. Engle’s (1982) volatility model can

be used to forecast time-varying volatility using historical asset returns.

Nevertheless, the time-varying feature of an economic system always im-

poses a challenge for economic forecasts. This is quite different from natural

sciences, where the structure and relationships are more or less stable over

time.

Fourth, data quality. The success of any econometric study hinges on

the quantity as well as the quality of data. However, economic data may be

subject to various defects. The data may be badly measured or may corre-

spond only vaguely to the economic variables defined in the model. Some of

the economic variables may be inherently unmeasurable, and some relevant

variables may be missing from the model. Moreover, sample selection bias

will also cause a problem. In China, there may have been a tendency to

over-report or estimate the GDP growth rates given the existing institu-

tional promotion mechanism for local government officials. All these data

problems remain even in the current era of Big data, which consists of both

structured and unstructured data. The latter includes data in form of texts,

graphs, voices and videos. Of course, the advances in computer technology

and artificial intelligence, the development of statistical sampling theory

and practice can help improve the quality of economic data. For example,

the use of scanning machines makes every transaction data available.

The above features of economic data and economic systems together

unavoidably impose some limitations for econometrics to achieve the same

mature stage as the natural science.

1.7 Conclusion

In this chapter, we have discussed the philosophy and methodology of

econometrics in economic research, and the differences between economet-

rics and mathematical economics and mathematical statistics. We first

discussed two most important features of modern economics, namely math-

ematical modeling and empirical analysis. This is due to the effort of several

generations of economists to make economics a science. As the methodol-

ogy for empirical analysis in economics, econometrics is an interdisciplinary

field. It uses the insights from economic theory, uses statistics to develop

methods, and uses computers to estimate models. We then discussed the

roles of econometrics and its differences from mathematics, via a variety

of illustrative examples in economics and finance. Finally, we pointed out

some limitations of econometric analysis, due to the fact that any economy
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is not a controlled experiment and so most observed economic data are

nonexperimental in nature. It should be emphasized that these limitations

are not only the limitations of econometrics, but of economics as a whole.
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Exercise 1

1.1. Discuss the differences of the roles of mathematics and econometrics

in economic research.

1.2. What are the fundamental axioms of econometrics? Discuss their roles

and implications.

1.3. What are the limitations of econometric analysis? Discuss possible

ways to alleviate the impact of these limits.

1.4. How do you perceive the roles of econometrics in decision-making in

economics and business?



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 27

Chapter 2

General Regression Analysis

Abstract: This chapter introduces regression analysis, the most popular

statistical tool to explore the dependence of one variable (say Y ) on oth-

ers (say X). The variable Y is called the dependent variable or response

variable, and X is called the independent variable or explanatory variable.

The regression relationship between X and Y can be used to study the

effect of X on Y or to predict Y using X. We motivate the importance of

the regression function from both the economic and statistical perspectives,

and characterize the condition for correct specification of a linear model for

the regression function, which is shown to be crucial for a valid economic

interpretation of model parameters.

Keywords: Conditional distribution, Conditional mean, Consumption

function, Correct model specification, Linear regression model, Marginal

Propensity to Consume (MPC), Model misspecification, Regression

2.1 Conditional Probability Distribution

Throughout this book, we use the following notational conventions: capital

letters (e.g., Y ) denote random variables or random vectors, lower case

letters (e.g., y) denote realizations of random variables.

We assume that Z = (Y,X ′)′ is a random vector with E(Y 2) < ∞,

where Y is a scalar, X is a (k + 1) × 1 vector of variables with its first

component being a constant, and X ′ denotes the transpose of X. Given

this assumption, the conditional mean E(Y |X) exists and is well-defined.

Statistically speaking, the relationship between two random variables

or vectors X (e.g., oil price change) and Y (e.g., economic growth) can be

characterized by their joint distribution function. Suppose (X ′, Y )′ are con-
tinuous random vectors, and the joint Probability Density Function (PDF)

27
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of (X ′, Y )′ is f(x, y). Then the marginal PDF of X is

fX(x) =

∫ ∞

−∞
f(x, y)dy,

and the conditional PDF of Y given X = x is

fY |X(y|x) = f(x, y)

fX(x)
,

provided fX(x) > 0. The conditional PDF fY |X(y|x) completely describes

how Y depends on X. In other words, it characterizes a predictive relation-

ship of Y using X. With this conditional PDF fY |X(y|x), we can compute

the following quantities:

• conditional mean

E(Y |x) ≡ E(Y |X = x)

=

∫ ∞

−∞
yfY |X(y|x)dy;

• conditional variance

var(Y |x) ≡ var(Y |X = x)

=

∫ ∞

−∞
[y − E(Y |x)]2fY |X(y|x)dy

= E(Y 2|x)− [E(Y |x)]2;

• conditional skewness

S(Y |x) = E{[Y − E(Y |x)]3|x}
[var(Y |x)]3/2 ;

• conditional kurtosis

K(Y |x) = E{[Y − E(Y |x)]4|x}
[var(Y |x)]2 ;

• α-conditional quantile Q(x, α), which is determined by the follow-

ing equation:

P [Y ≤ Q(X,α)|X = x] = α ∈ (0, 1).
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Note that when α = 1
2 , Q(x, 1

2 ) is the conditional median, which is

the cutoff point or threshold that divides the population into two

equal halves, conditional on X = x.

The class of conditional moments is a summary characterization of the con-

ditional distribution fY |X(y|x). A mathematical model (i.e., an assumed

functional form with a finite number of unknown parameters) for a condi-

tional moment is called an econometric model for that conditional moment.

Question: Which moment to model and use in practice?

It depends on economic applications. For some applications, we only

need to model the first conditional moment, namely the conditional mean.

For example, asset pricing aims at explaining excess asset returns by sys-

tematic risk factors. An asset pricing model is essentially a model for the

conditional mean of asset returns on risk factors. For others, we may have

to model higher order conditional moments and even the entire conditional

distribution. In econometric practice, the most popular models are the first

two conditional moments, namely the conditional mean and conditional

variance. There is no need to model the entire conditional distribution of

Y given X when only certain conditional moments are needed. For exam-

ple, when the conditional mean is of concern, there is no need to model the

conditional variance or impose restrictive conditions on it.

The conditional moments, and more generally the conditional probabil-

ity distribution of Y given X, are not the causal relationship from X to

Y. They are a predictive relationship from a statistical perspective. That

is, one can use the information on X to predict the distribution of Y or

its attributes. These probability concepts cannot tell whether the change

in Y is caused by the change in X. Such causal interpretation has to reply

on economic theory. Economic theory usually hypothesizes that a change

in Y is caused by a change in X, i.e., there exists a causal relationship

from X to Y. If such an economic causal relationship exists, we will find a

predictive relationship from X to Y. On the other hand, a documented pre-

dictive relationship from X to Y may not be caused by an economic causal

relationship from X to Y . For example, it is possible that both X and Y

are positively correlated due to their dependence on a common factor. As

a result, we will find a predictive relationship from X to Y, although they

do not have any causal relationship. In fact, it is well-known in economet-

rics that some economic variables that trend consistently upwards over time

are highly correlated even in the absence of any causal relationship between



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 30

30 Foundations of Modern Econometrics

them. Such strong correlations are called spurious relationships. One of

the most important goals of econometric analysis is to identify economic

causal relationships using nonexperimental observations.

2.2 Conditional Mean and Regression Analysis

We now focus on the first conditional moment, E(Y |X), which is called the

regression function of Y on X, where Y is called the regressand, and X is

called the regressor vector. We note that the (k + 1) × 1 regressor vector

X is usually constructed from a set of economic explanatory variables. For

example, X = (1, Z, Z2, ..., Zk)′, where Z is an economic variable such

as income or age. The term “regression” is used to signify a predictive

relationship between Y and X.

Definition 2.1. [Regression Function]: The conditional mean E(Y |X)

is called a regression function of Y on X.

Many economic theories can be characterized by the conditional mean

E(Y |X) of Y given X, provided X and Y are suitably defined. Most,

though not all, of dynamic economic theories and/or dynamic optimization

models, such as rational expectations, efficient market hypothesis (EMH),

expectations hypothesis, and optimal dynamic asset pricing, have impor-

tant implications on (and only on) the conditional mean of underlying eco-

nomic variables given the information available to economic agents (e.g.,

Cochrane 2001, Ljungqvist and Sargent 2002). For example, the classical

efficient market hypothesis states that the expected asset return given the

information available, is zero, or at most, is constant over time; the optimal

dynamic asset pricing theory implies that the expectation of the pricing er-

ror given the information available is zero for each asset (Cochrane 2001).

Although economic theory may suggest a nonlinear relationship, it does

not give a completely specified functional form for the conditional mean

of economic variables. It is therefore important to model the conditional

mean properly.

The term “regression” was coined by Galton (1877, 1885) in the nine-

teenth century to describe a biological phenomenon. The phenomenon was

that the heights of descendants of tall ancestors tend to regress down to-

wards a normal average, a phenomenon also known as regression toward the

mean. For Galton, regression had only this biological meaning, but his work

was later extended by Yule (1897) and Pearson (1903) to a more general
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statistical context. In the work of Yule and Pearson, the joint distribution

of the response and explanatory variables is assumed to be normal. This

assumption was weakened by Fisher (1922, 1925), who assumed that the

conditional distribution of the response variable is normal, but the joint

distribution need not be. In this respect, Fisher’s assumption is closer to

Gauss’ (1821) formulation.

Most commonly, regression analysis is concerned with the conditional

expectation of the dependent variable or response variable given the ex-

planatory variables, that is, the average value of the dependent variable

when the explanatory variables are fixed. Less commonly, the focus can

also be on a quantile, or other location parameter of the conditional distri-

bution of the dependent variable given the explanatory variables. For the

case of a conditional quantile, one usually calls it the quantile regression

function. In all cases, a function of the explanatory variables is loosely

called the regression function.

Conditional mean analysis or regression analysis is one of the most pop-

ular statistical methods in econometrics, and has wide applications in eco-

nomics. For example, it can be used to estimate economic relationships,

test economic hypotheses, predict the future evolution of the economy, and

conduct policy evaluation. Below are a few commonly seen examples.

Example 2.1. [Consumption Function]: Let Y be consumption, X be

disposable income. Then E(Y |X) = C(X) is called a consumption function,

which signifies how consumption depends on income. The first derivative

of the consumption function C(X) is called the Marginal Propensity to

Consume (MPC):

MPC = C ′(X) =
dE(Y |X)

dX
.

MPC is a very important concept in Keynes’ multiplier effect analysis.

Furthermore, if Y denotes food consumption, then according to Engel’s

law, MPC is a decreasing function of X. Therefore, one can verify Engel’s

law by empirically testing whether C ′(X) is a decreasing function of X.

Example 2.2. [Production Function]: Let Y be output, X be labor,

capital and raw materials. Then the regression function E(Y |X) = F (X) is

called a production function, which tells too much output can be produced

given the amount of inputs X. Most well-known examples of production

functions are the Cobb-Douglas and translog functions (see, Christiansen
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et al. 1971 and 1973). A production function can be used to test the

Constant Return to Scale (CRS) hypothesis. CRS is defined as follows:

λF (X) = F (λX) for all λ > 0.

Example 2.3. [Cost Function]: Let Y be the production cost to pro-

duce output X. Then the regression function E(Y |X) = C(X) is called a

cost function. For a monopolistic firm or industry, its marginal cost is a

decreasing function of output X, namely,

dE(Y |X)

dX
= C ′(X) > 0,

d2E(Y |X)

dX2
= C ′′(X) < 0.

This property implies that the cost function for a monopolistic firm is a

nonlinear function of output X. Therefore, a linear regression function of

X is inappropriate.

Before modeling E(Y |X), we first discuss some probabilistic properties

of E(Y |X).

Lemma 2.1. E[E(Y |X)] = E(Y ).

Proof: The result follows immediately from applying the law of iterated

expectations below.

Lemma 2.2. [Law of Iterated Expectations]: For any measurable

function G(X,Y ),

E [G(X,Y )] = E {E [G(X,Y )|X]} ,

provided the expectation E[G(X,Y )] exists.

Proof: We consider the case of the joint continuous distribution of

(Y,X ′)′ only. By the multiplication rule that the joint PDF f(x, y) =
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fY |X(y|x)fX(x), we have

E[G(X,Y )] =

∫ ∞

−∞

∫ ∞

−∞
G(x, y)fXY (x, y)dxdy

=

∫ ∞

−∞

∫ ∞

−∞
G(x, y)fY |X(y|x)fX(x)dxdy

=

∫ ∞

−∞

[∫ ∞

−∞
G(x, y)fY |X(y|x)dy

]
fX(x)dx

=

∫ ∞

−∞
E[G(X,Y )|X = x]fX(x)dx

= E{E[G(X,Y )|X]},

where the operator E(·|X) is the expectation with respect to fY |X(·|X),

and the operator E(·) is the expectation with respect to the marginal PDF

fX(·) of X. The law of iterated expectations is also called the law of total

expectations in probability theory. This completes the proof.

Question: How to interpret the law of iterated expectations from an eco-

nomic perspective?

We now provide some examples.

Example 2.4. Suppose Y is wage, and X is a gender dummy variable,

taking value 1 if an employee is female and value 0 if an employee is male.

Then

E(Y |X = 1) = average wage of a female worker,

E(Y |X = 0) = average wage of a male worker,

and the overall average wage

E(Y ) = E[E(Y |X)]

= P (X = 1)E(Y |X = 1) + P (X = 0)E(Y |X = 0),

where P (X = 1) is the proportion of female employees in the labor force,

and P (X = 0) is the proportion of the male employees in the labor force.

The use of the law of iterated expectations here thus provides some insight

into the income distribution between genders.
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Example 2.5. Suppose Y is an asset return and we have two information

sets: I and J, where I ⊂ J so that all information in I is contained in J

but J contains some extra information. Then we have a conditional version

of the law of iterated expectations says that

E(Y |I) = E[E(Y |J)|I]
or equivalently

E {[Y − E(Y |J)|I]} = 0,

where Y −E(Y |J) is the prediction error using the superior information set

J. The conditional law of iterated expectations says that one cannot use a

limited information I to predict the prediction error one would make if one

had superior information J. In other words, the larger information set J

has superior forecasting power than the information set I. See Campbell,

Lo and MacKinlay (1997, p.23) for more discussion.

Question: Why is E(Y |X) important from a statistical perspective?

Suppose we are interested in predicting Y using some function g(X) of

X, and we use a so-called Mean Squared Error (MSE) criterion to evaluate

how well g(X) approximates Y. Then the optimal predictor under the MSE

criterion is the conditional mean, as will be shown below.

We first define the MSE criterion. Intuitively, MSE is the average of the

squared deviations between the predictor g(X) and the actual outcome Y .

Definition 2.2. [MSE]: Suppose function g(X) is used to predict Y. Then

the mean squared error of function g(X) is defined as

MSE(g) = E [Y − g(X)]
2
,

provided the expectation exists.

The theorem below states that E(Y |X) minimizes MSE.

Theorem 2.1. [Optimality of E(Y |X)]: The regression function

E(Y |X) is the solution to the optimization problem

E(Y |X) = argmin
g∈F

MSE(g)

= argmin
g∈F

E[Y − g(X)]2,
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where F is the space of all measurable and square-integrable functions

F =

{
g(·):

∫ ∞

−∞
g2(x)fX(x)dx < ∞

}
.

Proof: We will use the variance and squared-bias decomposition technique.

Put

go(X) ≡ E(Y |X).

Then

MSE(g) = E[Y − g(X)]2

= E [Y − go(X) + go(X)− g(X)]
2

= E [Y − go(X)]
2
+ E [go(X)− g(X)]

2

+ 2E{[Y − go(X)] [go(X)− g(X)]}
= E [Y − go(X)]

2
+ E [go(X)− g(X)]

2
,

where the cross-product term

E{[Y − go(X)] [go(X)− g(X)]} = 0

by the law of iterated expectations and the fact that E{[Y −go(X)]|X} = 0

almost surely.

In the above MSE decomposition, the first term E[Y − go(X)]2 is the

quadratic variation of the prediction error of the regression function go(X).

This does not depend on the choice of function g(X). The second term

E[go(X) − g(X)]2 is the quadratic variation of the approximation error

of g(X) for go(X). This term achieves its minimum of zero if and only

if one chooses g(X) = go(X) a.s. Because the first term E[Y − go(X)]2

does not depend on g(X), minimizing MSE(g) is equivalent to minimizing

the second term E[go(X) − g(X)]2. Therefore, the optimal solution for

minimizing MSE(g) is given by g∗(X) = go(X). This completes the proof.

MSE is a popular statistical criterion for measuring precision of a pre-

dictor g(X) for Y. It has at least two advantages: first, it can be analyzed

conveniently, and second, it has a nice decomposition of a variance compo-

nent and a squared-bias component.

However, MSE is one of many possible criteria for measuring goodness of

the predictor g(X) for Y. In general, any increasing function of the absolute

value |Y −g(X)| can be used to measure the goodness of fit for the predictor

g(X). For example, the Mean Absolute Error (MAE)

MAE(g) = E|Y − g(X)|
is also a reasonable statistical criterion.
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It should be emphasized that different criteria have different optimizers.

For example, the optimizer for MAE(g) is the conditional median, rather

than the conditional mean. The conditional median, say m(x), is defined

as the solution to ∫ m

−∞
fY |X(y|x)dy =

1

2
.

In other words, m(x) divides the conditional population distribution into

two equal halves.

Example 2.6. Let the joint PDF fXY (x, y) = e−y for 0 < x < y < ∞.

Find E(Y |X) and var(Y |X).

Solution: We first find the conditional PDF fY |X(y|x). The marginal PDF

of X

fX(x) =

∫ ∞

−∞
fXY (x, y)dy

=

∫ ∞

x

e−ydy

= e−x for 0 < x < ∞.

Therefore,

fY |X(y|x) = fXY (x, y)

fX(x)

= e−(y−x) for 0 < x < y < ∞.

Then

E(Y |x) =
∫ ∞

−∞
yfY |X(y|x)dy

=

∫ ∞

x

ye−(y−x)dy

= ex
∫ ∞

x

ye−ydy

= −ex
∫ ∞

x

yde−y

= 1 + x.

Thus, the regression function E(Y |X) is linear in X.
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To compute var(Y |X), we will use the formula

var(Y |X) = E(Y 2|X)− [E(Y |X)]
2
.

Because

E(Y 2|x) =
∫ ∞

−∞
y2fY |X(y|x)dy

=

∫ ∞

x

y2e−(y−x)dy

= ex
∫ ∞

x

y2e−ydy

= −ex
∫ ∞

x

y2de−y where de−y = −e−ydy

= (−ex)

(
y2e−y|∞x −

∫ ∞

x

e−ydy2
)

= (−ex)

(
0− x2e−x − 2

∫ ∞

x

ye−ydy

)
= x2 + 2ex

∫ ∞

x

ye−ydy

= x2 + 2

∫ ∞

x

ye−(y−x)dy

= x2 + 2(1 + x),

we have

var(Y |x) = E(Y 2|x)− [E(Y |x)]2
= x2 + 2(1 + x)− (1 + x)2

= 1.

The conditional variance of Y given X does not depend on X. That is, X

has no effect on the conditional variance of Y.

The above example shows that while the conditional mean of Y given

X is a linear function of X, the conditional variance of Y may not depend

on X. This is essentially the assumption made in the classical linear regres-

sion model (see Chapter 3). Another example for which we have a linear

regression function with constant conditional variance is when X and Y are

jointly normally distributed.
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Example 2.7. Suppose X and Y follow a bivariate normal distribution,

denoted as BN(μ1, μ2, σ
2
1 , σ

2
2 , ρ), such that their joint PDF

fXY (x, y) =
1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[(
x− μ1

σ1

)2

−2ρ

(
x− μ1

σ1

)(
y − μ2

σ2

)
+

(
y − μ2

σ2

)2
]}

.

Show: (1) E(Y |X) = μ2 +
σ2

σ1
ρ(X − μ1); (2) var(Y |X) = σ2

2(1− ρ2).

Solution: Left as an exercise. In fact, it can be shown that conditional

on X, Y follows a normal distribution with mean E(Y |X) and variance

var(Y |X) given above.

Theorem 2.2. [Regression Identity]: Suppose E(Y |X) exists. Then we

can always write

Y = E(Y |X) + ε,

where ε is called the regression disturbance and has the property that

E(ε|X) = 0.

Proof: Put ε = Y − E(Y |X). Then

Y = E(Y |X) + ε,

where

E(ε|X) = E{[Y − E(Y |X)]|X}
= E(Y |X)− E[go(X)|X]

= E(Y |X)− go(X)

= 0.

The regression function E(Y |X) can be used to predict the expected

value of Y using the information of X. In regression analysis, an important

issue is the direction of causation between Y and X. In practice, one often

hopes to check whether Y “depends” on or can be “explained” by X, with

help of economic theory. For this reason, Y is called the dependent variable,

and X is called the explanatory variable or vector. However, it should be

emphasized that the regression function E(Y |X) itself does not tell any

economic causal relationship between Y and X.
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The random variable ε represents the part of Y that is not captured by

E(Y |X). It is usually called a noise or a disturbance, because it “disturbs”

an otherwise stable or deterministic relationship between Y and X. On the

other hand, the regression function E(Y |X) is called a signal.

The property that E(ε|X) = 0 implies that the regression disturbance

ε contains no systematic information of X that can be used to predict

the expected value of Y. In other words, all information of X that can be

used to predict the expectation of Y has been completely summarized by

E(Y |X). The condition E(ε|X) = 0 is crucial for the validity of economic

interpretation of model parameters, as will be seen shortly.

The property that E(ε|X) = 0 implies that the unconditional mean of

ε is zero:

E(ε) = E[E(ε|X)] = 0

and that ε is orthogonal to X:

E(Xε) = E [E(Xε|X)]

= E [XE(ε|X)]

= E(X · 0)
= 0.

Since E(ε) = 0, we have E(Xε) = cov(X, ε). Thus, the orthogonality

condition E(Xε) = 0 means that X and ε are uncorrelated.

In fact, ε is orthogonal to any measurable function ofX, i.e., E[εh(X)] =

0 for any measurable function h(·). This implies that we cannot predict the

mean of ε by using any possible model h(X), no matter it is linear or

nonlinear.

Question: Is E(ε|X) = 0 equivalent to E[εh(X)] = 0 for all measurable

h(·)?

The answer is yes. See Exercise 2.15 at the end of this chapter for more

discussion on this challenging problem.

It is possible that E(ε|X) = 0 but var(ε|X) is a function of X. If

var(ε|X) = σ2 > 0, the conditional variance of ε does not depend on the

value of X, and we say that there exists conditional homoskedasticity for

ε. This is also known as homogeneity of conditional variance. In this case,

X cannot be used to predict the (quadratic) variation of Y. On the other

hand, if var(ε|X) 	= σ2 for any constant σ2 > 0, the conditional variance
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of ε depends on the value of X, and we say that there exists conditional

heteroskedasticity. Figures 2.1 and 2.2 provide a data illustration of con-

ditional homoskedasticity and conditional heteroskedasticity respectively.

Conditional heteroskedasticity is a rule rather than an exception for most

economic data. Granger and Machina (2006) provide various interesting

examples to illustrate how conditional heteroskedasticity can arise in eco-

nomics. The existence of conditional heteroskedasticity has huge impact

on statistical inferences. In particular, econometric inference procedures of

regression analysis are usually different, depending on whether there exists

conditional heteroskedasticity. For example, the so-called classical t-test

and F -test are invalid under conditional heteroskedasticity (see Chapter 3

for the introduction of the t-test and F -test). This will be emphasized and

discussed in detail in subsequent chapters.

Example 2.8. Suppose

ε = η
√
β0 + β1X2,

where random variables X and η are independent, and E(η) = 0, var(η) =

1. Find E(ε|X) and var(ε|X).

Solution:

E(ε|X) = E
[
η
√
β0 + β1X2 |X

]
=
√

β0 + β1X2E(η|X)

=
√

β0 + β1X2E(η)

=
√
β0 + β1X2 · 0

= 0.

Next,

var(ε|X) = E
{
[ε− E(ε|X)]2|X}

= E(ε2|X)

= E[η2(β0 + β1X
2)|X]

= (β0 + β1X
2)E(η2|X)

= (β0 + β1X
2) · 1

= β0 + β1X
2.

Although the conditional mean ε given X is identically zero, the conditional

variance of ε given X depends on X.
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Figure 2.1 Scatter plots of a linear regression with conditional homoskedasticity.

Figure 2.2 Scatter plots of a linear regression with conditional heteroskedasticity.
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Question: Why may there exist conditional heteroskedasticity?

Generally speaking, given that E(Y |X) depends on X, it is conceivable

that var(Y |X) and other higher order conditional moments may also de-

pend on X. In fact, conditional heteroskedasticity may arise from different

sources. For example, a larger firm may have a larger output variation.

Granger and Machina (2006) explain why economic variables may display

volatility clustering from an economic structural perspective.

The following example shows that conditional heteroskedasticity may

arise due to random coefficients in a data generating process.

Example 2.9. [Random Coefficient Process]: Suppose

Y = β0 + (β1 + β2η)X + η,

where X and η are independent, and E(η) = 0, var(η) = σ2
η. Find the

conditional mean E(Y |X) and conditional variance var(Y |X).

Solution: (1)

E(Y |X) = β0 + E[(β1 + β2η)X|X] + E(η|X)

= β0 + β1X + β2XE(η|X) + E(η|X)

= β0 + β1X + β2XE(η) + E(η)

= β0 + β1X + β2X · 0 + 0

= β0 + β1X.

(2)

var(Y |X) = E
[
(Y − E(Y |X))2|X]

= E
{
[β0 + (β1 + β2η)X + η − β0 − β1X]2|X}

= E
[
(β2Xη + η)2|X]

= E
[
(β2X + 1)2η2|X]

= (1 + β2X)2E(η2|X)

= (1 + β2X)2E(η2)

= (1 + β2X)2σ2
η.

The random coefficient process has been used to explain why the condi-

tional variance may depend on the regressor X. We can write this process
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as

Y = β0 + β1X + ε,

where

ε = (1 + β2X)η.

Note that E(ε|X) = 0 but var(ε|X) = (1 + η2X)2σ2
η.

2.3 Linear Regression Modeling

As we have known above, the conditional mean go(X) ≡ E(Y |X) is the

solution to the MSE optimization problem

min
g∈F

E[Y − g(X)]2,

where F is a class of functions that includes all measurable and square-

integrable functions, i.e.,

F =

{
g : Rk+1 → R

∣∣∣∣ ∫ g2(x)fX(x)dx < ∞
}
.

In general, the regression function E(Y |X) is an unknown functional form

of X. Economic theory usually suggests a qualitative relationship between

X and Y (e.g., the cost of production is an increasing function of output

X), but it never suggests a concrete functional form. One needs to use

some mathematical model to approximate go(X).

Question: How to model the conditional mean E(Y |X) = go(X)?

In econometrics, a most popular modeling strategy is the parametric

approach, which assumes a known functional form for go(X), up to some

unknown parameters. In particular, one usually uses a class of linear func-

tions to approximate go(x), which is simple and easy to interpret. This is

the approach we will take in most of this book.

We first introduce a class of affine functions.

Definition 2.3. [Affine Function]: Denote

X =

⎛⎜⎜⎜⎝
1

X1

...

Xk

⎞⎟⎟⎟⎠ , β =

⎛⎜⎜⎜⎝
β0

β1

...

βk

⎞⎟⎟⎟⎠ .
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Then the class of affine functions is defined as

A =

{
g : Rk+1 → R : g(X) = β0 +

k∑
j=1

βjXj , βj ∈ R

}
=
{
g : Rk+1 → R | g(X) = β′X

}
.

Here, there is no restriction on the values of parameter vector β. For this

class of functions, the functional form is known to be linear in both regressor

variables X and parameters β; the unknown is the (k + 1)× 1 vector β.

From an econometric point of view, the key feature of A is that

g(X) = X ′β is linear in both regressor vector X and parameter vector

β. We emphasize that the regressor vector X are constructed from a set

of economic explanatory variables. The regressor vector X can be a vec-

tor of different economic explanatory variables; it can also be a vector of

economic explanatory variables and their nonlinear transformations. For

example, when k = 1, we can assume

g(X) = β0 + β1X1 + β2X
2
1 ,

or

g(X) = β0 + β1 lnX1,

where X1 is an economic explanatory variable (e.g., income). The cor-

responding regressor vectors in these cases are X = (1, X1, X
2
1 )

′ and

X = (1, lnX1)
′ respectively. Obviously, the dependent variable Y is always

linear in regressor vector X but it may be nonlinear in economic variable

X1. Such models are called linear regression models. Conversely, a nonlin-

ear regression model for go(X) means a known parametric functional form

g(X,β) which is nonlinear in regression vector X and parameter vector β.

An example is the so-called logistic regression model

g(X,β) =
1

1 + exp(−X ′β)
.

Nonlinear regression models can be handled using the analytic tools devel-

oped in Chapters 8 and 9. See more discussion there.

We now solve the constrained minimization problem

min
g∈A

E[Y − g(X)]2 = min
β∈Rk+1

E(Y −X ′β)2.
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The solution

g∗(X) = X ′β∗

is called the best linear least squares predictor for Y, and β∗ is called the

best least squares approximation coefficient vector.

Theorem 2.3. [Best Linear Least Squares Prediction]: Suppose

E(Y 2) < ∞ and the (k + 1) × (k + 1) matrix E(XX ′) is nonsingular.

Then the best linear least squares predictor that solves

min
g∈A

E[Y − g(X)]2 = min
β∈Rk+1

E(Y −X ′β)2

is the linear function

g∗(X) = X ′β∗,

where the optimizing coefficient vector

β∗ = [E(XX ′)]−1E(XY ).

Proof: First, noting that

min
g∈A

E[Y − g(X)]2 = min
β∈Rk+1

E(Y −X ′β)2,

we first find the FOC:

d

dβ
E(Y −X ′β)2|β=β∗ = 0.

The left hand side

d

dβ
E(Y −X ′β)2 = E

[
∂

∂β
(Y −X ′β)2

]
= E

[
2(Y −X ′β)

∂

∂β
(−X ′β)

]
= −2E

[
(Y −X ′β)

∂

∂β
(X ′β)

]
= −2E[X(Y −X ′β)].

Therefore, FOC implies that

E[X(Y −X ′β∗)] = 0
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or

E(XY ) = E(XX ′)β∗.

Multiplying the inverse of E(XX ′), we obtain

β∗ = [E(XX ′)]−1E(XY ).

It remains to check the Second Order Condition (SOC): the Hessian matrix

d2

dβdβ′E(Y −X ′β)2 = 2E(XX ′)

is positive definite provided E(XX ′) is nonsingular (why?). Therefore, β∗

is a global minimizer. This completes the proof.

The moment condition E(Y 2) < ∞ ensures that E(Y |X) exists and is

well-defined. When the (k + 1)× (k + 1) matrix

E(XX ′) =

⎡⎢⎢⎢⎢⎢⎣
1 E(X1) E(X2) · · · E(Xk)

E(X1) E(X2
1 ) E(X1X2) · · · E(X1Xk)

E(X2) E(X2X1) E(X2
2 ) · · ·

...
...

E(Xk) E(XkX1) E(X2
k)

⎤⎥⎥⎥⎥⎥⎦
is nonsingular and E(XY ) exists, the best linear least squares approxima-

tion coefficient β∗ is always well-defined, no matter whether E(Y |X) is

linear or nonlinear in X.

To gain insight into the nature of β∗, we consider a simple bivariate

linear regression model where β = (β0, β1)
′ and X = (1, X1)

′. Then the

slope and intercept coefficients are, respectively,

β∗
1 =

cov(Y,X1)

var(X1)
,

β∗
0 = E(Y )− β∗

1E(X1).

Thus, the best linear least squares approximation coefficient β∗
1 is propor-

tional to cov(Y,X1). In other words, β∗
1 captures the dependence between

Y and X1 that is measurable by cov(Y,X1). It will miss the dependence be-

tween Y and X1 that cannot be measured by cov(Y,X1). Therefore, linear

regression analysis is essentially correlation analysis.
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On the other hand, White (1980) shows that if a Taylor series expan-

sion (up to certain order) is used to approximate E(Y |X), then the best

linear least squares approximation coefficients of the Taylor series expansion

model cannot identify the derivatives of E(Y |X), unless E(Y |X) is a linear

function of X. In other words, the best linear least squares approximation

coefficient β∗ are not proportional to the derivatives of E(Y |X) in the Tay-

lor series expansion. For example, if E(Y |X) = βo
0 + βo

1X + βo
2X

2, then

the last two components of the best least squares approximation coefficient

vector β∗ are not proportional to the first two derivatives of E(Y |X).

In general, the best linear least squares predictor

g∗(X) ≡ X ′β∗ 	= E(Y |X).

An important question is what happens if g∗(X) = X ′β∗ 	= E(Y |X)? In

particular, what is the interpretation of β∗?
We now discuss the relationship between the best linear least squares

prediction and a linear regression model.

Definition 2.4. [Linear Regression Model]: The specification

Y = X ′β + u, β ∈ R
k+1,

is called a linear regression model, where u is the regression model distur-

bance or regression model error. If k = 1, it is called a bivariate linear

regression model or a straight line regression model. If k > 1, it is called a

multiple linear regression model.

The linear regression model is an artificial specification. Nothing ensures

that the regression function is linear, namely E(Y |X) = X ′βo for some

βo. In other words, the linear model may not contain the true regression

function go(X) ≡ E(Y |X). However, even if go(X) is not a linear function

ofX, the linear regression model Y = X ′β+umay still have some predictive

ability although it is a misspecified model for E(Y |X).

We first characterize the relationship between the best linear least

squares approximation and the linear regression model.

Theorem 2.4. Suppose the conditions of Theorem 2.3 hold. Let

Y = X ′β + u,

and let β∗ be the best linear least squares approximation coefficient. Then

β = β∗
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if and only if the following orthogonality condition holds:

E(Xu) = 0.

Proof: From the linear regression model Y = X ′β + u, we have u =

Y −X ′β, and so

E(Xu) = E(XY )− E(XX ′)β.

(1) Necessity: If β = β∗, then

E(Xu) = E(XY )− E(XX ′)β∗

= E(XY )− E(XX ′)[E(XX ′)]−1E(XY )

= 0.

(2) Sufficiency: If E(Xu) = 0, then

E(Xu) = E(XY )− E(XX ′)β

= 0.

From this and the fact that E(XX ′) is nonsingular, we have

β = [E(XX ′)]−1E(XY ) ≡ β∗.

This completes the proof.

Theorem 2.4 implies that no matter whether E(Y |X) is linear or non-

linear in X, we can always write

Y = X ′β + u

for some β = β∗ such that the orthogonality condition E(Xu) = 0 holds,

where u = Y −X ′β∗.
The orthogonality condition E(Xu) = 0 is fundamentally linked with

the best least squares optimizer. If β is the best linear least squares coef-

ficient β∗, then the disturbance u must be orthogonal to X. On the other

hand, if X is orthogonal to u, then β must be the least squares minimizer

β∗. Essentially the orthogonality between X and ε is the FOC of the best

linear least squares problem! In other words, the orthogonality condition

E(Xu) = 0 will always hold as long as the MSE criterion is used to obtain

the best linear prediction. Note that when X contains an intercept, the

orthogonality condition E(Xu) = 0 implies that E(u) = 0. In this case,

we have E(Xu) = cov(X,u). In other words, the orthogonality condition is
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equivalent to uncorrelatedness between X and u. This implies that u does

not contain any component that can be predicted by a linear function of

X.

The condition E(Xu) = 0 is fundamentally different from the condition

E(u|X) = 0. The latter implies the former but not vice versa. In other

words, E(u|X) = 0 implies E(Xu) = 0 but it is possible that E(Xu) = 0

and E(u|X) 	= 0. This can be illustrated by the following example.

Example 2.10. Suppose u = (X2−1)+ε, where X and ε are independent

N(0,1) random variables. Then

E(u|X) = X2 − 1 	= 0, but

E(Xu) = E[X(X2 − 1)] + E(Xε)

= E(X3)− E(X) + E(X)E(ε)

= 0.

2.4 Correct Model Specification for Conditional Mean

Question: What is the characterization of correct model specification for

conditional mean?

Definition 2.5. [Correct Model Specification for Conditional

Mean]: The linear regression model

Y = X ′β + u, β ∈ R
k+1,

is said to be correctly specified for E(Y |X) if

E(Y |X) = X ′βo for some parameter value βo ∈ R
k+1.

On the other hand, if

E(Y |X) 	= X ′β for all β ∈ R
k+1,

then the linear regression model is said to be misspecified for E(Y |X).

The class of linear regression models contains an infinite number of linear

functions, each corresponding to a particular value of β. When the linear

model is correctly specified, a linear function corresponding to some βo will

coincide with go(X). The coefficient βo is called the “true parameter value”
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or “true model parameter”, because now it has a meaningful economic

interpretation as the expected marginal effect of X on Y :

βo =
∂E(Y |X)

∂X
.

For example, when Y is consumption and X is income, βo is the MPC.

When βo is a vector, the component

βo
j =

∂E(Y |X)

∂Xj
, 1 ≤ j ≤ k,

is the partial expected marginal effect of regressor Xj on Y when holding

all other regressor variables in X fixed. This is also called ceteris paribus

expected marginal effect of Xj on Y. The term ceteris paribus means other

things being equal.

We emphasize that the distinction between regressors and explanatory

variables is important for the interpretation of parameter value βo. For

example, we consider a linear consumption model

Y = β́o
0 + βo

1X1 + u,

where Y is consumption, X1 is income, and E(u|X1) = 0. This is a linear

regression model where the consumption-income relationship is linear. The

expected MPC is given by

∂E(Y |X1)

∂X1
= βo

1 .

Now suppose we have a quadratic consumption function

Y = β́o
0 + βo

1X1 + βo
2X

2
1 + u.

This is still a linear regression model but the consumption-income relation-

ship is nonlinear. As a result, the expected MPC is given by

∂E(Y |X1)

∂X1
= βo

1 + 2βo
2X1,

which depends on the income level.

Question: What is the interpretation of the intercept coefficient βo
0 when

a linear regression model is correctly specified for go(X)?

The intercept βo
0 corresponds to the intercept X0 = 1, which is always

uncorrelated with any other random variables. It captures the “average
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effect” on Y from all possible factors rather than the explanatory variables

in Xt. For example, consider the standard Capital Asset Pricing Model

(CAPM)

E(Y |X) = βo
0 + βo

1X1,

where Y is the excess portfolio return (i.e., the difference between a portfolio

return and a risk-free rate) and X1 is the excess market portfolio return

(i.e., the difference between the market portfolio return and a risk-free rate).

Here, βo
0 represents the average pricing error. When CAPM holds, βo

0 = 0.

Thus, if the DGP has βo
0 > 0, CAPM underprices the portfolio. If βo

0 < 0,

CAPM overprices the portfolio.

No economic theory ensures that the functional form of E(Y |X) must

be linear in X. Nonlinear functional form in X is a generic possibility.

A linear regression model is misspecified for E(Y |X) when, for example,

E(Y |X) is a nonlinear function of X. Therefore, we must be very cautious

about the economic interpretation of linear coefficients.

By definition, a linear regression model Y = X ′β+u is correctly specified

for E(Y |X) if and only if there exists some parameter value βo such that

E(u|X) = 0,

where u = Y − X ′β. In Chapter 7, we shall introduce a popular model

specification test called Hausman’s (1978) test for E(u|X) = 0. Below we

examine the relationship between the regression model error u and the true

disturbance ε = Y − E(Y |X).

Theorem 2.5. If the linear regression model

Y = X ′β + u

is correctly specified for E(Y |X), then

(1) Y = X ′βo + ε for some βo and ε, where E(ε|X) = 0;

(2) β∗ = βo.

Proof: (1) If the linear regression model is correctly specified for E(Y |X),

then E(Y |X) = X ′βo for some parameter value βo.

On the other hand, we always have the regression identity Y =

E(Y |X)+ε, where E(ε|X) = 0. Combining these two equations gives result

(1) immediately.
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(2) From Part (1), we have

E(Xε) = E[XE(ε|X)]

= E(X · 0)
= 0.

It follows that the orthogonality condition holds for Y = X ′βo + ε. There-

fore, we have β∗ = βo by a previous theorem (which one?).

Theorem 2.5(1) implies E(Y |X) = X ′βo under correct model specifica-

tion for E(Y |X). This, together with Theorem 2.5(2), implies that when a

linear regression model is correctly specified, the conditional mean E(Y |X)

will coincide with the best linear least squares predictor g∗(X) = X ′β∗.
Under correct model specification, the best linear least squares approx-

imation coefficient β∗ is equal to the true marginal effect parameter βo. In

other words, β∗ can be interpreted as the true parameter value βo when

(and only when) the linear regression model is correctly specified.

Question: What happens if the linear regression model

Y = X ′β + u,

where E(Xu) = 0, is misspecified for E(Y |X)? In other words, what hap-

pens if E(Xu) = 0 but E(u|X) 	= 0?

In this case, the regression function

E(Y |X) = X ′β + E(u|X)

	= X ′β.

There exists some neglected structure in u that can be exploited to improve

the prediction of Y using X. A misspecified model always yields suboptimal

predictions. A correctly specified model yields optimal predictions in terms

of MSE.

Example 2.11. Consider the following DGP

Y = 1 +
1

2
X1 +

1

4
(X2

1 − 1) + ε,

where X1 and ε are mutually independent N(0, 1).

(1) Find the conditional mean E(Y |X1) and
d

dX1
E(Y |X1), the marginal

effect of X1 on Y .
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Suppose now a linear regression model

Y = β0 + β1X1 + u

= X ′β + u,

where X = (X0, X1)
′ = (1, X1)

′, is specified to approximate this DGP.

(2) Find the best least squares approximation coefficient β∗ and the

best linear least squares predictor g∗
A
(X) = X ′β∗.

(3) Let u = Y −X ′β∗. Show E(Xu) = 0.

(4) Check if the true marginal effect d
dX1

E(Y |X1) is equal to β∗
1 , the

model-implied marginal effect.

Solution: (1) Given that X1 and u are independent, we obtain

E(Y |X1) = 1 +
1

2
X1 +

1

4
(X2

1 − 1),

d

dX1
E(Y |X1) =

1

2
+

1

2
X1.

(2) Using the best least squares approximation coefficient formula, we have

β∗ = [E(XX ′)]−1
E(XY )

=

[
1 0

0 1

]−1 [
1
1
2

]
=

[
1
1
2

]
.

Hence, we have

g∗(X) = X ′β∗ = 1 +
1

2
X1.

(3) By definition and Part (2), we have

u = Y −X ′β∗

= Y − (β∗
0 + β∗

1X1)

=
1

4
(X2

1 − 1) + ε.

It follows that

E(Xu) = E

{
1 · [ 14 (X2

1 − 1) + ε
]

X1 ·
[
1
4 (X

2
1 − 1) + ε

]}

=

[
0

0

]
,
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although

E(u|X1) =
1

4
(X2

1 − 1) 	= 0.

(4) No, because

d

dX1
E(Y |X1) =

1

2
+

1

2
X1 	= β∗

1 =
1

2
.

The marginal effect depends on the level of X1, rather than only on a

constant. Therefore, the condition E(Xu) = 0 is not sufficient for the

validity of the economic interpretation for β∗
1 as the marginal effect.

Any parametric regression model is subject to potential model misspec-

ification. This can occur due to the use of a misspecified functional form,

as well as the existence of omitted variables which are correlated with the

existing regressors, among other things. In econometrics, there exists a

modeling strategy which is free of model misspecification when a data set

is sufficiently large. This modeling strategy is called a nonparametric ap-

proach, which does not assume any functional form for E(Y |X) but let

data speak for the true relationship. We now introduce the basic idea of a

nonparametric approach.

Nonparametric modeling is a statistical method that can model the

unknown function arbitrarily well without having to know the functional

form of E(Y |X). To illustrate the basic idea of nonparametric modeling,

suppose go(x) is a smooth function of x. Then we can expand go(x) using

a set of orthonormal “basis” functions {ψj(x)}∞j=0:

go(x) =

∞∑
j=0

βjψj(x) for x ∈ support(X),

where the Fourier coefficient

βj =

∫ ∞

−∞
go(x)ψj(x)dx

and ∫ ∞

−∞
ψi(x)ψj(x)dx = δij ≡

{
1 if i = j,

0 if i 	= j.

The function δij is called the Kronecker delta.
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Example 2.12. Suppose go(x) = x2 where x ∈ [−π, π]. Then

go(x) =
π2

3
− 4

[
cos(x)− cos(2x)

22
+

cos(3x)

32
− · · ·

]
=

π2

3
− 4

∞∑
j=1

(−1)j−1 cos(jx)

j2
.

Example 2.13. Suppose

go(x) =

⎧⎨⎩
−1 if − π < x < 0,

0 if x = 0,

1 if 0 < x < π.

Then

go(x) =
4

π

[
sin(x) +

sin(3x)

3
+

sin(5x)

5
+ · · ·

]
=

4

π

∞∑
j=0

sin[(2j + 1)x]

(2j + 1)
.

Generally, suppose go(x) is square-integrable. We have∫ π

−π

g2o(x)dx =

∞∑
j=0

∞∑
k=0

βjβk

∫ π

−π

ψj(x)ψk(x)dx

=

∞∑
j=0

∞∑
k=0

βjβkδjk by orthonormality of {ψj(·)}

=

∞∑
j=0

β2
j < ∞,

Therefore, βj → 0 as j → ∞. That is, the Fourier coefficient βj will

eventually vanish to zero as the order j goes to infinity. This motivates us

to use the following truncated approximation:

gp(x) =

p∑
j=0

βjψj(x),

where p is the order of bases. The bias of gp(x) from go(x) is

Bp(x) = go(x)− gp(x)

=

∞∑
j=p+1

βjψj(x).
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The bias Bp(x) vanishes to zero as the truncation order p increases. Figures

2.3 and 2.4 illustrate the biases with various choices of p for the functions

in Examples 2.12 and 2.13 respectively.

The coefficients {βj} are unknown in practice, so we have to estimate

them using an observed random sample {Yt, Xt}nt=1, where n is the sample

size. We consider a linear regression

Yt =

p∑
j=0

βjψj(Xt) + ut, t = 1, ..., n.

Obviously, we need to let p = p(n) → ∞ as n → ∞ to ensure that the

bias Bp(x) vanishes to zero as n → ∞. However, we should not let p grow

to infinity too fast, because otherwise there will be too much sampling

variation in parameter estimators due to too many unknown parameters.

This requires p/n → 0 as n → ∞.

The nonparametric approach just described is called nonparametric se-

ries regression (see, e.g., Andrews 1991, Hong and White 1995, Pons 2019).

There are many nonparametric methods available in the literature. Another

popular nonparametric method is called kernel smoothing, which is based on

the idea of the Taylor series expansion in a local region. See Härdle (1990)

Figure 2.3 Fourier series approximation to the quadratic function in Example 2.12.
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Figure 2.4 Fourier series approximation to the step function Example 2.13.

and Fan and Gijbels (1996) for more discussion on kernel smoothing and

local polynomial smoothing. The key feature of nonparametric modeling

is that it does not specify a concrete functional form or model but rather

estimates the unknown true function from data. As can be seen above,

nonparametric series regression is easy to use and understand, because it

is a natural extension of linear regression with the number of regressors

increasing with the sample size n.

The nonparametric approach is flexible and powerful, but it generally

requires a large data set for precise estimation because there are a large

number of unknown parameters. Moreover, there is little economic inter-

pretation for it (e.g., it is difficult to give economic interpretation for the

coefficients {βj}). Nonparametric analysis is usually treated in a separate

and more advanced econometric course (see more discussion in Chapter 10).

2.5 Conclusion

Most economic theories (e.g., rational expectations theory) have implica-

tions on and only on the conditional mean of the underlying economic vari-

able given some suitable information set. The conditional mean E(Y |X) is
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called the regression function of Y on X. In this chapter, we have shown

that the regression function E(Y |X) is the optimal solution to the MSE

minimization problem

min
g∈F

E[Y − g(X)]2,

where F is the space of measurable and square-integrable functions.

The regression function E(Y |X) is generally unknown, because eco-

nomic theory usually does not tell a concrete functional form. In practice,

one usually uses a parametric model for E(Y |X) that has a known func-

tional form but with a finite number of unknown parameters. When we

restrict g(X) to A = {g : RK → R | g(x) = x′β}, a class of affine functions,

the optimal predictor that solves

min
g∈A

E[Y − g(X)]2 = min
β∈RK

E(Y −X ′β)2

is g∗(X) = X ′β∗, where

β∗ = [E(XX ′)]−1E(XY )

is called the best linear least squares approximation coefficient. The best

linear least squares predictor g∗A(X) = X ′β∗ is always well-defined, no

matter whether E(Y |X) is linear in X.

Suppose we write

Y = X ′β + u.

Then β = β∗ if and only if

E(Xu) = 0.

This orthogonality condition is actually the first order condition for the best

linear least squares minimization problem. It does not guarantee correct

specification of a linear regression model. A linear regression model is

correctly specified for E(Y |X) if E(Y |X) = X ′βo for some parameter value

βo, which is equivalent to the condition that

E(u|X) = 0,

where u = Y − X ′βo. That is, correct model specification for E(Y |X)

holds if and only if the conditional mean of the linear regression model

error is zero when evaluated at some parameter value βo. For a correctly

specified linear regression model, Y is linear in regressor vector X and

parameter vector β. If the regressor vector X is obtained from a set of
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economic explanatory variables and their nonlinear transformations, then

Y will have a nonlinear relationship with economic explanatory variables

despite its linear relationship with regressor vector X.

We note that E(u|X) = 0 is equivalent to the condition that E[uh(X)] =

0 for all measurable functions h(·). When E(Y |X) = X ′βo for some pa-

rameter value βo, we have β∗ = βo. That is, the best linear least squares

approximation coefficient β∗ will coincide with the true model parameter

βo and can be interpreted as the expected marginal effect of X on Y. The

condition E(u|X) = 0 fundamentally differs from E(Xu) = 0. The former

is crucial for validity of economic interpretation of the coefficient β∗ as the

true model parameter βo. The orthogonality condition E(Xu) = 0 does not

guarantee this interpretation. Correct model specification is important for

economic interpretation of model coefficient and for optimal predictions.

An econometric model aims to provide a concise and reasonably accurate

reflection of the data generating process. By disregarding less relevant

aspects of the data, the model helps to obtain a better understanding of

the main aspects of the DGP. This implies that an econometric model will

never provide a completely accurate description of the DGP. Therefore, the

concept of a “true model” does not make much practical sense. It reflects

an idealized situation that allows us to obtain mathematically exact results.

The idea is that similar results hold approximately true if the model is a

reasonably accurate approximation of the DGP.

The main purpose of this chapter is to provide a general idea of regres-

sion analysis and to shed some light on the nature and limitation of linear

regression models, which have been popularly used in econometrics and will

be the subject of study in Chapters 3 to 7.
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Exercise 2

2.1. Put ε = Y − E(Y |X). Show var(Y |X) = var(ε|X).

2.2. Show var(Y ) = var[E(Y |X)] +var[Y −E(Y |X)], and provide an inter-

pretation for this result.

2.3. Suppose X and Y follow a bivariate normal distribution with joint

PDF

fXY (x, y) =
1

2πσ1σ2

√
1− ρ2

exp

{
− 1

2(1− ρ2)

[(
x− μ1

σ1

)2

−2ρ

(
x− μ1

σ1

)(
y − μ2

σ2

)
+

(
y − μ2

σ2

)2
]}

,

where −1 < ρ < 1,−∞ < μ1, μ2 < ∞, 0 < σ1, σ2 < ∞. Find:

(1) E(Y |X).

(2) var(Y |X). [Hint: Use the change of variable method for integration

and the fact that
∫∞
−∞

1√
2π

e
1
2x

2

dx = 1.]

2.4. Suppose Z ≡ (Y,X ′)′ is a stochastic process such that the conditional

mean go(X) ≡ E(Y |X) exists, where X is a (k + 1) × 1 random vector.

Suppose one uses a model (or a function) g(X) to predict Y. A popular

evaluation criterion for model g(X) is the mean squared error MSE(g) ≡
E[Y − g(X)]2.

(1) Show that the optimal predictor g∗(X) for Y that minimizes MSE(g)

is the conditional mean go(X); namely, g∗(X) = go(X).

(2) Put ε ≡ Y − go(X), which is called the true regression disturbance.

Show that E(ε|X) = 0 and interpret this result.

2.5. The choices of model g(X) in Exercise 2.4 are very general. Sup-

pose that we now restrict our choice of g(X) to a linear (or affine) models

{gA(X) = X ′β}, where β is a (k + 1) × 1 parameter. One can choose a

linear function gA(X) by choosing a value for parameter β. Different values

of β give different linear functions gA(X). The best linear predictor g∗L that

minimizes the mean squared error criterion is defined as g∗
A
(X) ≡ X ′β∗,

where

β∗ ≡ arg min
β∈Rk+1

E(Y −X ′β)2

is called the optimal linear least squares approximation coefficient.
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(1) Show that

β∗ = [E(XX ′)]−1E(XY ).

(2) Define u∗ ≡ Y −X ′β∗. Show that E(Xu∗) = 0, where 0 is a (k+1)×1

zero vector.

(3) Suppose the conditional mean go(X) = X ′βo for some parameter

value βo. Then we say that the linear model gA(X) is correctly specified for

conditional mean go(X), and βo is the true model parameter of the DGP.

Show that β∗ = βo and E(u∗|X) = 0.

(4) Suppose the conditional mean go(X) 	= X ′β for any value of β.

Then we say that the linear model gA(X) is misspecified for conditional

mean go(X). Check if E(u∗|X) = 0 and discuss its implication.

2.6. Suppose Y = β∗
0 + β∗

1X1 + u, where Y and X1 are scalars, and β∗ =

(β∗
0 , β

∗
1)

′ is the best linear least squares approximation coefficient.

(1) Show that β∗
1 = cov(Y,X1)/σ

2
X1

and β∗
0 = E(Y )−β∗

1E(X), and the

mean squared error

E[Y − (β∗
0 + β∗

1X1)]
2 = σ2

Y (1− ρ2X1Y ),

where σ2
Y = var(Y ) and ρX1Y is the correlation coefficient between Y and

X1. This implies that linear regression modeling is essentially a correlation

analysis.

(2) Suppose in addition Y andX1 follow a bivariate normal distribution.

Show E(Y |X1) = β∗
0 + β∗

1X1 and var(Y |X1) = σ2
Y (1− ρ2X1Y

). That is, the

conditional mean of Y given X1 coincides with the best linear least squares

predictor and the conditional variance of Y given X1 is equal to the mean

squared error of the best linear least squares predictor.

2.7. Suppose a function g(X) is used to predict Y, and the evaluation crite-

rion is the Mean Absolute Error (MAE), defined as MSE(g) = E|Y −g(X)|.
Show that the optimal solution to minimize MSE(g) is the conditional me-

dian of Y given X.

2.8. Suppose

Y = β0 + β1X1 + |X1|ε,
where E(X1) = 0, var(X1) = σ2

X1
> 0, E(ε) = 0, var(ε) = σ2

ε > 0, and ε

and X1 are independent. Both β0 and β1 are scalar constants.

(1) Find E(Y |X1).
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(2) Find var(Y |X1).

(3) Show that β1 = 0 if and only if cov(X1, Y ) = 0.

2.9. Suppose an aggregate consumption function is given by

Y = 1 + 0.5X1 +
1

4
(X2

1 − 1) + ε,

where X1 ∼ N(0, 1), ε ∼ N(0, 1), and X1 is independent of ε.

(1) Find the conditional mean go(X) ≡ E(Y |X), where X ≡ (1, X1)
′.

(2) Find the MPC d
dX1

go(X).

(3) Suppose we use a linear model

Y = X ′β + u = β0 + β1X1 + u

where β ≡ (β0, β1)
′ to predict Y. Find the best linear least squares

approximation coefficient β∗ and the best linear least squares predictor

g∗
A
(X) ≡ X ′β∗.
(4) Compute the partial derivative of the linear model d

dX1
g∗
A
(X), and

compare it with the MPC in Part (2). Discuss the results you obtain.

2.10. Put go(X) = E(Y |X), where X = (1, X1)
′. Then we have

Y = go(X) + ε,

where E(ε|X) = 0.

Consider a first order Taylor series expansion of go(X) around μ1 =

E(X1):

go(X) ≈ go(μ1) + g′o(μ1)(X1 − μ1)

= [go(μ1)− μg′o(μ1)] + g′o(μ1)X1.

Suppose β∗ = (β∗
0 , β

∗
1)

′ is the best linear least squares approximation

coefficient. That is, we consider the following linear regression model

Y = β∗
0 + β∗

1X + u.

Is it true that β∗
1 = g′o(μ1)? Provide your reasoning.

2.11. Suppose a DGP is given by

Y = 0.8X1X2 + ε,

where X1 ∼ N(0, 1), X2 ∼ N(0, 1), ε ∼ N(0, 1), and X1, X2 and ε are

mutually independent. Put X = (1, X1, X2)
′.
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(1) Is Y predictable in mean using information X?

(2) Suppose we use a linear regression model

gA(X) = X ′β + u

= β0 + β1X1 + β2X2 + u

to predict Y. Does this linear regression model have any predicting power?

Explain.

2.12. Suppose we have

Y = a+ bX + u,

where u is a random variable with E(u) = 0, var(u) = σ2
u > 0, and it is

orthogonal to X in the sense E(Xu) = 0. This is called a linear regression

model. The random variable u can be viewed as a disturbance to an oth-

erwise perfect linear relationship Y = a + bX. Show that the correlation

coefficient between X and Y is

ρXY =
b√

b2 + σ2
u/σ

2
X

.

Note that magnitude of ρXY depends on the ratio σ2
ε /σ

2
X , which is usually

called the noise-to-signal ratio.

2.13. Suppose X and Y are random variables such that E(Y |X) = 7− 1
4X

and E(X|Y ) = 10− Y. Determine the correlation between X and Y.

2.14. Show that E(u|X) = 0 if and only if E[h(X)u] = 0 for any measurable

functions h(·).

2.15. Suppose E(u|X) exists, X is a bounded random variable, and h(X)

is an arbitrary measurable function. Put g(X) = E(ε|X) and assume that

E[g2(X)] < ∞.

(1) Show that if g(X) = 0, then E[εh(X)] = 0.

(2) Show that if E[εh(X)] = 0, then E(ε|X) = 0. [Hint: Consider

h(X) = etX for t in a small neighborhood containing 0. Given that X is

bounded, we can expand

g(X) =

∞∑
j=0

βjX
j
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where βj =
∫∞
−∞ g(x)xjfX(x)dx is the Fourier coefficient, where fX(x) is

the PDF of X. Then

E(εetX) = E
[
E(ε|X)etX

]
= E

[
g(X)etX

]
=

∞∑
j=0

tj

j!
E
[
g(X)Xj

]
=

∞∑
j=0

tj

j!
βj

for all t in a small neighborhood containing 0.]

2.16. Consider a general regression model

Yt = g(Xt) + ut,

where g(Xt) is a possibly nonlinear model for E(Yt|Xt). Show that

E(ut|Xt) = 0 if and only if g(Xt) = E(Yt|Xt).

2.17. Consider the following Nonlinear Least Squares (NLS) problem

min
β∈Rk+1

E [Y − g(X, β)]
2
,

where g(X, β) is possibly a nonlinear function of β.
[
An example is

a logistic regression model where g(X, β) = 1
1+exp(−X′β) .

]
Suppose

E
[

∂
∂β g(X,β) ∂

∂β′ g(X, β)
]
is a (k + 1) × (k + 1) bounded and nonsingular

matrix for all β ∈ Rk+1, where ∂
∂β′ g(X, β) is the transpose of the (k+1)×1

column vector ∂
∂β g(X, β).

(1) Derive the FOC for the best NLS approximation coefficient β∗ (say).
(2) Put Y = g(X,β) + u. Show that β = β∗ if and only if

E
[
u ∂
∂β g(X, β∗)

]
= 0. Do we have E(Xu) = 0 when g(X, β) is nonlinear

in β?

(3) The nonlinear regression model g(X, β) is said to be correctly speci-

fied for E(Y |X) if there exists some unknown parameter value βo such that

E(Y |X) = g(X, βo) with probability one. Here, βo can be interpreted as a

true model parameter. Show that β∗ = βo if and only if the model g(X, β)

is correctly specified for E(Y |X).

(4) Do we have E(u|X) = 0, where u = Y −g(X, βo) for some parameter

value βo, when the model g(X, β) is correctly specified?
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(5) If E(u|X) = 0, where u = Y − g(X, βo) for some parameter value

βo, is g(X, β) correctly specified for E(Y |X)?

2.18. Consider the following causal nexus: Variable X1 is directly affected

by variable X3 and unobserved variables v1, v2. Variable X2 is directly

affected byX1 and an unobserved variable v3, and it is indirectly affected by

X3 and the other unobserved variables v1, v2 via its link with X1. Variable

Y is directly affected by X1 and X2, and it is indirectly affected by X3 and

the other unobserved variables v1, v2 via its link with X1. Note that X1

has both direct and indirect effects on Y. (By a direct effect of a variable

on Y it is meant that a change in that variable will cause a change in Y

while holding all other variables affecting Y constant. In other words, if a

variable has a ceteris paribus effect on Y, it is called to have a direct effect

on Y.) Also, note that an unobserved disturbance u has a direct effect on

Y and it has no linkage at all to any of the other variables. Assume that

(Y,X1, X2, X3) are all observable, and their relationships, if any, will be

linear.

(1) Consider a linear regression model

Y = β0 + β1X1 + β2X2 + u.

Is this model correctly specified for E(Y |X1, X2)? Explain.

(2) Derive the expression of E(Y |X1, X2, X3). Does X3 have any addi-

tional explanatory power for Y given the presence of X1 and X3? Explain.

2.19. Comment on the following statement: “All econometric models are

approximations of the economic system of interest and are therefore mis-

specified. Therefore, there is no need to check correct model specification

in practice.”
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Chapter 3

Classical Linear Regression Models

Abstract: In this chapter, we will introduce the classical linear regression

theory, including the classical model assumptions, the statistical properties

of the Ordinary Least Squares (OLS) estimator, the t-test and the F -test,

as well as the Generalized Least Squares (GLS) estimator and related sta-

tistical procedures. This chapter will serve as a starting point from which

we will develop modern econometric theory.

Keywords: Autocorrelation, Classical linear regression, Conditional het-

eroskedasticity, Conditional homoskedasticity, F -test, GLS, Hypothesis

testing, Mean Squared Error (MSE), Model selection criterion, Multi-

collinearity, Normal distribution, OLS, R2, t-test, Strict exogeneity

3.1 Framework and Assumptions

Suppose we have an observed random sample {Zt}nt=1 of size n, where Zt =

(Yt, X
′
t)

′, Yt is a scalar, Xt = (1, X1t, X2t, ..., Xkt)
′ is a (k + 1)× 1 vector,

t is an index (either cross-sectional unit or time period) for observations,

and n is the sample size. We are interested in making inference of the

conditional mean E(Yt|Xt) using an observed realization (i.e., a data set)

of the random sample {Yt, X
′
t}′, t = 1, ..., n.

Throughout this book, we set K ≡ k + 1, the number of regressors

which contains k economic variables and an intercept. The index t may

denote an individual unit (e.g., a firm, a household, and a country) for a

cross-sectional data, or denote a time period (e.g., day, week, month and

year) in a time series data.

We first provide and discuss the assumptions of the classical linear re-

gression theory.

67
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Assumption 3.1. [Linearity]: {Zt = (Yt, X
′
t)

′}nt=1 is an observable ran-

dom sample of size n, with

Yt = X ′
tβ

o + εt, t = 1, ..., n,

where βo is a K × 1 unknown parameter vector, and εt is an unobservable

disturbance.

In Assumption 3.1, Yt is the dependent variable (or regressand), Xt is

the vector of regressors (or independent variables), and βo is the regression

coefficient vector. The unobserved disturbance εt captures all other factors

which influence the dependent variable Yt other than the regressors in Xt.

When the linear model is correctly specified for the conditional mean

E(Yt|Xt), i.e., when E(εt|Xt) = 0, the parameter

βo =
d

dXt
E(Yt|Xt)

can be interpreted as the expected marginal effect of Xt on Yt and its

magnitude is called the true parameter value. We note that

βo
j =

∂

∂Xjt
E(Yt|Xt), j = 1, ..., k,

is the expected marginal effect of Xjt on Yt, holding all other regressors

constant. This is the so-called ceteris paribus expected marginal effect of

Xjt on Yt.

The key notion of linearity in the classical linear regression model is that

the regression model is linear in both regressor vector Xt and parameter

vector βo. We emphasize that the regressor vector Xt can be a set of differ-

ent economic explanatory variables, or can be a set of economic explanatory

variables and their nonlinear transformations. The regressors themselves

in Xt can be nonlinear functions of the same underlying economic variable,

each one transformed differently. An example is a polynomial regression,

which uses linear regression to fit the response variable as an arbitrary poly-

nomial function of an economic variable. This makes linear regression an

extremely powerful inference method. The linearity of a regression model

is actually only a restriction on linearity of parameter vector βo. It allows

nonlinear relationships between Yt and original economic variables.

Question: Does Assumption 3.1 imply a causal relationship from Xt to

Yt?
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Not necessarily. As Kendall and Stuart (1961, Vol.2, Ch.26, p.279) point

out, “a statistical relationship, however strong and however suggestive, can

never establish causal connection. Our ideas of causation must come from

outside statistics ultimately, from some theory or other.” Assumption 3.1

only implies a predictive relationship: given Xt, can we predict Yt linearly?

Denote

Y = (Y1, ..., Yn)
′, n× 1,

ε = (ε1, ..., εn)
′, n× 1,

X = (X1, ..., Xn)
′, n×K.

where the t-th row of X is X ′
t = (1, X1t, ..., Xkt). With these matrix nota-

tions, we have a compact expression for Assumption 3.1:

Y = Xβo + ε,

n× 1 = (n×K)(K × 1) + n× 1.

The second assumption is a strict exogeneity condition.

Assumption 3.2. [Strict Exogeneity]:

E(εt|X) = E(εt|X1, ..., Xt, ..., Xn) = 0, t = 1, ..., n.

The relationship between the disturbance εt and the regressors {Xt}
is a crucial consideration in formulating a linear regression model. More

precisely, Assumption 3.2 may be called strict exogeneity in mean. It sug-

gests that the mean values of εt does not depend on the value of regressors

{Xt}nt=1. If t is a time index, then Assumption 3.2 indicates that the mean

value of εt does not depend on the past, current and future values of the

regressors. Among other things, Assumption 3.2 implies correct model spec-

ification for E(Yt|Xt). This is because Assumption 3.2 implies E(εt|Xt) = 0

by conditional expectation. Therefore, we have E(εt) = 0 by the law of it-

erated expectations. The strict exogeneity condition implies that for each

observation, the valueXt is determined by the factors outside the regression

model under study.

Under Assumption 3.2, we have E(Xsεt) = 0 for any (t, s), where t, s ∈
{1, ..., n}. This follows because

E(Xsεt) = E[E(Xsεt|X)]

= E[XsE(εt|X)]

= E(Xs · 0)
= 0.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 70

70 Foundations of Modern Econometrics

Given E(εt) = 0, E(Xsεt) = 0 implies cov(Xs, εt) = 0 for all t, s ∈
{1, ..., n}.

Because X contains regressors {Xs} for both s ≤ t and s > t, Assump-

tion 3.2 essentially requires that the error εt do not depend on both the

past and future values of regressors if t is a time index. This rules out

dynamic time series models for which εt may be correlated with the future

values of regressors (because the future values of regressors depend on the

current shocks), as is illustrated in the following example.

Example 3.1. [Autoregressive Model]: Consider a first order autore-

gressive model, denoted as AR(1),

Yt = β0 + β1Yt−1 + εt, t = 1, ..., n,

= X ′
tβ + εt,

{εt} ∼ IID(0, σ2),

where Xt = (1, Yt−1)
′. This is a dynamic regression model because the term

β1Yt−1 represents the “memory” or “feedback” of the past into the present

value of the process, which induces a correlation between Yt and the past.

The term autoregression refers to the regression of Yt on its own past values.

The parameter β1 determines the amount of feedback, with a large absolute

value of β1 resulting in more feedback. The disturbance εt can be viewed

as representing the effect of “new information” that is revealed at time t.

Information that is truly new cannot be anticipated so that the effects of

today’s new information should be unrelated to the effects of yesterday’s

news in the sense that E(εt|Xt) = 0. Here, we make a stronger assumption

that we can model the effect of new information as an IID(0, σ2) sequence.

Obviously, E(Xtεt) = E(Xt)E(εt) = 0 but E(Xt+1εt) 	= 0. Thus, we

have E(εt|X) 	= 0, and so Assumption 3.2 does not hold. Here, the lagged

dependent variable Yt−1 in the regressor vector Xt is called a predetermined

variable, since it is orthogonal to εt but depends on the past history of {εt}.

In Chapter 5, we will consider linear regression models with dependent

observations, which will include Example 3.1 as a special case. In fact,

the main reason of imposing Assumption 3.2 is to obtain a finite sample

distribution theory. For a large sample theory (i.e., an asymptotic theory

as n → ∞), the strict exogeneity condition will not be needed.

In a time series context, strict exogeneity implies that the explanatory

variables in Xt do not react to the shocks in the past, current and fu-

ture periods. Intuitively, the values of Xt are completely determined by
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factors outside the regression model, and so they are called strictly exoge-

nous variables. In econometrics, there are various alternative definitions

of exogeneity. For example, one definition assumes that εt and X are in-

dependent. Another example is that X is nonstochastic. This rules out

conditional heteroskedasticity (i.e., var(εt|X) depends on X). In Assump-

tion 3.2, we still allow for conditional heteroskedasticity, because we do not

assume that εt and X are independent. We only assume that the condi-

tional mean E(εt|X) does not depend on X. The case that ε and X are

independent or X is nonstochastic is called strong exogeneity.

Below we consider two special cases.

Case I: X Is Nonstochastic

Question: What happens to Assumption 3.2 if X is nonstochastic?

If X is nonstochastic, Assumption 3.2 becomes

E(εt|X) = E(εt) = 0.

An example of nonstochastic X is Xt = (1, t, ..., tk)′, where t is a time

variable. This corresponds to a time-trend regression model

Yt = X ′
tβ

o + εt

=

k∑
j=0

βo
j t

j + εt.

Case II: {Zt = (Yt, X
′
t)

′}n
t=1 Is an IID Random Sample

Question: What happens to Assumption 3.2 if Zt = (Yt, X
′
t)

′ is an inde-

pendent random sample (i.e., Zt and Zs are independent whenever t 	= s,

although Yt and Xt may not be independent)?

When {Zt} is IID, Assumption 3.2 becomes

E(εt|X) = E(εt|X1, X2, ...Xt, ..., Xn)

= E(εt|Xt)

= 0.
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In other words, when {Zt} is IID, E(εt|X) = 0 is equivalent to E(εt|Xt) =

0.

Assumption 3.3. [Nonsingularity]: (a) The minimum eigenvalue of

the K ×K square matrix X′X =
∑n

t=1 XtX
′
t is nonsingular, and (b) with

probability one,

λmin (X
′X) → ∞ as n → ∞.

Assumption 3.3(a) rules out multicollinearity among the (k+1) regres-

sors in Xt. Multicollinearity refers to a situation in which two or more

explanatory variables in a multiple regression model are linearly related.

For example, we have exact or perfect multicollinearity if the correlation

between two explanatory variables is equal to 1 or −1. More specifically,

we say that there exists multicollinearity or perfect multicollinearity among

the Xt if for all t ∈ {1, ..., n}, the variable Xjt for some j ∈ {0, 1, ..., k} is

a linear combination of the other K − 1 column variables {Xit, i 	= j}. In

this case, the matrix X′X is singular, and as a consequence, the true model

parameter βo in Assumption 3.1 is not identifiable. Of course, perfect mul-

ticollinearity is rare in practice.

The nonsingularity of X′X implies that X must be of full rank of K =

k + 1. Thus, we need K ≤ n. That is, the number of regressors cannot be

larger than the sample size. This is a necessary condition for identification

of the true parameter value βo.

The eigenvalue λ of a square matrix A is characterized by the system

of linear equations:

det(A− λI) = 0,

where det(·) denotes the determinant of a square matrix, and I is an identity

matrix with the same dimension as A.

It is well-known that the eigenvalue λ can be used to summarize in-

formation contained in a matrix (recall the popular principal component

analysis). Assumption 3.3 implies that new information must be available

as the sample size n → ∞ (i.e., Xt should not only have same repeated

values as t increases).

Intuitively, if there is no variation in the values of the Xt, it will be diffi-

cult to determine the relationship between Yt and Xt (indeed, the purpose

of classical linear regression is to investigate how a change in Xt causes a

change in Yt). Figures 3.1 and 3.2 show that it is easier to estimate the
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true parameter values when there are large variations in Xt than there are

small variations in Xt.

Figure 3.1 Scatter plots of a linear

regression with large changes in Xt.

Figure 3.2 Scatter plots of a linear

regression with small changes in Xt.

In certain sense, one may call X′X the “information matrix” of the

random sampleX because it is a measure of the information contained inX.

The magnitude of X′X will affect the preciseness of parameter estimation

for βo. Indeed, as will be shown below, the condition that λmin(X
′X) → ∞

as n → ∞ ensures that variance of the OLS estimator will vanish to zero

as n → ∞. This rules out a possibility called near-multicollinearity that

there is an approximate linear relationship among two or more explanatory

variables such that although X′X is nonsingular, its minimum eigenvalue

λmin(X
′X) does not grow with the sample size n. When λmin(X

′X) does

not grow with n, the OLS estimator is well-defined and has a well-behaved

finite sample distribution, but its variance never vanishes to zero as n → ∞.

In other words, in the near-multicollinearity case where λmin(X
′X) does not

grow with n, the OLS estimator will never converge to the true parameter

value βo, although it will still have a well-defined finite sample distribution.

Question: Why can the eigenvalue λ be used as a measure of the infor-

mation contained in X′X?

Assumption 3.4. [Spherical Error Variance]:

(a) [Conditional Homoskedasticity]:

E(ε2t |X) = σ2 > 0, t = 1, ..., n;
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(b) [Conditional Non-Autocorrelation]:

E(εtεs|X) = 0, t 	= s, t, s ∈ {1, ..., n}.

We can write Assumption 3.4 as

E(εtεs|X) = σ2δts,

where δts = 1 if t = s and δts = 0 otherwise. In mathematics, δts is called

the Kronecker delta function. Under this assumption, we have

var(εt|X) = E(ε2t |X)− [E(εt|X)]2

= E(ε2t |X)

= σ2

and

cov(εt, εs|X) = E(εtεs|X)

= 0 for all t 	= s.

By the law of iterated expectations, Assumption 3.4(b) implies that

var(εt) = σ2 for all t = 1, ..., n, the so-called unconditional homoskedas-

ticity. Similarly, Assumption 3.4(a) implies cov(εt, εs) = 0 for all t 	= s.

Thus, there exists no serial correlation between εt and its lagged values

when t is an index for time, or there exists no spatial correlation between

the disturbances associated with different cross-sectional units when t is an

index for the cross-sectional unit (e.g., consumer, firm and household). In

either case, we say that there exists no autocorrelation in {εt}.
Assumption 3.4 does not imply that εt and X are independent. It allows

the possibility that the conditional higher order moments (e.g., skewness

and kurtosis) of εt depend on X.

We can write Assumptions 3.2 and 3.4 compactly as follows:

E(ε|X) = 0 and E(εε′|X) = σ2I,

where I ≡ In is an n× n identity matrix.

3.2 Ordinary Least Squares (OLS) Estimation

Question: How to estimate the true model parameter βo using an observed

data set generated from the random sample {Zt}nt=1, where Zt = (Yt, X
′
t)

′?
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Definition 3.1. [OLS Estimator]: Suppose Assumptions 3.1 and 3.3(a)

hold. Define the Sum of Squared Residuals (SSR) of the linear regression

model Yt = X ′
tβ + ut as

SSR(β) ≡ (Y −Xβ)′(Y −Xβ)

=

n∑
t=1

(Yt −X ′
tβ)

2.

Then the OLS estimator β̂ is the solution to

β̂ = arg min
β∈RK

SSR(β).

Note that SSR(β) is the sum of squared model errors {ut = Yt −X ′
tβ},

with equal weighting for each t.

Theorem 3.1. [Existence of the OLS Estimator]: Under Assumptions

3.1 and 3.3, the OLS estimator β̂ exists and

β̂ = (X′X)−1X′Y

=

(
n∑

t=1

XtX
′
t

)−1 n∑
t=1

XtYt

=

(
1

n

n∑
t=1

XtX
′
t

)−1
1

n

n∑
t=1

XtYt.

The last expression will be useful for our asymptotic analysis in subse-

quent chapters.

Proof: Using the formula that for an K × 1 vector A and K × 1 vector β,

the derivative

∂(A′β)
∂β

= A,
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we have

dSSR(β)

dβ
=

d

dβ

n∑
t=1

(Yt −X ′
tβ)

2

=

n∑
t=1

∂

∂β
(Yt −X ′

tβ)
2

=

n∑
t=1

2(Yt −X ′
tβ)

∂

∂β
(Yt −X ′

tβ)

= −2

n∑
t=1

Xt(Yt −X ′
tβ)

= −2X′(Y −Xβ).

The OLS estimator must satisfy the FOC:

−2X′(Y −Xβ̂) = 0,

X′(Y −Xβ̂) = 0,

X′Y − (X′X)β̂ = 0.

It follows that

(X′X)β̂ = X′Y.

By Assumption 3.3, X′X is nonsingular. Thus,

β̂ = (X′X)−1X′Y.

Checking the SOC, we have the K ×K Hessian matrix

∂2SSR(β)

∂β∂β′ = −2

n∑
t=1

∂

∂β′ [(Yt −X ′
tβ)Xt]

= 2X′X

is positive definite given λmin(X
′X) > 0. Thus, β̂ is a global minimizer.

Note that for the existence of β̂, we only need that X′X is nonsingular,

which is implied by the condition that λmin(X
′X) → ∞ as n → ∞ but

it does not require that λmin(X
′X) → ∞ as n → ∞. This completes the

proof.
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Suppose Zt = {Yt, X
′
t}′, t = 1, ..., n, is an IID random sample of size n.

Consider the SSR scaled by n−1 :

SSR(β)

n
=

1

n

n∑
t=1

(Yt −X ′
tβ)

2

and its minimizer

β̂ =

(
1

n

n∑
t=1

XtX
′
t

)−1
1

n

n∑
t=1

XtYt.

These are the sample analogs of the population MSE criterion

MSE(β) = E(Yt −X ′
tβ)

2

and its minimizer

β∗ ≡ [E(XtX
′
t)]

−1
E(XtYt).

That is, SSR(β), after scaled by n−1, is the sample analogue of MSE(β),

and the OLS estimator β̂ is the sample analogue of the best least squares

approximation coefficient β∗.
Put

Ŷt ≡ X ′
tβ̂.

This is called the fitted value (or predicted value) for observation Yt, and

et ≡ Yt − Ŷt

is called the estimated residual (or prediction error) for observation Yt. Note

that

et = Yt − Ŷt

= (X ′
tβ

o + εt)−X ′
tβ̂

= εt −X ′
t(β̂ − βo),

where εt is the unavoidable true disturbance εt, and X ′
t(β̂ − βo) is an

estimation error, which is smaller when a larger data set is available (so β̂

becomes closer to βo).

The FOC implies that the estimated residual e = Y −Xβ̂ is orthogonal

to regressors X in the sense that

X′e =
n∑

t=1

Xtet = 0.
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This is the consequence of the very nature of the OLS estimation, as im-

plied by the FOC of minβ∈RK SSR(β). It always holds no matter whether

E(εt|X) = 0 (note that we do not impose Assumption 3.2 in Theorem 3.1).

Note that if Xt contains the intercept, then X′e = 0 implies
∑n

t=1 et = 0.

The earliest form of regression was the OLS method, which was intro-

duced by Legendre (1805) and Gauss (1809), who both applied the method

to the problem of determining, from astronomical observations, the orbits

of bodies about the Sun (mostly comets, but also later the then newly

discovered minor planets).

3.3 Goodness of Fit and Model Selection Criteria

Question: How well does the linear regression model fit the data? That

is, how well does a linear regression model explain the variations of the

observed data of {Yt}nt=1?

We need some criteria or some measures to characterize goodness of fit.

We first introduce two measures for goodness of fit. The first measure

is called the uncentered squared multi-correlation coefficient R2.

Definition 3.2. [Uncentered R2]: The uncentered squared multi-

correlation coefficient is defined as

R2
uc =

Ŷ ′Ŷ
Y ′Y

= 1− e′e
Y ′Y

,

where the second equality follows from the FOC of the OLS estimation.

The measure R2
uc has a nice interpretation: the proportion of the uncen-

tered sample quadratic variation in the dependent variables {Yt} that can

be attributed to the uncentered sample quadratic variation of the predicted

values {Ŷt}. Note that we always have 0 ≤ R2
uc ≤ 1.

Next, we define a closely related measure called centered R2.

Definition 3.3. [Centered R2: Coefficient of Determination]: The

coefficient of determination

R2 ≡ 1−
∑n

t=1 e
2
t∑n

t=1(Yt − Ȳ )2
,

where Ȳ = n−1
∑n

t=1 Yt is the sample mean.
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When Xt contains the intercept, we have the following orthogonal de-

composition:

n∑
t=1

(Yt − Ȳ )2 =

n∑
t=1

(Ŷt − Ȳ + Yt − Ŷt)
2

=

n∑
t=1

(Ŷt − Ȳ )2 +

n∑
t=1

e2t + 2

n∑
t=1

(Ŷt − Ȳ )et

=

n∑
t=1

(Ŷt − Ȳ )2 +

n∑
t=1

e2t ,

where the cross-product term

n∑
t=1

(Ŷt − Ȳ )et =

n∑
t=1

Ŷtet − Ȳ

n∑
t=1

et

= β̂′
n∑

t=1

Xtet − Ȳ

n∑
t=1

et

= β̂′(X′e)− Ȳ

n∑
t=1

et

= β̂′ · 0− Ȳ · 0
= 0,

where we have made use of the facts that X′e = 0 and
∑n

t=1 et = 0 from

the FOC of the OLS estimation and the fact that Xt contains the intercept

(i.e., X0t = 1). It follows that

R2 ≡ 1− e′e∑n
t=1(Yt − Ȳ )2

=

∑n
t=1(Yt − Ȳ )2 −∑n

t=1 e
2
t∑n

t=1(Yt − Ȳ )2

=

∑n
t=1(Ŷt − Ȳ )2∑n
t=1(Yt − Ȳ )2

,

and consequently we have

0 ≤ R2 ≤ 1.

Question: Can R2 be negative?



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 80

80 Foundations of Modern Econometrics

Yes, this is possible. If Xt does not contain the intercept, then the

orthogonal decomposition identity

n∑
t=1

(Yt − Ȳ )2 =

n∑
t=1

(Ŷt − Ȳ )2 +

n∑
t=1

e2t

generally no longer holds. As a consequence, R2 may be negative when

there is no intercept! This is because the cross-product term

2

n∑
t=1

(Ŷt − Ȳ )et

may be negative.

When Xt contains an intercept, the centered R2 has a similar interpre-

tation to the uncentered R2
uc. That is, R2 measures the proportion of the

sample variance of {Yt}nt=1 that can be explained by the linear predictor of

Xt.

Example 3.2. [CAPM and Economic Interpretation of R2]: The

classical CAPM is characterized by the equation

rit − rft = αi + βi(rmt − rft) + εit, t = 1, ..., n,

where rit is the return on portfolio (or asset) i, rft is the return on a risk-

free asset, and rmt is the return on the market portfolio. Here, rit − rft
is the risk premium of portfolio i, rmt − rft is the risk premium of the

market portfolio, which is the only systematic market risk factor, and εit
is the idiosyncratic risk which can be eliminated by diversification if the

εit are uncorrelated across different assets (see Hong 2017, Example 6.6,

Chapter 6). In this model, R2 has an interesting economic interpretation:

it is the proportion of the risk of portfolio i (as measured by the sample

variance of its risk premium rit − rft) that is attributed to the market

risk factor (rmt − rft). In contrast, 1− R2 is the proportion of the risk of

portfolio i that is contributed by idiosyncratic risk factor εit.

In fact, the centered R2 is the squared sample correlation between

{Yt}nt=1 and {Ŷt}nt=1, as is shown below.

Theorem 3.2. R2 = ρ̂2
Y Ŷ

, where ρ̂Y Ŷ is the sample correlation between

{Yt}nt=1 and {Ŷt}nt=1.

Proof: Left as an exercise.
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Since the fitted value Ŷt = X ′
tβ̂ = β̂0 +

∑k
j=1 β̂jXjt is a linear com-

bination of {Xjt}kj=1, R may be viewed as a multiple sample correlation

between Yt and {Xjt}kj=1, and this is why R2 is called the squared multiple

sample correlation coefficient.

For any given random sample {Yt, X
′
t}′, t = 1, ..., n, R2 is nondecreas-

ing in the number of explanatory variables Xt. In other words, the more

explanatory variables are added in the linear regression, the higher R2 is.

This is always true no matter whether Xt has any true explanatory power

for Yt, as is stated below.

Theorem 3.3. Suppose {Yt, X1t, ..., X(k+q)t}′, t = 1, ..., n, is a random

sample, and Assumptions 3.1 and 3.3(a) hold. Let R2
1 be the centered R2

from the linear regression

Yt = X ′
tβ + ut,

where Xt = (1, X1t, ..., Xkt)
′, and β is a K × 1 parameter vector; also, R2

2

is the centered R2 from the extended linear regression

Yt = X̃ ′
tγ + vt,

where X̃t = (1, X1t, ..., Xkt, X(k+1)t, ..., X(k+q)t)
′,and γ is a (K + q) × 1

parameter vector. Then

R2
2 ≥ R2

1.

Proof: By definition, we have

R2
1 = 1− e′e∑n

t=1(Yt − Ȳ )2
,

R2
2 = 1− ẽ′ẽ∑n

t=1(Yt − Ȳ )2
,

where e is the estimated residual vector from the regression of Y on X, and

ẽ is the estimated residual vector from the regression of Y on X̃. It suffices

to show ẽ′ẽ ≤ e′e. Because the OLS estimator γ̂ = (X̃′X̃)−1X̃′Y minimizes

SSR(γ) for the extended model, we have

ẽ′ẽ =
n∑

t=1

(Yt − X̃ ′
tγ̂)

2 ≤
n∑

t=1

(Yt − X̃ ′
tγ)

2 for all γ ∈ R
K+q.

Now we choose

γ = (β̂′, 0′)′,
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where β̂ = (X′X)−1X′Y is the OLS estimator from the first regression. It

follows that

ẽ′ẽ ≤
n∑

t=1

⎛⎝Yt −
k∑

j=0

β̂jXjt −
k+q∑

j=k+1

0 ·Xjt

⎞⎠2

=
n∑

t=1

(Yt −X ′
tβ̂)

2

= e′e.

Hence, we have R2
1 ≤ R2

2. This completes the proof.

Question: What is the implication of Theorem 3.3?

The measure R2 can be used to compare models with the same num-

ber of predictors, but it is not a useful criterion for comparing models of

different sizes because it is biased in favor of large models.

The measure R2 is not a suitable criterion for correct model specifi-

cation. It is a measure for sampling variation rather than a measure of

population. A high value of R2 does not necessarily imply correct model

specification, and correct model specification also does not necessarily im-

ply a high value of R2.

Strictly speaking, R2 is a measure merely of statistical association with

nothing to say about causality. High values of R2 are often very easy to

achieve when dealing with economic time series data, even when the causal

link between two variables is extremely tenuous or perhaps nonexistent. For

example, in the so-called spurious regression where the dependent variable

Yt and the regressorsXt have no causal relationship but they display similar

trending behaviors over time, it is often found that R2 is close to unity

(Granger and Newbold 1974, and Phillips 1986).

Finally, R2 is a measure of the strength of linear association between

the dependent variable Yt and the regressors Xt (see Exercise 3.2). It is

not a suitable measure for goodness of fit of a nonlinear regression model

where E(Yt|Xt) is a nonlinear function of Xt.

Question: How to interpret R2 for the linear regression model

lnYt = β0 + β1 lnLt + β2 lnKt + εt,

where Yt is output, Lt is labor and Kt is capital?
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The centered R2 is the proportion of the total sample variations in lnYt

that can be attributed to the sample variations in lnLt and lnKt. It is

not the proportion of the sample quadratic variations in Yt that can be

attributed to the sample variations of Lt and Kt. In other words, it is

inappropriate to compare the R2 from the regression of Yt on Lt and Kt

and the R2 from the regression of lnYt on lnLt and lnKt.

Question: Does a high R2 value imply a precise estimation for βo?

The discussion above implies that R2 is not a suitable criterion for model

selection. Often, a large number of potential predictors are available, but

we do not necessarily want to include all of them. There are two conflicting

factors to consider: on one hand, a larger model has less systematic bias

and it would give the best predictions if all parameters could be estimated

without error. On the other hand, when unknown parameters are replaced

by estimates, the prediction becomes less accurate, and this effect is worse

when there are more parameters to estimate. An important idea in statistics

is to use a simple model to capture essential information contained in data

as much as possible. This is often called the KISS principle, namely “Keep

It Sophisticatedly Simple”!

Below, we introduce three popular model selection criteria that reflect

such an idea.

(1) Akaike Information Criterion (AIC)

A linear regression model can be selected by minimizing the following

AIC criterion with a suitable choice of K:

AIC = ln(s2) +
2K

n

where

s2 = e′e/(n−K),

is called the residual variance estimator for E(ε2t ) = σ2, and K = k + 1 is

the number of regressors. The first term ln s2 is a measure for goodness of

fit, and the second term 2K/n is a measure for model complexity. AIC is

proposed by Akaike (1973).
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(2) Bayesian Information Criterion (BIC, Schwarz (1978))

A linear regression model can be selected by minimizing the following

criterion with a suitable choice of K:

BIC = ln(s2) +
K ln(n)

n
.

This is called the Bayesian Information Criterion (BIC), proposed by

Schwarz (1978).

Both AIC and BIC try to trade off the goodness of fit to data measured

by ln(s2) with the desire to use as few parameters as possible. When

lnn ≥ 2, which is the case when n > 7, BIC gives a heavier penalty for

model complexity than AIC, which is measured by the number of estimated

parameters (relative to the sample size n). As a consequence, BIC will

choose a more parsimonious linear regression model than AIC.

The difference between AIC and BIC is due to the way they are con-

structed. AIC is designed to select a model that will predict best and is

less concerned than BIC with having a few too many parameters. BIC is

designed to select the true value of K exactly. Under certain regularity

conditions, BIC is strongly consistent in the sense that it determines the

true model asymptotically (i.e., as n → ∞), whereas for AIC an overparam-

eterized model will emerge no matter how large the sample is. Of course,

such properties are not necessarily guaranteed in finite samples. In prac-

tice, the best AIC model is usually close to the best BIC model and often

they deliver the same model.

(3) Adjusted R2

In addition to AIC and BIC, there are other criteria such as R̄2, the

so-called adjusted R2 that can also be used to select a linear regression

model. The adjusted R2, denoted as R̄2, is defined as

R̄2 = 1− e′e/(n−K)

(Y − Ȳ )′(Y − Ȳ )/(n− 1)
.

This differs from

R2 = 1− e′e
(Y − Ȳ )′(Y − Ȳ )

.
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In R̄2, the adjustment is made according to the degrees of freedom, or the

number of regressors in Xt. It may be shown that

R̄2 = 1− n− 1

n−K
(1−R2).

We note that R̄2 may take a negative value although there is an intercept

in Xt. It does not have as straightforward an interpretation as R2 does.

To gain insight into R̄2, let us look at the numerator of the ratio in

the definition of R̄2, because the denominator does not depend on K. The

numerator itself is a ratio. Adding a regressor to the regression will cause

both e′e and n−K to decrease. If e′e decreases proportionally more than n−
K decreases, the ratio in the numerator will decrease and so R̄2 will increase.

By contrast, if e′e decreases proportionally less than n−K decreases, R̄2 will

decrease. We note that the decrease in the number of degrees of freedom,

n−K, is linked to the “statistical cost” of adding another regressor to the

regression.

All aforementioned model criteria are structured in terms of the esti-

mated residual variance s2 plus a penalty adjustment involving the number

of estimated parameters, and it is in the extent of this penalty that the

criteria differ. For more discussion about these and other selection criteria,

see Judge et al. (1985, Section 7.5).

Question: Why is it not a good practice to use a complicated model?

A complicated model contains many unknown parameters. Given a

fixed amount of data information, parameter estimation will become less

precise if more parameters have to be estimated. As a consequence, the

out-of-sample forecast for Yt may become less precise than the forecast

of a simpler model. The latter may have a larger bias but more precise

parameter estimates. Intuitively, a complicated model is too flexible in the

sense that it may capture not only systematic components but also some

features in the data which will not show up again. Thus, it cannot forecast

futures well.

In many applications especially with a relatively large number of re-

gressors, the matrix X′X may be close to a singular matrix when there

exists near-multicollinearity in regressors. As a result, the OLS estimator

β̂ will not be stable, inducing a large variance in its MSE. One solution is
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to restrict the magnitude of β by considering the following estimator

β̂ = (Y −Xβ)′(Y −Xβ) + λβ′β

= (X′X+ λI)−1X′Y

where λ is a tuning parameter which controls the weight on the magnitude

of β measured by the sum of its squared components. This is called a ridge

regression estimator. When λ = 0, the ridge regression estimator becomes

the OLS estimator. The introduction of λ makes the ridge regression esti-

mator β̂ more stable than the OLS estimator. This reduces the variance of

β̂ at a cost of bias. Overall, the MSE of the ridge regression estimator of β̂

will be smaller than that of the OLS estimator.

When there exists a high-dimensional set of regressors (particularly

when the number of regressors K may be larger than the sample size n),

many parameters in β may be zero or small enough to be negligible. This

is called sparsity of a high-dimensional linear regression. When K is larger

than the sample size n, the OLS estimation is simply impossible, because

X′X is singular. In this case, one can consider the following estimator

β̂ = min
β

(Y −Xβ)′(Y −Xβ) + λ|β|1,

where |β|1 =
∑k

j=0 |βj | is the L1-norm of β. This is called the Least Ab-

solute Shrinkage and Selection Operator (LASSO) estimator, which, unlike

the ridge regression estimator, sets those small coefficients directly equal

to zero. The LASSO estimator substantially reduces the variance of β̂ at a

cost of bias, which usually leads to a large reduction in the MSE of β̂ when

there exists a high-dimensional vector of regressors. For more discussion,

interested readers are referred to Tibshirani (1996).

3.4 Consistency and Efficiency of the OLS Estimator

We now investigate the statistical properties of the OLS estimator β̂. We

are interested in addressing the following basic questions:

• Is β̂ a good estimator for βo (consistency)?

• Is β̂ the best estimator (efficiency)?

• What is the sampling distribution of β̂ (normality)?

Note that the distribution of β̂ is called the sampling distribution of β̂,

because β̂ is a function of the random sample {Zt}nt=1, where Zt = (Yt, X
′
t)

′.
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The sampling distribution of β̂ is useful for any statistical inference

involving β̂, such as confidence interval estimation and hypothesis testing.

To investigate the statistical properties of β̂, we first state some useful

lemmas.

Lemma 3.1. Under Assumptions 3.1 and 3.3(a), we have:

(1)

X′e = 0.

(2)

β̂ − βo = (X′X)−1X′ε.

(3) Define an n× n projection matrix

P = X(X′X)−1X′

and

M = I−P.

Then both matrices P and M are symmetric (i.e., P = P′ and M =

M′) and idempotent (i.e., P2 = P,M2 = M), with

PX= X,

MX = 0.

(4)

SSR(β̂) = e′e = Y ′MY = ε′Mε.

Proof: (1) The result follows immediately from the FOC of the OLS esti-

mator.

(2) Because β̂ = (X′X)−1X′Y and Y = Xβo + ε, we have

β̂ − βo = (X′X)−1X′(Xβo + ε)− βo

= (X′X)−1X′ε.
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(3) P is idempotent because

P2 = PP

= [X(X′X)−1X′][X(X′X)−1X′]

= X(X′X)−1X′

= P.

Similarly we can show M2 = M.

(4) By the definition of M, we have

e = Y −Xβ̂

= Y −X(X′X)−1X′Y

= [I−X(X′X)−1X′]Y

= MY

= M(Xβo + ε)

= MXβo +Mε

= Mε

given MX = 0. It follows that

SSR(β̂) = e′e

= (Mε)′(Mε)

= ε′M2ε

= ε′Mε,

where the last equality follows from M2 = M.

We now investigate the statistical properties of β̂.

Theorem 3.4. Suppose Assumptions 3.1 to 3.3(a) and 3.4 hold. Then

(1) [Unbiasedness] E(β̂|X) = βo and E(β̂) = βo.

(2) [Vanishing Variance]

var(β̂|X) = E
[
(β̂ − Eβ̂)(β̂ − Eβ̂)′|X

]
= σ2(X′X)−1.
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If in addition Assumption 3.3(b) holds, then for any K × 1 vector τ such

that τ ′τ = 1, we have

τ ′var(β̂|X)τ → 0 as n → ∞.

(3) [Orthogonality Between e and β̂]

cov(β̂, e|X) = E{[β̂ − E(β̂|X)]e′|X} = 0.

(4) [Gauss-Markov Theorem]

var(b̂|X)− var(β̂|X) is Positive Semi-Definite (PSD)

for any unbiased estimator b̂ that is linear in Y with E(b̂|X) = βo.

(5) [Sample Residual Variance Estimator]

s2 = e′e/(n−K) =
1

n−K

n∑
t=1

e2t

is unbiased for σ2 = E(ε2t ). That is, E(s2|X) = σ2.

Proof: (1) Given β̂ − βo = (X′X)−1X′ε, we have

E[(β̂ − βo)|X] = E[(X′X)−1X′ε|X]

= (X′X)−1X′E(ε|X)

= (X′X)−1X′0

= 0.

(2) Given β̂ − βo = (X′X)−1X′ε and E(εε′|X) = σ2I, we have

var(β̂|X) ≡ E

{[
β̂ − E(β̂|X)

] [
β̂ − E(β̂|X)

]′
|X
}

= E
[
(β̂ − βo)(β̂ − βo)′|X

]
= E[(X′X)−1X′εε′X(X′X)−1|X]

= (X′X)−1X′E(εε′|X)X(X′X)−1

= (X′X)−1X′σ2IX(X′X)−1

= σ2(X′X)−1X′X(X′X)−1

= σ2(X′X)−1.
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Note that Assumption 3.4 is crucial here to obtain the expression of

σ2(X′X)−1 for var(β̂|X). Moreover, for any τ ∈ R
K such that τ ′τ = 1,

we have, with probability one,

τ ′var(β̂|X)τ = σ2τ ′(X′X)−1τ

≤ σ2λmax[(X
′X)−1]

= σ2λ−1
min(X

′X)

→ 0

given λmin(X
′X) → ∞ as n → ∞. Note that the condition that

λmin(X
′X) → ∞ ensures that var(β̂|X) vanishes to zero as n → ∞.

(3) Given β̂ − βo = (X′X)−1X′ε, e = Y − Xβ̂ = MY = Mε (since

MX = 0 by Lemma 3.1(3)), and E(e) = 0, we have

cov(β̂, e|X) = E
{[

β̂ − E(β̂|X)
]
[e− E(e|X)]

′ |X
}

= E
[
(β̂ − βo)e′|X

]
= E[(X′X)−1X′εε′M|X]

= (X′X)−1X′E(εε′|X)M

= (X′X)−1X′σ2IM

= σ2(X′X)−1X′M

= 0.

Again, Assumption 3.4 plays a crucial role in ensuring zero correlation

between β̂ and e.

(4) Consider a linear estimator

b̂ = C′Y,

where C = C(X) is an n×K matrix depending on X. It is unbiased for βo

regardless of the value of βo if and only if

E(b̂|X) = C′Xβo +C′E(ε|X)

= C′Xβo

= βo.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 91

Classical Linear Regression Models 91

This follows if and only if

C′X = I.

Because

b̂ = C′Y

= C′(Xβo + ε)

= C′Xβo +C′ε

= βo +C′ε,

the variance of the linear estimator b̂

var(b̂|X) = E
{
[b̂− E(b̂|X)][b̂− E(b̂|X)]′|X

}
= E

[
(b̂− βo)(b̂− βo)′|X

]
= E [C′εε′C|X]

= C′E(εε′|X)C

= C′σ2IC

= σ2C′C.

Using C′X = I, we now have

var(b̂|X)− var(β̂|X) = σ2C′C− σ2(X′X)−1

= σ2[C′C−C′X(X′X)−1X′C]

= σ2C′[I−X(X′X)−1X′]C

= σ2C′MC

= σ2C′MMC

= σ2C′M′MC

= σ2(MC)′(MC)

= σ2D′D,

which is PSD. Here we have used the fact that for any real-valued matrix

D, the squared matrix D′D is always PSD. (How to show this?)
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(5) Because e′e = ε′Mε and tr(AB) = tr(BA), where tr(·) denotes the
trace operator, we have

E(e′e|X) = E(ε′Mε|X)

= E[tr(ε′Mε)|X]

= E[tr(εε′M)|X]

= tr[E(εε′|X)M]

= tr(σ2IM)

= σ2tr(M)

= σ2(n−K)

where

tr(M) = tr(I)− tr[X(X′X)−1X′]

= tr(I)− tr[X′X(X′X)−1]

= n−K,

using tr(AB) = tr(BA) again. It follows that

E(s2|X) =
E(e′e|X)

n−K

=
σ2(n−K)

(n−K)

= σ2.

We note that the sample residual variance estimator s2 can be viewed

as a generalization of the sample variance S2
n = (n− 1)−1

∑n
t=1(Yt − Ȳn)

2

of random sample {Yt}nt=1. This completes the proof.

The unbiasedness property of β̂ for βo in Theorem 3.4(1) follows from

the strict exogeneity condition in Assumption 3.2. In general, different

regressors are correlated with each other. As a result, to obtain an un-

biased estimator for any parameter of interest, βo
i say, that is associated

with regressor Xit, it is important to include all other possible correlated

regressors {Xjt, j = i}. All other regressors which we are not interested

in are called control regressors. For example, in labor economics we may

be interested in estimating the effect of the return on education (measured

by the number of schooling). Because education and experience are cor-

related, we need to control for experience in regression in order to obtain
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an unbiased estimation for the effect of education. Intuitively, the observa-

tion for the dependent variable is the total effect from all regressors subject

to stochastic disturbances, we have to control for (i.e., take into account)

the effect of all other regressors in order to correctly estimate the ceteris

paribus effect of the variable of interest Xit on Yt.

Both Theorems 3.4(1) and (2) imply that the conditional MSE

MSE(β̂|X) = E
{
[β̂ − E(β̂|X)][β̂ − E(β̂|X)]|X

}
= E[(β̂ − βo)(β̂ − βo)′|X]

= var(β̂|X) + Bias(β̂|X)Bias(β̂|X)′

= var(β̂|X)

→ 0 as n → ∞,

where we have used the fact that the bias

Bias(β̂|X) ≡ E(β̂|X)− βo = 0.

Recall that MSE measures how close an estimator β̂ is to the target pa-

rameter βo.

Theorem 3.4(4), which is usually called the Gauss-Markov theorem,

implies that β̂ is the Best Linear Unbiased Estimator (BLUE) for βo because

var(β̂|X) is the smallest among all unbiased linear estimators for βo. Carl

F. Gauss is a well-known German mathematician and astronomer, who

published a seminal work on the theory of OLS estimation, including a

version of the Gauss–Markov theorem (Gauss 1921).

Formally, we can define a related concept for comparing two unbiased

estimators:

Definition 3.4. [Efficiency]: An unbiased estimator β̂ of parameter βo

is more efficient than another unbiased estimator b̂ of parameter βo if

var(b̂|X)− var(β̂|X) is PSD.

When β̂ is more efficient than b̂, we have that for any τ ∈ R
K such that

τ ′τ = 1,

τ ′
[
var(b̂|X)− var(β̂|X)

]
τ ≥ 0.
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Choosing τ = (1, 0, ..., 0)′, for example, we have

var(b̂0)− var(β̂0) ≥ 0.

We note that the OLS estimator β̂ is still BLUE even when there exists

near-multicollinearity, where λmin(X
′X) does not grow with the sample size

n, and var(β̂|X) does not vanish to zero as n → ∞. Near-multicollinearity

is essentially a sample or data problem which we cannot remedy when the

objective is to estimate the unknown parameter value βo.

3.5 Sampling Distribution of the OLS Estimator

To obtain the finite sample sampling distribution of β̂, we impose the nor-

mality assumption on ε.

Assumption 3.5. [Conditional Normality]: ε|X ∼ N(0, σ2I).

Assumption 3.5 implies both Assumptions 3.2 (E(ε|X) = 0) and 3.4

(E(εε|X) = σ2I). Moreover, under Assumption 3.5, the conditional PDF

of ε given X is

f(ε|X) =
1

(
√
2πσ2)n

exp

(
− ε′ε
2σ2

)
= f(ε),

which does not depend on X, so the disturbance ε is independent of X.

Thus, every conditional moment of ε given X does not depend on X.

The normal distribution is also called the Gaussian distribution named

after Gauss. It is assumed here so that we can derive the finite sample

distributions of β̂ and related statistics, i.e., the distributions of β̂ and

related statistics when the sample size n is a finite integer. This assumption

may be reasonable for observations that are computed as the averages of the

outcomes of many repeated experiments, due to the effect of the so-called

Central Limit Theorem (CLT). This may occur in physics, for example. In

economics, the normality assumption may not always be reasonable. For

example, many high-frequency financial time series usually display heavy

tails (with kurtosis larger than 3).

Question: What is the sampling distribution of β̂?
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From Lemma 3.1(2), we can write

β̂ − βo = (X′X)−1X′ε

= (X′X)−1
n∑

t=1

Xtεt

=

n∑
t=1

Ctεt,

where the weighting vector

Ct = (X′X)−1Xt

is called the leverage of observation Xt. Conditional on X, β̂−βo is a linear

combination of ε, and so it follows a normal distribution given Assumption

3.5.

Theorem 3.5. [Normality of the OLS Estimator]: Under Assump-

tions 3.1, 3.3(a) and 3.5,

(β̂ − βo)|X ∼ N [0, σ2(X′X)−1].

Proof: Conditional on X, β̂ − βo is a weighted sum of independent nor-

mal random variables {εt}, and so it is also normally distributed given

Assumption 3.5. This follows from the so-called reproductive property of

the normal distribution.

We note that the OLS estimator β̂ still has the conditional finite sam-

ple normal distribution N [βo, σ2(X′X)−1] even when there exists near-

multicollinearity, where λmin(X
′X) does not grow with the sample size n

and var(β̂|X) does not vanish to zero as n → ∞.

A corollary follows immediately.

Corollary 3.1. [Normality of R(β̂ − βo)]: Suppose Assumptions 3.1,

3.3(a) and 3.5 hold. Then for any nonstochastic J ×K matrix R, we have

R(β̂ − βo)|X ∼ N [0, σ2R(X′X)−1R′].

Proof: Conditional on X, β̂−βo is normally distributed. Therefore, condi-

tional on X, the linear combination R(β̂−βo) is also normally distributed,

with

E[R(β̂ − βo)|X] = RE[(β̂ − βo)|X] = R · 0 = 0
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and

var[R(β̂ − βo)|X] = E
{
R(β̂ − βo)

[
R(β̂ − βo)

]′∣∣∣X}
= E

[
R(β̂ − βo)(β̂ − βo)′R′∣∣X]

= RE
[
(β̂ − βo)(β̂ − βo)′

∣∣X]R′

= R var(β̂|X)R′

= σ2R(X′X)−1R′.

It follows that

R(β̂ − βo)|X ∼ N(0, σ2R(X′X)−1R′).

Question: What is the role of the J ×K nonstochastic matrix R?

The J × K matrix R is a selection matrix. For example, when R =

(1, 0, ..., 0), we then have R(β̂ − βo) = β̂0 − βo
0 .

Question: Why would we like to know the sampling distribution of R(β̂−
βo)?

This will be useful for confidence interval estimation and hypothesis

testing.

3.6 Variance Estimation for the OLS Estimator

Since var(εt) = σ2 is unknown, var[R(β̂ − βo)|X] = σ2R(X′X)−1R′ is

unknown. We need to estimate σ2. We can use the sample residual variance

estimator

s2 = e′e/(n−K).

In order to investigate the statistical properties of s2, we first provide a

lemma.

Lemma 3.2. [Quadratic Form of Normal Random Variables]: If

v ∼ N(0, I) and Q is an n× n nonstochastic symmetric idempotent matrix

with rank q ≤ n, then the quadratic form

v′Qv ∼ χ2
q,

where χ2
q denotes a Chi-square distribution with q degrees of freedom.
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In our application, we set v = ε/σ ∼ N(0, I), and Q = M. Since

rank(M) = n−K, it follows that

e′e
σ2

∣∣∣∣X ∼ χ2
n−K .

Theorem 3.6. [Residual Variance Estimator]: Suppose Assumptions

3.1, 3.3(a) and 3.5 hold. Then we have for all n > K, (1)

(n−K)s2

σ2

∣∣∣∣X =
e′e
σ2

∣∣∣∣X ∼ χ2
n−K ;

(2) conditional on X, s2 and β̂ are independent.

Proof: (1) Because e = Mε, we have

e′e
σ2

=
ε′Mε

σ2
=
( ε
σ

)′
M
( ε
σ

)
.

In addition, because ε|X ∼ N(0, σ2I), and M is an idempotent matrix with

rank equal to n − K (as has been shown earlier), we have the quadratic

form

e′e
σ2

=
ε′Mε

σ2

∣∣∣∣X ∼ χ2
n−K

by Lemma 3.2.

(2) Next, we show that s2 and β̂ are independent. Because s2 = e′e/(n−
K) is a function of e, it suffices to show that e and β̂ are independent. This

follows immediately because conditional on X, both e and β̂ are jointly

normally distributed and they are uncorrelated. It is well-known that for a

joint normal distribution, zero correlation is equivalent to independence.

It remains to show that e and β̂ are jointly normally distributed. For

this purpose, we write[
e

β̂ − βo

]
=

[
Mε

(X′X)−1X′ε

]
=

[
M

(X′X)−1X′

]
ε.

Because ε|X ∼ N(0, σ2I), the linear combination of[
M

(X′X)−1X′

]
ε
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is also normally distributed conditional on X. It follows that conditional

on X, e and β̂ are independent given cov(β̂, e|X) = 0. This completes the

proof.

To discuss the implication of Theorem 3.6, we review the properties

of χ2
q. Suppose q is a positive integer, and {Zi}qi=1 is an IID sequence of

N(0, 1) random variables. Then the random variable

χ2 =

q∑
i=1

Z2
i

follows a χ2
q distribution.

The χ2
q distribution is nonsymmetric and has long right tails. It has

E(χ2
q) = q and var(χ2

q) = 2q respectively.

Based on these properties of a χ2 distribution, Theorem 3.6(1) implies

E

[
(n−K)s2

σ2

∣∣∣∣X] = n−K

or

(n−K)

σ2
E(s2|X) = n−K.

It follows that E(s2|X) = σ2. Note that we have shown this result in

Theorem 3.4(5), with a more tedious approach but under a more general

condition.

Theorem 3.6(1) also implies

var

[
(n−K)s2

σ2

∣∣∣∣X] = 2(n−K).

It follows that

var(s2|X) =
2σ4

n−K

→ 0 as n → ∞.

Both Theorems 3.6(1) and (2) imply that the conditional MSE of s2

MSE(s2|X) = E
[
(s2 − σ2)2|X]

= var(s2|X) + [E(s2|X)− σ2]2

→ 0 as n → ∞.

Thus, s2 is a good estimator for σ2.
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The sample residual variance s2 = e′e/(n − K) is a generalization of

the sample variance S2
n = (n− 1)−1

∑n
t=1(Yt− Ȳn)

2 for the random sample

{Yt}nt=1. The factor n−K is called the number of the degrees of freedom of

the estimated residual sample {et}nt=1. To gain intuition why the number

of the degrees of freedom is equal to n −K, note that the original sample

{Zt}nt=1 = {(Yt, X
′
t)

′}n

t=1 has n observations, which can be viewed to have

n degrees of freedom. Now when estimating σ2, we have to use the esti-

mated residual sample {et}nt=1. These n estimated residuals are not linearly

independent because they have to satisfy the FOC of the OLS estimation,

namely,

X′e = 0,

(K × n)× (n× 1) = (K × 1).

The FOC imposes K restrictions on {et}nt=1, conditional on X. These

K restrictions are needed in order to estimate K unknown parameters

βo. They can be used to obtain the remaining K estimated residuals

{eT−K+1, ..., eT } from the first n − K estimated residuals {e1, ..., en−K}
if the latter have been available. Thus, the number of the remaining de-

grees of freedom of e is n − K. Note that the sample variance S2
n is the

residual variance estimator for Yt = βo
0 + εt, a linear regression model with

an intercept only.

Question: Why are the sampling distributions of β̂ and s2 useful in

practice?

They are useful in confidence interval estimation and hypothesis test-

ing on model parameters. We note that conditional independence between

β̂ and s2 in Theorem 3.6(2) is crucial for deriving the sampling distribu-

tions of the popular t-test and F -test statistics, which will be introduced

shortly. The Student’s t-distribution and F -distribution are very important

in confidence interval estimation and hypothesis testing. In this book, we

will mainly focus on hypothesis testing. Statistically speaking, confidence

interval estimation and hypothesis testing are the two sides of the same

coin.

3.7 Hypothesis Testing

We now use the sampling distributions of β̂ and s2 to develop test proce-

dures for hypotheses of interest. We consider testing the following linear
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hypothesis in form of

H0 : Rβo = r,

(J ×K)(K × 1) = J × 1,

where R is a J ×K nonstochastic matrix called the selection matrix, and J

is the number of restrictions. We assume that R is of full rank and J ≤ K.

It is important to emphasize that we will test H0 under correct model

specification for E(Yt|Xt).

We first provide a few motivating examples for hypothesis testing.

Example 3.3. [Reforms Have No Effect]: Consider the extended pro-

duction function

ln(Yt) = β0 + β1 ln(Lt) + β2 ln(Kt) + β3AUt + β4PSt + εt,

where AUt is a dummy variable indicating whether a state-owned enter-

prise t is granted autonomy, and PSt is the profit share of the state-owned

enterprise t with the state.

Suppose we are interested in testing whether autonomy AUt has an

effect on productivity. Then we can write the null hypothesis

Ha
0 : βo

3 = 0.

This is equivalent to the choices of

βo = (β0, β1, β2, β3, β4)
′,

R = (0, 0, 0, 1, 0),

r = 0.

If we are interested in testing whether profit sharing has an effect on

productivity, we can consider the null hypothesis

Hb
0 : βo

4 = 0.

Alternatively, to test whether the production technology exhibits CRS,

we can write the null hypothesis as follows:

Hc
0 : βo

1 + βo
2 = 1.

This is equivalent to the choice of R = (0, 1, 1, 0, 0) and r = 1.
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Finally, if we are interested in examining the joint effect of both auton-

omy and profit sharing, we can test the hypothesis that neither autonomy

nor profit sharing has impact:

Hd
0 : βo

3 = βo
4 = 0.

This is equivalent to the choice of

R =

[
0 0 0 1 0

0 0 0 0 1

]
,

r =

[
0

0

]
.

Example 3.4. [Optimal Prediction for Future Spot Exchange

Rate]: Consider

St+τ = β0 + β1Ft(τ) + εt+τ , t = 1, ..., n,

where St+τ is the spot exchange rate at period t + τ, and Ft(τ) is the

forward exchange rate, namely the period t’s price for the foreign currency

to be delivered at period t + τ. The null hypothesis of interest is that the

forward exchange rate Ft(τ) is an optimal predictor for the future spot rate

St+τ in the sense that E(St+τ |It) = Ft(τ), where It is the information set

available at time t. This is actually called the expectations hypothesis in

economics and finance. Given the above specification, this hypothesis can

be written as

He
0 : βo

0 = 0, βo
1 = 1,

and E(εt+τ |It) = 0. This is equivalent to the choice of

R =

[
1 0

0 1

]
, r =

[
0

1

]
.

All examples considered above can be formulated with a suitable spec-

ification of R, where R is a J ×K matrix in the null hypothesis

H0 : Rβo = r,

where r is a J × 1 vector.

We now introduce the basic idea of hypothesis testing. To test the null

hypothesis

H0 : Rβo = r,
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we can consider the statistic

Rβ̂ − r

and check if this difference is significantly different from zero.

Under H0 : Rβo = r, we have

Rβ̂ − r = Rβ̂ −Rβo

= R(β̂ − βo)

→ 0 as n → ∞
because β̂ − βo → 0 as n → ∞ in terms of MSE.

Under the alternative to H0, Rβo 	= r, but we still have β̂ − βo → 0 in

terms of MSE. It follows that

Rβ̂ − r = R(β̂ − βo) +Rβo − r

→ Rβo − r 	= 0

as n → ∞, where the convergence is in terms of MSE. In other words,

Rβ̂ − r will converge to a nonzero limit, Rβo − r.

The fact that the behavior of Rβ̂−r is different under H0 and under the

alternative hypothesis to H0 provides a basis to construct hypothesis tests.

In particular, we can test H0 by examining whether Rβ̂ − r is significantly

different from zero.

Question: How large should the magnitude of the absolute value of the

difference Rβ̂ − r be in order to claim that Rβ̂ − r is significantly different

from zero?

For this purpose, we need a decision rule which specifies a threshold

value with which we can compare the (absolute) values of Rβ̂− r. Because

Rβ̂ − r is a random variable and so it can take many (possibly an infinite

number of) values. Given a data set, we only obtain one realization of

Rβ̂ − r. Whether a realization of Rβ̂ − r is close to zero should be judged

using the critical value of the sampling distribution of Rβ̂−r under the null

hypothesis H0, which depends on the sample size n and the pre-selected

significance level α ∈ (0, 1).

Question: What is the sampling distribution of Rβ̂ − r under H0?

Because

R(β̂ − βo)|X ∼ N(0, σ2R(X′X)−1R′),
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we have that conditional on X,

Rβ̂ − r = R(β̂ − βo) +Rβo − r

∼ N(Rβo − r, σ2R(X′X)−1R′).

Corollary 3.2. Under Assumptions 3.1, 3.3 and 3.5, and H0 : Rβo = r,

we have for each n > K,

(Rβ̂ − r)|X ∼ N(0, σ2R(X′X)−1R′).

The difference Rβ̂− r cannot be used as a test statistic for H0, because

σ2 is unknown and thus there is no way to calculate the critical values of

the sampling distribution of Rβ̂ − r.

Question: How to construct a feasible (i.e., computable) test statistic?

The form of test statistics will differ depending on whether we have

J = 1 or J > 1. We first consider the case of J = 1.

Case I: t-Test

Recall that under H0,

(Rβ̂ − r)|X ∼ N(0, σ2R(X′X)−1R′).

When J = 1, the conditional variance

var[(Rβ̂ − r)|X] = σ2R(X′X)−1R′

is a scalar. It follows that conditional on X, we have

Rβ̂ − r√
var[(Rβ̂ − r)|X]

=
Rβ̂ − r√

σ2R(X′X)−1R′

∼ N(0, 1).

Question: What is the unconditional distribution of

Rβ̂ − r√
σ2R(X′X)−1R′ ?

The unconditional distribution is also N(0, 1).
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However, σ2 is unknown, so we cannot use the ratio

Rβ̂ − r√
σ2R(X′X)−1R′

as a test statistic. Instead, we have to replace σ2 by s2, which is a good

estimator for σ2. This gives a feasible (i.e., computable) test statistic

T =
Rβ̂ − r√

s2R(X′X)−1R′ .

However, the test statistic T will be no longer normally distributed

under H0. Instead,

T =
Rβ̂ − r√

s2R(X′X)−1R′

=

Rβ̂−r√
σ2R(X′X)−1R′√

(n−K)s2

σ2 /(n−K)

∼ N(0, 1)√
χ2
n−K/(n−K)

∼ tn−K ,

where tn−K denotes a Student’s t-distribution with n−K degrees of free-

dom. Note that the numerator and denominator are mutually independent

conditional on X, because β̂ and s2 are mutually independent conditional

on X. The feasible statistic T is called a t-test statistic because it follows

the Student’s tn−K distribution.

We now briefly review the properties of the Student’s tq-distribution.

Suppose Z ∼ N(0, 1) and V ∼ χ2
q, and both Z and V are independent.

Then the ratio

Z√
V/q

∼ tq.

The tq-distribution is symmetric about 0 with heavier tails than the

N(0, 1) distribution. The smaller number of the degrees of freedom, the

heavier tails it has. When q → ∞, tq → N(0, 1). This implies that we have

T =
Rβ̂ − r√

s2R(X′X)−1R′
d→ N(0, 1) as n → ∞,
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where
d→ denotes convergence in distribution. This result has a very impor-

tant implication in practice: for a large sample size n, it makes no difference

to use either the critical values from tn−K or from N(0, 1).

Question: What is convergence in distribution?

Definition 3.5. [Convergence in Distribution]: Suppose {Zn, n =

1, 2, ...} is a sequence of random variables/vectors with Cumulative Dis-

tribution Functions (CDFs) Fn(z) = P (Zn ≤ z), and Z is a random vari-

able/vector with CDF F (z) = P (Z ≤ z). We say that Zn converges to Z

in distribution if the distribution of Zn converges to the distribution of Z

at all continuity points; namely,

lim
n→∞Fn(z) = F (z)

or

Fn(z) → F (z) as n → ∞

for any continuity point z (i.e., for any point at which F (z) is continuous).

We use the notation Zn
d→ Z. The distribution of Z is called the asymptotic

or limiting distribution of Zn.

In practice, Zn is a test statistic or a parameter estimator, and often

its sampling distribution Fn(z) is either unknown or very complicated, but

F (z) is known or very simple. As long as Zn
d→ Z, then we can use F (z) as

an approximation to Fn(z). This gives a convenient procedure for statistical

inference. The potential cost is that the approximation of Fn(z) to F (z)

may not be good enough in finite samples (i.e., when n is finite). How good

the approximation is will depend on the DGP and the sample size n.

With the obtained sampling distribution of the test statistic T, we now

provide a decision rule for testing H0 when J = 1.

(1) Decision Rule of the t-Test Based on Critical Values:

• Reject H0 : Rβo = r at a prespecified significance level α ∈ (0, 1)

if

|T | > Ctn−K,α
2
,
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where Ctn−K,α
2

is the so-called upper-tailed critical value of the

tn−K distribution at level α
2 , which is determined by

P
(
tn−K > Ctn−K,α

2

)
=

α

2

or equivalently

P
(
|tn−K | > Ctn−K,α

2

)
= α.

• Do not reject H0 at the significance level α if

|T | ≤ Ctn−K,α
2
.

Figure 3.3 illustrates the acceptance and rejection regions of a t-test

based on the Student’s t10-distribution.

Figure 3.3 Acceptance and rejection regions of a t-test.

In testing H0, there exist two types of errors, due to the limited in-

formation about the population in a given random sample {Zt}nt=1. One

possibility is that H0 is true but we reject it. This is called the “Type I

error”. The significance level α is the probability of making the Type I

error. If

P
(
|T | > Ctn−K,α

2
|H0

)
= α,
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we say that the decision rule is a test with size α. The reason that the Type

I error exists is that under H0, the t-test statistic T follows the Student’s

tn−K distribution and so can take values larger than the critical value with

small probability.

On the other hand, the probability P (|T |>Ctn−K,α
2
|H0 is false) is called

the power function of a size α test. When

P
(
|T | > Ctn−K,α

2
|H0 is false

)
< 1,

there exists a possibility that one may fail to reject H0 when it is false.

This is called the “Type II error”.

Ideally one would like to minimize both the Type I error and Type II

error, but this is impossible for any given finite sample. In practice, one

usually presets the level for Type I error, the so-called significance level,

and then minimizes the Type II error. Conventional choices for significance

level α are 10%, 5% and 1% respectively.

Next, we describe an alternative but equivalent decision rule for testing

H0 when J = 1, using the so-called P -value of test statistic T.

Given an observed data set zn = {zt = (yt, x
′
t)

′}nt=1, which is a realiza-

tion of the random sample Zn = {Zt = (Yt, X
′
t)

′}nt=1, we can compute a

realization (i.e., a number) for the t-test statistic T, namely

T (zn) =
Rβ̂ − r√

s2R(x′x)−1R′ .

Then the probability

p(zn) = P [ |T | > |T (zn)||H0]

= P [|tn−K | > |T (zn)|] ,
is called the P -value (i.e., probability value) of the test statistic T given

that zn = {zt = (yt, x
′
t)

′}nt=1 is observed, where tn−K is a Student’s t

random variable with n−K degrees of freedom, and T (zn) is a realization

of the test statistic T = T (Zn) given the observed data zn. Intuitively,

the P -value is the smallest value of significance level α for which the null

hypothesis is rejected. Here, it is the tail probability that the absolute value

of a Student’s tn−K random variable is larger than that of the test statistic

T (zn). If this probability is rather small relative to the significance level,

then it is unlikely that the test statistic T (Zn) will follow the Student’s

tn−K distribution. As a result, the null hypothesis is likely to be false.

The above decision rule can be described equivalently as follows.
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(2) Decision Rule Based on the P -value:

• Reject H0 at the significance level α if p(zn) < α.

• Do not reject H0 at the significance level α if p(zn) ≥ α.

A small P -value is evidence against the null hypothesis. A large P -value

shows that the data are consistent with the null hypothesis.

Question: What are the advantages and disadvantages of using P -values

versus using critical values?

P -values are more informative than only rejecting/accepting the null

hypothesis at some significance level α. A P -value is the smallest signifi-

cance level at which a null hypothesis can be rejected. It not only tells us

whether the null hypothesis should be accepted or rejected, but it also tells

us whether the decision to accept or reject the null hypothesis is a close

call.

Most statistical software reports P -values of parameter estimates. This

is much more convenient than asking the user to specify significance level

α and then reporting whether the null hypothesis is accepted or rejected

for that α.

When we reject a null hypothesis, we often say there is a statistically

significant effect. This does not mean that there is an effect of practical

importance (i.e., an effect of economic importance). This is because when

large samples are used, small and practically unimportant effects are likely

to be statistically significant.

The t-test and associated procedures just introduced are valid even when

there exists near-multicollinearity, where λmin(X
′X) does not grow with the

sample size n and var(β̂|X) does not vanish to zero as n → ∞. However,

the degree of near-multicollinearity, as measured by sample correlations

between explanatory variables, will affect the precision of the OLS estimator

β̂. Other things being equal, the higher degree of near-multicollinearity, the

larger the variance of β̂. As a result, the t-statistic is often insignificant

even when the null hypothesis H0 is false.

We now provide some examples of t-tests.

Example 3.5. [Reforms Have No Effects (Continued)]: We first con-

sider testing the null hypothesis

Ha
0 : β3 = 0,
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where β3 is the coefficient of the autonomy AUt in the extended pro-

duction function regression model. This is equivalent to the selection of

R = (0, 0, 0, 1, 0). In this case, we have

s2R(X′X)−1R′ =
[
s2(X′X)−1

]
(4,4)

= S2
β̂3

which is the estimator of var(β̂3|X). The squared root of var(β̂3|X) is called

the standard error of estimator β̂3, and Sβ̂3
is called the estimated standard

error of β̂3. The t-test statistic

T =
Rβ̂ − r√

s2R(X′X)−1R′

=
β̂3√
S2
β̂3

∼ tn−K .

Next, we consider testing the CRS hypothesis

Hc
0 : β1 + β2 = 1,

which corresponds to R = (0, 1, 1, 0, 0) and r = 1. In this case,

s2R(X′X)−1R′ = S2
β̂1

+ S2
β̂2

+ 2ĉov(β̂1, β̂2)

=
[
s2(X′X)−1

]
(2,2)

+
[
s2(X′X)−1

]
(3,3)

+ 2
[
s2(X′X)−1

]
(2,3)

= S2
β̂+β̂2

,

which is the estimator of var(β̂1 + β̂2|X). Here, ĉov(β̂1, β̂2) is the estimator

for cov(β̂1, β̂2|X), the covariance between β̂1 and β̂2 conditional on X.

The t-test statistic is

T =
Rβ̂ − r√

s2R(X′X)−1R′

=
β̂1 + β̂2 − 1

Sβ̂1+β̂2

∼ tn−K .
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Case II: F -Testing

Question: How to construct a test statistic for H0 if J > 1?

We first state a useful lemma.

Lemma 3.3. [Quadratic Form of Normal Random Variables]: If a

q×1 random vector Z ∼ N(0, V ), where V = var(Z) is a nonsingular q× q

variance-covariance matrix, then

Z ′V −1Z ∼ χ2
q.

Proof: Because V is symmetric and positive definite, we can find a sym-

metric and invertible matrix V 1/2 such that

V 1/2V 1/2 = V,

and

V −1/2V −1/2 = V −1.

Question: What is this decomposition called?

Now, define

Y = V −1/2Z.

Then we have E(Y ) = 0, and

var(Y ) = E {[Y − E(Y )][Y − E(Y )]′}
= E(Y Y ′)

= E(V −1/2ZZ ′V −1/2)

= V −1/2E(ZZ ′)V −1/2

= V −1/2V V −1/2

= V −1/2V 1/2V 1/2V −1/2

= I,

where I is a q × q identity matrix. It follows that Y ∼ N(0, I). Therefore,

we have

Y ′Y ∼ χ2
q.
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Applying this lemma, and using the result that

(Rβ̂ − r)|X ∼ N [0, σ2R(X′X)−1R′]

under H0, we have the quadratic form

(Rβ̂ − r)′[σ2R(X′X)−1R′]−1(Rβ̂ − r) ∼ χ2
J

conditional on X, or

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

σ2
∼ χ2

J

conditional on X.

Because χ2
J does not depend on X, therefore, we also have

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

σ2
∼ χ2

J

unconditionally.

Like in constructing a t-test statistic, we should replace σ2 by s2 in the

left hand side:

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

s2
.

The replacement of σ2 by s2 renders the distribution of the quadratic form

no longer Chi-squared. Instead, after proper scaling, the quadratic form will

follow a so-called F -distribution with degrees of freedom equal to (J, n−K).

To under this result, we first review the properties of the F -distribution.

Suppose U ∼ χ2
p and V ∼ χ2

q, and both U and V are independent. Then

the ratio

U/p

V/q
∼ Fp,q

is called to follow an Fp,q distribution with degrees of freedom (p, q). The

reason that this distribution is called an F -distribution is that it is named

after R. A. Fisher, a well-known statistician in the 20th century. It is similar

to the shape of a χ2 distribution with a long right tail. An Fp,q random

variable F has the following properties:

• (a) If F ∼ Fp,q, then F−1 ∼ Fq,p.

• (b) t2q ∼ F1,q.

• (c) Given any fixed integer p, p · Fp,q → χ2
p as q → ∞.
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Property (b) implies that when J = 1, using either the t-test or the

F -test will deliver the same conclusion. Property (c) implies that the con-

clusions based on Fp,q and on p · Fp,q using the χ2
p approximation will be

approximately the same when q is sufficiently large.

Now, we can show that the quadratic form scaled by J, namely,

F ≡ (Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2

=
(Rβ̂−r)′[R(X′X)−1R′]−1(Rβ̂−r)

σ2 /J
(n−K)s2

σ2 /(n−K)

∼ FJ,n−K ,

where conditional on X, the numerator

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

σ2
∼ χ2

J ,

the denominator

(n−K)s2

σ2
∼ χ2

n−K ,

and they are mutually independent. As a result, we obtain the FJ,n−K

distribution. The statistic F is called the F -test statistic.

Theorem 3.7. [F-Test]: Suppose Assumptions 3.1, 3.3(a) and 3.5 hold.

Then under H0 : Rβo = r, we have

F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2

∼ FJ,n−K

for all n > K.

Figure 3.4 illustrates the acceptance and rejection regions of an F -test

based on the F4,22 distribution.

A practical issue now is how to compute the F -statistic. One can of

course compute the F -test statistic using the above definition of the F -test

statistic. However, there is a very convenient alternative way to compute

the F -test statistic. We now introduce this method.
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Figure 3.4 Acceptance and rejection regions of an F -test.

Theorem 3.8. Suppose Assumptions 3.1 and 3.3(a) hold. Let e′e be the

SSR from the unrestricted model

Y = Xβo + ε.

Let ẽ′ẽ be the SSR from the restricted model

Y = Xβo + ε

subject to

Rβo = r,

where β̃ is the restricted OLS estimator. Then under H0, the F -test statistic

can be written as

F =
(ẽ′ẽ− e′e)/J
e′e/(n−K)

∼ FJ,n−K .

Proof: Let β̃ be the OLS estimator under H0; that is,

β̃ = arg min
β∈RK

(Y −Xβ)′(Y −Xβ)

subject to the constraint thatRβ = r.We first form the Lagrangian function

L(β, λ) = (Y −Xβ)′(Y −Xβ) + 2λ′(r −Rβ),

where λ is a J × 1 vector called the Lagrange multiplier.
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We have the following FOCs:

∂L(β̃, λ̃)

∂β
= −2X′(Y −Xβ̃)− 2R′λ̃ = 0,

∂L(β̃, λ̃)

∂λ
= 2(r −Rβ̃) = 0.

With the unconstrained OLS estimator β̂ = (X′X)−1X′Y, and from the

first equation of FOC, we can obtain

−(β̂ − β̃) = (X′X)−1R′λ̃,

R(X′X)−1R′λ̃ = −R(β̂ − β̃).

Hence, the Lagrange multiplier

λ̃ = −[R(X′X)−1R′]−1R(β̂ − β̃)

= −[R(X′X)−1R′]−1(Rβ̂ − r),

where we have made use of the constraint that Rβ̃ = r. It follows that

β̂ − β̃ = (X′X)−1R′[R(X′X)−1R′]−1(Rβ̂ − r).

Now,

ẽ = Y −Xβ̃

= Y −Xβ̂ +X(β̂ − β̃)

= e+X(β̂ − β̃).

It follows that

ẽ′ẽ = e′e+ (β̂ − β̃)′X′X(β̂ − β̃)

= e′e+ (Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r).

We have

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r) = ẽ′ẽ− e′e

and

F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2

=
(ẽ′ẽ− e′e)/J
e′e/(n−K)

.

This completes the proof.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 115

Classical Linear Regression Models 115

Thus, the F -statistic is rather convenient to compute. One only needs

to compute SSRs in order to compute it Intuitively, the SSR of the un-

restricted regression model is always larger than or at least equal to that

of the restricted regression model. When the null hypothesis H0 is true

(i.e., when the parameter restriction is valid), the SSR of the restricted

model is more or less similar to that of the unrestricted model, subject

to the difference due to sampling variations. If the SSR of the restricted

model is sufficiently larger than that of the unrestricted, then there exists

evidence against H0. How large a difference between them is considered

as sufficiently large to reject H0 is determined by the critical value of the

associated F -distribution.

Question: What is the interpretation for the Lagrange multiplier λ̃?

Recall that we have obtained the relation that

λ̃ = −[R(X′X)−1R′]−1R(β̂ − β̃)

= −[R(X′X)−1R′]−1(Rβ̂ − r).

Thus, λ̃ is an indicator of the departure of Rβ̂ from r. That is, the value of

λ̃ will indicate whether Rβ̂ − r is significantly different from zero.

Question: What happens to the distribution of F when n → ∞?

Recall the important property of the Fp,q distribution that p ·Fp,q
d→ χ2

p

when q → ∞. Since our F -statistic for H0 follows an FJ,n−K distribution,

it follows that under H0, the quadratic form

J · F =
(Rβ̂ − r)′

[
R(X′X)−1R′]−1

(Rβ̂ − r)

s2

d→ χ2
J as n → ∞.

This implies that the limiting distribution of J · F is the same as that of

the quadratic form

(Rβ̂ − r)′
[
R(X′X)−1R′]−1

(Rβ̂ − r)

σ2
.

That is, replacing σ2 by s2 does not change the limiting distribution.

We formally state this result below.
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Theorem 3.9. [Wald Test]: Suppose Assumptions 3.1, 3.3(a) and 3.5

hold. Then under H0, we have the Wald test statistic

W = J · F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

s2
d→ χ2

J

as n → ∞.

This result implies that when n is sufficiently large, using the F -statistic

and the exact FJ,n−K distribution and using the quadratic form W and the

simpler χ2
J approximation will make no essential difference in statistical

inference. The Wald test is applicable only when n is large.

Figure 3.5 illustrates the acceptance and rejection regions of a Wald test

based on the χ2
15 distribution.

Figure 3.5 Acceptance and rejection regions of a Wald test.

It is important to note that in Theorem 3.9, the Wald test statistic

W is proportional to the F -test statistic. This holds under conditional

homoskedasticity. Under conditional heteroskedasticity, we can define a

robust Wald test statistic, but the relationship of W = J ·F will no longer

hold.
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3.8 Applications

We now consider some special but important cases often encountered in

economics and finance.

Case I: Testing for Joint Significance of Explanatory Variables

Consider a linear regression model

Yt = X ′
tβ

o + εt

= βo
0 +

k∑
j=1

βo
jXjt + εt.

We are interested in testing the combined effect of all the regressors except

the intercept. The null hypothesis is

H0 : βo
j = 0 for 1 ≤ j ≤ k,

which implies that none of the explanatory variables influences Yt.

The alternative hypothesis is

HA : βo
j 	= 0 at least for some βo

j , j = 1, ..., k.

One can use the F -test and

F ∼ Fk,n−(k+1).

In fact, the restricted model under H0 is very simple:

Yt = βo
0 + εt.

The restricted OLS estimator β̃ = (Ȳ , 0, ..., 0)′. It follows that

ẽ = Y −Xβ̃ = Y − Ȳ .

Hence, we have

ẽ′ẽ = (Y − Ȳ )′(Y − Ȳ ).

Recall the definition of R2 :

R2 = 1− e′e
(Y − Ȳ )′(Y − Ȳ )

= 1− e′e
ẽ′ẽ

.
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It follows that

F =
(ẽ′ẽ− e′e)/k

e′e/(n− k − 1)

=
(1− e′e

ẽ′ẽ )/k
e′e
ẽ′ẽ/(n− k − 1)

=
R2/k

(1−R2)/(n− k − 1)
.

Thus, it suffices to run one regression, namely the unrestricted model in

this case. We emphasize that this formula is valid only when one is testing

for H0 : βo
j = 0 for all 1 ≤ j ≤ k.

Example 3.6. [Testing EMH]: Suppose Yt is the exchange rate return in

period t, and It−1 is the information available at time t−1. Then a classical

version of EMH can be stated as follows:

E(Yt|It−1) = E(Yt).

To check whether exchange rate changes are unpredictable using the past

history of exchange rate changes, we specify a linear regression model

Yt = X ′
tβ

o + εt,

where

Xt = (1, Yt−1, ..., Yt−k)
′.

Under EMH, we have

H0 : βo
j = 0 for all j = 1, ..., k.

If the alternative

HA : βo
j 	= 0 at least for some j ∈ {1, ..., k}

holds, then exchange rate changes are predictable using the past informa-

tion.

Question: What is the appropriate interpretation if H0 is not rejected?

Note that there exists a gap between EMH and H0, because the linear

regression model is just one of many ways to check EMH. It is possible

that exchange rate changes are not predictable using a linear autoregressive

model, but are predictable using a suitable nonlinear autoregressive model.
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Thus, when H0 is not rejected, at most we can only say that no evidence

against the efficiency hypothesis is found. We should not conclude that

EMH holds.

Strictly speaking, the current finite sample distribution theory (Assump-

tion 3.2: E(εt|X) = 0) rules out this application, which is a dynamic time

series regression model. However, we will justify in Chapter 5 that

k · F =
R2

(1−R2)/(n− k − 1)
d→ χ2

k

under conditional homoskedasticity even for a linear dynamic regression

model.

In fact, we can use a simpler version when n is large:

(n− k − 1)R2 d→ χ2
k.

This follows from Slutsky’s theorem because R2 p→ 0 under H0. Although

Assumption 3.5 is not needed for this result, conditional homoskedasticity is

still needed, which rules out AutoRegressive Conditional Heteroskedasticity

(ARCH) in the time series context. There usually exist significant ARCH

effects in high-frequency financial time series data.

Below is a concrete numerical example.

Example 3.7. [Consumption Function and Wealth Effect]: Let Yt

denote consumption, X1t labor income, and X2t liquidity asset wealth. A

regression estimation gives

Yt = 33.88− 26.00X1t + 6.71X2t + et, R2 = 0.742, n = 25.

[1.77] [−0.74] [0.77]

where the numbers inside [·] are t-statistics.

Suppose we are interested in whether labor income or liquidity asset

wealth has impact on consumption. We can use the F -test statistic,

F =
R2/2

(1−R2)/(n− 3)

= (0.742/2)/[(1− 0.742)/(25− 3)]

= 31.636

∼ F2,22.
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Comparing it with the critical value 4.38 of F2,22 at the 5% significance

level, we reject the null hypothesis that neither income nor liquidity asset

has impact on consumption at the 5% significance level.

Case II: Testing for Omitted Variables (or Testing for No Effect)

Suppose X = (X(1),X(2)), where X(1) is an n × (k1 + 1) matrix and

X(2) is an n× k2 matrix. A random vector X
(2)
t has no explanatory power

for the conditional expectation of Yt if

E(Yt|Xt) = E(Yt|X(1)
t ).

Alternatively, it has explanatory power for the conditional expectation of

Yt if

E(Yt|Xt) 	= E(Yt|X(1)
t ).

When X
(2)
t has explaining power for Yt but is not included in the regression,

we say that X
(2)
t is an omitted random variable or vector. Note that the

omitted variables problem is model-free. In particular, it does not assume

that the conditional mean is a linear regression model.

We note that the vector X
(2)
t of omitted variables is our primary in-

terest. The set of variables, X
(1)
t , is not our direct interest, but they have

to be included in the regression because X
(1)
t is generally correlated with

X
(2)
t . The random variables in X

(1)
t are called control variables. In scien-

tific experimentation, a control variable is an experimental factor which is

held constant and unchanged throughout the course of the study. Control

variables could strongly influence experimental results, so they were not

held constant during the experiment in order to test the relationship of the

dependent and independent variables. In economics, due to the nonexperi-

mental nature of observed economic data, the variables in X
(1)
t are allowed

to change during the sample period, but the inclusion of variables in X
(1)
t

will help purge their impact of the dependent variable Yt so that one can

focus on examining the effect of the omitted variables in X
(2)
t . The variables

in X
(1)
t are still called control variables.

Question: How to test whether the variables in X
(2)
t are omitted variables

in the linear regression context?

Consider the restricted linear regression model

Yt = β0 + β1X1t + · · ·+ βk1
Xk1t + εt.
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Suppose we have additional k2 variables (X(k1+1)t, ..., X(k1+k2)t), and so we

consider the unrestricted linear regression model

Yt = β0 + β1X1t + · · ·+ βk1
Xk1t

+ βk1+1X(k1+1)t + · · ·+ β(k1+k2)X(k1+k2)t + εt.

The null hypothesis is that the additional variables have no effect on Yt. If

this is the case, then

H0 : βk1+1 = βk1+2 = · · · = βk1+k2
= 0.

The alternative is that at least one of the additional variables has effect on

Yt.

The F -test statistic is

F =
(ẽ′ẽ− e′e)/k2

e′e/(n− k1 − k2 − 1)
∼ Fk2,n−(k1+k2+1).

Question: Suppose we reject the null hypothesis. Then some important

explanatory variables are omitted, and they should be included in the re-

gression. On the other hand, if the F -test statistic does not reject the null

hypothesis H0, can we say that there is no omitted variable?

No. There may exist a nonlinear relationship for the additional variables

which a linear regression specification cannot capture.

Suppose rejection occurs. Then there exists evidence against H0. How-

ever, if no rejection occurs, then we can only say that we find no evidence

against H0 (which is not the same as the statement that reforms have no

effect). It is possible that the effect of X
(2)
t is of nonlinear form. In this case,

we may obtain a zero coefficient for X
(2)
t , because the linear specification

may not be able to capture it.

Example 3.8. [Testing for Effect of Reforms]: Consider the extended

production function

Yt = β0 + β1 ln(Lt) + β2 ln(Kt)

+ β3AUt + β4PSt + β5CMt + εt,

where AUt is the autonomy dummy, PSt is the profit sharing ratio, and

CMt is the dummy for change of manager. The null hypothesis of interest

here is that none of the three reforms has impact:
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H0 : β3 = β4 = β5 = 0.

We can use the F -test, and F ∼ F3,n−6 under H0.

Example 3.9. [Testing for Granger Causality]: Consider two time

series {Yt, Zt}, where t is the time index, IYt−1 = {Yt−1, ..., Y1} and IZt−1 =

{Zt−1, ..., Z1}. For example, Yt is the GDP growth rate, and Zt is the

money supply growth rate. We say that Zt does not Granger-cause Yt in

conditional mean with respect to It−1 = {I(Y )
t−1, I

(Z)
t−1} if

E
[
Yt|I(Y )

t−1, I
(Z)
t−1

]
= E

[
Yt|I(Y )

t−1

]
.

In other words, the lagged variables of Zt have no impact on the current

Yt.

In time series analysis, Granger causality is defined in terms of incremen-

tal predictability rather than the real cause-effect relationship. From an

econometric point of view, it is a test of omitted variables in a time series

context. It is first introduced by Granger (1969).

Question: How to test Granger causality?

Consider now a linear regression model

Yt = β0 + β1Yt−1 + · · ·+ βpYt−p

+ βp+1Zt−1 + · · ·+ βp+qZt−q + εt.

Under non-Granger causality, we have

H0 : βp+1 = · · · = βp+q = 0.

Granger (1969) proposes an F -test statistic

F ∼ Fq,n−(p+q+1).

The current econometric theory (Assumption 3.2: E(εt|X) = 0) actually

rules out this application, because it is a dynamic regression model. How-

ever, we will justify in Chapter 5 that under H0,

q · F d→ χ2
q

as n → ∞ under conditional homoskedasticity even for a linear dynamic

regression model.
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Example 3.10. [Testing for Structural Changes]: Consider a bivari-

ate regression model

Yt = β0 + β1X1t + εt,

where t is a time index, and {Xt} and {εt} are mutually independent.

Suppose there exist changes after t = t0, i.e., there exist structural changes.

We can consider the extended regression model:

Yt = (β0 + α0Dt) + (β1 + α1Dt)X1t + εt

= β0 + β1X1t + α0Dt + α1(DtX1t) + εt,

where Dt = 1 if t > t0 and Dt = 0 otherwise. The variable Dt is called

a time dummy variable, indicating whether it is a pre- or post-structural

break period.

The null hypothesis of no structural change is

H0 : α0 = α1 = 0.

The alternative hypothesis that there exists a structural change is

HA : α0 	= 0 or α1 	= 0.

The F -test statistic

F ∼ F2,n−4.

The idea of such a test is first proposed by Chow (1960).

Case III: Testing for Linear Restrictions

Example 3.11. [Testing for CRS]: Consider the extended production

function

ln(Yt) = β0 + β1 ln(Lt) + β2 ln(Kt) + β3AUt + β4PSt + β5CMt + εt.

We will test the null hypothesis of CRS:

H0 : β1 + β2 = 1.

The alternative hypothesis is

H0 : β1 + β2 	= 1.

What is the restricted model under H0? It is given by

ln(Yt) = β0 + β1 ln(Lt) + (1− β1) ln(Kt) + β3AUt + β4PSt + β5CMt + εt
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or equivalently

ln(Yt/Kt) = β0 + β1 ln(Lt/Kt) + β3AUt + β4CONt + β5CMt + εt.

The F -test statistic

F ∼ F1,n−6.

Because there is only one restriction, both t- and F - tests are applicable to

test CRS.

Example 3.12. [Wage Determination]: Consider the wage function

Wt = β0 + β1Pt + β2Pt−1 + β3Ut

+ β4Vt + β5Wt−1 + εt,

where Wt is wage, Pt is price, Ut is unemployment, and Vt is the number

of unfilled vacancies.

We will test the null hypothesis

H0 : β1 + β2 = 0, β3 + β4 = 0, and β5 = 1.

Question: What is the economic interpretation of the null hypothesis H0?

Under H0, we have the restricted wage equation:

ΔWt = β0 + β1ΔPt + β4Dt + εt,

where ΔWt = Wt −Wt−1 is the wage growth rate, ΔPt = Pt − Pt−1 is the

inflation rate, and Dt = Vt − Ut is an index for excess job supply. This

implies that the wage increase depends on the inflation rate and the excess

labor supply.

The F -test statistic for H0 is

F ∼ F3,n−6.

3.9 Generalized Least Squares Estimation

Question: The classical linear regression theory crucially depends on the

assumption that ε|X ∼ N(0, σ2I), or equivalently {εt} ∼ IID N(0, σ2),

and {Xt} and {εt} are mutually independent. What may happen if some

classical assumptions do not hold?

Question: Under what conditions, will the existing procedures and results

in the previous sections still be approximately true?
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Assumption 3.5 is crucial for us to derive the finite sample distributions

of the OLS estimator β̂ and related test statistics, but it is unrealistic for

many economic and financial data. In particular, there may exist condi-

tional heteroskedasticity and/or autocorrelation in {εt}. Suppose Assump-

tion 3.5 is replaced by the following condition:

Assumption 3.6. ε|X ∼ N(0, σ2V), where 0 < σ2 < ∞ is unknown and

V = V (X) is a known n×n symmetric, finite and positive definite matrix.

Assumption 3.6 implies that

var(ε|X) = E(εε′|X)

= σ2V = σ2V (X)

is known up to constant σ2. It allows for conditional heteroskedasticity of

known form.

It is also possible that V is not a diagonal matrix. Thus, cov(εt, εs|X)

may not be zero. In other words, Assumption 3.6 allows conditional au-

tocorrelation of known form. If t is a time index, this implies that there

exists serial correlation of known form. If t is an index for cross-sectional

units, this implies that there exists spatial correlation of known form.

However, the assumption that V is known is still restrictive from a

practical point of view. In practice, V usually has an unknown form.

Question: What is the statistical property of the OLS estimator β̂ under

Assumption 3.6?

Theorem 3.10. Suppose Assumptions 3.1, 3.3(a) and 3.6 hold. Then

(1) [Unbiasedness]:

E(β̂|X) = βo and E(β̂) = βo.

(2) [Variance]:

var(β̂|X) = σ2(X′X)−1X′VX(X′X)−1

	= σ2(X′X)−1.

(3) [Normal Distribution]:

(β̂ − βo)|X ∼ N(0, σ2(X′X)−1X′VX(X′X)−1).
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(4) [Non-Zero Correlation Between β̂ and e]: Generally,

cov(β̂, e|X) 	= 0.

Proof: (1) Using β̂ − βo = (X′X)−1X′ε, we have

E[(β̂ − βo)|X] = (X′X)−1X′E(ε|X)

= (X′X)−1X′0

= 0.

(2)

var(β̂|X) = E[(β̂ − βo)(β̂ − βo)′|X]

= E[(X′X)−1X′εε′X(X′X)−1|X]

= (X′X)−1X′E(εε′|X)X(X′X)−1

= σ2(X′X)−1X′VX(X′X)−1.

Note that we cannot further simplify the expression here because V 	= I.

(3) Because

β̂ − βo = (X′X)−1X′ε

=

n∑
t=1

Ctεt,

where the weighting vector

Ct = (X′X)−1Xt,

β̂−βo follows a normal distribution given X, because it is a sum of normal

random variables. As a result, conditional on X,

β̂ − βo ∼ N(0, σ2(X′X)−1X′VX(X′X)−1).

(4)

cov(β̂, e|X) = E[(β̂ − βo)e′|X]

= E[(X′X)−1X′εε′M |X]

= (X′X)−1X′E(εε′|X)M

= σ2(X′X)−1X′VM

	= 0

because X′VM 	= 0. We can see that it is conditional heteroskedasticity

and/or autocorrelation in {εt} that cause β̂ to be correlated with e.
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The OLS estimator β̂ is still unbiased and one can show that its variance

goes to zero as n → ∞. Thus, it converges to βo in the sense of MSE.

However, the variance of the OLS estimator β̂ does no longer have the

simple expression of σ2(X′X)−1 under Assumption 3.6. As a consequence,

the classical t- and F -test statistics are invalid because they are based on

an incorrect variance-covariance matrix of β̂. That is, they use an incor-

rect expression of σ2(X′X)−1 rather than the correct variance formula of

σ2(X′X)−1X′VX(X′X)−1.

Theorem 3.10(4) implies that even if we can obtain a consistent esti-

mator for σ2(X′X)−1X′VX(X′X)−1 and use it to construct tests, we can

no longer obtain the Student’s t-distribution and F -distribution, because

the numerator and the denominator in defining the classical t- and F -test

statistics are no longer independent.

To solve the aforementioned problems, we now introduce a new estima-

tion method called the Generalized Least Squares (GLS) estimation. We

first state a useful lemma.

Lemma 3.4. [Cholesky’s Decomposition]: For any n × n symmetric

positive definite matrix V, we can always write

V−1 = C′C,

V = C−1(C′)−1

where C is an n× n nonsingular matrix.

This is called Cholesky’s factorization. Note that C may not be sym-

metric.

Consider the original linear regression model:

Y = Xβo + ε.

If we multiply the equation by C, we obtain the transformed regression

model

CY = (CX)βo +Cε, or

Y ∗ = X∗βo + ε∗,

where Y ∗ = CY,X∗ = CX and ε∗ = Cε. Then the OLS estimator of this
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transformed model

β̂∗ = (X∗′X∗)−1X∗′Y ∗

= (X′C′CX)−1(X′C′CY )

= (X′V−1X)−1X′V−1Y

is called the GLS estimator.

Question: What is the nature of the GLS estimator?

Observe that

E(ε∗|X) = E(Cε|X)

= CE(ε|X)

= C · 0
= 0.

Also, note that

var(ε∗|X) = E[ε∗ε∗′|X]

= E[Cεε′C′|X]

= CE(εε′|X)C′

= σ2CVC′

= σ2C[C−1(C′)−1]C′

= σ2I.

It follows from Assumption 3.6 that

ε∗|X ∼ N(0, σ2I).

The transformation makes the new error ε∗ conditionally homoskedastic

and serially uncorrelated, while maintaining the normality distribution.

Suppose that for t, εt has a large variance σ2
t . The transformation ε∗t = Cεt

will discount εt by dividing it by its conditional standard deviation so that

ε∗t becomes conditionally homoskedastic. In addition, the transformation

also removes possible correlation between εt and εs, t 	= s. As a consequence,

the GLS estimator becomes BLUE for βo in term of the Gauss-Markov

theorem.

To appreciate how the transformation by matrix C removes conditional

heteroskedasticity and eliminates serial correlation, we now consider two

examples.
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Example 3.13. [Removing Heteroskedasticity]: Suppose

V =

⎡⎢⎢⎣
σ2
1 0 · · · 0

0 σ2
2 · · · 0

· · · · · · · · · 0

0 · · · · · · σ2
n

⎤⎥⎥⎦ .
Then

C =

⎡⎢⎢⎣
σ−1
1 0 · · · 0

0 σ−1
2 · · · 0

· · · · · · · · · 0

0 · · · · · · σ−1
n

⎤⎥⎥⎦
where σ2

i = σ2
i (X), i = 1, ..., n, and

ε∗ = Cε =

(
ε1
σ1

,
ε2
σ2

, · · ·, εn
σn

)′
.

The transformed regression model is

Y ∗
t = X∗′

t βo + ε∗t , t = 1, ..., n,

where

Y ∗
t = Yt/σt,

X∗
t = Xt/σt,

ε∗t = εt/σt.

Example 3.14. [Eliminating Serial Correlation]: Suppose

V =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 ρ ρ2 · · · ρn−2 ρn−1

ρ 1 ρ · · · ρn−3 ρn−2

ρ2 ρ 1 · · · ρn−4 ρn−3

· · · · · · · · · · · · · · · · · ·
ρn−2 ρn−3 ρn−4 · · · 1 ρ

ρn−1 ρn−2 ρn−3 · · · ρ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

This matrix actually arises from the following linear regression model Yt =

X ′
tβ

o+εt, where εt = ρεt−1+vt, and {vt} is an IID sequence with E(vt) = 0
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and var(vt) = σ2. Then we have

V−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 −ρ 0 · · · 0 0

−ρ 1 + ρ2 −ρ · · · ρn−3 0

0 −ρ 1 + ρ2 · · · ρn−4 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 + ρ2 −ρ

0 0 0 · · · −ρ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
and

C =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

√
1− ρ2 0 0 · · · 0 0

−ρ 1 0 · · · 0 0

0 −ρ 1 · · · 0 0

· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1 0

0 0 0 · · · −ρ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

It follows that

ε∗ = Cε

=

⎡⎢⎢⎣
√

1− ρ2ε1
ε2 − ρε1

· · ·
εn − ρεn−1

⎤⎥⎥⎦ .
The transformed regression model is

Y ∗
t = X∗′

t βo + ε∗t , t = 1, ..., n,

where

Y ∗
1 =

√
1− ρ2Y1, Y ∗

t = Yt − ρYt−1, t = 2, ..., n,

X∗
1 =

√
1− ρ2X1, X∗

t = Xt − ρXt−1, t = 2, ..., n,

ε∗1 =
√

1− ρ2ε1, ε∗t = εt − ρεt−1, t = 2, ..., n.

The
√
1− ρ2 transformation for t = 1 is called the Prais-Winsten transfor-

mation.

Theorem 3.11. [GLS Estimation]: Under Assumptions 3.1, 3.3(a) and

3.6, and n > K, we have

(1) [Unbiasedness]: E(β̂∗|X) = βo and E(β̂∗) = βo.
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(2) [Variance]: var(β̂∗|X) = σ2(X∗′X∗)−1 = σ2(X′V−1X)−1.

(3) [Orthogonality]: cov(β̂∗, e∗|X) = 0, where e∗ = Y ∗ −X∗β̂∗.
(4) [Gauss-Markov]: β̂∗ is BLUE.

(5) [Residual Variance Estimator]: E(s∗2|X) = σ2, where s∗2 =

e∗′e∗/(n−K).

Proof: Results in Parts (1) to (3) follow because the GLS estimator is the

OLS estimator of the transformed model.

(4) The transformed model satisfies Assumptions 3.1, 3.3 and 3.5 of the

classical regression assumptions with ε∗|X∗ ∼ N(0, σ2I). It follows that the

GLS estimator is BLUE by the Gauss-Markov theorem. Result in Part (5)

also follows immediately. This completes the proof.

Because β̂∗ is the OLS estimator of the transformed regression model

with IID N(0, σ2I) errors, the t-test and F -test statistics are applicable,

and these test statistics are defined as follows:

T ∗ =
Rβ̂∗ − r√

s∗2R(X∗′X∗)−1R′

∼ tn−K ,

F ∗ =
(Rβ̂∗ − r)′[R(X∗′X∗)−1R′]−1(Rβ̂∗ − r)/J

s∗2

∼ FJ,n−K .

It is very important to note that we still have to estimate the propor-

tionality σ2 in spite of the fact that V = V (X) is known.

Because the GLS estimator β̂∗ is BLUE and the OLS estimator β̂ differs

from β̂∗, namely,

β̂∗ = (X∗′X∗)−1X∗′Y ∗

= (X′V−1X)−1X′V−1Y

	= (X′X)−1X′Y = β̂,

it follows that the OLS estimator β̂ cannot be BLUE.

In fact, the most important message of GLS estimation is the insight

it provides into the impact of conditional heteroskedasticity and serial cor-

relation on the estimation and inference of the linear regression model. In

practice, the GLS estimator is generally not feasible, because the n × n

matrix V is of unknown form, where var(ε|X) = σ2V.
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Question: What are feasible solutions?

There are at least two approaches to dealing with this problem. We

now provide some brief discussions.

(1) Approach I: Adaptive Feasible GLS Estimation

In some cases with additional assumptions, we can use a nonparametric

estimator V̂ to replace the unknown V, we obtain an adaptive feasible GLS

estimator

β̂∗
a = (X′V̂−1X)−1X′V̂−1Y,

where V̂ is an estimator for V. Because V is an n × n unknown matrix

and we only have n data points, it is impossible to estimate V consistently

using a sample of size n if we do not impose any restriction on the form of

V. In other words, we have to impose some restrictions on V in order to

estimate it consistently. For example, suppose we assume

σ2V = diag{σ2
1(X), ..., σ2

n(X)}
= diag{σ2(X1), ..., σ

2(Xn)},
where diag{·} is an n × n diagonal matrix and σ2(Xt) = E(ε2t |Xt)

is unknown. The fact that σ2V is a diagonal matrix can arise when

cov(εtεs|X) = 0 for all t 	= s, i.e., when there is no serial correlation.

Then we can use a nonparametric kernel estimator

σ̂2(x) =
1
n

∑n
t=1 e

2
t
1
bK
(
x−Xt

b

)
1
n

∑n
t=1

1
bK
(
x−Xt

b

)
p→ σ2(x),

where et is the estimated OLS residual, and K(·) is a kernel function which

is a specified symmetric density function (e.g., K(u) = (2π)−1/2 exp(− 1
2u

2)

if x is a scalar, and b = b(n) is a bandwidth such that b → 0, nb → ∞
as n → ∞. The finite sample distribution of β̂∗

a will be different from the

finite sample distribution of β̂∗, which assumes that V was known. This

is because the sampling errors of the estimator V̂ have some impact on

the estimator β̂∗
a. However, under some suitable conditions on V̂, β̂∗

a will

share the same asymptotic property as the infeasible GLS estimator β̂∗

(i.e., the MSE of β̂∗
a is approximately equal to the MSE of β̂∗). In other

words, the first stage estimation of σ2(·) has no impact on the asymptotic



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 133

Classical Linear Regression Models 133

distribution of β̂∗
a. For more discussion, see Robinson (1988) and White and

Stinchcombe (1991).

(2) Approach II: Heteroskedasticity and Autocorrelation Consis-

tent (HAC) Variance-Covariance Matrix Estimation

The second approach is to continue to use the OLS estimator β̂ and

obtain a consistent estimator for

var(β̂|X) = σ2(X′X)−1X′VX(X′X)−1.

The classical definitions of t- and F -test statistics cannot be used, because

they are based on an incorrect formula for var(β̂|X). However, some mod-

ified tests can be obtained by using a consistent estimator for the correct

formula for var(β̂|X). The trick is to estimate σ2X′VX, which is a K ×K

unknown matrix, rather than to estimate V, which is an n × n unknown

matrix, where K is much smaller than the sample size n. However, only

asymptotic distributions can be used in this case.

Suppose now we have

E(εε′|X) = σ2V

= diag{σ2
1(X), ..., σ2

n(X)}.
As pointed out earlier, this essentially assumes E(εtεs|X) = 0 for all t 	= s.

That is, there is no serial correlation in {εt} conditional on X. Instead of

attempting to estimate σ2
t (X), one can estimate the K×K matrix σ2X′VX

directly.

Question: How to estimate

σ2X′VX =

n∑
t=1

XtX
′
tσ

2
t (X)?

We can use the following variance estimator

X′D(e)D(e)
′
X =

n∑
t=1

XtX
′
te

2
t ,

where D(e) = diag(e1, ..., en) is an n×n diagonal matrix with all off-diagonal

elements being zero. This is called White’s (1980) heteroskedasticity-

consistent variance-covariance matrix estimator. See more discussion in

Chapter 4.
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Question: For J = 1, do we have

Rβ̂ − r√
R(X′X)−1X′D(e)D(e)

′
X(X′X)−1R′

∼ tn−K?

For J > 1, do we have

(Rβ̂ − r)′
[
R(X′X)−1X′D(e)D(e)

′
X(X′X)−1R′]−1

(Rβ̂ − r)/J

∼ FJ,n−K?

No. Although we have standardized both test statistics by the correct

variance estimators, we still have cov(β̂, e|X) 	= 0 under Assumption 3.6.

This implies that β̂ and e are not independent, and therefore, we no longer

have a t-distribution or an F -distribution in finite samples.

However, when n → ∞, we have

• Case I: When J = 1,

Rβ̂ − r√
R(X′X)−1X′D(e)D(e)

′
X(X′X)−1R′

d→ N(0, 1).

This can be called a robust t-test.

• Case II: When J > 1,

(Rβ̂− r)′
[
R(X′X)−1X′D(e)D(e)

′
X(X′X)−1R′]−1

(Rβ̂− r)
d→ χ2

J .

This is called a robust Wald test statistic.

The above two feasible solutions are based on the assumption that

E(εtεs|X) = 0 for all t 	= s.

In fact, we can also consistently estimate the limit of X′VX when there

exists conditional heteroskedasticity and autocorrelation simultaneously.

This is called Heteroskedasticity and Autocorrelation Consistent (HAC)

variance-covariance matrix estimation. When there exists serial correlation

of unknown form, an alternative solution should be provided. This is dis-

cussed in Chapter 6. See also Andrews (1991) and Newey and West (1987,

1994).

3.10 Conclusion

In this chapter, we have presented the econometric theory for the classical

linear regression models. We first provide and discuss a set of assumptions
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on which the classical linear regression model is built. This set of regularity

conditions will serve as the starting points from which we will develop

modern econometric theory for linear regression models.

We derive the statistical properties of the OLS estimator. In particular,

we point out that R2 is not a suitable model selection criterion, because it

is always nondecreasing with the dimension of regressors. Suitable model

selection criteria, such as AIC and BIC, are discussed. We show that con-

ditional on the regressor matrix X, the OLS estimator β̂ is unbiased, has

a vanishing variance, and is BLUE. Under the additional conditional nor-

mality assumption, we derive the finite sample normal distribution for β̂,

the Chi-squared distribution for (n−K)s2/σ2, as well as the independence

between β̂ and s2.

Many hypotheses encountered in economics can be formulated as linear

restrictions on model parameters. Depending on the number of parameter

restrictions, we construct the t-test and the F -test statistics. In the special

case of testing the hypothesis that all slope coefficients are jointly zero, we

also construct an asymptotically Chi-squared test statistic based on R2.

When there exist(s) conditional heteroskedasticity and/or autocorre-

lation, the OLS estimator is still unbiased and has a vanishing variance,

but it is no longer BLUE, and β̂ and s2 are no longer mutually indepen-

dent. Under the assumption of a known variance-covariance matrix up to

some scale parameter, one can transform the linear regression model by

correcting conditional heteroskedasticity and eliminating autocorrelation,

so that the transformed regression model has conditionally homoskedastic

and uncorrelated errors. The OLS estimator of this transformed linear re-

gression model is called the GLS estimator, which is BLUE. The t-test and

F -test statistics are applicable. When the variance-covariance structure is

unknown, the GLS estimator becomes infeasible. However, if the error in

the original linear regression model is serially uncorrelated (as is the case

with independent observations across t), there are two feasible solutions.

The first is to use a nonparametric method to obtain a consistent estimator

for the conditional variance var(εt|Xt), and then obtain a feasible plug-in

GLS estimator. The second is to use White’s (1980) heteroskedasticity-

consistent variance-covariance matrix estimator for the OLS estimator β̂.

Both of these two methods are built on the asymptotic theory. When

the error of the original linear regression model is serially correlated, a

feasible solution to estimate the variance-covariance matrix is provided

in Chapter 6.
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This chapter is the foundation of modern econometrics. We will re-

lax the most classical assumptions of this chapter and develop modern

econometric theory in subsequent chapters. As we will see, existence of

heteroskedasticity and/or autocorrelation, endogeneity and model misspec-

ification will significantly change econometric inference procedures and ex-

tend the scope of application of econometric methods and models.

It may be noted that most materials in this chapter overlap with Chap-

ter 10 of Probability and Statistics for Economists by Hong (2017).



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 137

Exercise 3 137

Exercise 3

3.1. Suppose Y = Xβo + ε, X′X is nonsingular. Let β̂ = (X′X)−1X′Y be

the OLS estimator and e = Y−Xβ̂ be the n× 1 estimated residual vector.

Define an n×n projection matrix P = X(X′X)−1X′ and M = I−P, where

I is an n× n identity matrix. Show:

(1) X′e = 0.

(2) β̂ − βo = (X′X)−1X′ε.
(3) P and M are symmetric and idempotent (i.e., P2 = P,M2 = M),

PX = X, and MX = 0.

(4) SSR(β̂) ≡ e′e = Y′MY = ε′Mε.

3.2. Consider a bivariate linear regression model

Yt = X ′
tβ

o + εt, t = 1, ..., n,

where Xt = (X0t, X1t)
′ = (1, X1t)

′, and εt is a regression disturbance.

(1) Let β̂ = (β̂0, β̂1)
′ be the OLS estimator. Show that β̂0 = Ȳ − β̂1X̄1,

and

β̂1 =

∑n
t=1(X1t − X̄1)(Yt − Ȳ )∑n

t=1(X1t − X̄1)2

=

∑n
t=1(X1t − X̄1)Yt∑n
t=1(X1t − X̄1)2

=
n∑

t=1

CtYt,

where Ct = (X1t − X̄1)/
∑n

t=1(X1t − X̄1)
2.

(2) Suppose X = (X11, ..., X1n)
′ and ε = (ε1, ..., εn)

′ are independent.

Show that var(β̂1|X) = σ2
ε/[(n− 1)S2

X1
], where S2

X1
is the sample variance

of {X1t}nt=1 and σ2
ε is the variance of εt. Thus, the more variations in {X1t},

the more accurate estimation for βo
1 .

(3) Let ρ̂ denote the sample correlation between Yt and X1t; namely,

ρ̂ =

∑n
t=1(X1t − X̄1)(Yt − Ȳ )√∑n

t=1(X1t − X̄1)2
∑n

t=1(Yt − Ȳ )2
.

Show that R2 = ρ̂2. Thus, the squared sample correlation between Y and

X1 is the fraction of the sample variation in Y that can be predicted using

the linear predictor of X1. This result also implies that R2 is a measure of

the strength of sample linear association between Yt and X1t.
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3.3. For the OLS estimation of the linear regression model Yt = X ′
tβ

o + ε,

where Xt is a K×1 vector, show R2 = ρ̂2
Y Ŷ

, the squared sample correlation

between Yt and Ŷt.

3.4. Does a high value of R2 imply a precise OLS estimation for the true

parameter value βo in a linear regression model Yt = X ′
tβ

o + εt? Explain.

3.5. You devise a clever economic theory leading to a simple regression,

which you fit: Yt = α̂+ β̂Xt+ et. Your fit is good, with a high R2 (denoted

as R2
1) and a large t-statistic (denoted as t1). Later that evening you

have a flash of inspiration: perhaps economics is all wrong, agents are

irrational, equilibria do not exist, etc. Perhaps you also have some doubts

about whether you derived your equation correctly. Consequently, you fit

Xt = α̂2 + β̂2Yt + e2t, again finding satisfactory results (a high R2
2 and

a large t-statistic t2) and confirming your doubts. The next morning you

think this through. What are the relationships between the followings:

(1) R2
1 and R2

2? Give your reasoning.

(2) β̂ and β̂2? Give your reasoning.

(3) t1 and t2? Give your reasoning.

3.6. Suppose Xt = Q for all t ≥ m, where m is a fixed integer, and Q is a

K × 1 constant vector. Do we have λmin(X
′X) → ∞ as n → ∞? Explain.

3.7. The adjusted R2, denoted as R̄2, is defined as follows:

R̄2 = 1− e′e/(n−K)

(Y − Ȳ )′(Y − Ȳ )/(n− 1)
.

Show

R̄2 = 1−
[
n− 1

n−K
(1−R2)

]
.

3.8. [Effect of Multicollinearity]: Consider a regression model

Yt = β0 + β1X1t + β2X2t + εt.

Suppose Assumptions 3.1 to 3.4 hold. Let β̂ = (β̂0, β̂1, β̂2)
′ be the OLS

estimator. Show

var(β̂1|X) =
σ2

(1− r̂2)
∑n

t=1(X1t − X̄1)2
,

var(β̂2|X) =
σ2

(1− r̂2)
∑n

t=1(X2t − X̄2)2
,
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where X̄1 = n−1
∑n

t=1 X1t, X̄2 = n−1
∑n

t=1 X2t, and

r̂2 =

[∑n
t=1(X1t − X̄1)(X2t − X̄2)

]2∑n
t=1(X1t − X̄1)2

∑n
t=1(X2t − X̄2)2

.

3.9. Consider the linear regression model

Yt = X ′
tβ

o + εt,

where Xt = (1, X1t, ..., Xkt)
′. Suppose Assumptions 3.1 to 3.3 hold. Let R2

j

is the coefficient of determination of regressing variable Xjt on all the other

explanatory variables {Xit, 0 ≤ i ≤ k, i 	= j}. Show

var(β̂j |X) =
σ2

(1−R2
j )
∑n

t=1(Xjt − X̄j)2
,

where X̄j = n−1
∑n

t=1 Xjt. The factor 1/(1−R2
j ) is called the Variance In-

flation Factor (VIF), which is used to measure the degree of multicollinear-

ity among explanatory variables in Xt.

3.10. Suppose Assumptions 3.1, 3.2, 3.3(a), and 3.5 hold, and there exists

near-multicollinearity such that λmin(X
′X) is nonzero but does not go to

infinity as n → ∞.

(1) Is the OLS estimator β̂ unbiased for βo? Give your reasoning.

(2) Is the OLS estimator β̂ consistent for βo as n → ∞? Give your

reasoning.

(3) Are the t-test and F -test statistics still valid for testing the null

hypothesis that Rβ′o = r? Give your reasoning.

3.11. Consider the following estimation results for three separate regres-

sions based on the same data set with n = 25. The first is a regression of

consumption on income:

Yt = 36.74 + 0.832X1t + e1t, R2 = 0.735,

[1.98][7.98]

the second is a regression of consumption on wealth:

Yt = 36.61 + 0.208X2t + e2t, R2 = 0.735,

[1.97][7.99]
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and the third is a regression of consumption on both income and wealth:

Y = 33.88− 26.00X1t + 6.71X2t + et, R2 = 0.742.

[1.77][−0.74][0.77]

(1) In the first two separate regressions, we observe significant t-test

statistics for income and wealth respectively, but in the third joint regres-

sion, both income and wealth are insignificant. What are possible reasons

for the apparently conflicting results? Can we conclude that income and

wealth have impact on consumption? Explain.

(2) To test neither income nor wealth has impact on consumption, we

can use the F -test. Can you reach a decisive conclusion at the 5% signifi-

cance level? Explain.

3.12. For the regression model Yi = α+βXi+ εi with Xi ∈ {0, 1} a binary

variable, P (εi = −1) = 2/3, P (εi = 2) = 1/3 and E(εiεj) = 0 for i 	= j.

(1) Is the OLS estimator unbiased?

(2) Is the OLS estimator BLUE?

(3) Give a better estimator.

For Parts (1) to (3), explain briefly but intelligently.

3.13. Consider the following linear regression model

Yt = X ′
tβ

o + ut, t = 1, ..., n, (A.3.1)

where ut = σ(Xt)εt, where {Xt} is a nonstochastic process, and σ(Xt) is a

positive function of Xt such that

Ω =

⎡⎢⎢⎢⎢⎣
σ2(X1) 0 0 ... 0

0 σ2(X2) 0 ... 0

0 0 σ2(X3) ... 0

... ... ... ... ...

0 0 0 ... σ2(Xn)

⎤⎥⎥⎥⎥⎦ = Ω
1
2Ω

1
2 ,

with

Ω
1
2 =

⎡⎢⎢⎢⎢⎣
σ(X1) 0 0 ... 0

0 σ(X2) 0 ... 0

0 0 σ(X3) ... 0

... ... ... ... ...

0 0 0 ... σ(Xn)

⎤⎥⎥⎥⎥⎦ .
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Assume that {εt} is IID N(0, 1). Then {ut} is IID N(0, σ2(Xt)). This differs

from Assumption 3.5 of the classical linear regression analysis, because now

{ut} exhibits conditional heteroskedasticity.

Let β̂ denote the OLS estimator for βo.

(1) Is β̂ unbiased for βo?

(2) Show that var(β̂) = (X′X)−1X′ΩX(X′X)−1.

Now consider an alternative estimator

β̃ = (X′Ω−1X)−1X′Ω−1Y

=

[
n∑

t=1

σ−2(Xt)XtX
′
t

]−1 n∑
t=1

σ−2(Xt)XtYt.

(3) Is β̃ unbiased for βo?

(4) Show that var(β̃) = (X′Ω−1X)−1.

(5) Is var(β̂)−var(β̃) PSD? Which estimator, β̂ or β̃, is more efficient?

(6) Is β̃ BLUE for βo? [Hint: There are several approaches to this ques-

tion. A simple one is to consider the transformed model

Y ∗
t = X∗′

t βo + εt, t = 1, ..., n, (A.3.2)

where Y ∗
t = Yt/σ(Xt), X

∗
t = Xt/σ(Xt). This model is obtained from model

(A.3.1) after dividing by σ(Xt). In matrix notation, model (A.3.2) can be

written as

Y ∗ = X∗βo + ε,

where the n× 1 vector Y ∗ = Ω− 1
2Y and the n× k matrix X∗ = Ω− 1

2X.]

(7) Construct two test statistics for the null hypothesis of interest H0 :

βo
2 = 0. One test is based on β̂, and the other test is based on β̃. What are

the finite sample distributions of your test statistics under H0? Can you

tell which test is better?

(8) Construct two test statistics for the null hypothesis of interest H0 :

Rβo = r, where R is a J × k matrix with J > 1. One test is based on β̂,

and the other test is based on β̃. What are the finite sample distributions

of your test statistics under H0?

3.14. Consider the classical regression model

Yt = X ′
tβ

o + εt.
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Suppose that we are interested in testing the null hypothesis

H0 : Rβo = r,

where R is a J ×K matrix, and r is a J × 1 vector. The F -test statistic is

defined as

F =
(Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r)/J

s2
.

Show that

F =
(ẽ′ẽ− e′e)/J

e′e/(n− k − 1)
,

where e′e is the SSR from the unrestricted model, and ẽ′ẽ is the SSR from

the restricted regression model subject to the restriction Rβ = r.

3.15. The F -test statistic is defined as follows:

F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2
.

Show that

F =

∑n
t=1(Ŷt − Ỹt)

2/J

s2

=
(β̂ − β̃)′X ′X(β̂ − β̃)/J

s2
,

where Ŷt = X ′
tβ̂, Ỹt = X ′

tβ̃, and β̂ and β̃ are the unrestricted and restricted

OLS estimators respectively.

3.16. Show that the F -test statistic is equivalent to a quadratic form in λ̃,

where λ̃ is the Lagrange multiplier in the constrained OLS estimation for

the linear regression Y = Xβo + ε. This result implies that the F -test is

equivalent to a Lagrange multiplier test.

3.17. Consider the following classical regression model

Yt = X ′
tβ

o + εt

= βo
0 +

k∑
j=1

βo
jXjt + εt, t = 1, ..., n. (A.3.3)

Suppose that we are interested in testing the null hypothesis

H0 : βo
1 = βo

2 = · · · = βo
k = 0.
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Then the F -statistic can be written as

F =
(ẽ′ẽ− e′e)/k

e′e/(n− k − 1)
.

where e′e is the SSR from the unrestricted model (A.3.3), and ẽ′ẽ is the

SSR from the restricted model (A.3.4)

Yt = βo
0 + εt. (A.3.4)

(1) Show that under Assumptions 3.1 and 3.3,

F =
R2/k

(1−R2)/(n− k − 1)
,

where R2 is the coefficient of determination of the unrestricted model

(A.3.3).

(2) Suppose in addition Assumption 3.5 holds. Show that under H0,

(n− k − 1)R2 d→ χ2
k.

3.18. The F -test statistic is defined as follows:

F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2
.

Show that

F =
(1/J)

∑n
t=1(Ŷt − Ỹt)

2

s2
=

(β̂ − β̃)′X ′X(β̂ − β̃)/J

s2
,

where Ŷt = X ′
tβ̂, Ỹt = X ′

tβ̃, and β̂ and β̃ are the unrestricted and restricted

OLS estimators respectively.

3.19. [Structural Change]: Suppose Assumptions 3.1 and 3.3 hold. Con-

sider the following model on the whole sample:

Yt = X ′
tβ

o + (DtXt)
′αo + εt, t = 1, ..., n,

where the time dummy variable Dt = 0 if t ≤ n1 and Dt = 1 if t > n1.

This model can be written as two separate models:

Yt = X ′
tβ

o + εt, t = 1, ..., n1

and

Yt = X ′
t(β

o + αo) + εt, t = n1 + 1, ..., n.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 144

144 Foundations of Modern Econometrics

Let SSRu, SSR1, and SSR2 denote the SSRs of the above three re-

gression models via OLS estimation. Show

SSRu = SSR1 + SSR2.

This identity implies that estimating the first regression model with time

dummy variable Dt via the OLS estimation is equivalent to estimating two

separate regression models over two subsample periods respectively.

3.20. A quadratic polynomial regression model

Yt = β0 + β1Xt + β2X
2
t + εt

is fit to data. Suppose the P -value for the OLS estimator of β1 was 0.67

and for β2 was 0.84. Can we accept the hypothesis that β1 and β2 are both

0? Explain.

3.21. Suppose X′X is a K×K matrix, and V is an n×n matrix, and both

X′X and V are symmetric and nonsingular, with the minimum eigenvalue

λmin(X
′X) → ∞ as n → ∞ and 0 < c ≤ λmax(V) ≤ C < ∞. Show that for

any τ ∈ RK such that τ ′τ = 1,

τ ′var(β̂|X)τ = σ2τ ′(X′X)−1X′VX(X′X)−1τ → 0

as n → ∞. Thus, var(β̂|X) vanishes to zero as n → ∞ under conditional

heteroskedasticity.

3.22. Suppose the conditions in Exercise 3.13 hold. It can be shown that the

variances of the OLS estimator β̂ and the GLS estimator β̂∗ are respectively:

var(β̂|X) = σ2(X′X)−1X′VX(X′X)−1,

var(β̂∗|X) = σ2(X′V−1X)−1.

Show that var(β̂|X)− var(β̂∗|X) is PSD.

3.23. Suppose a DGP is given by

Yt = βo
1X1t + βo

2X2t + εt = X ′
tβ

o + εt,

where Xt = (X1t, X2t)
′, E(XtX

′
t) is nonsingular, and E(εt|Xt) = 0. For

simplicity, we further assume that E(X2t) = 0 and E(X1tX2t) 	= 0.

Now consider the bivariate linear regression model

Yt = βo
1X1t + ut.
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(1) Show that if βo
2 	= 0, then E(Y1|Xt) = X ′

tβ
o 	= E(Y1t|X1t). That

is, there exists an omitted variable (i.e., X2t) in the bivariate regression

model.

(2) Show that E(Yt|X1t) 	= β1X1t for all β1. That is, the bivariate linear

regression model is misspecified for E(Yt|X1t).

(3) Is the best linear least squares approximation coefficient β∗
1 in the

bivariate linear regression model equal to βo
1?

3.24. Suppose a DGP is given by

Yt = βo
1X1t + βo

2X2t + εt = X ′
tβ

o + εt,

where Xt = (X1t, X2t)
′, and Assumptions 3.1 to 3.4 hold. (For simplicity,

we have assumed no intercept.) Denote the OLS estimator by β̂ = (β̂1, β̂2)
′.

If βo
2 = 0 and we know it, then we can consider a simpler regression

Yt = βo
1X1t + εt.

Denote the OLS estimator of this simpler regression as β̃1.

Compare the relative efficiency between β̂1 and β̃1. That is, which esti-

mator is better for βo
1? Give your reasoning.

3.25. Consider a linear regression model Y = Xβo + ε, where ε|X ∼
N(0, σ2V), V = V (X) is a known n× n nonsingular matrix, and 0 < σ2 <

∞ is unknown. The GLS estimator β̂∗ is defined as the OLS estimator of

the transformed model

Y∗ = X∗βo + ε∗,

where Y∗ = CY,X∗ =CX, ε∗ = Cε, and C is an n×n nonsingular matrix

from the factorization V−1 =CC ′. Is the coefficient of determination R2

for the transformed model always positive? Explain.

3.26. Suppose Assumption 3.6 is replaced by the following assumption:

Assumption 3.6 ′ : ε|X ∼ N(0,V), where V = V (X) is a known n × n

symmetrix, finite and positive definite matrix.

Compared to Assumption 3.6, Assumption 3.6′ assumes that var(ε|X) =

V is completely known and there is no unknown proportionality σ2. Define

the GLS estimator β̂∗ = (X′V−1X)−1X′V−1Y.

(1) Is β̂∗ BLUE?
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(2) Put X∗ = CX and s∗2 = e∗′e∗/(n − K), where e∗ = Y − X∗β̂∗,
C′C = V−1. Do the usual t-test and F -test statistics defined as

T ∗ =
Rβ̂∗ − r√

s∗2R(X∗′X∗)−1R′ , for J = 1,

F ∗ =
(Rβ̂∗ − r)′[R(X∗′X∗)−1R′]−1(Rβ̂∗ − r)/J

s∗2
,

follow the tn−K and FJ,n−K distributions respectively under the null hy-

pothesis that Rβ = r? Explain.

(3) Construct two new test statistics:

T̃ ∗ =
Rβ̂∗ − r√

R(X∗′X∗)−1R′ , for J = 1,

Q̃∗ = (Rβ̂∗ − r)′[R(X∗′X∗)−1R′]−1(Rβ̂∗ − r), for J ≥ 1.

What sampling distributions will these test statistics follow under the null

hypothesis that Rβ = r? Explain.

(4) Which set of tests, (T ∗, F ∗) or (T̃ ∗, Q̃∗), is more powerful at the same

significance level? Explain. [Hint: A Student’s t-distribution has a heavier

tail than N(0, 1) and so has a larger critical value at a given significance

level.]

3.27. Consider a linear regression model Yt = X ′
tβ

o+εt, where Xt contains

an intercept (i.e., X0t = 1). Assume that all conditions for GLS estima-

tion hold. We are interested in testing whether all coefficients except the

intercept in the linear regression model are jointly zero.

(1) Do we still have

F ∗ =
R∗2/k

(1−R∗2)/(n− k − 1)
?

Here R∗2 and F ∗ are the centered R2 and the F -test statistic obtained from

the GLS estimation. Give your reasoning.

(2) Do we have (n−K)R∗2 d→ χ2
k as n → ∞ under the null hypothesis?

Give your reasoning.

3.28. Consider a linear regression model

Yt = X ′
tβ

o + εt, t = 1, 2, ..., n,

where εt = σ(Xt)vt, Xt is a K × 1 nonstochastic vector, and σ(Xt) is a

positive function of Xt, and {vt} is IID N(0, 1).
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Let β̂ = (X′X)−1X′Y denote the OLS estimator for βo, where X is an

n × K matrix whose t-th row is Xt, and Y is an n × 1 vector whose t-th

component is Yt.

(1) Is β̂ unbiased for βo?

(2) Find var(β̂) = E[(β̂ − Eβ̂)(β̂ − Eβ̂)′]. You may find the following

notation useful: Ω = diag{σ2(X1), σ
2(X2), ..., σ

2(Xn)}, i.e., Ω is an n × n

diagonal matrix with the t-th diagonal component equal to σ2(Xt) and all

off-diagonal components equal to zero.

Now consider the transformed regression model

1

σ(Xt)
Yt =

1

σ(Xt)
X ′

tβ
o + vt

or

Y ∗
t = X∗′

t βo + vt,

where Y ∗
t = σ−1(Xt)Yt and X∗

t = σ−1(Xt)Xt.

Denote the OLS estimator of this transformed model as β̃.

(3) Show β̃ = (X ′Ω−1X)−1X ′Ω−1Y .

(4) Is β̃ unbiased for βo?

(5) Find var(β̃).

(6) Which estimator, β̂ or β̃, is more efficient in terms of the MSE

criterion? Give your reasoning.

(7) Use the difference Rβ̃ − r to construct a test statistic for the null

hypothesis of interest H0 : Rβo = r, where R is a J ×K matrix, r is K×1,

and J > 1. What is the finite sample distribution of your test statistic

under H0?

3.29. Consider a linear regression model

Yt = X ′
tβ

o + εt, t = 1, ..., n,

where Xt is a p×1 regressor vector, βo is a p×1 unknown vector, and {εt}
follows an AR(q) process, namely,

εt =

q∑
j=1

αjεt−j + vt,

{vt} ∼ IID(0, σ2
v).
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We assume that the autoregressive coefficients {αj}qj=1 are known but σ2
v is

unknown. Further assume that {Xt} and {vt} are mutually independent.

(1) Find a BLUE estimator for βo. Explain.

(2) Construct a test statistic for the null hypothesis H0 : Rβo = r

and derive its sampling distribution under H0, where R is a known J × p

nonstochastic matrix and r is a known J × 1 nonstochastic vector. Discuss

the cases of J = 1 and J > 1 respectively.
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Chapter 4

Linear Regression Models with
Independent Observations

Abstract: When the conditional normality assumption on the regression

disturbance does not hold, the OLS estimator no longer has the finite sam-

ple normal distribution, and the t-test and F -test statistics no longer fol-

low the Student’s t-distribution and F -distribution in finite samples re-

spectively. In this chapter, we show that under the assumption of IID

observations with conditional homoskedasticity, the classical t-test and F -

test are approximately applicable in large samples. However, under con-

ditional heteroskedasticity, the t-test and F -test statistics are not appli-

cable even when the sample size goes to infinity. Instead, White’s (1980)

heteroskedasticity-consistent variance-covariance matrix estimator should

be used, which yields asymptotically valid confidence interval estimation

and hypothesis test procedures. A direct test for conditional heteroskedas-

ticity due to White (1980) is presented. To facilitate asymptotic analysis in

this and subsequent chapters, we introduce some basic tools for asymptotic

analysis in this chapter.

Keywords: Almost sure convergence, Asymptotic analysis, Asymptotic

normality, Central Limit Theorem (CLT), Conditional heteroskedasticity,

Conditional homoskedasticity, Consistency, Convergence in distribution,

Convergence in probability, Convergence in quadratic mean, IID, Law

of Large Numbers (LLN), Slutsky’s theorem, White’s heteroskedasticity-

consistent variance-covariance matrix estimator

4.1 Introduction to Asymptotic Theory

The assumptions of classical linear regression models are rather strong and

one may have a hard time finding practical applications where all these

assumptions hold exactly. For example, the conditional normality condition

149
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on the disturbance ε is crucial to obtain the finite sample distributions of

the OLS estimator, the GLS estimator and related test statistics, but it has

been documented that most economic and financial data have heavy tails,

and so they are not normally distributed. Figures 4.1 plots the histograms

of time series data on the U.S. quarterly GDP growth rates, U.S. monthly

inflation rates, and U.S. daily 10-year Treasury Bill rates respectively, which

indicate that they do not follow a normal distribution.

An interesting question is whether the parameter estimators and test

statistics which are based on the same principles as before still make sense
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Figure 4.1 (a) Histograms of U.S. quarterly GDP growth rates from 1947-2018.

Data source: https://www.macrotrends.net
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Figure 4.1 (b) Histograms of U.S. monthly inflation rates from 1914-2019.

Data source: http://inflationdata.com
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Figure 4.1 (c) Histograms of U.S. daily 10-year Treasury Bill rates from 1990-2019.

Data source: https://www.treasury.gov

in this more general setting. In particular, what happens to the OLS esti-

mator, and the t- and F -tests if any of the following assumptions fails:

• strict exogeneity E(εt|X) = 0;

• conditional normality ε|X ∼ N(0, σ2I);

• conditional homoskedasticity var(εt|X) = σ2;

• auto uncorrelatedness cov(εt, εs|X) = 0 for t 	= s.

When classical assumptions are violated, we generally do not know the

finite sample statistical properties of the parameter estimators and test

statistics anymore. A useful tool to obtain the understanding of the sta-

tistical properties of parameter estimators and test statistics in this more

general setting is to pretend that we can obtain a limitless number of ob-

servations. We can then pose the question how the parameter estimators

and test statistics would behave when the number of observations increases

without limit. This is called asymptotic analysis. In practice, the sam-

ple size is always finite. However, the asymptotic properties translate into

results that hold true approximately in finite samples, provided that the

sample size is large enough. We now need to introduce some basic analytic

tools for asymptotic theory. For more systematic introduction of asymp-

totic theory, see, for example, White (1994, 2001) and Davidson (1994).

To assess how close the OLS estimator β̂ is to the true parameter value

βo and to derive its asymptotic distribution (after suitable normalization),

we briefly review some important convergence concepts and limit theorems.
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Most of the materials in this section are borrowed from Hong (2017, Chap-

ter 7). We first introduce the concept of convergence in mean squares (or

quadratic mean), which is a distance measure of a sequence of random

variables from a random variable.

Definition 4.1. [Convergence in Mean Squares or Quadratic

Mean]: A sequence of random variables/vectors/matrices Zn, n = 1, 2, ...,

is said to converge to Z in mean squares (or quadratic mean) as n → ∞ if

E||Zn − Z||2 → 0 as n → ∞,

where || · || is the sum of the absolute value of each component in Zn − Z.

When Zn is a vector or a matrix, convergence can be understood as

convergence in each element of Zn. When Zn−Z is an l×m matrix, where

l and m are fixed positive integers, we can also define the squared norm as

||Zn − Z||2 =

l∑
t=1

m∑
s=1

[Zn − Z]2(t,s).

Note that Zn converges to Z in mean squares if and only if each compo-

nent of Zn converges to the corresponding component of Z in mean squares.

Example 4.1. Suppose {Zt} is IID(μ, σ2), and Z̄n = n−1
∑n

t=1 Zt. Then

Z̄n
q.m.→ μ.

Solution: Because E(Z̄n) = μ, we have

E(Z̄n − μ)2 = var(Z̄n)

= var

(
n−1

n∑
t=1

Zt

)

=
1

n2
var

(
n∑

t=1

Zt

)

=
1

n2

n∑
t=1

var(Zt)

=
σ2

n

→ 0 as n → ∞.
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It follows that

E(Z̄n − μ)2 =
σ2

n
→ 0 as n → ∞.

Next, we introduce the concept of convergence in probability that is

another popular distance measure between a sequence of random variables

and a random variable.

Definition 4.2. [Convergence in Probability]: Zn converges to Z in

probability if for any given constant ε > 0,

Pr[||Zn − Z|| > ε] → 0 as n → ∞
or

Pr[||Zn − Z|| ≤ ε] → 1 as n → ∞.

For convergence in probability, we can also write

Zn − Z
p→ 0 or Zn − Z = oP (1).

The notation oP (1) means that Zn − Z vanishes to zero in probability.

When Z = b is a constant, we can write Zn
p→ b and b = p limZn is called

the probability limit of Zn.

Convergence in probability is also called weak convergence or conver-

gence with probability approaching one. When Zn
p→ Z, the probability

that the difference ||Zn − Z|| exceeds any given small constant ε is rather

small for all n sufficiently large. In other words, Zn will be arbitrarily close

to Z with very high probability when the sample size n is sufficiently large.

To gain more intuition of the convergence in probability, we define the

event

An(ε) = {ω ∈ Ω : |Zn(ω)− Z(ω)| > ε},
where ω is a basic outcome in sample space Ω. Then convergence in proba-

bility says that the probability of event An(ε) may be nonzero for any finite

n, but such a probability will eventually vanish to zero as n → ∞. Intu-

itively, ε can be viewed as a pre-specified tolerance level such that one can

view that the difference between Zn and Zn is small when |Zn−Z| ≤ ε, and

the difference is large when |Zn − Z| > ε. Thus, when Zn
p→ Z, it becomes

less and less likely that the difference |Zn −Z| is larger than a prespecified

constant ε > 0. In other words, we have more and more confidence that the

difference |Zn − Z| will be smaller than ε as n → ∞.
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Lemma 4.1. [Weak Law of Large Numbers (WLLN) for an

IID Random Sample]: Suppose {Zt} is IID(μ, σ2), and define Z̄n =

n−1
∑n

t=1 Zt, n = 1, 2, .... Then

Z̄n
p→ μ as n → ∞.

Proof: For any given constant ε > 0, we have by Chebyshev’s inequality

Pr(|Z̄n − μ| > ε) ≤ E(Z̄n − μ)2

ε2

=
σ2

nε2
→ 0 as n → ∞.

Hence,

Z̄n
p→ μ as n → ∞.

This is the so-called Weak Law of Large Numbers (WLLN). In fact, we

can weaken the moment condition.

We now provide an economic interpretation of WLLN using an example.

Example 4.2. [Buy and Hold Trading Strategy and Economic In-

terpretation of WLLN]: In finance, there is a popular trading strategy

called buy-and-hold trading strategy. An investor buys a stock at some day

and then hold it for a long time period before he sells it out. This is called

a buy-and-hold trading strategy. How is the average return of this trading

strategy?

Suppose Zt is the return of the stock in period t, and the returns over

different time periods are IID(μ, σ2). Also assume the investor holds the

stock for a total of n periods. Then the average return in each time period

is the sample mean

Z̄ =
1

n

n∑
t=1

Zt.

When the number n of holding periods is large, we have

Z̄
p→ μ = E(Zt)

as n → ∞. Thus, the average return of the buy-and-hold trading strategy

is approximately equal to μ when n is sufficiently large.
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In fact, we can relax the moment condition in Lemma 4.1.

Lemma 4.2. [WLLN for an IID Random Sample]: Suppose {Zt} is

IID with E(Zt) = μ and E|Zt| < ∞. Define Z̄n = n−1
∑n

t=1 Zt. Then

Z̄n
p→ μ as n → ∞.

Question: Why do we need the moment condition E|Zt| < ∞?

We can consider a counter example: suppose {Zt} is a sequence of IID

Cauchy(0, 1) random variables whose moments do not exist. Then Z̄n ∼
Cauchy(0, 1) for all n ≥ 1, and so it does not converge in probability to any

constant as n → ∞.

In a similar manner, we can define convergence in probability with order

nα, where α can be a positive or negative constant:

• The sequence of random variables {Zn, n = 1, 2, ...} is said to be of

order smaller than nα in probability if Zn/n
α p→ 0 as n → ∞. This

is denoted as Zn = oP (n
α).

• The sequence of random variables {Zn, n = 1, 2, ...} is said to be

at most of order nα in probability if for any given δ > 0, there

exist a constant C = C(δ) < ∞ and a finite integer N = N(δ),

such that P (|Zn/n
α| > C) < δ for all n > N. This is denoted as

Zn = OP (n
α).

Intuitively, for Zn = OP (n
α) with α > 0, the order nα is the fastest

growth rate at which Zn goes to infinity with probability approaching one.

When α < 0, the order nα is the slowest convergence rate at which Zn

vanishes to 0 with probability approaching one. In fact, the definition of

Zn = OP (n
α) delivers as a special case the concept of boundedness in

probability.

Definition 4.3. [Boundedness in Probability]: A sequence of random

variables/vectors/matrices {Zn} is bounded in probability if for any small

constant δ > 0, there exists a constant C < ∞ such that

P (||Zn|| > C) ≤ δ

as n → ∞. We denote

Zn = OP (1).
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Intuitively, when Zn = OP (1), the probability that ||Zn|| exceeds a very

large constant C is arbitrarily small as n → ∞. Or, equivalently, ||Zn|| is
smaller than C with probability approaching one as n → ∞.

Example 4.3. Suppose Zn ∼ N(μ, σ2) for all n ≥ 1. Then

Zn = OP (1).

Solution: For any δ > 0, we always have a sufficiently large constant

C = C(δ) > 0 such that

P (|Zn| > C) = 1− P (−C ≤ Zn ≤ C)

= 1− P

[−C − μ

σ
≤ Zn − μ

σ
≤ C − μ

σ

]
= 1− Φ

(
C − μ

σ

)
+Φ

(
−C + μ

σ

)
≤ δ,

where Φ(z) = P (Z ≤ z) is the CDF of N(0, 1). (We can choose C such that

Φ[(C − μ)/σ] ≥ 1− 1
2δ and Φ[−(C + μ)/σ] ≤ 1

2δ.)

Question: What is the value of C if Zn ∼ N(0, 1)?

In this case,

P (|Zn| > C) = 1− Φ(C) + Φ(−C)

= 2[1− Φ(C)].

Suppose we set

2[1− Φ(C)] = δ,

that is, we set

C = Φ−1

(
1− δ

2

)
,

where Φ−1(·) is the inverse function of Φ(·). Then we have

P (|Zn| > C) = δ.

The following lemma provides a convenient way to verify convergence in

probability.

Lemma 4.3. If Zn − Z
q.m.→ 0, then Zn − Z

p→ 0.
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Proof: By Chebyshev’s inequality, we have

P (|Zn − Z| > ε) ≤ E[Zn − Z]2

ε2
→ 0

for any given ε > 0 as n → ∞. This completes the proof.

Example 4.4. Suppose Assumptions 3.1 to 3.4 hold. Does the OLS esti-

mator β̂ converge in probability to βo?

Solution: From Theorem 3.5, we have

τ ′E[(β̂ − βo)(β̂ − βo)′|X]τ = σ2τ ′(X′X)−1τ

≤ σ2λ−1
min(X

′X)

→ 0

for any τ ∈ RK , τ ′τ = 1 as n → ∞ with probability one. It follows that

E||β̂ − βo||2 = E[E(||β̂ − βo||2|X)] → 0 as n → ∞. Therefore, by Lemma

4.3, we have β̂
p→ βo.

Example 4.5. Suppose Assumptions 3.1, 3.3 and 3.5 hold. Does the resid-

ual variance estimator s2 converge in probability to σ2?

Solution: Under the given assumptions and conditional on X,

(n−K)s2

σ2
∼ χ2

n−K ,

and so we have E(s2) = σ2 and var(s2) = 2σ4

n−K . It follows that

E(s2 − σ2)2 = 2σ4/(n−K) → 0.

Therefore, s2
q.m.→ σ2 and so s2

p→ σ2 because convergence in quadratic

mean implies convergence in probability.

While convergence in mean squares implies convergence in probability,

the converse is not true. We now give an example.

Example 4.6. Suppose

Zn =

{
0, with prob 1− 1

n ,

n, with prob 1
n .

Then Zn
p→ 0 as n → ∞ but E(Zn − 0)2 = n → ∞. Please verify it.
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Solution:

(1) For any given 0 < ε < 1, we have

P (|Zn − 0| > ε) = P (Zn = n) =
1

n
→ 0.

(2)

E(Zn − 0)2 =
∑

zn∈{0,n}
(zn − 0)2f(zn)

= (0− 0)2 · (1− n−1
)
+ (n− 0)2 · n−1

= n → ∞.

Next, we provide another convergence concept called almost sure con-

vergence.

Definition 4.4. [Almost Sure Convergence]: {Zn} converges to Z al-

most surely as n → ∞ if for any given ε > 0,

P
[
lim
n→∞ ||Zn − Z|| < ε

]
= 1.

We denote Zn−Z
a.s.→ 0. Almost sure convergence is also called convergence

in probability one.

To gain intuition for the concept of almost sure convergence, recall the

definition of a random variable: any random variable is a mapping from

the sample space Ω to the real line, namely Z : Ω → R. Let ω be a basic

outcome in the sample space Ω. Define a subset in Ω :

Ac =
{
ω ∈ Ω : lim

n→∞Zn(ω) = Z(ω)
}
.

That is, Ac is the set of basic outcomes on which the sequence of {Zn(·)}
converges to Z(·) as n → ∞. Then almost sure convergence can be stated

as

P (Ac) = 1.

In other words, the convergent set Ac has probability one to occur.

Similarly, we can define almost sure convergence with order nα, where

α can be a positive or negative constant:

• The sequence of random variables {Zn, n = 1, 2, ...} is said to be

of order smaller than nα with probability one if Zn/n
α a.s.→ 0 as

n → ∞. This is denoted as Zn = oa.s.(n
α).
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• The sequence of random variables {Zn, n = 1, 2, ...} is said to be

at most of order nα with probability one if there exists some large

constant C < ∞ such that P (|Zn/n
α| > C as n → ∞) = 0. This

is denoted as Zn = Oa.s.(n
α).

In particular, when α = 0, Zn = Oa.s.(1) implies that with probability

one, Zn is bounded by some large constant for all n sufficiently large.

Example 4.7. Let ω be uniformly distributed on [0, 1], and define

Z(ω) = ω for all ω ∈ [0, 1]

and

Zn(ω) = ω + ωn for ω ∈ [0, 1].

Is Zn − Z
a.s.→ 0?

Solution: Consider

Ac =
{
ω ∈ Ω : lim

n→∞ |Zn(ω)− Z(ω)| = 0
}
.

Because for any given ω ∈ [0, 1), we always have

lim
n→∞ |Zn(ω)− Z(ω)| = lim

n→∞ |(ω + ωn)− ω|
= lim

n→∞ωn = 0.

In contrast, for ω = 1, we have

lim
n→∞ |Zn(1)− Z(1)| = 1n = 1 	= 0.

Thus, Ac = [0, 1) and P (Ac) = 1. We also have P (A) = P (ω = 1) = 0.

In probability theory, almost sure convergence is closely related to point-

wise convergence (almost everywhere). It is also called strong convergence.

With almost sure convergence, we can now introduce the Strong Law of

Large Numbers (SLLN).

Lemma 4.4. [SLLN for an IID Random Sample]: Suppose {Zt} is

IID with E(Zt) = μ and E|Zt| < ∞. Then

Z̄n
a.s.→ μ as n → ∞.
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Almost sure convergence implies convergence in probability, but not

vice versa. For simplicity, we will mainly use the concept of convergence in

probability in this book.

Lemma 4.5. If Zn − Z
a.s.→ 0, then Zn − Z

p→ 0.

Question: If s2
p→ σ2, do we have s

p→ σ?

Yes, it follows from the following continuity lemma with the choice of

g(s2) =
√
s2 = s.

Lemma 4.6. [Continuity]: (1) Suppose an
p→ a and bn

p→ b, where a and

b are constants, and g(·) and h(·) are continuous functions. Then

g(an) + h(bn)
p→ g(a) + h(b),

and

g(an)h(bn)
p→ g(a)h(b).

(2) Similar results hold for almost sure convergence.

Proof: Left as an exercise.

Continuity implies that converge in probability and almost sure conver-

gence carry over to any continuous linear and nonlinear transformation.

In Chapter 3, we have also introduced a concept of convergence in dis-

tribution. A sequence of random variables {Zn} converges in distribution

to random variable Z if the CDF Fn(z) of random variable Zn converges to

the CDF F (z) of random variable Z at all continuity points (where F (z) is

continuous) when n → ∞. Convergence in distribution implies that one can

obtain an asymptotic approximation to the exact distribution of Zn that

depends on the positive integer n and the underlying population distribu-

tion. In practice, the distribution of Zn is often rather complicated and

even unknown for a finite n. However, if we know the unknown distribution

Fn(·) converges to a known distribution F (·) as n → ∞, we can use F (·) to
approximate Fn(·) in finite samples, and the resulting approximation errors

will be arbitrarily small for n sufficiently large. This provides convenient

statistical inferences in practice.

We emphasize that convergence in mean squares, convergence in prob-

ability and almost sure convergence all measure the closeness between the
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random variable Zn and the random variable Z as n → ∞. This differs

from the concept of convergence in distribution, which is defined in terms

of the closeness of the CDF Fn(z) of Zn to the CDF F (z) of Z, not be-

tween the closeness of the random variable Zn to the random variable Z.

As a result, for convergence in mean squares, convergence in probability

and almost sure convergence, Zn converges to Z if and only if the con-

vergence of Zn to Z occurs element by element (that is, each element of

Zn converges to the corresponding element of Z). For the convergence in

distribution of Zn to Z, however, element by element convergence does not

imply the convergence in distribution of Zn to Z, because element-wise con-

vergence in distribution ignores the relationships among the components of

Zn. Nevertheless, Zn
d→ Z does imply element by element convergence in

distribution. That is, convergence in joint distribution implies convergence

in marginal distributions.

The main purpose of asymptotic analysis is to derive the large sample

distributions of estimators or statistics of interest and use them as approx-

imations in statistical inference. For this purpose, we need to make use of

an important limit theorem, namely the Central Limit Theorem (CLT). We

now state and prove CLT for an IID random sample, a fundamental limit

theorem in probability theory.

Lemma 4.7. [CLT for an IID Random Sample]: Suppose {Zt} is

IID(μ, σ2), and Z̄n = n−1
∑n

t=1 Zt. Then as n → ∞,

Z̄n − E(Z̄n)√
var(Z̄n)

=
Z̄n − μ√
σ2/n

=

√
n(Z̄n − μ)

σ
d→ N(0, 1).

Proof: Put

Yt =
Zt − μ

σ
,

and

Ȳn =
1

n

n∑
t=1

Yt.
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Then
√
n(Z̄n − μ)

σ
=

√
nȲn.

The characteristic function of
√
n Ȳn

φn(u) = E[exp(iu
√
nȲn)], i =

√−1

= E

[
exp

(
iu√
n

n∑
t=1

Yt

)]

=
n∏

t=1

E

[
exp

(
iu√
n
Yt

)]
by independence

=

[
φY

(
u√
n

)]n
by identical distribution

=

[
φY (0) + φ′(0)

u√
n
+

1

2
φ′′(0)

u2

n
+ · · ·

]n
=

(
1− u2

2n

)n

+ o(1)

→ exp

(
−u2

2

)
as n → ∞,

where the third equality follows from independence, the fourth equality

follows from identical distribution, the fifth equality follows from the Taylor

series expansion, and φ(0) = 1, φ′(0) = 0, φ′′(0) = −1. Note that o(1)

means a reminder term that vanishes to zero as n → ∞, and we have also

made use of the fact that
(
1 + a

n

)n → ea as n → ∞.

More rigorously, we can show

lnφn(u) = n lnφY

(
u√
n

)

=
lnφY

(
u√
n

)
n−1

→ u

2
lim
n→∞

φ′
Y (u/

√
n)

φY (u/
√
n)

n−1/2

=
u2

2
lim
n→∞

φ′′
Y (u/

√
n)φY (u/

√
n)− [φ′

Y (u/
√
n)]2

φ2
Y (u/

√
n)

= −u2

2
.
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It follows that

lim
n→∞φn(u) = e−

1
2u

2

.

This is the characteristic function of N(0, 1). By the uniqueness property

of the characteristic function, the asymptotic distribution of

√
n(Z̄n − μ)

σ

is N(0, 1). This completes the proof.

Lemma 4.8. [Cramer-Wold Device]: A p × 1 random vector Zn
d→ Z

if and only if for any nonzero λ ∈ Rp such that λ′λ = 1, we have

λ′Zn
d→ λ′Z.

This lemma is useful for obtaining asymptotic multivariate distributions.

Lemma 4.9. [Slutsky’s Theorem]: Let Zn
d→ Z, an

p→ a and bn
p→ b,

where a and b are constants. Then

an + bnZn
d→ a+ bZ as n → ∞.

Example 4.8. Suppose (X1, ..., Xn) is an IID sequence with mean μ and

variance σ2 < ∞. Then by CLT for an IID random sample,

√
n(X̄n − μ)

σ

d→ N(0, 1) as n → ∞.

Since Sn
p→ σ, we have from Slutsky’s theorem that

√
n(X̄n − μ)

Sn

d→ N(0, 1) as n → ∞.

In other words, the replacement of σ by Sn does not change the asymp-

totic distribution.

Question: If Xn
d→ X and Yn

d→ Y, does Xn + Yn
d→ X + Y ?

No. We consider two counter examples.
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Example 4.9. Xn and Yn are independent N(0, 1). Then

Xn + Yn
d→ N(0, 2).

Example 4.10. Xn = Yn ∼ N(0, 1) for all n ≥ 1. Then

Xn + Yn = 2Xn ∼ N(0, 4).

Example 4.11. Suppose Assumptions 3.1, 3.3(a) and 3.5, and the hypoth-

esis H0 : Rβo = r hold, where R is a J×K nonstochastic matrix with rank

J , r is a J × 1 nonstochastic vector, and J ≤ K. Then conditional on X,

the quadratic form

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

σ2
∼ χ2

J .

Suppose now we replace σ2 by the residual variance estimator s2. What is

the asymptotic distribution of the quadratic form

(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

s2
?

Finally, we introduce a lemma which is very useful in deriving the

asymptotic distributions of nonlinear statistics (i.e., nonlinear functions

of the random sample).

Lemma 4.10. [Delta Method]: Suppose
√
n(Z̄n − μ)/σ

d→ N(0, 1), and

g(·) is continuously differentiable with g′(μ) 	= 0. Then as n → ∞,

√
n[g(Z̄n)− g(μ)]

d→ N(0, [g′(μ)]2σ2).

Proof: First, because
√
n(Z̄n − μ)/σ

d→ N(0, 1) implies
√
n(Z̄n − μ)/σ =

OP (1), we have Z̄n − μ = OP (n
−1/2) = oP (1).

Next, by the mean value theorem, we have

Yn = g(Z̄n) = g(μ) + g′(μ̄n)(Z̄n − μ),
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where μ̄n = λμ + (1 − λ)Z̄n for λ ∈ [0, 1]. It follows by Slutsky’s theorem

that

√
n
g(Z̄n)− g(μ)

σ
= g′(μ̄n)

√
n
Z̄n − μ

σ
d→ N(0, [g′(μ)]2),

where g′(μ̄n)
p→ g′(μ) given μ̄n

p→ μ.

By Slutsky’s theorem again, we have

√
n[Yn − g(μ)]

d→ N(0, σ2[g′(μ)]2).

This completes the proof.

The Delta method is a first order Taylor series approximation in a statis-

tical context. It linearizes a smooth (i.e., differentiable) nonlinear statistic

so that CLT can be applied to the linearized statistic. Therefore, it can

be viewed as a generalization of CLT from a sample average to a nonlinear

statistic. This method is very useful when more than one parameter makes

up the function to be estimated and more than one random variable is used

in the estimator.

Example 4.12. Suppose
√
n(Z̄n−μ)/σ

d→ N(0, 1) and μ 	= 0 and 0 < σ <

∞. Find the limiting distribution of
√
n(Z̄−1

n − μ−1).

Solution: Put g(Z̄n) = Z̄−1
n . Because μ 	= 0, g(·) is continuous at μ. By

the mean value theorem, we have

g(Z̄n) = g(μ) + g′(μ̄n)(Z̄n − μ),

or

Z̄−1
n − μ−1 = (−μ̄−2

n )(Z̄n − μ),

where μ̄n = λμ + (1 − λ)Z̄n
p→ μ given Z̄n

p→ μ and λ ∈ [0, 1]. It follows

that

√
n(Z̄−1

n − μ−1) = − σ

μ̄2
n

√
n(Z̄n − μ)

σ
d→ N(0, σ2/μ4).

Taylor series expansions, various convergence concepts, LLN, CLT, and

Slutsky’s theorem constitute a tool kit of asymptotic analysis. For compre-

hensive coverage of asymptotic analysis, the readers are referred to White
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(1984, 2001) and Davidson (1994). We now use these asymptotic tools

to investigate the large sample behavior of the OLS estimator and related

statistics in subsequent chapters.

4.2 Framework and Assumptions

We first state the assumptions under which we will establish the asymptotic

theory for linear regression models.

Assumption 4.1. [IID Random Sample]: {Yt, X
′
t}nt=1 is an observable

IID random sample.

Assumption 4.2. [Linearity]:

Yt = X ′
tβ

o + εt, t = 1, ..., n,

for some unknown K × 1 parameter value βo and some unobservable dis-

turbance εt.

Assumption 4.3. [Correct Model Specification]: E(εt|Xt) = 0 with

E(ε2t ) = σ2 < ∞.

Assumption 4.4. [Nonsingularity]: The K ×K matrix

Q = E(XtX
′
t)

is nonsingular and finite.

Assumption 4.5. The K × K matrix V ≡ var(Xtεt) = E(XtX
′
tε

2
t ) is

symmetric, finite and positive definite.

The IID observations assumption in Assumption 4.1 implies that the

asymptotic theory developed in this chapter will be applicable to cross-

sectional data, but not to time series data. The observations of the later are

usually correlated and will be considered in Chapter 5. Put Zt = (Yt, X
′
t)

′.
Then the IID assumption implies that Zt and Zs are independent when

t 	= s, and the {Zt} have the same distribution for all t. The identical dis-

tribution means that the observations are generated from the same DGP,

and independence means that different observations contain new informa-

tion about the DGP.
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Assumptions 4.1 and 4.3 imply that the strict exogeneity condition (As-

sumption 3.2) holds, because we have

E(εt|X) = E(εt|X1, X2, ...Xt, ...Xn)

= E(εt|Xt)

= 0.

As one of the most important features of Assumptions 4.1 to 4.5 to-

gether, we allow for conditional heteroskedasticity (i.e., var(εt|Xt) 	= σ2),

and in particular, we do not assume normality for the conditional distribu-

tion of εt|Xt. It is possible that var(εt|Xt) may be correlated with Xt. For

example, the variation of the output of a firm may depend on the size of

the firm, and the variation of a household may depend on its income level.

In economics and finance, conditional heteroskedasticity is more likely to

occur in cross-sectional observations than in time series observations, and

for time series observations, conditional heteroskedasticity is more likely to

occur for high-frequency data than low-frequency data. In this chapter,

we will consider the effect of conditional heteroskedasticity in cross-section

observations. The effect of conditional heteroskedasticity in time series

observations will be considered in Chapter 5.

On the other hand, relaxation of the normality assumption is more

realistic for economic and financial data. For example, it has been well

documented (Mandelbrot 1963, Fama 1965) that returns on financial as-

sets are not normally distributed. However, the IID assumption on the

random sample {Yt, X
′
t}nt=1 implies that cov(εt, εs) = 0 for all t 	= s. That

is, there exists no serial correlation in the regression disturbance, although

conditional heteroskedasticity is allowed. We will relax the independence

assumptions and consider time series observations in subsequent chapters.

Among other things, Assumption 4.4 implies E(X2
jt) < ∞ for 0 ≤ j ≤ k.

By SLLN for an IID random sample, we have

X′X
n

=
1

n

n∑
t=1

XtX
′
t
a.s.→ E(XtX

′
t) = Q

as n → ∞. Hence, with probability one, the matrix X′X behaves approx-

imately like nQ when n is sufficiently large, whose minimum eigenvalue

λmin(nQ) = nλmin(Q) → ∞ at the rate of n. Thus, Assumption 4.4 implies

Assumption 3.3.

When Xt contains the intercept, that is, when X0t = 1, Assumption 4.5

implies E(ε2t ) < ∞. If E(ε2t |Xt) = σ2 < ∞ , i.e., there exists conditional
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homoskedasticity, then Assumption 4.5 can be ensured by Assumption 4.4.

More generally, there exists conditional heteroskedasticity, the moment con-

dition in Assumption 4.5 can be ensured by the moment conditions that

E(ε4t ) < ∞ and E(X4
jt) < ∞ for 0 ≤ j ≤ k, because by repeatedly using

the Cauchy-Schwarz inequality twice, we have

|E(ε2tXjtXlt)| ≤ [E(ε4t )]
1/2[E(X2

jtX
2
lt)]

1/2

≤ [E(ε4t )]
1/2[E(X4

jt)E(X4
lt)]

1/4,

where 0 ≤ j, l ≤ k and 1 ≤ t ≤ n.

We now address the following questions:

• Consistency of the OLS estimator?

• Asymptotic normality?

• Asymptotic efficiency?

• Confidence interval estimation?

• Hypothesis testing?

In particular, we are interested in knowing whether the statistical prop-

erties of the OLS estimator β̂ and related test statistics derived under the

classical linear regression framework are still valid under the current setup,

at least when n is large.

4.3 Consistency of the OLS Estimator

Suppose we have an observable random sample {Yt, X
′
t}nt=1. Recall that the

OLS estimator

β̂ = (X′X)−1X′Y

=

(
X′X
n

)−1
X′Y
n

= Q̂−1n−1
n∑

t=1

XtYt,

where

Q̂ = n−1
n∑

t=1

XtX
′
t.
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Substituting Yt = X ′
tβ

o + εt, we obtain

β̂ = βo + Q̂−1n−1
n∑

t=1

Xtεt.

We will consider the consistency of β̂ directly.

Theorem 4.1. [Consistency of the OLS Estimator]: Under Assump-

tions 4.1 to 4.4, as n → ∞,

β̂
p→ βo or β̂ − βo = oP (1).

Proof: Let C > 0 be some bounded constant. Also, recall Xt =

(X0t, X1t, ..., Xkt)
′. First, the moment condition holds: for all 0 ≤ j ≤ k,

E|Xjtεt| ≤ (EX2
jt)

1
2 (Eε2t )

1
2 by the Cauchy-Schwarz inequality

≤ C
1
2C

1
2

≤ C,

where E(X2
jt) ≤ C by Assumption 4.4, and E(ε2t ) ≤ C by Assumption 4.3.

It follows from WLLN for an IID random sample (with Zt = Xtεt) that

n−1
n∑

t=1

Xtεt
p→ E(Xtεt) = 0,

where

E(Xtεt) = E[E(Xtεt|Xt)] by the law of iterated expectations

= E[XtE(εt|Xt)]

= E(Xt · 0)
= 0.

Applying WLLN again (with Zt = XtX
′
t) and noting that

E|XjtXlt| ≤ [E(X2
jt)E(X2

lt)]
1
2 ≤ C

by the Cauchy-Schwarz inequality for all pairs (j, l), where 0 ≤ j, l ≤ k,

we have

Q̂
p→ E(XtX

′
t) = Q.
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Hence, we have Q̂−1 p→ Q−1 by continuity. It follows that

β̂ − βo = (X′X)−1X′ε

= Q̂−1n−1
n∑

t=1

Xtεt

p→ Q−1 · 0 = 0.

This completes the proof.

From the proof, it can be seen that the correct model specification

condition E(εt|Xt) = 0 ensures consistency of β̂.

4.4 Asymptotic Normality of the OLS Estimator

Next, we derive the asymptotic distribution of the OLS estimator β̂. We

first provide a multivariate CLT for an IID random sample.

Lemma 4.11. [Multivariate CLT for an IID Random Sample]:

Suppose {Zt} is a sequence of IID random vectors with E(Zt) = 0 and

var(Zt) = E(ZtZ
′
t) = V is finite and positive definite. Define

Z̄n = n−1
n∑

t=1

Zt.

Then as n → ∞,

√
nZ̄n

d→ N(0, V )

or

V − 1
2
√
nZ̄n

d→ N(0, I).

Question: What is the variance-covariance matrix of
√
nZ̄n?

Lemma 4.11 shows that V = var(Zt) is the asymptotic variance of√
nZ̄n, that is, the variance of the asymptotic distribution of

√
nZ̄n. In

fact, under the IID condition on {Zt}nt=1, V is also the variance of
√
nZ̄n :
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noting E(Zt) = 0, we have

var(
√
nZ̄n) = var

(
n− 1

2

n∑
t=1

Zt

)

= E

[(
n− 1

2

n∑
t=1

Zt

)(
n− 1

2

n∑
s=1

Zs

)′ ]

= n−1
n∑

t=1

n∑
s=1

E(ZtZ
′
s)

= n−1
n∑

t=1

E(ZtZ
′
t)

= E(ZtZ
′
t)

= V.

In other words, the variance of
√
nZ̄n is identical to the variance of each

individual random vector Zt.

Theorem 4.2. [Asymptotic Normality of the OLS Estimator]: Un-

der Assumptions 4.1 to 4.5, we have

√
n(β̂ − βo)

d→ N(0, Q−1V Q−1)

as n → ∞, where V ≡ var(Xtεt) = E(XtX
′
tε

2
t ).

Proof: Recall that

√
n(β̂ − βo) = Q̂−1n− 1

2

n∑
t=1

Xtεt.

First, we consider the second term

n− 1
2

n∑
t=1

Xtεt.

Noting that E(Xtεt) = 0 by Assumption 4.3, and var(Xtεt) =

E(XtX
′
tε

2
t ) = V, which is finite and positive definite by Assumption 4.5.
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Then, by CLT for an IID random sequence {Zt = Xtεt}, we have

n− 1
2

n∑
t=1

Xtεt =
√
n

(
n−1

n∑
t=1

Xtεt

)
=

√
nZ̄n

d→ Z ∼ N(0, V ).

On the other hand, as shown earlier, we have

Q̂
p→ Q,

and so

Q̂−1 p→ Q−1

given that Q is nonsingular so that the inverse function is continuous and

well defined. It follows by Slutsky’s theorem that

√
n(β̂ − βo) = Q̂−1n− 1

2

n∑
t=1

Xtεt

d→ Q−1Z ∼ N(0, Q−1V Q−1).

This completes the proof.

Theorem 4.2 implies that the asymptotic mean of
√
n(β̂ − βo) is equal

to 0. That is, the mean of the asymptotic distribution of
√
n(β̂ − βo) is

0 when n → ∞. It also implies that the asymptotic variance of
√
n(β̂ −

βo) is Q−1V Q−1. That is, the variance of the asymptotic distribution of√
n(β̂−βo) isQ−1V Q−1 when n → ∞. Because the asymptotic variance is a

different concept from the variance of
√
n(β̂−βo), we denote the asymptotic

variance of
√
n(β̂ − βo) as

avar(
√
nβ̂) = Q−1V Q−1.

We now consider a special case under which we can simplify the expres-

sion of avar(
√
nβ̂).

Assumption 4.6. [Conditional Homoskedasticity]: E(ε2t |Xt) = σ2.

Theorem 4.3. Suppose Assumptions 4.1 to 4.6 hold. Then as n → ∞,

√
n(β̂ − βo)

d→ N(0, σ2Q−1).
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Proof: Under Assumption 4.6, we can simplify

V = E(XtX
′
tε

2
t )

= E[E(XtX
′
tε

2
t |Xt)] by the law of iterated expectations

= E[XtX
′
tE(ε2t |Xt)]

= σ2E(XtX
′
t)

= σ2Q.

The results follow immediately because

Q−1V Q−1 = Q−1σ2QQ−1 = σ2Q−1.

Under conditional homoskedasticity, the asymptotic variance of
√
n(β̂−

βo) is

avar(
√
nβ̂) = σ2Q−1.

Question: Is the OLS estimator β̂ BLUE asymptotically (i.e., when n →
∞)?

4.5 Asymptotic Variance Estimation

To construct confidence interval estimators or hypothesis test statistics, we

need to estimate the asymptotic variance of
√
n(β̂ − βo), avar(

√
nβ̂). Be-

cause the expression of avar(
√
nβ̂) differs under conditional homoskedastic-

ity and conditional heteroskedasticity respectively, we consider consistent

estimators for avar(
√
nβ̂) under these two cases separately.

Case I: Conditional Homoskedasticity

In this case, the asymptotic variance of
√
n(β̂ − βo) is

avar(
√
nβ̂) = Q−1V Q−1 = σ2Q−1.

Question: How to estimate Q?

Lemma 4.12. Suppose Assumptions 4.1, 4.2 and 4.4 hold. Then

Q̂ = n−1
n∑

t=1

XtX
′
t

p→ Q.
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Question: How to estimate σ2?

Recalling that σ2 = E(ε2t ), we use the sample residual variance estima-

tor

s2 =
e′e

n−K

=
1

n−K

n∑
t=1

e2t

=
1

n−K

n∑
t=1

(Yt −X ′
tβ̂)

2.

Theorem 4.4. [Consistent Estimation of σ2]: Under Assumptions

4.1 to 4.4, as n → ∞,

s2
p→ σ2.

Proof: Given that s2 = e′e/(n−K) and

et = Yt −X ′
tβ̂

= εt +X ′
tβ

o −X ′
tβ̂

= εt −X ′
t(β̂ − βo),

we have

s2 =
1

n−K

n∑
t=1

[εt −X ′
t(β̂ − βo)]2

=
n

n−K

(
n−1

n∑
t=1

ε2t

)

+ (β̂ − βo)′
[
(n−K)−1

n∑
t=1

XtX
′
t

]
(β̂ − βo)

− 2(β̂ − βo)′(n−K)−1
n∑

t=1

Xtεt

p→ 1 · σ2 + 0 ·Q · 0− 2 · 0 · 0
= σ2

as n → ∞, given that K is a fixed number (i.e., K does not grow with

the sample size n), where we have made use of WLLN in three places

respectively.
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We can then consistently estimate σ2Q−1 by s2Q̂−1.

Theorem 4.5. [Asymptotic Variance Estimator of
√
n(β̂ − βo)]:

Under Assumptions 4.1 to 4.4, we have, as n → ∞,

s2Q̂−1 p→ σ2Q−1.

The asymptotic variance estimator of
√
n(β̂ − βo) is

s2Q̂−1 = s2
(
X′X
n

)−1

.

This is equivalent to saying that the variance estimator of β̂−βo is approx-

imately equal to

s2Q̂−1/n = s2(X′X)−1

when for a large n. Thus, when n → ∞ and there exists conditional ho-

moskedasticity, the asymptotic variance estimator formula of β̂ − βo coin-

cides with the form of the variance estimator for β̂ − βo in the classical

regression case. Because of this, as will be seen below, the conventional

t-test and F -test statistics are still approximately valid for large samples

under conditional homoskedasticity.

Case II: Conditional Heteroskedasticity

In this case,

avar(
√
nβ̂) = Q−1V Q−1,

which cannot be simplified.

Question: We can still use Q̂ to estimate Q. How to estimate the K ×K

matrix V = E(XtX
′
tε

2
t )?

We can use its sample analog

V̂ = n−1
n∑

t=1

XtX
′
te

2
t =

X′D(e)D(e)
′
X

n
,

where

D(e) = diag(e1, e2, ..., en)
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is an n×n diagonal matrix with diagonal elements equal to et for t = 1, ..., n.

To ensure consistency of V̂ to V, we impose the following additional moment

conditions.

Assumption 4.7. (a) E(X4
jt) < ∞ for all 0 ≤ j ≤ k; and (b) E(ε4t ) < ∞.

Lemma 4.13. Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then as

n → ∞,

V̂
p→ V.

Proof: Because et = εt − (β̂ − βo)′Xt, we have

V̂ = n−1
n∑

t=1

XtX
′
tε

2
t

+ n−1
n∑

t=1

XtX
′
t[(β̂ − βo)′XtX

′
t(β̂ − βo)]

− 2n−1
n∑

t=1

XtX
′
t[εtX

′
t(β̂ − βo)]

p→ V + 0− 2 · 0,

where for the first term, we have

n−1
n∑

t=1

XtX
′
tε

2
t

p→ E(XtX
′
tε

2
t ) = V

by WLLN and Assumption 4.7, which implies

E|XitXjtε
2
t | ≤ [E(X2

itX
2
jt)E(ε4t )]

1
2 .

For the second term, we have, as n → ∞,

n−1
n∑

t=1

XitXjt(β̂ − βo)′XtX
′
t(β̂ − βo)

=
k∑

l=0

k∑
m=0

(β̂l − βo
l )(β̂m − βo

m)

(
n−1

n∑
t=1

XitXjtXltXmt

)
p→ 0
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given β̂ − βo p→ 0, and

n−1
n∑

t=1

XitXjtXltXmt
p→ E (XitXjtXltXmt) = O(1)

by WLLN and Assumption 4.7.

Similarly, for the last term, we have

n−1
n∑

t=1

XitXjtεtX
′
t(β̂ − βo)

=
k∑

l=0

(β̂l − βo
l )

(
n−1

n∑
t=1

XitXjtXltεt

)
p→ 0

given β̂ − βo p→ 0, and

n−1
n∑

t=1

XitXjtXltεt
p→ E (XitXjtXltεt) = 0

by WLLN and Assumption 4.7. This completes the proof.

We now construct a consistent estimator for avar(
√
nβ̂) under condi-

tional heteroskedasticity.

Theorem 4.6. [Asymptotic Variance Estimator for
√
n(β̂ − βo)]:

Under Assumptions 4.1 to 4.5 and 4.7, we have

Q̂−1V̂ Q̂−1 p→ Q−1V Q−1.

The form Q−1V Q−1 is the so-called White’s (1980) heteroskedasticity-

consistent variance-covariance matrix of the estimator
√
n(β̂−βo). It follows

that when there exists conditional heteroskedasticity, the estimator for the

variance of β̂ is

Q̂−1V̂ Q̂−1

n
=

(X′X/n)−1V̂ (X′X/n)−1

n

= (X′X)−1X′D(e)D(e)
′
X(X′X)−1,

which differs from the variance estimator s2(X′X)−1 of β̂ in the case of

conditional homoskedasticity.
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Question: What happens if we use s2Q̂−1 as an estimator for avar[
√
n(β̂−

βo)] while there exists conditional heteroskedasticity?

Observe that

V ≡ E(XtX
′
tε

2
t )

= σ2Q+ cov(XtX
′
t, ε

2
t )

= σ2Q+ cov[XtX
′
t, σ

2(Xt)],

where σ2 = E(ε2t ), σ
2(Xt) = E(ε2t |Xt), and the last equality follows from

the law of iterated expectations. Thus, if σ2(Xt) is positively correlated

with XtX
′
t, σ2Q will underestimate the true variance-covariance matrix

E(XtX
′
tε

2
t ) in the sense that V − σ2Q is a positive definite matrix. Con-

sequently, the standard t-test and F -test will overreject the correct null

hypothesis at any given significance level, and so are not valid for applica-

tions. There will exist substantially larger Type I errors.

Question: What happens if one uses the asymptotic variance estimator

Q̂−1V̂ Q̂−1 but there exists conditional homoskedasticity?

The asymptotic variance estimator Q̂−1V̂ Q̂−1 is valid in large samples,

but it will not perform as well as the estimator s2Q̂−1 in finite samples,

because the latter exploits the information of conditional homoskedasticity.

It is expected to cause a larger distorted Type I error in finite samples,

although it will become asymptotically valid when n is large. For small

and finite samples, s2Q̂−1 is a more efficient variance estimator of
√
nβ̂

under conditional homoskedasticity.

4.6 Hypothesis Testing

Question: How to construct a test statistic for the null hypothesis

H0 : Rβo = r,

where R is a J × K constant matrix, r is a J × 1 constant vector, and

J ≤ K?

We first consider

Rβ̂ − r = R(β̂ − βo) +Rβo − r.
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It follows that under H0 : Rβo = r, we have

√
n(Rβ̂ − r)

d→ N(0, RQ−1V Q−1R′).

The test procedures will differ depending on whether there exists con-

ditional heteroskedasticity. We first consider the case of conditional ho-

moskedasticity.

Case I: Conditional Homoskedasticity

Under conditional homoskedasticity, we have V = σ2Q and so

√
n(Rβ̂ − r)

d→ N(0, σ2RQ−1R′)

when H0 holds.

When J = 1, we can use the conventional t-test statistic for large sample

inference.

Theorem 4.7. [t-Test]: Suppose Assumptions 4.1 to 4.4 and 4.6 hold.

Then under H0 with J = 1,

T =
Rβ̂ − r√

s2R(X′X)−1R′
d→ N(0, 1)

as n → ∞.

Proof: Give R
√
n(β̂ − βo)

d→ N(0, σ2RQ−1R′), Rβo = r under H0, and

J = 1, we have

√
n(Rβ̂ − r)√
σ2RQ−1R′ =

R
√
n(β̂ − βo)√

σ2RQ−1R′
d→ N(0, 1).

By Q̂ = X′X/n
p→ Q, s2

p→ σ2 as n → ∞, and Slutsky’s theorem, we

obtain
√
n(Rβ̂ − r)√
s2RQ̂−1R′

d→ N(0, 1).

This ratio is the conventional t-test statistic introduced in Chapter 3,

namely:

√
n(Rβ̂ − r)√
s2RQ̂−1R′

=
Rβ̂ − r√

s2R(X′X)−1R′ = T.
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For J > 1, we use a quadratic form test statistic.

Theorem 4.8. [Wald Test]: Suppose Assumptions 4.1 to 4.4 and 4.6

hold. Then under H0, as n → ∞,

W ≡ (Rβ̂ − r)′
[
s2R(X′X)−1R′]−1

(Rβ̂ − r)

= J · F
d→ χ2

J .

Proof: Under H0 : Rβo = r,
√
n(Rβ̂ − r)

d→ N(0, σ2RQ−1R′) as n → ∞.

It follows that the quadratic form

√
n(Rβ̂ − r)′

(
σ2RQ−1R′)−1 √

n(Rβ̂ − r)
d→ χ2

J .

Also, s2Q̂−1 p→ σ2Q−1, so we have by Slutsky’s theorem

W =
√
n(Rβ̂ − r)′

(
s2RQ̂−1R′

)−1 √
n(Rβ̂ − r)

d→ χ2
J ,

or equivalently

W = J · (Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2

= J · F
d→ χ2

J ,

where F is the F -test statistic introduced in Chapter 3.

When {εt} is not IID N(0, σ2) conditional on X, we cannot use the F -

distribution, but we can still compute the F -statistic and the appropriate

test statistic is J times the F -statistic, which is asymptotically χ2
J under

the null hypothesis. That is,

J · F =
(ẽ′ẽ− e′e)
e′e/(n−K)

d→ χ2
J as n → ∞.

Because J · FJ,n−K converges to χ2
J as n → ∞, we may interpret Theo-

rem 4.8 in the following way: the classical results for the F -test are still

approximately valid under conditional homoskedasticity when n is large.

When the null hypothesis is that all slope coefficients except the inter-

cept are jointly zero, we can use a test statistic based on R2.
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Theorem 4.9. [(n − K)R2 Test]: Suppose Assumption 4.1 to 4.6 hold,

and we are interested in testing the null hypothesis that

H0 : βo
1 = βo

2 = · · · = βo
k = 0,

where {βo
j } are the regression coefficients from

Yt = βo
0 + βo

1X1t + · · ·+ βo
kXkt + εt.

Let R2 be the coefficient of determination from the unrestricted regression

model

Yt = X ′
tβ

o + εt.

Then under H0,

(n−K)R2 d→ χ2
k

as n → ∞, where K = k + 1.

Proof: First, recall that in this special case we have

F =
R2/k

(1−R2)/(n− k − 1)

=
R2/k

(1−R2)/(n−K)
.

By Theorem 4.8 and noting J = k, we have

k · F =
(n−K)R2

1−R2

d→ χ2
k

as n → ∞ under H0. This implies that k ·F is bounded in probability; that

is,

(n−K)R2

1−R2
= OP (1).

Consequently, given that k is a fixed integer,

R2

1−R2
= OP (n

−1) = oP (1)

or

R2 p→ 0.
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Therefore, 1−R2 p→ 1. By Slutsky’s theorem, we have

(n−K)R2 = k · (n−K)R2/k

1−R2
(1−R2)

= (k · F )(1−R2)

d→ χ2
k

as n → ∞, or asymptotically equivalently,

(n−K)R2 d→ χ2
k

as n → ∞. This completes the proof.

Question: Do we have nR2 d→ χ2
k?

Yes, it follows from Slutsky’s theorem and the facts that

nR2 =
n

n−K
(n−K)R2 and

n

n−K
→ 1.

Question: Which test statistic, (n−K)R2 or nR2, should be used?

Case II: Conditional Heteroskedasticity

Recall that under H0 : Rβo = r,
√
n(Rβ̂ − r) = R

√
n(β̂ − βo) +

√
n(Rβo − r)

= R
√
n(β̂ − βo)

d→ N(0, RQ−1V Q−1R′),

where

V = E(XtX
′
tε

2
t ).

Therefore, when J = 1, we have
√
n(Rβ̂ − r)√

RQ−1V Q−1R′
d→ N(0, 1) as n → ∞.

Given Q̂
p→ Q and V̂

p→ V, where V̂ = X′D(e)D(e)′X/n, and Slutsky’s

theorem, we can define a robust t-test statistic

Tr =

√
n(Rβ̂ − r)√

RQ̂−1V̂ Q̂−1R′

d→ N(0, 1) as n → ∞
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when H0 holds, where the subscript r in Tr indicates robustness. By

robustness, we mean that Tr is asymptotically valid no matter whether

there exists conditional heteroskedasticity.

Theorem 4.10. [Robust t-Test Under Conditional Heteroskedas-

ticity]: Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then under H0

with J = 1, as n → ∞, the robust t-test statistic

Tr =

√
n(Rβ̂ − r)√

RQ̂−1V̂ Q̂−1R′

d→ N(0, 1).

When J > 1, we have the quadratic form

W =
√
n(Rβ̂ − r)′

(
RQ−1V Q−1R′)−1 √

n(Rβ̂ − r)

d→ χ2
J

under H0. Given Q̂
p→ Q and V̂

p→ V, the robust Wald test statistic

Wr =
√
n(Rβ̂ − r)′

(
RQ̂−1V̂ Q̂−1R′

)−1 √
n(Rβ̂ − r)

d→ χ2
J

by Slutsky’s theorem.

We can write Wr equivalently as follows:

Wr = (Rβ̂ − r)′[R(X′X)−1X′D(e)D(e)
′
X(X′X)−1R′]−1(Rβ̂ − r),

where we have used the fact that

V̂ =
1

n

n∑
t=1

XtetetX
′
t

=
X′D(e)D(e)

′
X

n
,

where D(e)= diag(e1, e2, ..., en).

Theorem 4.11. [Robust Wald Test Under Conditional Hetero-

skedasticity]: Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then under

H0, as n → ∞,

Wr = n(Rβ̂ − r)′
(
RQ̂−1V̂ Q̂−1R′

)−1

(Rβ̂ − r)
d→ χ2

J .
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It is important to emphasize that under conditional heteroskedasticity,

the test statistics J · F and (n−K)R2 cannot be used.

Question: What happens if there exists conditional heteroskedasticity but

J · F or (n−K)R2 is used in practice?

There will exist substantial distorted Type I errors because J ·F or (n−
K)R2 will be no longer asymptotically χ2-distributed under H0. Therefore,

it would deliver misleading conclusions if J · F is used in this case.

Although the general form Wr of the Wald test statistic developed

here is asymptotically valid no matter whether there exists conditional

homoskedasticity or conditional heteroskedasticity, this general form Wr

of test statistic may perform poorly in small samples in the sense that

the asymptotic distribution will provide a poor approximation to its finite

sample distribution, causing a distorted Type I error in small and finite

samples. Thus, if one has information that the disturbance εt is condi-

tionally homoskedastic, one should use the test statistics (e.g., J · F and

(n−K)R2) derived under conditional homoskedasticity, which will perform

better in small sample sizes in the sense that its finite sample distribution

will be closer to the asymptotic distribution. Because of this reason, it is

important to test whether conditional homoskedasticity holds.

4.7 Testing for Conditional Homoskedasticity

Question: How to test conditional homoskedasticity for {εt} in a linear

regression model?

There have been many tests for conditional homoskedasticity. Here, we

introduce a popular test proposed by White (1980).

Consider the null hypothesis

H0 : E(ε2t |Xt) = σ2,

where εt is the regression disturbance in the linear regression model

Yt = X ′
tβ

o + εt.

If the null hypothesis H0 is false, then E(ε2t |Xt) will be a nonnegative

function of Xt.
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First, suppose εt were observed, and we consider the auxiliary regression

ε2t = γ0 +

k∑
j=1

γjXjt +
∑

1≤j≤l≤k

γjlXjtXlt + vt

= γ′vech(XtX
′
t) + vt

= γ′Ut + vt,

where vech(XtX
′
t) is the so-called vech (vector half) operator stacks all

lower triangular elements of the symmetric matrix XtX
′
t into a K(K+1)

2 × 1

column vector. For example, when Xt = (1, X1t, X2t)
′, we have

vech(XtX
′
t) = (1, X1t, X2t, X

2
1t, X1tX2t, X

2
2t)

′.

For the auxiliary regression, there is a total of K(K+1)
2 regressors in Ut.

This is essentially regressing ε2t on the intercept, Xt, and the quadratic

terms and cross-product terms of Xt. Under H0, all coefficients except the

intercept are jointly zero. Any nonzero coefficients except the intercept

will indicate the existence of conditional heteroskedasticity. Thus, we can

test H0 by checking whether all coefficients except the intercept are jointly

zero. Assuming that E(ε4t |Xt) = μ4 (which implies E(v2t |Xt) = σ2
v under

H0), we can run an OLS regression and construct a R2-based test statistic.

Under H0, we can obtain

(n− J − 1)R̃2 d→ χ2
J ,

where J = K(K+1)
2 −1 is the number of the regressors except the intercept.

Unfortunately, εt is not observable in practice. However, we can replace εt
with et = Yt − X ′

tβ̂, which is a consistent estimator for εt. Thus, we run

the following feasible auxiliary regression

e2t = γ0 +

k∑
j=1

γjXjt +
∑

1≤j≤l≤k

γjlXjtXlt + ṽt

= γ′vech(XtX
′
t) + ṽt.

Under H0 : E(ε2t |Xt) = σ2, the resulting test statistic

(n− J − 1)R2 d→ χ2
J

as n → ∞. It can be shown that the replacement of ε2t by e2t has no impact

on the asymptotic χ2
J distribution of (n− J − 1)R2. The proof, however, is

rather tedious. For the details of the proof, see White (1980). Below, we

provide some heuristics.
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Question: Why does the use of e2t in place of ε2t not affect the asymptotic

distribution of (n− J − 1)R2?

To explain this, we put Ut = vech(XtX
′
t) and consider the infeasible

auxiliary regression

ε2t = U ′
tγ

o + vt.

We have
√
n(γ̃ − γo)

d→ N(0, σ2
vQ

−1
UU), where QUU = E(UtU

′
t), and γ̃ is the

OLS estimator for γo. Under H0 : Rγo = 0, where R is a J × J diagonal

matrix with the first diagonal element being 0 and other diagonal elements

being 1, we have

√
nRγ̃

d→ N(0, σ2
vRQ−1

UUR
′),

where σ2
v = E(v2t ). This implies Rγ̃ = OP (n

−1/2), which vanishes to zero

in probability at rate n−1/2. It is this term that yields the asymptotic χ2
J

distribution for (n − J − 1)R̃2, which is asymptotically equivalent to the

test statistic

√
n(Rγ̃)′[s2vRQ̂−1

UUR
′]−1

√
nRγ̃,

where s2v is the residual variance estimator for σ2
v .

Now suppose we replace ε2t with e2t , and consider the feasible auxiliary

regression

e2t = U ′
tγ

o + ṽt.

Denote the OLS estimator by γ̂ in this feasible auxiliary regression. To

examine the impact of replacing ε2t by e2t , we decompose

e2t =
[
εt −X ′

t(β̂ − βo)
]2

= ε2t + (β̂ − βo)′XtX
′
t(β̂ − βo)− 2(β̂ − βo)′Xtεt

= γ′Ut + ṽt.

Thus, the OLS estimator γ̂ can be written as follows:

γ̂ = γ̃ + δ̂ + η̂,

where γ̃ is the OLS estimator of γo in the infeasible auxiliary regression, δ̂

is the effect of the second term, and η̂ is the effect of the third term. For

the third term, Xtεt is uncorrelated with Ut given E(εt|Xt) = 0. Therefore,

this term, after further scaled by the factor β̂ − βo that itself vanishes to



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 187

Linear Regression Models with Independent Observations 187

zero in probability at the rate n−1/2, will vanish to zero in probability at a

rate n−1, that is, η̂ = OP (n
−1). This is expected to have negligible impact

on the asymptotic distribution of the test statistic (n− J − 1)R2. For the

second term, XtX
′
t is perfectly correlated with Ut. However, it is scaled

by a factor of ||β̂ − βo||2 rather than by ||β̂ − βo||. As a consequence, the

regression coefficient of (β̂−βo)′XtX
′
t(β̂−βo) on Ut will also vanish to zero

at rate n−1, that is, δ̂ = OP (n
−1). Therefore, it also has negligible impact

on the asymptotic distribution of (n− J − 1)R2.

Question: How to test conditional homoskedasticity if E(ε4t |Xt) is not

a constant (i.e., E(ε4t |Xt) 	= μ4 for any constant μ4 under H0)? This

corresponds to the case when vt displays conditional heteroskedasticity.

Question: Suppose White’s (1980) test rejects the null hypothesis of con-

ditional homoskedasticity. Then one can conclude that there exists evidence

of conditional heteroskedasticity. What conclusion can one reach if White’s

test fails to reject H0 : E(ε2t |Xt) = σ2?

Because White (1980) considers a quadratic alternative to H0, White’s

(1980) test may have no power against some conditional heteroskedastic

alternatives for which E(ε2t |Xt) does not depend on the quadratic form of

Xt but depends on cubic or higher order polynomials of Xt. Thus, when

White’s test fails to reject H0, one can only say that we find no evidence

against H0.

However, when White’s test fails to reject H0, we have

E(ε2tXtX
′
t) = σ2E(XtX

′
t) = σ2Q

even if H0 is false. Therefore, one can use the conventional variance-

covariance matrix estimator s2(X′X)−1 for
√
nβ̂. Indeed, the main moti-

vation for White’s (1980) test for conditional heteroskedasticity is whether

the heteroskedasticity-consistent variance-covariance matrix of
√
nβ̂ has to

be used, not really whether conditional heteroskedasticity exists. For this

purpose, it suffices to regress ε2t or e2t on the quadratic form of Xt. This

can be seen from the decomposition

V = E(XtX
′
tε

2
t ) = σ2Q+ cov(XtX

′
t, ε

2
t ),

which indicates that V = σ2Q if and only if ε2t is uncorrelated with XtX
′
t.

The validity of White’s test and associated interpretation is built upon

the assumption that the linear regression model is correctly specified for
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the conditional mean E(Yt|Xt). Suppose the linear regression model is not

correctly specified, i.e., E(Yt|Xt) 	= X ′
tβ for all β. Then the OLS estimator

β̂ will converge to

β∗ = [E(XtX
′
t)]

−1E(XtYt),

the best linear least squares approximation coefficient, and E(Yt|Xt) 	=
X ′

tβ
∗. In this case, the estimated residual

et = Yt −X ′
tβ̂

= εt + [E(Yt|Xt)−X ′
tβ

∗] +X ′
t(β

∗ − β̂),

where εt = Yt − E(Yt|Xt) is the true disturbance with E(εt|Xt) = 0, the

estimation error X ′
t(β

∗− β̂) vanishes to 0 as n → ∞, but the approximation

error E(Yt|Xt) − X ′
tβ

∗ never disappears. In other words, when the linear

regression model is misspecified for E(Yt|Xt), the estimated residual et will

contain not only the true disturbance but also the approximation error

which is a function of Xt. This will result in a spurious conditional het-

eroskedasticity when White’s test is used. Therefore, before using White’s

test or any other tests for conditional heteroskedasticity, it is important to

first check whether the linear regression model is correctly specified. For

tests of correct specification of a linear regression model, see Hausman’s

test in Chapter 7 and other specification tests mentioned there.

4.8 Conclusion

In this chapter, within the context of IID observations, we have relaxed

some key assumptions of the classical linear regression model. In particular,

we do not assume conditional normality for the regression disturbance εt
and allow for conditional heteroskedasticity. Because the exact finite sam-

ple distribution of the OLS estimator is generally unknown, we have relied

on asymptotic analysis. It is found that for large samples, the results of

the OLS estimator β̂ and related test statistics (e.g., the t-test and F -test

statistics) are still applicable under conditional homoskedasticity. Under

conditional heteroskedasticity, however, the statistical properties of β̂ are

different from those of β̂ under conditional homoskedasticity, and as a con-

sequence, the conventional t-test and F -test statistics are invalid even when

the sample size n → ∞. One has to use White’s (1980) heteroskedasticity-

consistent variance-covariance matrix estimator for the OLS estimator β̂

and use it to construct robust test statistics. A direct test for conditional

heteroskedasticity, due to White (1980), is described.
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The asymptotic theory provides convenient inference procedures in prac-

tice. However, the finite sample distribution of β̂ may be different from its

asymptotic distribution. How well the approximation of the asymptotic dis-

tribution for the unknown finite sample distribution depends on the DGP

and the sample size of the data. In econometrics, simulation studies have

been used to examine how well asymptotic theory can approximate the

finite sample distributions of econometric estimators or related statistics.

They are the nearest approach that econometricians can make to the lab-

oratory experiments of the physical sciences and are a very useful way of

reinforcing or checking the theoretical results. Alternatively, resampling

methods called bootstrap have been proposed in econometrics to approx-

imate the finite sample distributions of econometric estimators or related

statistics by simulating data on a computer (see, e.g., Hall 1992). In this

book, we focus on the use of asymptotic theory.
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Exercise 4

4.1. Suppose Assumptions 3.1, 3.3 and 3.5 hold. Show (1) the sample

residual variance estimator s2 converges in probability to σ2, and (2) s

converges in probability to σ.

4.2. Let Z1, ..., Zn be a random sample from a population with mean μ and

variance σ2. Show that

E

[√
n(Z̄n − μ)

σ

]
= 0 and var

[√
n(Z̄n − μ)

σ

]
= 1.

4.3. Suppose a sequence of random variables {Zn, n = 1, 2, ...} is defined as

Zn
1
n n

PZn 1− 1
n

1
n .

(1) Does Zn converge in mean squares to 0? Give your reasoning clearly.

(2) Does Zn converge in probability to 0? Give your reasoning clearly.

4.4. Let the sample space Ω be the closed interval [0,1] with the uniform

probability distribution. Define Z(ω) = ω for all ω ∈ [0, 1]. Also, for

n = 1, 2, ..., define a sequence of random variables

Zn(s) =

{
ω + ωn if ω ∈ [0, 1− n−1],

ω + 1 if ω ∈ (1− n−1, 1].

(1) Does Zn converge in quadratic mean to Z?

(2) Does Zn converge in probability to Z?

(3) Does Zn converge almost surely to Z?

4.5. Suppose g(·) is a real-valued continuous function, and {Zn, n = 1, 2, ...}
is a sequence of real-valued random variables which converges in probability

to random variable Z. Show g(Zn)
p→ g(Z) as n → ∞.

4.6. Suppose g(·) is a real-valued continuous function, and {Zn, n = 1, 2, ...}
is a sequence of real-valued random variables which converges almost surely

to random variable Z as n → ∞. Show g(Zn)
a.s.→ g(Z).

4.7. Suppose Xn = (X1, X2, ..., Xn) is an IID random sample from an

N(0, 1) population. Define the sample mean X̄n = n−1
∑n

t=1 Xt.
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(1) What is the sampling distribution of the sample mean X̄n?

(2) Suppose Fn(·) is the cumulative distribution function of X̄n. What

is the limit of Fn(z)?

(3) Find the asymptotic distribution of X̄n.

(4) Is the asymptotic distribution of X̄n the same as limn→∞ Fn(z)?

Explain.

4.8. Define Zn = Xn +Yn, where {Xn} is an IID sequence from an N(0, 1)

population, {Yn} is a sequence of binary random variables with P (Yn =
1
n ) = 1− 1

n and P (Yn = n) = 1
n , and Xn and Yn are mutually independent.

(1) Find the limiting distribution (also called asymptotic distribution)

of Zn.

(2) The mean and variance of the asymptotic distribution are

called the asymptotic mean and asymptotic variance respectively. Find

limn→∞E(Zn) and limn→∞var(Zn). Are they the same as the asymptotic

mean and asymptotic variance of Zn respectively? Show your reasoning.

4.9. Suppose
√
n(X̄n − μ)/σ

d→ N(0, 1) as n → ∞, and function g(·) is

twice continuously differentiable such that g′(μ) = 0 and g′′(μ) 	= 0. Then

show that as n → ∞,

n
[
g(X̄n)− g(μ)

]
σ2

d→ g′′(μ)
2

χ2
1.

4.10. Suppose
√
n(X̄n − μ)/σ

d→ N(0, 1) as n → ∞, where −∞ < μ < ∞
and 0 < σ < ∞. Find a nondegenerate asymptotic distribution of a suitably

normalized version of the following statistics:

(1) Yn = exp(−X̄n).

(2) Yn = X̄2
n, where μ = 0 in this case.

Give your reasoning.

4.11. Suppose a stochastic process {Yt, X
′
t}nt=1 satisfies the following as-

sumptions:

Assumption 1 [Linearity]: {Yt, X
′
t}nt=1 is an IID random sample with

Yt = X ′
tβ

o + εt, t = 1, ..., n,

for some unknown parameter βo and some unobservable disturbance εt.
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Assumption 2 [IID]: The K ×K matrix E(XtX
′
t) = Q is nonsingular and

finite.

Assumption 3 [Conditional heteroskedasticity]:

(a) E(Xtεt) = 0.

(b) E(ε2t |Xt) 	= σ2.

(c) E(X4
jt) ≤ C for all 0 ≤ j ≤ k, and E(ε4t ) ≤ C for some C < ∞.

(1) Show β̂
p→ βo as n → ∞.

(2) Show
√
n(β̂ − βo)

d→ N(0,Ω) as n → ∞, where Ω = Q−1V Q−1, and

V = E(XtX
′
tε

2
t ).

(3) Show that the asymptotic variance estimator

Ω̂ = Q̂−1V̂ Q̂−1 p→ Ω as n → ∞,

where Q̂ = n−1
∑n

t=1 XtX
′
t and V̂ = n−1

∑n
t=1 XtX

′
te

2
t . This is called

White’s (1980) heteroskedasticity-consistent variance-covariance matrix

estimator.

(4) Consider a test for hypothesis H0 : Rβo = r. Does J · F d→ χ2
J , where

F =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)/J

s2

is the usual F -test statistic? If it does, give the reasoning. If it does not,

could you provide an alternative test statistic that converges in distribution

to χ2
J as n → ∞?

4.12. Put Q = E(XtX
′
t), V = E(ε2tXtX

′
t) and σ2 = E(ε2t ). Suppose there

exists conditional heteroskedasticity, and cov(ε2t , XtX
′
t) = V −σ2Q is PSD,

i.e., σ2(Xt) is positively correlated with XtX
′
t. Show that Q−1V Q−1 −

σ2Q−1 is PSD.

4.13. Suppose the following assumptions hold:

Assumption 1: {Yt, X
′
t}nt=1 is an IID random sample with

Yt = X ′
tβ

o + εt,

for some unknown parameter βo and unobservable random disturbance εt.

Assumption 2: E(εt|Xt) = 0.
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Assumption 3:

(a) Wt = W (Xt) is a positive function of Xt.

(b) The K ×K matrix E (XtWtX
′
t) = QW is finite and nonsingular.

(c) E(W 8
t ) ≤ C < ∞, E(X8

jt) ≤ C < ∞ for all 0 ≤ j ≤ k, and

E(ε4t ) ≤ C.

Assumption 4: VW = E(W 2
t XtX

′
tε

2
t ) is finite and nonsingular.

We consider the so-called Weighted Least Squares (WLS) estimator for

βo :

β̂W =

(
n−1

n∑
t=1

XtWtX
′
t

)−1

n−1
n∑

t=1

XtWtYt.

(1) Show that β̂W is the solution to the following problem

min
β

n∑
t=1

Wt(Yt −X ′
tβ)

2.

(2) Show that β̂W is consistent for βo.

(3) Show that
√
n(β̂W − βo)

d→ N(0,ΩW ) for some K ×K finite and pos-

itive definite matrix ΩW . Obtain the expressions of ΩW under (i) condi-

tional homoskedasticity E(ε2t |Xt) = σ2 and (ii) conditional heteroskedas-

ticity E(ε2t |Xt) 	= σ2 respectively.

(4) Propose an estimator Ω̂W for ΩW , and show that Ω̂w is consistent for

Ωw under conditional homoskedasticity and conditional heteroskedasticity

respectively.

(5) Construct a test statistic for H0 : Rβo = r, where R is a J × K

matrix and r is a J × 1 vector under conditional homoskedasticity and

under conditional heteroskedasticity respectively. Derive the asymptotic

distribution of the test statistic under H0 in each case.

(6) Suppose E(ε2t |Xt) = σ2(Xt) is known, and we set Wt = σ−1(Xt).

Construct a test statistic for H0 : Rβo = r, where R is a J ×K matrix and

r is a J × 1 vector. Derive the asymptotic distribution of the test statistic

under H0.

4.14. Consider the problem of testing conditional homoskedasticity (H0 :

E(ε2t |Xt) = σ2) for a linear regression model

Yt = X ′
tβ

o + εt,
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where Xt is a K × 1 vector consisting of an intercept and explanatory

variables. To test conditional homoskedasticity, we consider the auxiliary

regression

ε2t = vech(XtX
′
t)

′γ + vt

= U ′
tγ + vt.

Show that under H0 : E(ε2t |Xt) = σ2, we have (1) E(vt|Xt) = 0; and

(2) E(v2t |Xt) = σ2
v if and only if E(ε4t |Xt) = μ4 for some constant μ4.

4.15. Consider testing conditional homoskedasticity (H0 : E(ε2t |Xt) = σ2)

for a linear regression model

Yt = X ′
tβ

o + εt,

where Xt is a K × 1 vector consisting of an intercept and explanatory

variables. To test conditional homoskedasticity, we consider the auxiliary

regression

ε2t = vech(XtX
′
t)

′γ + vt

= U ′
tγ + vt,

where Ut = vech(XtX
′
t) is a J × 1 vector, with J = K(K + 1)/2. Suppose

Assumptions 4.1, 4.2, 4.3, 4.4 and 4.7 in Chapter 4 hold, and E(ε4t |Xt) =

μ4. Assume that {εt} is an observable sequence, and denote R2 be the

coefficient of determination of the auxiliary regression. Show that the test

statistic (n − J − 1)R2 d→ χ2
J under the null hypothesis of conditional

homoskedasticity for {εt}. Give your reasoning.

4.16. In Exercise 4.15, the assumption that {εt} is observable is not realis-

tic. In practice, we need to replace εt by et = Yt−X ′
tβ̂, the estimated OLS

residual. Provide a heuristic explanation why the replacement of εt by et
has no impact on the asymptotic distribution of the proposed test statistic

for conditional homoskedasticity in Exercise 4.15.

4.17. Consider the problem of testing conditional homoskedasticity (H0 :

E(ε2t |Xt) = σ2) for a linear regression model

Yt = X ′
tβ

o + εt,

where Xt is a K × 1 vector consisting of an intercept and explanatory

variables. To test conditional homoskedasticity, we consider the auxiliary
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regression

ε2t = vech(XtX
′
t)

′γ + vt

= U ′
tγ + vt.

Suppose Assumptions 4.1, 4.2, 4.3, 4.4 and 4.7 of Chapter 4 hold, and

E(ε4t |Xt) 	= μ4. That is, E(ε4t |Xt) is a function of Xt.

(1) Show var(vt|Xt) 	= σ2
v under H0. That is, the disturbance vt in the

auxiliary regression model displays conditional heteroskedasticity.

(2) Suppose εt is directly observable. Construct an asymptotically valid

test for the null hypothesisH0 of conditional homoskedasticity of εt. Derive

the asymptotic distribution of the proposed test statistic and provide your

reasoning.

4.18. In Exercise 4.17, the assumption that {εt} is observable is not realis-

tic. In practice, we need to replace εt by et = Yt−X ′
tβ̂, the estimated OLS

residual. Provide a heuristic explanation why the replacement of εt by et
has no impact on the asymptotic distribution of the proposed robust test

statistic for conditional homoskedasticity in Exercise 4.17.

4.19. Suppose {Yt, X
′
i}nt=1 is an IID random sample. Consider a nonlinear

regression model

Yt = g(Xt, β
o) + εt,

where βo is an unknown K×1 parameter vector, E(εt|Xt) = 0, E(ε2t |Xt) =

σ2, and σ2 is an unknown constant. Assume that g(Xt, ·) is twice contin-

uously differentiable with respect to β with the K × K matrices A(β) =

E[∂g(Xt,β)
∂β

∂g(Xt,β)
∂β′ ] and B(β) = E[∂

2g(Xt,β)
∂β∂β′ ] finite, nonsingular and contin-

uous for all β ∈ Θ, where Θ is a compact set. We further assume that as

n → ∞,

sup
β∈Θ

∣∣∣∣∣ 1n
n∑

t=1

∂g(Xt, β)

∂β

∂g(Xt, β)

∂β′ −A(β)

∣∣∣∣∣ p→ 0,

sup
β∈Θ

∣∣∣∣∣ 1n
n∑

t=1

∂2g(Xt, β)

∂β∂β′ −B(β)

∣∣∣∣∣ p→ 0.

The Nonlinear Least Squares (NLS) estimator β̂ is defined to solve the

minimization of the SSR problem, i.e.,

β̂ = argmin
β

n∑
t=1

[Yt − g(Xt, β)]
2
.
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The FOC is
n∑

t=1

∂g(Xt, β̂)

∂β
[Yt − g(Xt, β̂)] = 0,

where ∂
∂β g(Xt, β) is a K × 1 vector.

Generally, there exists no closed form expression for β̂, but it can be

shown that β̂
p→ βo as n → ∞ and this can be used in answering the

questions below. We assume that all necessary regularity conditions hold.

(1) Derive the asymptotic distribution of
√
n(β̂ − βo). Give your rea-

soning.

(2) Construct a Wald-type test for the hypothesis of interest H0 :

R(βo) = r, where R(·) is a J × 1 continuously differentiable vector-valued

function, r is a J×1 known constant vector, and J > 1. Derive the asymp-

totic distribution of the test statistic under H0. Give your reasoning. [Hint:

The derivative R′(β) = d
dβR(β) is a J ×K matrix.]

4.20. Suppose we do not impose the conditional homoskedasticity condi-

tion, i.e., we do not assume E(ε2t |Xt) = σ2. Resolve the questions in

Exercise 4.19.
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Chapter 5

Linear Regression Models with
Dependent Observations

Abstract: In this chapter, we will show that the asymptotic theory for

linear regression models with IID observations carries over to ergodic sta-

tionary linear time series regression models with Martingale Difference Se-

quence (MDS) disturbances. Some basic concepts in time series analysis

are introduced, and some tests for serial correlation are described.

Keywords: AutoRegressive Conditional Heteroskedasticity (ARCH), Con-

ditional heteroskedasticity, Difference-stationary process, Dynamic regres-

sion model, Ergodicity, Martingale, MDS, Random walk, Serial correlation,

Static regression model, Stationarity, Time series, Trend-stationary process,

Unit root, White Noise (WN)

5.1 Introduction to Time Series Analysis

The asymptotic theory developed in Chapter 4 is applicable to cross-

sectional data (due to the IID random sample assumption). What happens

if we have time series data? Could the asymptotic theory for linear regres-

sion models with IID observations be applicable to linear regression models

with time series observations?

Consider a simple regression model

Yt = X ′
tβ

o + εt

= β0 + β1Yt−1 + εt,

{εt} ∼ IIDN(0, σ2),

where Xt = (1, Yt−1)
′. This is called a first order AutoRegressive model,

denoted as AR(1), which violates the IID assumption for {Yt, X
′
t}nt=1 in

197
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Chapter 4. Here, we have

E(εt|Xt) = 0

but no longer have

E(εt|X) = E(εt|X1, X2, ..., Xn)

= 0

because Xt+j contains εt when j > 0. Hence, Assumption 3.2 (strict exo-

geneity) fails.

In general, the IID assumption for {Yt, X
′
t}nt=1 in Chapter 4 rules out

time series data. Most economic and financial data are time series obser-

vations.

Question: Under what conditions will the asymptotic theory developed in

Chapter 4 carry over to linear regression models with dependent observa-

tions?

To establish asymptotic theory for linear regression models with time

series observations, we need to introduce some basic concepts in time series.

Question: What is a time series process?

A time series process can be stochastic or deterministic. For example,

in chaos theory, a logistic map

Zt = 4Zt−1(1− Zt−1)

is a deterministic time series process, which can generate a seemingly un-

correlated sequence. In this book, we only consider stochastic time series

processes, which are consistent with the fundamental axiom of modern

econometrics discussed in Chapter 1.

Definition 5.1. [Stochastic Time Series Process]: A stochastic time

series {Zt} is a sequence of random variables or random vectors indexed

by time t ∈ {..., 0, 1, 2, ...} and governed by some probability law (Ω, F, P ),

where Ω is the sample space, F is a σ-field, and P is a probability measure,

with P : F → [0, 1].

More precisely, we can write Zt = Z(t, ·), and its realization zt = Z(t, ω),

where ω ∈ Ω is a basic outcome in sample space Ω.

For each ω, we can obtain a sample path zt = Z(t, ω) of the process

{Zt} as a deterministic function of time t. Different ω’s will give different

sample paths.
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The dynamics of {Zt} is completely determined by the transition prob-

ability of Zt, i.e., the conditional probability of Zt given its past history

It−1 = {Zt−1, Zt−2, ...}.
Based on a time series process, we can define a time series random

sample. Consider a segment of a time series process {Zt} for t = 1, ..., n.

This is called a time series random sample of size n, denoted as

Zn = {Z1, ..., Zn}′.
Any realization of this random sample is called a time series data set,

denoted as

zn = {z1, ..., zn}′.
This corresponds to the occurrence of some specific outcome ω ∈ Ω. In the-

ory, a random sample Zn can generate many data sets, each corresponding

to a specific ω ∈ Ω. In reality, however, one only observes a data set for

any random sample of an economic time series process, due to the nonex-

perimental nature of the economic system.

Question: How to characterize the dynamics of the time series process

{Zt}, namely, how it evolves over time?

Consider the random sample Zn where Zt follows a continuous proba-

bility distribution. It is well-known from basic statistics courses that the

joint Probability Density Function (PDF) of the random sample Zn,

fZn(zn) = fZ1,Z2,...,Zn
(z1, z2, ..., zn), zn ∈ R

n,

completely captures all the sample information contained in Zn. With

fZn(zn), we can, in theory, obtain the sampling distribution of any statistic

(e.g., the sample mean estimator, the sample variance estimator, and the

(1− α)100% confidence interval estimator) that is a function of Zn.

Now, by sequential partition (repeating the multiplication rule P (A ∩
B) = P (A|B)P (B) for any events A and B), we can write

fZn(zn) =
n∏

t=1

fZt|It−1
(zt|It−1),

where by convention, for t = 1, f(z1|I0) = f(z1), the marginal PDF of Z1.

Thus, the conditional PDF fZt|It−1
(z|It−1) completely describes the joint

probability distribution of the random sample Zn. Note that It−1=Zt−1.
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Example 5.1. Let Zt be the U.S. GDP in quarter t. Then the quarterly

records of the U.S. GDP from the second quarter of 1947 to the last quarter

of 2017 constitute a time series data set, denoted as zn = (z1, ..., zn)
′, with

n = 284.

Figure 5.1 Quarterly data of U.S. GDP.

Data source: https://www.macrotrends.net

Figure 5.2 Quarterly data of U.S. GDP growth rates.

Data source: https://www.macrotrends.net
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Example 5.2. Let Zt be the Standard and Poor 500 (S&P 500) closing

price index at day t. Then the daily records of the S&P 500 index from

January 2, 1970 to December 29, 2017 constitute a time series data set,

denoted as zn = (z1, ..., zn)
′, with n = 12110.

Figure 5.3 Daily data of S&P 500 price index.

Data source: Datastream

Figure 5.4 Daily data on S&P 500 returns.

Data source: Datastream
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Here is a fundamental feature of an economic time series: each random

variable Zt only has one observed realization zt in practice. It is impossi-

ble to obtain more realizations for each economic variable Zt, due to the

nonexperimental nature of the economic system. In order to “aggregate”

realizations from different random variables {Zt}nt=1, we need to impose a

stationarity assumption, a concept of stability for certain aspects of the

probability law fZt|It−1
(zt|It−1). For example, we may need to make the

following assumptions:

• The marginal PDF of each Zt shares some common features (e.g.,

the same mean, and the same variance).

• The relationship (joint distribution) between Zt and It−1 is time-

invariant in certain aspects (e.g., cov(Zt, Zt−j) = γ(j) does not

depend on time t; it only depends on the time distance j).

With these assumptions, observations from different random variables

{Zt} can be viewed to share some common features of the DGP, so that

one can conduct statistical inference by pooling them together. These ob-

servations over time constitute a time series data set.

We now introduce the concept of stationarity. A stochastic time series

{Zt} can be stationary or nonstationary. There are various notions for

stationarity. The first is strict stationarity.

Definition 5.2. [Strict Stationarity]: A stochastic time series process

{Zt} is strictly stationary if for any admissible t1, t2, ..., tm, the joint prob-

ability distribution of {Zt1 , Zt2 , ..., Ztm} is the same as the joint distribution

of {Zt1+k, Zt2+k, ..., Ztm+k} for all integers k. That is,

fZt1
Zt2

...Ztm
(z 1, ..., zm) = f Zt1+kZt2+k...Ztm+k

(z 1, ..., zm).

If Zt is strictly stationary, the conditional probability distribution of Zt

given It−1 will have a time-invariant functional form. In other words, the

probabilistic structure of a completely stationary process is invariant under

a shift of the time origin.

Strict stationarity is also called “complete stationarity”, because it char-

acterizes the time-invariance property of the entire joint probability distri-

bution of the process {Zt}.
No moment condition on {Zt} is needed when defining strict stationar-

ity. Thus, a strictly stationary process may not have finite moments (e.g.,

var(Zt) = ∞). However, if moments (e.g., E(Zt)) and joint product mo-
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ments (e.g., E(ZtZt−j)) of {Zt} exist, then they are time-invariant when

{Zt} is strictly stationary. Moreover, any measurable transformation of a

strictly stationary process is strictly stationary.

Strict stationarity implies identical distribution for each Zt. Thus, al-

though strictly stationary time series data are realizations from differ-

ent random variables, they can be viewed as realizations from the same

(marginal) population distribution.

Example 5.3. [IID Cauchy Sequence]: Suppose {Zt} is an IID Cauchy

(0, 1) sequence with marginal PDF

f(z) =
1

π(1 + z2)
, −∞ < z < ∞.

Note that Zt has no moment. Consider {Zt1 , ..., Ztm}. Because their joint

PDF

fZt1
Zt2

...Ztm
(z1, ..., zm) =

m∏
j=1

f(zj)

is time-invariant, {Zt} is strictly stationary.

We now introduce another concept of stationarity based on the time-

invariance property of the joint product moments of {Zt1 , Zt2 , ..., Ztm}.

Definition 5.3. [N-th Order Stationarity]: LetN be a positive integer.

The time series process{Zt} is said to be stationary up to order N if, for

any admissible t1, t2, ..., tm, and any k, all the joint product moments up

to order N of {Zt1 , Zt2 , ..., Ztm} exist and are equal to the corresponding

joint product moments up to order N of {Zt1+k, ..., Ztm+k}. That is,

E [(Zt1)
n1 · · · (Ztm)nm ] = E [(Zt1+k)

n1 · · · (Ztm+k)
nm ] ,

for any k and all nonnegative integers n1, ..., nm satisfying
∑m

j=1 nj ≤ N.

Setting n2 = n3 = ... = nm = 0, we have

E [(Zt)
n1 ] = E [(Z0)

n1 ] for all t.

On the other hand, for n1 + n2 ≤ N, we have the pairwise joint product
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moment

E [(Zt)
n1(Zt−j)

n2 ] = E [(Z0)
n1(Z−j)

n2 ]

= function of j,

where j is called a lag order.

We now consider a special case: N = 2. This yields a concept called

weak stationarity.

Definition 5.4. [Weak Stationarity]: A stochastic time series process

{Zt} is weakly stationary if

(1) E(Zt) = μ for all t;

(2) var(Zt) = σ2 < ∞ for all t;

(3) cov(Zt, Zt−j) = γ(j) is only a function of lag order j for all t.

Strict stationarity is defined in terms of the “time invariance” property

of the entire probability distribution of the time series process {Zt}, while
weak-stationarity is defined in terms of the “time-invariance” property in

the first two moments (means, variances and covariances) of the process

{Zt}. Suppose all moments of {Zt} exist. Then it is possible that the

first two moments are time-invariant but the higher order moments are

time-varying. In other words, a process {Zt} can be weakly stationary but

not strictly stationary. However, Example 5.3 shows that a process can be

strictly stationary but not weakly stationary, because the first two moments

simply do not exist.

Weak stationarity is also called “covariance-stationarity”, or “second

order stationarity” because it is based on the time-invariance property of

the first two moments. It does not require identical distribution for each

Zt. The higher order moments of Zt can be different for different t’s. The

definitions from strict stationarity to N -th order stationarity to weak sta-

tionarity provide various concepts of stationarity. Hong, Wang and Wang

(2017) propose a test for strict stationary and a class of derivative tests for

N -th order stationarity including weak stationarity.

Question: Which, strict or weak stationarity, is more restrictive?

We consider two cases:

• Case I: If E(Z2
t ) < ∞, then strict stationarity implies weak sta-

tionarity.
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• Case II: If E(Z2
t ) = ∞, then strict stationarity does not imply weak

stationarity. In other words, a time series process can be strictly

stationary but not weakly stationary.

Example 5.4. An IID Cauchy(0, 1) process is strictly stationary but not

weakly stationary.

A special but important weakly stationary time series is a process with

zero autocorrelations.

Definition 5.5. [White Noise (WN)]: A weakly stationary time series

process {Zt} is a WN (or serially uncorrelated) process if

(1) E(Zt) = 0,

(2) var(Zt) = σ2,

(3) cov(Zt, Zt−j) = γ(j) = 0 for all j > 0.

Later we will explain why such a process is called a WN. The WN

assumption is a basic building block for linear time series modeling. Any

zero-mean weakly stationary time series process can be decomposed as a

linear combination of a WN sequence, and this is called Wold’s decomposi-

tion.

When a WN sequence {Zt} is a Gaussian process (i.e., any finite set

(Zt1 , Zt2 , ..., Ztm) of {Zt} has a joint normal distribution), we call {Zt} is

a Gaussian WN. For a Gaussian WN process, {Zt} is an IID sequence.

Example 5.5. [AR(1)]: A first order AutoRegressive (AR) process, de-

noted as AR(1),

Zt = αZt−1 + εt,

{εt} ∼ WN(0, σ2),

is weakly stationary if |α| < 1 because Zt =
∑∞

j=0 α
jεt−j , and

E(Zt) = 0,

var(Zt) =
σ2

1− α2
,

γ(j) =
σ2

1− α2
α|j|, j = 0,±1,±2, ....
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Here, εt may be interpreted as a random shock or an innovation that drives

the movement of the process {Zt} over time.

More generally, {Zt} is a p-th order AR process, denoted as AR(p), if

Zt = α0 +

p∑
j=1

αjZt−j + εt,

{εt} ∼ WN(0, σ2).

Example 5.6. [MA(q)]: {Zt} is a q-th order Moving-Average (MA) pro-

cess, denoted as MA(q), if

Zt = α0 +

q∑
j=1

αjεt−j + εt,

{εt} ∼ WN(0, σ2).

This is a weakly stationary process. For an MA(q) process, we have γ(j) = 0

for all |j| > q.

Example 5.7. [ARMA(p, q)]: {Zt} is an AutoRegressive-Moving Aver-

age (ARMA) process of orders (p, q), denoted as ARMA(p, q), if

Zt = α0 +

p∑
j=1

αjZt−j +

q∑
j=1

βjεt−j + εt,

{εt} ∼ WN(0, σ2).

ARMA models include AR and MA models as special cases. An esti-

mation method for ARMA models can be found in Chapter 9. In practice,

the orders of (p, q) can be selected according to the AIC or BIC criterion.

Under rather mild regularity conditions, a zero-mean weakly stationary

process can be represented by an MA(∞) process

Zt =
∞∑
j=0

αjεt−j ,

{εt} ∼ WN(0, σ2),



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 207

Linear Regression Models with Dependent Observations 207

where
∑∞

j=1 α
2
j < ∞. This is called Wold’s decomposition. The partial

derivative

∂Zt+j

∂εt
= αj , j = 0, 1, ...

is called the impulse response function of the time series process {Zt} with

respect to a random shock εt. This function characterizes the impact of a

random shock εt on the immediate and subsequent observations {Zt+j , j ≥
0}. For a weakly stationary process, the impact of any shock on a future

Zt+j will always diminish to zero as the lag order j → ∞, because αj →
0. The ultimate cumulative impact of εt on the process {Zt} is the sum∑∞

j=0 αj . For the example of a weakly stationary AR(1) process,

Zt =

∞∑
j=1

αjεt−j + εt.

On the other hand, under a suitable condition, a zero-mean weakly sta-

tionary time series can also be represented as an AR(∞) process. Such a

condition is called the invertibility condition, which allows one to repre-

sent the unobservable innovation εt as a linear combination of observable

observations {Zt−j}∞j=0. Invertibility is a crucial condition for time series

forecasts.

The function γ(j) = cov(Zt, Zt−j) is called the autocovariance function

of the weakly stationary process {Zt}, where j is a lag order. It characterizes
the (linear) serial dependence of Zt on its own lagged variable Zt−j . Note

that γ(j) = γ(−j) for all integers j.

The normalized function ρ(j) = γ(j)/γ(0) is called the autocorrelation

function of {Zt}. It has the property that |ρ(j)| ≤ 1. The plot of ρ(j) as a

function of j is called the autocorrelogram of the time series process {Zt}.
It can be used to judge which linear time series model (e.g., AR, MA, or

ARMA) should be used to fit a particular time series data set.

We now consider the Fourier transform of the autocovariance function

γ(j).

Definition 5.6. [Spectral Density Function]: The Fourier transform

of γ(j)

h(ω) =
1

2π

∞∑
j=−∞

γ(j)e−ijω, ω ∈ [−π, π],
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where i =
√−1, is called the power spectral density function or spectral

density function of a weakly stationary time series process {Zt}.
The normalized version

f(ω) =
h(ω)

γ(0)
=

1

2π

∞∑
j=−∞

ρ(j)e−ijω, ω ∈ [−π, π],

is called the standardized spectral density function of {Zt}.

Question: What are the properties of f(ω)?

It can be shown that (1) f(ω) is real-valued, and f(ω) ≥ 0; (2)∫ π

−π
f(ω)dω = 1; and (3) f(−ω) = f(ω) for ω ∈ [−π, π].

To gain insight into the special density function h(ω), we now introduce

a frequency domain representation of a weakly stationary time series. Sup-

pose {Zt} is a zero-mean weakly stationary time series. Then there exists

a stochastic process W (ω) such that

Zt =

∫ π

−π

eitωdW (ω), ω ∈ [−π, π],

where ω is frequency, W (ω) is an uncorrelated increment process with

E[dW (ω)] = 0 for all ω ∈ [−π, π], and cov[dW (ω), dW (λ)] = E|dW (ω)|2
if ω = λ and 0 otherwise. Intuitively, any weakly stationary time series

can be decomposed as the “sum” of periodic components of different fre-

quencies which are orthogonal to each other. The magnitude of the pe-

riodic components corresponding to frequencies from ω to ω + dω is the

incremental component dW (ω). This is called Cramer’s representation in

time series analysis. Under regularity conditions, it can be shown that

E[dW (ω)]2 = h(ω)dω. Therefore, the spectral density function h(ω) char-

acterizes the distribution of the strength of various periodic components

over frequencies, the so-called spectral distribution of a weakly stationary

process {Zt}.
The spectral density function h(ω) is widely used in economic analy-

sis. For example, it can be used to search for business cycles. Specifically,

a frequency ω0 corresponding to a special peak is closely associated with

a business cycle with periodicity T0 = 2π/ω0. Intuitively, time series can

be decomposed as the sum of many cyclical components with different fre-

quencies ω, and h(ω) is the strength or magnitude of the component with

frequency ω. When h(ω) has a peak at ω0, it means that the cyclical com-

ponent with frequency ω0 or periodicity T0 = 2π/ω0 dominates all other
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frequencies. Consequently, the whole time series behaves as mainly having

a cycle with periodicity T0.

The functions h(ω) and γ(j) are the Fourier transforms of each other.

Thus, they contain the same information on serial dependence in {Zt}. In
time series analysis, the use of γ(j) is called the time domain analysis, and

the use of h(ω) is called the frequency domain analysis. Which tool to use

depends on the convenience of the user. In some applications, the use of γ(j)

is simpler and more intuitive, while in other applications, the use of h(ω)

is more enlightening. This is exactly the same as the case that it is more

convenient to speak Chinese in China, while it is more convenient to speak

English in the United States. Because of the importance of spectral analysis

in macroeconomics, Sargent (1987) devotes one chapter on introduction to

spectral analysis in his Macroeconomic Theory, 2nd Edition.

Example 5.8. [Hamilton (1994, Section 6.4)]: Business cycles and

seasonalities of the U.S. industrial production can be identified respectively

by the estimated spectral density function based on monthly data of U.S.

industrial production index in the post World War II period.

Example 5.9. [Bizer and Durlauf (1990)]: Based on the historical

annual data on the U.S. income tax rates, it is documented that there exists

an 8-year cycle in the U.S. income tax rate changes, which is significantly

linked to the party (the Republican or the Democrat) status of the U.S.

presidents.

For a serially uncorrelated or WN sequence, the spectral density function

h(ω) is flat as a function of frequency ω :

h(ω) =
1

2π
γ(0)

=
1

2π
σ2 for all ω ∈ [−π, π].

This is analogous to the power (or energy) spectral density function of

a physical white color light. It is for this reason that we call a serially

uncorrelated time series a WN process.

Intuitively, a white color light can be decomposed via a lens as the sum

of equal magnitude components of different frequencies. That is, a white

color light has a flat physical spectral density function.

It is important to point out that a WN may not be IID, as is illustrated

by the following example.
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Example 5.10. [Engle’s (1982) ARCH Model]: Consider a first order

AutoRegressive Conditional Heteroskedastic (ARCH) process, denoted as

ARCH(1):

Zt = εth
1/2
t ,

ht = α0 + α1Z
2
t−1,

{εt} ∼ IID(0,1).

This is first proposed by Engle (1982) and it has been widely used to

model volatility in economics and finance. We have E(Zt|It−1) = 0 and

var(Zt|It−1) = ht, where It−1 = {Zt−1, Zt−2, ...} is the information set

containing all past history of Zt. It can be shown that

E(Zt) = 0,

cov(Zt, Zt−j) = 0 for j > 0,

var(Zt) =
α0

1− α1
.

When α1 < 1, {Zt} is a stationary WN. But it is not weakly stationary

if α1 = 1, because var(Zt) = ∞. In both cases, {Zt} is strictly stationary

(e.g., Nelson 1990).

Although {Zt} is a WN, it is not an IID sequence because the correlation

in {Z2
t } is corr(Z2

t , Z
2
t−j) = α

|j|
1 for j = 0, 1, 2, .... In other words, an ARCH

process is uncorrelated in level but is autocorrelated in squares.

Question: What is the spectral density function h(ω) of a weakly station-

ary ARCH(1) process?

Having introduced various concepts of stationarity, we can now discuss

nonstationary time series processes. Usually, we call {Zt} a nonstationary

time series when it is not covariance-stationary. In time series econometrics,

there have been two types of nonstationary processes that display similar

sample paths when the sample size is not large but have quite different im-

plications. We first discuss a nonstationary process called trend-stationary

process.

Example 5.11. [Trend-Stationary Process]: A time series {Zt} is

called a trend-stationary process if

Zt = α0 + α1t+ εt,
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where εt is a weakly stationary process with mean 0 and variance σ2. To

see why {Zt} is not weakly stationary, we consider a simplest case where

{εt} is IID(0, σ2). Then

E(Zt) = α0 + α1t,

var(Zt) = σ2,

cov(Zt, Zt−j) = 0.

More generally, a trend-stationary time series process can be defined as

follows:

Zt = α0 +

p∑
j=1

αjt
j + εt,

where {εt} is a weakly stationary process. The reason that {Zt} is called

trend-stationary is that it will become weakly stationary after the deter-

ministic trend is removed.

Figures 5.5 to 5.7 plots simulated time series data for a linear trend-

stationary process with IID, ARCH(1) and AR(1) innovations respectively.

Figure 5.5 A linear trend-stationary process with IID N(0,1) innovations.
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Figure 5.6 A linear trend-stationary process with ARCH(1) innovations.

Figure 5.7 A linear trend-stationary process with AR(1) innovations.
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Next, we discuss the second type of nonstationary process called

difference-stationary process. Again, we start with a special case:

Example 5.12. [Random Walk]: {Zt} is a random walk with a drift if

Zt = α0 + Zt−1 + εt,

where {εt} is IID(0, σ2). For simplicity, we assume Z0 = 0. Then

E(Zt) = α0t,

var(Zt) = σ2t,

cov(Zt, Zt−j) = σ2(t− j).

Note that for any given j,

corr(Zt, Zt−j) =

√
t− j

t
→ 1 as t → ∞,

which implies that the impact of an infinite past shock on today’s behavior

never dies out. Indeed, this can be seen more clearly if we write

Zt = Z0 + α0t+
t−1∑
j=0

εt−j .

Note that {Zt} has a deterministic linear time trend but with an increasing

variance over time. The impulse response function ∂Zt+j/∂εt = 1 for all

j ≥ 0, which never dies off to zero as j → ∞.

There is another nonstationary process called martingale process which

is closely related to a random walk.

Definition 5.7. [Martingale]: A time series process {Zt} is a martingale

with drift if

Zt = α+ Zt−1 + εt,

and {εt} satisfies

E(εt|It−1) = 0 ,

where It−1 is the σ-field generated by {εt−1, εt−2, ...}. We call that {εt} is

a Martingale Difference Sequence (MDS).
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Question: Why is εt called an MDS?

This is so because εt is the difference of a martingale process. That is,

εt = Zt − Zt−1.

Example 5.13. [Martingale and EMH]: Suppose an asset log-price

lnPt follows a martingale process, i.e.,

lnPt = lnPt−1 + εt,

where E(εt|It−1) = 0. Then

εt = lnPt − lnPt−1 ≈ Pt − Pt−1

Pt−1

is the asset relative price change or asset return (if there is no dividend)

from time t − 1 to time t, which can be viewed as the proxy for the new

information arrival from time t − 1 to time t that derives the asset price

change in the same period. For this reason, εt is also called an innovation

sequence. The MDS property of εt implies that the price change εt is

unpredictable using the past information available at time t − 1, and the

market is called informationally efficient. Thus, the best predictor for the

asset price at time t using the information available at time t − 1 is Pt−1,

i.e., E(Pt|It−1) = Pt−1.

Question: What is the relationship between a random walk and a martin-

gale?

A random walk is a martingale because IID with zero mean implies

E(εt|It−1) = E(εt) = 0. However, the converse is not true.

Example 5.14. Reconsider an ARCH(1) process

εt = h
1/2
t zt,

ht = α0 + α1ε
2
t−1,

{zt} ∼ IID(0,1),

where α0, α1 > 0. It follows that

E(εt|It−1) = 0,

var(εt|It−1) = ht = α0 + α1ε
2
t−1,
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where It−1 denotes the information available at time t− 1. Clearly {εt} is

an MDS but not IID, because its conditional variance ht is time-varying

(depending on the past information set It−1).

Since the only condition for MDS is E(εt|It−1) = 0, an MDS need not

be strictly stationary or weakly stationary. However, if it is assumed that

var(εt) = σ2 exists, then an MDS is weakly stationary.

When the variance E(ε2t ) exists, we have the following directional rela-

tionships:

IID =⇒ MDS =⇒ WN.

Lemma 5.1. If {εt} is an MDS with E(ε2t ) = σ2 < ∞, then {εt} is a WN.

Proof: By the law of iterated expectations, we have

E(εt) = E[E(εt|It−1)] = 0,

and for any j > 0,

cov(εt, εt−j) = E(εtεt−j)− E(εt)E(εt−j)

= E[E(εtεt−j |It−1)]

= E[E(εt|It−1)εt−j ]

= E(0 · εt−j)

= 0.

This implies that an MDS, together with var(εt) = σ2, is a WN.

However, a WN does not imply an MDS, as can be seen from the ex-

ample below.

Example 5.15. [Nonlinear MA]: Suppose a nonlinear MA process is

give as

εt = αzt−1zt−2 + zt,

{zt} ∼ IID(0, 1).

Then it can be shown that {εt} is a WN but not an MDS, because

cov(εt, εt−j) = 0 for all j > 0 but

E(εt|It−1) = αzt−1zt−2 	= 0.

Thus, a non-MDS sequence can be a WN.
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Figures 5.8 to 5.10 plot simulated data for an IID sequence, a condi-

tionally heteroskedastic MDS, and a non-MDS WN process, respectively.

Figure 5.8 Plot of a simulated IID N(0,1) sequence.

Figure 5.9 Plot of a simulated time series for a conditionally homoskedastic MDS.
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Figure 5.10 Plot of a simulated time series for a non-MDS WN process.

Question: When will the concepts of IID, MDS and WN coincide?

When a stationary process {εt} is a stationary Gaussian process if

{εt1 , εt2 , ..., εtm} is multivariate normally distributed for any admissible set

of integers {t1, t2, ..., tm}. Unfortunately, an important stylized fact for most

economic and financial time series is that they are typically non-Gaussian.

Therefore, it is important to emphasize the difference among the concepts

of IID, MDS and WN in time series econometrics. They have different

probabilistic properties and different implications in economics.

When var(εt) exists, both random walk and martingale processes are

special cases of the so-called unit root process, which is defined below.

Definition 5.8. [Unit Root or Difference-Stationary Process]: {Zt}
is a unit root process with drift if

Zt = α0 + Zt−1 + εt,

where {εt} is covariance-stationary (0, σ2) .

The process {Zt} is called a unit root process because its autoregressive

coefficient is unity. It is also called a difference-stationary process because



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 218

218 Foundations of Modern Econometrics

its first difference,

ΔZt = Zt − Zt−1 = α0 + εt,

becomes weakly stationary. In fact, the first difference of a linear trend-

stationary process Zt = α0 + α1t+ εt is also weakly stationary:

ΔZt = α1 + εt − εt−1.

The inverse of differencing is “integrating”. For a difference-stationary

process {Zt}, we can write it as the integral of the weakly stationary process

{εt} in the sense that

Zt = α0t+ Z0 +

t−1∑
j=0

εt−j ,

where Z0 is the starting value of the process {Zt}. This is analogous to dif-

ferentiation and integration in calculus which are inverses of each other. For

this reason, {Zt} is also called an Integrated process of order 1, denoted as

I(1). Obviously, a random walk and a martingale process are I(1) processes

if the variance of the innovation εt is finite. There are various popular tests

for unit roots, including those of Dicky and Fuller (1979), Phillips (1987)

and Phillips and Perron (1988).

Figures 5.11 to 5.13 plots simulated time series data for a unit root

process with IID, ARCH(1) and AR(1) innovations respectively.

Figure 5.11 Plot of a simulated time series data for a unit root process with IID N(0,1)
innovations.
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Figure 5.12 Plot of a simulated time series data for a unit root process with ARCH(1)

innovations.

Figure 5.13 Plot of a simulated time series data for a unit root process with AR(1)

innovations.

We will assume strict stationarity in most cases in the present and

subsequent chapters. This implies that some economic variables have to

be transformed before used in the linear regression model Yt = X ′
tβ

o +

εt. Otherwise, the asymptotic theory developed here cannot be applied.

Indeed, a different asymptotic theory should be developed for unit root
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processes (see, e.g., Engle and Granger 1987, Phillips 1987, and Hamilton

1994).

In macroeconomics, it is important to check whether a nonstationary

macroeconomic time series is trend-stationary or difference-stationary. If

it is a unit root process, then a shock to the economy will never die out

to zero as time evolves. In contrast, a random shock to a trend-stationary

process will die out to zero eventually.

Question: Why has the unit root econometrics been popular in economet-

rics?

It was found in empirical studies (e.g., Nelson and Plosser 1982) that

most macroeconomic time series display unit root properties.

Next, we introduce a concept of asymptotic independence, which im-

poses certain restrictions on temporal dependence of a time series process.

Consider as an example the following time series

Zn = (Z1, Z2, ..., Zn)
′

= (W,W, ...,W )′,

where W is a random variable that does not depend on time index t. Ob-

viously, the stationarity condition holds. However, any realization of this

random sample Zn will be

zn = (w,w, ..., w)′,

i.e., it will contain the same realization w for all n observations (so no

new information as n increases). In order to avoid this, we need to im-

pose a condition called ergodicity that assumes that (Zt, ..., Zt+k) and

(Zm+t, ..., Zm+t+l) are asymptotically independent when their time dis-

tance m → ∞.

Statistically speaking, independence or little correlation generates new

or more information as the sample size n increases. Recall that X and Y

are independent if and only if

E[f(X)g(Y )] = E[f(X)]E[g(Y )]

for any measurable bounded functions f(·) and g(·). We now extend this

definition to define ergodicity.
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Definition 5.9. [Ergodicity]: A strictly stationary process {Zt} is said to

be ergodic if for any two bounded functions f : Rk+1 → R and g : Rl+1 →
R,

lim
m→∞ |E [f(Zt, ..., Zt+k)g(Zm+t, ..., Zm+t+l)]|
= |E [f(Zt, ..., Zt+k)]| · |E [g(Zm+t, ..., Zm+t+l)]| .

Clearly, ergodicity is a notion of asymptotic independence. A strictly

stationary process that is ergodic is called ergodic stationary. If {Zt} is er-

godic stationary, then {f(Zt)} is also ergodic stationary for any measurable

function f(·).
An important implication of ergodicity is that the statistical properties

(such as the population mean and variance) of the ergodic time series pro-

cess can be deduced from a single, sufficiently long sample (realizations) of

the process. We now introduce WLLN and CLT for an ergodic time series

process.

Theorem 5.1. [WLLN for an Ergodic Stationary Random Sam-

ple]: Let {Zt} be an ergodic stationary process with E(Zt) = μ and

E|Zt| < ∞. Then the sample mean

Z̄n = n−1
n∑

t=1

Zt
p→ μ as n → ∞.

Question: Why do we need to assume ergodicity?

Consider a counter example which does not satisfy the ergodicity condi-

tion: Zt = W for all t. Then the sample mean Z̄n = W, a random variable

which will never converge to μ as n → ∞.

Next, we state a CLT for an ergodic stationary MDS random sample.

Theorem 5.2. [CLT for an Ergodic Stationary MDS Random

Sample]: Suppose {Zt} is an stationary MDS process, with var(Zt) ≡
E(ZtZ

′
t) = V finite, symmetric and positive definite. Then as n → ∞,

√
nZ̄n = n−1/2

n∑
t=1

Zt
d→ N(0, V )

or equivalently,

V −1/2
√
nZ̄n

d→ N(0, I).
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Question: Is avar(
√
nZ̄n) = V = var(Zt)? That is, does the asymptotic

variance of
√
nZ̄n coincide with the individual variance var(Zt)?

To check this, we have

var(
√
nZ̄n) = E[

√
nZ̄n

√
nZ̄ ′

n]

= E

[(
n−1/2

n∑
t=1

Zt

)(
n−1/2

n∑
s=1

Zs

)′]

= n−1
n∑

t=1

n∑
s=1

E(ZtZ
′
s)

= n−1
n∑

t=1

E(ZtZ
′
t)

= E(ZtZ
′
t)

= V.

Here, the MDS property plays a crucial rule in simplifying the asymp-

totic variance of
√
nZ̄n because it implies cov(Zt, Zs) = 0 for all t 	= s.

MDS is one of the most important concepts in modern economics, particu-

larly in macroeconomics, finance, and econometrics. For example, rational

expectations theory can be characterized by an expectational error being

an MDS.

The basic time series concepts introduced in this section are selective,

serving for the purpose of analysis of time series models introduced in this

book. For more comprehensive coverage of time series analysis, readers

are referred to, e.g., Brockwell and Davies (1991), Hamilton (1994), and

Priestley (1981).

5.2 Framework and Assumptions

With the basic time series concepts and analytic tools introduced above,

we can now develop an asymptotic theory for linear regression models with

time series observations. We first state the assumptions that allow for time

series observations.

Assumption 5.1. [Ergodic Stationarity]: The observable stochastic

process {Yt, X
′
t}nt=1 is ergodic stationary, where Yt is a random variable

and Xt is a K × 1 random vector.
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Assumption 5.2. [Linearity]:

Yt = X ′
tβ

o + εt,

where βo is a K × 1 unknown parameter vector, and εt is the unobservable

disturbance.

Assumption 5.3. [Correct Model Specification]: E(εt|Xt) = 0 with

E(ε2t ) = σ2 < ∞.

Assumption 5.4. [Nonsingularity]: The K ×K matrix

Q = E(XtX
′
t)

is symmetric, finite and nonsingular.

Assumption 5.5. [MDS]: {Xtεt} is an MDS process with respect to the

σ-field generated by {Xsεs, s < t} and the K ×K matrix V ≡ var(Xtεt) =

E(XtX
′
tε

2
t ) is finite and positive definite.

In Assumption 5.1, an ergodic stationary process is a stochastic process

which exhibits both stationarity and ergodicity. In essence this implies that

the random process will not change its statistical properties over time and

that its statistical properties of the process can be inferred from a single,

sufficiently long time series sample of the process. The ergodic stationary

process Zt = {Yt, X
′
t}nt=1 in Assumption 5.1 can be independent or serially

dependent across different time periods. We thus allow for time series

observations from a stationary stochastic process.

Under Assumptions 5.1 and 5.2, the linear regression model allows that

the regressor vector Xt includes lagged dependent variables and/or lagged

explanatory variables. When Xt includes lagged dependent variables, we

call the linear regression model a dynamic regression model. When Xt

includes lagged explanatory variables, we call the linear regression model

a distributional lag model. If Xt does not include any lagged dependent

variables, we call the linear regression model a static regression model.

It is important to emphasize that the asymptotic theory to be developed

below and in subsequent chapters is not applicable to nonstationary time

series. A problem associated with nonstationary time series is the so-called

spurious regression or spurious correlation problem. If the dependent vari-

able Yt and the regressors Xt display similar trending behaviors over time,

one is likely to obtain seemly highly “significant” regression coefficients and
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high values for R2, even if they do not have any causal relationship. Such

results are completely spurious. In fact, the OLS estimator for a nonsta-

tionary time series regression model does not follow the asymptotic theory

to be developed below. A different asymptotic theory for nonstationary

time series regression models has to be used (see, e.g., Engle and Granger

1986, Hamilton 1994, Phillips 1986, 1987). Using the correct asymptotic

theory, the seemingly highly “significant” regression coefficient estimators

would become insignificant in the spurious regression models.

Unlike the IID case, where E(εt|Xt) = 0 is equivalent to the strict

exogeneity condition that

E(εt|X) = E(εt|X1, ..., Xt, ..., Xn) = 0,

the correct model specification condition E(εt|Xt) = 0 is weaker than

E(εt|X) = 0 in a time series context. In other words, it is possible that

E(εt|Xt) = 0 but E(εt|X) 	= 0. Assumption 5.3 allows for the inclusion of

predetermined variables in Xt, the lagged dependent variables Yt−1, Yt−2,

etc.

For example, suppose Xt = (1, Yt−1)
′. Then we obtain an AR(1) model

Yt = X ′
tβ

o + εt

= β0 + β1Yt−1 + εt, t = 2, ..., n,

{εt} ∼ MDS(0, σ2).

Then E(εt|Xt) = 0 holds if E(εt|It−1) = 0, namely if {εt} is an MDS, where

It−1 is the sigma-field generated by {εt−1, εt−2, ...}. However, we generally

have E(εt|X) 	= 0 because E(εtXt+1) 	= 0.

The MDS assumption for Xtεt is a key condition in this chapter. When

Xt contains an intercept, the MDS condition forXtεt in Assumption 5.5 im-

plies that E(εt|It−1) = 0; that is, εt is an MDS, where It−1 = εt−1, εt−2, ....

Question: When can an MDS disturbance εt arise in economics and fi-

nance?

Example 5.16. [Rational Expectations and MDS]: Recall the dy-

namic asset pricing model under a rational expectations framework in

Chapter 1. The behavior of the economic agent is characterized by the

Euler equation:

E

[
β

u′(Ct)

u′(Ct−1)
Rt

∣∣∣∣ It−1

]
= 1
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or

E(MtRt|It−1) = 1,

where β is the time discount factor of the representative economic agent,

Ct is the consumption, Rt is the asset gross return, and Mt is the stochastic

discount factor defined as follows:

Mt = β
u′(Ct)

u′(Ct−1)

= β +
u′′(Ct−1)

u′(Ct−1)
ΔCt + higher order

∼ risk discount factor.

Using the formula that cov(Xt, Yt|It−1) = E(XtYt|It−1) − E(Xt|It−1)

E(Yt|It−1) and rearranging, we can write the Euler equation as

E(Mt|It−1)E(Rt|It−1) + cov(Mt, Rt|It−1) = 1.

It follows that

E(Rt|It−1) =
1

E(Mt|It−1)
+

cov(Mt, Rt|It−1)

var(Mt|It−1)
· −var(Mt|It−1)

E(Mt|It−1)

= αt + βtλt,

where αt = α(It−1) is the risk-free interest rate, λt = λ(It−1) is the market

risk, and βt = β(It−1) is the price of market risk, or the so-called beta

factor.

Equivalently, we can write a regression equation for the asset return

Rt = αt + βtλt + εt,

where εt is a stochastic pricing error satisfying

E(εt|It−1) = 0.

Note that the parameters αt and βt are generally time-varying. The stan-

dard CAPM usually assumes αt−1 = α, βt = β and uses some proxies for

λt.

As in Chapter 4, no normality assumption on {εt} is imposed. Further-

more, no conditional homoskedasticity condition is imposed. We now allow

that var(εt|Xt) is a function of Xt. In particular, because Xt may contain

lagged dependent variables Yt−1, Yt−2, ..., var(εt|Xt) can change over time

(e.g., volatility clustering). Volatility clustering is a well-known financial
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phenomenon where a large volatility today tends to be followed by another

large volatility tomorrow, and a small volatility today tends to be followed

by another small volatility tomorrow.

Although Assumptions 5.1 to 5.5 allow for temporal dependences be-

tween observations, we will still obtain the same asymptotic properties for

the OLS estimator and related test procedures as in the IID case. Put it

differently, all the large sample properties for the OLS estimator and related

tests established under the IID assumption in Chapter 4 remain applicable

to time series observations with the stationary MDS assumption for {Xtεt},
and the MDS condition plays a crucial role here. We now show that this is

indeed the case in subsequent sections.

5.3 Consistency of the OLS Estimator

We first investigate the consistency of the OLS estimator β̂. Recall the OLS

estimator

β̂ = (X′X)−1X′Y

= Q̂−1n−1
n∑

t=1

XtYt,

where, as before,

Q̂ = n−1
n∑

t=1

XtX
′
t.

Substituting Yt = X ′
tβ

o + εt from Assumption 5.2, we have

β̂ − βo = Q̂−1n−1
n∑

t=1

Xtεt.

Theorem 5.3. [Consistency of the OLS Estimator]: Suppose As-

sumptions 5.1 to 5.5 hold. Then

β̂ − βo p→ 0 as n → ∞.

Proof: Because {Xt} is ergodic stationary, {XtX
′
t} is also ergodic station-

ary. Thus, given Assumption 5.4, which implies E|XitXjt| ≤ C < ∞ for

0 ≤ i, j ≤ k and for some constant C, we have

Q̂
p→ E(XtX

′
t) = Q
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by WLLN for an ergodic stationary process. Because Q−1 exists, by conti-

nuity we have

Q̂−1 p→ Q−1 as n → ∞.

Next, we consider n−1
∑n

t=1 Xtεt. Because {Yt, X
′
t}nt=1 is ergodic sta-

tionary, εt = Yt −X ′
tβ

o is ergodic stationary, and so is Xtεt. In addition,

E|Xjtεt| ≤
[
E(X2

jt)E(ε2t )
]1/2 ≤ C < ∞ for 0 ≤ j ≤ k

by the Cauchy-Schwarz inequality and Assumptions 5.3 and 5.4. It follows

that

n−1
n∑

t=1

Xtεt
p→ E(Xtεt) = 0

by WLLN for an ergodic stationary process, where

E(Xtεt) = E[E(Xtεt|Xt)]

= E[XtE(εt|Xt)]

= E(Xt · 0)
= 0

by the law of iterated expectations and Assumption 5.3. Therefore, we have

β̂ − βo = Q̂−1n−1
n∑

t=1

Xtεt
p→ Q−1 · 0 = 0.

This completes the proof.

5.4 Asymptotic Normality of the OLS Estimator

Next, we derive the asymptotic distribution of the OLS estimator β̂.

Theorem 5.4. [Asymptotic Normality of the OLS Estimator]: Sup-

pose Assumptions 5.1 to 5.5 hold. Then

√
n(β̂ − βo)

d→ N(0, Q−1V Q−1) as n → ∞.

Proof: Recall

√
n(β̂ − βo) = Q̂−1n− 1

2

n∑
t=1

Xtεt.
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First, we consider the second term

n− 1
2

n∑
t=1

Xtεt.

Because {Yt, X
′
t}nt=1 is ergodic stationary, Xtεt is also ergodic stationary.

Also, {Xtεt} is an MDS with var(Xtεt) = E(XtX
′
tε

2
t ) = V being finite and

positive definite (Assumption 5.5). By CLT for an ergodic stationary MDS

process, we have

n− 1
2

n∑
t=1

Xtεt
d→ N(0, V ).

Moreover, Q̂−1 p→ Q−1, as shown earlier. It follows from Slutsky’s theorem

that

√
n(β̂ − βo) = Q̂−1n− 1

2

n∑
t=1

Xtεt

d→ Q−1N(0, V ) ∼ N(0, Q−1V Q−1).

This completes the proof.

The asymptotic distribution of β̂ under Assumptions 5.1 to 5.5 is exactly

the same as that of β̂ in Chapter 4. In particular, the asymptotic mean of√
n(β̂ − βo) is 0, and the asymptotic variance of

√
n(β̂ − βo) is Q−1V Q−1;

we denote

avar(
√
nβ̂) = Q−1V Q−1.

The asymptotic variance of
√
nβ̂ can be simplified if there exists condi-

tional homoskedasticity.

Assumption 5.6. E(ε2t |Xt) = σ2.

This assumption rules out the possibility that the conditional variance

of εt changes with Xt. For low-frequency macroeconomic time series, this

might be a reasonable assumption. For high-frequency financial time series,

however, this assumption will be rather restrictive.

Theorem 5.5. [Asymptotic Normality Under Conditional Homo-

skedasticity]: Suppose Assumptions 5.1 to 5.6 hold. Then

√
n(β̂ − βo)

d→ N(0, σ2Q−1).
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Proof: Under Assumption 5.6, we can simplify

V = E(XtX
′
tε

2
t )

= E[E(XtX
′
tε

2
t |Xt)]

= E[XtX
′
tE(ε2t |Xt)]

= σ2E(XtX
′
t)

= σ2Q.

The desired results follow immediately from the previous theorem. This

completes the proof.

Under conditional homoskedasticity, the asymptotic variance of
√
n(β̂−

βo) is

avar(
√
nβ̂) = Q−1V Q−1

= σ2Q−1.

This is rather convenient to estimate.

5.5 Asymptotic Variance Estimation for the OLS

Estimator

To construct confidence interval estimators or hypothesis test statistics, we

need to estimate the asymptotic variance of
√
n(β̂−βo), namely avar(

√
nβ̂).

We consider consistent estimation for avar(
√
nβ̂) under conditional homo-

skedasticity and conditional heteroskedasticity respectively.

Case I: Conditional Homoskedasticity

Under this case, the asymptotic variance of
√
n(β̂ − βo) is

avar(
√
nβ̂) = Q−1V Q−1 = σ2Q−1.

It suffices to have consistent estimators for σ2 and Q respectively.

Question: How to estimate Q?

Lemma 5.2. Suppose Assumptions 5.1 and 5.3 hold. Then

Q̂
p→ Q as n → ∞.
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Question: How to estimate σ2?

To estimate σ2, we use the sample residual variance estimator

s2 =
e′e

n−K
.

Theorem 5.6. [Consistent Estimation for σ2]: Under Assumptions

5.1 to 5.5, as n → ∞,

s2
p→ σ2.

Proof: The proof is analogous to the proof of Theorem 4.4 in Chapter 4.

We have

s2 =
1

n−K

n∑
t=1

e2t

= (n−K)−1
n∑

t=1

ε2t

+ (β̂ − βo)′
(

1

n−K

n∑
t=1

XtX
′
t

)
(β̂ − βo)

− 2(β̂ − βo)′
1

n−K

n∑
t=1

Xtεt

p→ σ2 + 0 ·Q · 0− 2 · 0 · 0 = σ2

given that K is a fixed number, where we have made use of WLLN for an

ergodic stationary process in several places. This completes the proof.

We can then estimate avar(
√
nβ̂) = σ2Q−1 by s2Q̂−1.

Theorem 5.7. [Asymptotic Variance Estimator of
√
nβ̂ Under

Conditional Homoskedasticity]: Under Assumptions 5.1 to 5.4, we can

consistently estimate the asymptotic variance avar(
√
nβ̂) by

s2Q̂−1 p→ σ2Q−1.

This implies that the variance estimator of β̂ is calculated as

s2Q̂−1

n
= s2(X′X)−1,

which is the same as in the classical linear regression case.
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Case II: Conditional Heteroskedasticity

In this case,

avar(
√
nβ̂) = Q−1V Q−1

cannot be further simplified.

Question: How to estimate Q−1V Q−1?

Question: It is straightforward to estimate Q by Q̂. How to estimate

V = E(XtX
′
tε

2
t )?

We can use its sample analog

V̂ = n−1
n∑

t=1

XtX
′
te

2
t .

To ensure consistency of V̂ for V, we impose the following moment condi-

tion:

Assumption 5.7. E(X4
jt) < ∞ for 0 ≤ j ≤ k and E(ε4t ) < ∞.

Lemma 5.3. Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then

V̂
p→ V as n → ∞.

Proof: The proof is analogous to the proof of Lemma 4.13 in Chapter 4.

Because et = εt − (β̂ − βo)′Xt, we have

V̂ = n−1
n∑

t=1

XtX
′
tε

2
t

+ n−1
n∑

t=1

XtX
′
t[(β̂ − βo)′XtX

′
t(β̂ − βo)]

− 2n−1
n∑

t=1

XtX
′
t[εtX

′
t(β̂ − βo)]

p→ V + 0− 2 · 0,
where for the first term, we have

n−1
n∑

t=1

XtX
′
tε

2
t

p→ E(XtX
′
tε

2
t ) = V
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by WLLN for an ergodic stationary process and Assumption 5.5. For the

second term, it suffices to show that for any combination (i, j, l,m), where

0 ≤ i, j, l,m ≤ k,

n−1
n∑

t=1

XitXjt[(β̂ − βo)′XtX
′
t(β̂ − βo)]

=

k∑
l=0

k∑
m=0

(β̂l − βo
l )(β̂m − βo

m)

(
n−1

n∑
t=1

XitXjtXltXmt

)
p→ 0,

which follows from β̂ − βo p→ 0 and n−1
∑n

t=1 XitXjtXltXmt
p→

E(XitXjtXltXmt) = O(1) by WLLN and Assumption 5.7.

For the last term, it suffices to show

n−1
n∑

t=1

XitXjt[εtX
′
t(β̂ − βo)]

=
k∑

l=0

(β̂l − βo
l )

(
n−1

n∑
t=1

XitXjtXltεt

)
p→ 0,

which follows from β̂−βo p→ 0, n−1
∑n

t=1 XitXjtXltεt
p→ E(XitXjtXltεt) =

0 by WLLN for an ergodic stationary process, the law of iterated expecta-

tions, and E(εt|Xt) = 0.

We have proved the following result.

Theorem 5.8. [Asymptotic Variance Estimator for
√
nβ̂ Under

Conditional Heteroskedasticity]: Under Assumptions 5.1 to 5.5 and

5.7, we can consistently estimate avar(
√
nβ̂) by

Q̂−1V̂ Q̂−1 p→ Q−1V Q−1.

The variance estimator Q̂−1V̂ Q̂−1 is the so-called White’s

heteroskedasticity-consistent variance-covariance matrix estimator of the

OLS estimator
√
nβ̂ in a linear time series regression model with MDS

disturbances.
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5.6 Hypothesis Testing

Question: How to construct a test for the null hypothesis

H0 : Rβo = r,

where R is a J ×K constant matrix, and r is a J × 1 constant vector?

Because
√
n(β̂ − βo)

d→ N(0, Q−1V Q−1),

we have under H0,

√
nR(β̂ − βo)

d→ N(0, RQ−1V Q−1R′).

When E(ε2t |Xt) = σ2 , we have V = σ2Q, and so

R
√
n(β̂ − βo)

d→ N(0, σ2RQ−1R′).

The test statistics differ in two cases. We first construct a test under

conditional homoskedasticity.

Case I: Conditional Homoskedasticity

When J = 1, we can use the conventional t-test statistic for large sample

inference.

Theorem 5.9. [t-Test Under Conditional Homoskedasticity]: Sup-

pose Assumptions 5.1 to 5.6 hold. Then under H0 with J = 1,

T =
Rβ̂ − r√

s2R(X′X)−1R′
d→ N(0, 1)

as n → ∞.

Proof: Given R
√
n(β̂ − βo)

d→ N(0, σ2RQ−1R′), Rβo = r under H0, and

J = 1, we have
√
n(Rβ̂ − r)√
σ2RQ−1R′

d→ N(0, 1).

By Slutsky’s theorem and Q̂ = X′X/n, we obtain
√
n(Rβ̂ − r)√
s2RQ̂−1R′

d→ N(0, 1).
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This ratio is the conventional t-test statistic we examined in Chapter 3,

namely:

√
n(Rβ̂ − r)√
s2RQ̂−1R′

=
Rβ̂ − r√

s2R(X′X)−1R′ = T.

For J > 1, we can consider an asymptotic χ2 test that is based on the

conventional F -statistic.

Theorem 5.10. [Wald Test Under Conditional Homoskedasticity]:

Suppose Assumptions 5.1 to 5.6 hold. Then under H0,

W = J · F d→ χ2
J

as n → ∞.

Proof: We write

Rβ̂ − r = R(β̂ − βo) +Rβo − r.

Under H0 : Rβo = r, we have

√
n(Rβ̂ − r) = R

√
n(β̂ − βo)

d→ N(0, σ2RQ−1R′).

It follows that the quadratic form

√
n(Rβ̂ − r)′[σ2RQ−1R′]−1

√
n(Rβ̂ − r)

d→ χ2
J .

Also, because s2Q̂−1 p→ σ2Q−1, we have the Wald test statistic

W =
√
n(Rβ̂ − r)′[s2RQ̂−1R′]−1

√
n(Rβ̂ − r)

d→ χ2
J

by Slutsky’s theorem. This can be written equivalently as follows:

W =
(Rβ̂ − r)′[R(X′X)−1R′]−1(Rβ̂ − r)

s2
d→ χ2

J ,

namely

W = J · F d→ χ2
J ,

where F is the conventional F -test statistic considered in Chapter 3.
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We cannot use the F -distribution for a finite sample size n, but we can

still compute the F -statistic and the appropriate test statistic is J times

the F -statistic, which is asymptotically χ2
J as n → ∞. That is,

J · F =
(ẽ′ẽ− e′e)
e′e/(n−K)

d→ χ2
J .

Put it differently, the classical F -test statistic is still approximately appli-

cable under Assumptions 5.1 to 5.6 for a large n.

We now give two examples that are not covered under the assumptions

of a classical linear regression model.

Example 5.17. [Testing for Granger Causality]: Consider a bivariate

time series {Yt, Xt}, where t is the time index, I
(Y )
t−1 = {Yt−1, ..., Y1} and

I
(X)
t−1 = {Xt−1, ..., X1}. For example, Yt is the GDP growth rate, and Xt is

the money supply growth rate. We say that Xt does not Granger-cause Yt

in conditional mean with respect to It−1 = {I(Y )
t−1, I

(X)
t−1} if

E
[
Yt

∣∣∣I(Y )
t−1, I

(X)
t−1

]
= E

[
Yt

∣∣∣I(Y )
t−1

]
.

In other words, the lagged variables of Xt have no impact on the current

Yt.

Granger causality is defined in terms of incremental predictability rather

than the real cause-effect relationship. From an econometric point of view,

it is a test of omitted variables in a time series context. It is first introduced

by Granger (1969).

Question: How to test Granger causality?

We consider two approaches to testing Granger causality. The first test

is proposed by Granger (1969). Consider a linear regression model

Yt = β0 + β1Yt−1 + · · ·+ βpYt−p

+ βp+1Xt−1 + · · ·+ βp+qXt−q + εt.

Under non-Granger causality, we have

H0 : βp+1 = · · · = βp+q = 0.

The F -test statistic

F ∼ Fq,n−(p+q+1).
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The classical regression theory of Chapter 3 (Assumption 3.2: E(εt|X) =

0) rules out this application, because it is a dynamic regression model.

However, we have justified in this chapter that under H0,

q · F d→ χ2
q

as n → ∞ under conditional homoskedasticity for a linear dynamic regres-

sion model.

There is another well-known test for Granger causality proposed by Sims

(1980), which is based on the fact that the future cannot cause the present

in any notion of causality. To test whether {Xt} Granger-causes {Yt}, we
consider the following linear regression model

Xt = α0 +

p∑
j=1

αjXt−j +
J∑

j=1

βjYt+j +

q∑
j=1

γjYt−j + ut.

Here, the dependent variable is Xt rather than Yt. If {Xt} Granger-causes

{Yt}, we expect some relationship between the current Xt and the future

values of Yt. Note that nonzero values for any of {βj}Jj=1 cannot be inter-

preted as causality from the future values of Yt to the current Xt, simply

because the future cannot cause the present. Nonzero values of any βj must

imply that there exists causality from the current Xt to the future values

of Yt. Therefore, we test the null hypothesis

H0 : βj = 0 for 1 ≤ j ≤ J.

Let F be the associated F -test statistic. Then under H0,

J · F d→ χ2
J

as n → ∞ under conditional homoskedasticity. However, it is generally

the case that the stochastic disturbance sequence {ut} is serially correlated

so that the test statistic J · F cannot be used. Instead, a robustified test

statistic for H0 should be considered, using, e.g., a consistent long-run

variance-covariance matrix estimator to be introduced in Chapter 6.

The concept of Granger causality, introduced by Granger (1969), is de-

fined in terms of incremental periodicity of one time series for another in

conditional mean. Granger (1980) introduces a concept of general Granger

causality in terms of incremental predictability of one time series for an-

other in conditional distribution, and a concept of Granger causality in

conditional variance. Hong (2001) develops a test for Granger causality in

variance (or volatility spillover), and Wang and Hong (2018) propose a test
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for general Granger causality in distribution. Furthermore, Hong, Liu and

Wang (2009) introduce a concept of Granger causality in risk, and develop

a test.

Example 5.18. [Wage Determination]: Consider the wage function

Wt = β0 + β1Pt + β2Pt−1 + β3Ut

+ β4Vt + β5Wt−1 + εt,

where Wt is wage, Pt is price, Ut is unemployment, and Vt is the number

of unfilled vacancies. We will test the null hypothesis

H0 : β1 + β2 = 0, β3 + β4 = 0, and β5 = 1.

Question: What is the economic interpretation of the null hypothesis H0?

Under H0, we have the restricted wage model:

ΔWt = β0 + β1ΔPt + β4Dt + εt,

where ΔWt = Wt−Wt−1 is wage growth rate, ΔPt = Pt−Pt−1 is inflation

rate, and Dt = Vt − Ut is an index for excess job supply. This implies that

wage increase depends on inflation rate and excess labor supply.

Under H0, we have

3F
d→ χ2

3.

We now consider a special case of testing for joint significance of all

economic variables. More specifically, we are interested in testing the null

hypothesis that all slope coefficients are jointly zero in a stationary time

series linear regression model

Yt = X ′
tβ

o + εt

= βo
0 +

k∑
j=1

βo
jXjt + εt.

Theorem 5.11. [(n−K)R2 Test]: Suppose Assumptions 5.1 to 5.6 hold,

and we are interested in testing the null hypothesis that

H0 : βo
1 = βo

2 = · · · = βo
k = 0,
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where the βo
j , 1 ≤ j ≤ k, are the slope coefficients in the linear regression

model Yt = X ′
tβ

o + εt.

Let R2 be the coefficient of determination from the unrestricted regres-

sion model

Yt = X ′
tβ

o + εt.

Then under H0,

(n−K)R2 d→ χ2
k.

Proof: First, note that as shown earlier, we have in this case,

F =
R2/k

(1−R2)/(n−K)
.

Here, we have J = k, and under H0,

k · F =
(n−K)R2

1−R2

d→ χ2
k.

This implies that k · F is bounded in probability; that is,

(n−K)R2

1−R2
= OP (1).

Consequently, given that k is fixed (i.e., k does not grow with the sample

size n), we have

R2/(1−R2)
p→ 0

or equivalently,

R2 p→ 0.

Therefore, 1−R2 p→ 1. By Slutsky’s theorem, we have

(n−K)R2 =
(n−K)R2

1−R2
· (1−R2)

d→ χ2
k.

This completes the proof.

Example 5.19. [Testing EMH]: Suppose Yt is the exchange rate return

in period t, and It−1 is the information available at time t − 1. Then a
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classical version of EMH can be stated as follows:

E(Yt|It−1) = E(Yt).

To check whether exchange rate changes are unpredictable using the past

history of exchange rate changes, we specify a linear regression model

Yt = X ′
tβ

o + εt,

where

Xt = (1, Yt−1, ..., Yt−k)
′.

Under EMH, we have

H0 : βo
j = 0 for all j = 1, ..., k.

If the alternative

HA : βo
j 	= 0 at least for some j ∈ {1, ..., k}

holds, then exchange rate changes are predictable using the past informa-

tion.

What is the appropriate interpretation if H0 is not rejected? Note that

there exists a gap between EMH and H0, because the linear regression

model is just one of many ways to check EMH. Thus, if H0 is not rejected,

at most we can only say that no evidence against EMH is found. We should

not conclude that EMH holds.

In using k · F or (n − K)R2 statistic to test EMH, although the nor-

mality assumption is not needed for this result, we still require conditional

homoskedasticity, which rules out ARCH in the dynamic time series re-

gression framework. ARCH arises in high-frequency financial time series

processes. In such cases, (n −K)R2 will not follow a Chi-square distribu-

tion asymptotically under the null hypothesis.

It may be further noted that the (n − K)R2 test, or any other

autocorrelation-based tests, may fail to detect the alternatives which are

WN but not MDS. One example is the nonlinear MA process in Exam-

ple 5.10. In an empirical study, Hong and Lee (2003) document that the

changes of several major exchanges are serially uncorrelated but are not

MDS.
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Case II: Conditional Heteroskedasticity

Next, we construct hypothesis tests for H0 under conditional hetero-

skedasticity. Recall that under H0,
√
n(Rβ̂ − r) = R

√
n(β̂ − βo) +

√
n(Rβo − r)

=
√
nR(β̂ − βo)

d→ N(0, RQ−1V Q−1R′),

where V = E(XtX
′
tε

2
t ).

For J = 1, we have
√
n(Rβ̂ − r)√

RQ−1V Q−1R′
d→ N(0, 1) as n → ∞.

Because Q̂
p→ Q and V̂

p→ V, where V̂ = X′D(e)D(e)′X/n, we have by

Slutsky’s theorem that the robust t-test statistic

Tr =

√
n(Rβ̂ − r)√

RQ̂−1V̂ Q̂−1R′

d→ N(0, 1) as n → ∞.

Theorem 5.12. [Robust t-Test Under Conditional Heteroskedas-

ticity]: Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then under H0

with J = 1, as n → ∞, the robust t-test statistic

Tr =

√
n(Rβ̂ − r)√

RQ̂−1V̂ Q̂−1R′

d→ N(0, 1).

For J > 1, the quadratic form

√
n(Rβ̂ − r)′[RQ−1V Q−1R′]−1

√
n(Rβ̂ − r)

d→ χ2
J

under H0. Given Q̂
p→ Q and V̂

p→ V, where V̂ = X′D(e)D(e)′X/n, we

have a robust Wald test statistic

Wr = n(Rβ̂ − r)′[RQ̂−1V̂ Q̂−1R′]−1(Rβ̂ − r)

d→ χ2
J

by Slutsky’s theorem. We can equivalently write

Wr = (Rβ̂ − r)′[R(X′X)−1X′D(e)D(e)
′
X(X′X)−1R′]−1(Rβ̂ − r)

d→ χ2
J .
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Theorem 5.13. [Robust Wald Test Under Conditional Hetero-

skedasticity]: Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then under

H0, as n → ∞,

W = n(Rβ̂ − r)′(RQ̂−1V̂ Q̂−1R′)−1(Rβ̂ − r)
d→ χ2

J .

Under conditional heteroskedasticity, J ·F and (n−K)R2 can no longer

be used even when n → ∞, because they do not converge to χ2
J as n → ∞.

On the other hand, although the general form of the test statistic Wr

developed here can be used no matter whether there exists conditional ho-

moskedasticity, Wr may perform poorly in small samples (i.e., the asymp-

totic χ2
J approximation may be poor in small samples, or Type I errors

are large). Thus, if one has information that the disturbance term is con-

ditionally homoskedastic, one should use the test statistics derived under

conditional homoskedasticity, which will perform better in small sample

sizes. Because of this reason, it is important to test whether conditional

homoskedasticity holds in a time series context.

5.7 Testing for Conditional Heteroskedasticity and

Autoregressive Conditional Heteroskedasticity

In this section, we first consider testing conditional heteroskedasticity in a

time series regression context.

Question: Can we still use White’s (1980) test for conditional hetero-

skedasticity in a stationary time series linear regression context?

The answer is yes. Although White’s (1980) test is developed under

the independence assumption, it is also applicable to a time series linear

regression model when {Xtεt} is an MDS process. Thus, the procedure to

implement White’s (1980) test as is discussed in Chapter 4 can be used

here. Specifically, to test the null hypothesis

H0 : E(ε2t |Xt) = σ2,

where εt is the regression disturbance in a stationary time series linear

regression model

Yt = X ′
tβ

o + εt,
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we consider the following feasible auxiliary regression

e2t = γ0 +

k∑
j=1

γjXjt +
∑

1≤j≤l≤k

γjlXjtXlt + ṽt

= γ′vech(XtX
′
t) + ṽt,

where et = Yt − X ′
tβ̂ is the estimated OLS residual, and vech(XtX

′
t) is a

1
2K(K + 1) × 1 vector. Under H0 : E(ε2t |Xt) = σ2 and E(ε4t ) = μ4 < ∞,

the test statistic

(n− J − 1)R2 d→ χ2
J as n → ∞,

where J = 1
2K(K + 1).

In the time series econometrics, there is an alternative approach to test-

ing conditional heteroskedasticity in an autoregressive time series context.

This is Engle’s (1982) Lagrange Multiplier (LM) test for ARCH effects in

{εt}.
Consider the regression model

Yt = X ′
tβ

o + εt,

εt = σtzt,

{zt} ∼ IID(0, 1),

where σt = σ(It−1) is a nonnegative function of information set It−1 =

{εt−1, εt−2, ...}. Here, to allow for a possibly time-varying conditional vari-

ance of the regression disturbance εt given It−1, εt is formulated as the

product between a random shock zt and σt = σ(It−1). When the random

shock series {zt} is IID(0, 1), we have

var(εt|It−1) = E(z2t σ
2
t |It−1)

= σ2
tE(z2t |It−1)

= σ2
t .

That is, σ2
t is the conditional variance of εt given It−1.When σ2

t is a function

of It−1, the conditional variance of εt will change over time, and this is called

ARCH.

Suppose there exists a constant σ2 such that

H0 : E(ε2t |It−1) = σ2

holds, then σ2
t = σ2 will not change over time. This is called autoregressive

conditional homoskedasticity.
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To test the null hypothesisH0 of autoregressive conditional homoskedas-

ticity, we consider the following auxiliary regression for ε2t :

ε2t = α0 +

q∑
j=1

αjε
2
t−j + vt,

where E(vt|It−1) = 0. This is called an ARCH(q) model in Engle (1982).

ARCH models can capture a well-known empirical stylized fact called

volatility clustering in financial markets, i.e., a high volatility today tends

to be followed by another large volatility tomorrow, and a small volatil-

ity today tends to be followed by another small volatility tomorrow, and

such patterns alternate over time. To see this more clearly, we consider an

ARCH(1) model where

σ2
t = α0 + α1ε

2
t−1,

where, to ensure nonnegativity of σ2
t , both α0 and α1 are required to be

nonnegative parameters. Suppose 0 < α1 < 1. Then if εt−1 is an unusually

large deviation from its expectation of 0 so that ε2t−1 is large, then the

conditional variance of εt is larger than usual. Therefore, εt is expected to

have an unusually large deviation from its mean of 0, with either direction.

Similarly, if ε2t−1 is usually small, then σ2
t is small, and ε2t is expected to be

small as well. Because of this behavior, volatility clustering arises.

In addition to volatility clustering, ARCH(1) can also generate heavy

tails for εt even when the random shock zt is IID N(0, 1). This can be seen

from its kurtosis

K =
E(ε4t )

[E(ε2t )]
2

=
E(z4t )(1− α2

1)

(1− 3α2
1)

> 3

given α1 > 0, where we have made use of the fact that E(z4t ) = 3 for

zt ∼ N(0, 1).

In an ARCH(q) framework, all autoregressive coefficients αj , 1 ≤ j ≤ q,

are identically zero when H0 holds. Thus, we can test H0 by checking

whether all αj , 1 ≤ j ≤ q, are jointly zero. If αj 	= 0 for some 1 ≤ j ≤ q,

then there exists autocorrelation in {ε2t} and H0 is false.

Observe that with εt = σtzt and {zt} is IID(0,1), the disturbance vt
in the auxiliary autoregression model is an IID sequence under H0, which
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implies that E(v2t |It−1) = σ2
v , i.e., {vt} is conditionally homoskedastic.

Thus, when H0 holds, we have

(n− q − 1)R̃2 d→ χ2
q,

where R̃2 is the centered R2 from the auxiliary regression for {ε2t}.
The auxiliary regression for ε2t , unfortunately, is infeasible because εt is

not observable. However, we can replace εt by the estimated OLS residual

et and consider the regression

e2t = α0 +

q∑
j=1

αje
2
t−j + ṽt.

Then we obtain Engle’s (1982) test for ARCH effects:

(n− q − 1)R2 d→ χ2
q.

Note that the replacement of εt by et has no impact on the asymptotic

distribution of the test statistic, for the same reason as in White’s (1980)

test for conditional heteroskedasticity. See Chapter 4 for more discussion.

The existence of ARCH effects for {εt} does not automatically im-

ply that we have to use White’s heteroskedasticity-consistent variance-

covariance matrix Q−1V Q−1 for the OLS estimator β̂. Suppose Yt =

X ′
tβ

o + εt is a static time series model such that the two time series {Xt}
and {εt} are independent of each other, and {εt} displays ARCH effects,

i.e.,

var(εt|It−1) = α0 +

q∑
j=1

αjε
2
t−j

with at least some αj 	= 0, j ∈ {1, ..., q}. Then Assumption 5.6 still holds

because var(εt|Xt) = var(εt) = σ2 given the assumption that {Xt} and

{εt} are independent. In this case, we have

avar(
√
nβ̂) = σ2Q−1.

Next, suppose Yt = X ′
tβ

o+ εt is a dynamic time series regression model

such that Xt contains some lagged dependent variables (say Yt−1). Then if

{εt} displays ARCH effects, Assumption 5.6 may fail because we may have

E(ε2t |Xt) 	= σ2, which generally occurs when Xt and {ε2t−j , j = 1, ..., p} are

not independent. In this case, we have to use

avar(
√
nβ̂) = Q−1V Q−1.
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5.8 Testing for Serial Correlation

Question: Why is it important to test serial correlation for {εt}?

We now provide some motivation for doing so. First, we examine the

impact of serial correlation in {εt} on the asymptotic variance of the OLS

estimator
√
nβ̂. Recall that under Assumptions 5.1 to 5.5,

√
n(β̂ − βo) = Q̂−1 1√

n

n∑
t=1

Xtεt

d→ N(0, Q−1V Q−1),

where V = var(Xtεt). Among other things, this implies that the asymptotic

variance of n−1/2
∑n

t=1 Xtεt is the same as the variance of Xtεt. This

follows from the MDS assumption for {Xtεt} :

var

(
n−1/2

n∑
t=1

Xtεt

)
= n−1

n∑
t=1

n∑
s=1

E(XtεtX
′
sεs)

= n−1
n∑

t=1

E(XtX
′
tε

2
t )

= E(XtX
′
tε

2
t )

= V.

This result will not generally hold if the MDS property for {Xtεt} is vio-

lated.

Question: How to check E(Xtεt|It−1) = 0 , where It−1 is the σ-field gen-

erated by {Xsεs, s < t}?

When Xt contains the intercept, we have that {εt} is an MDS with

respect to the σ-field generated by {εs, s < t}, which implies that {εt} is

serially uncorrelated.

If {εt} is serially correlated, then {Xtεt} will not be an MDS, and

consequently we will generally have var(n−1/2
∑n

t=1 Xtεt) 	= V . There-

fore, serial uncorrelatedness is a necessary condition for the validity of

avar(
√
nβ̂) = Q−1V Q−1 with V = E(XtX

′
tε

2
t ).

On the other hand, let us revisit the correct model specification condi-

tion that

E(εt|Xt) = 0,



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 246

246 Foundations of Modern Econometrics

in a time series context. Note that this condition does not necessarily imply

that {εt} or {Xtεt} is an MDS in a time series context.

To see this, consider the case when

Yt = X ′
tβ

o + εt

is a static regression model where {Xt} and {εt} are mutually indepen-

dent, or at least when cov(Xt, εs) = 0 for all t, s. Then it is possible that

E(εt|Xt) = 0 but {εt} is serially correlated. An example is that {εt} is an

AR(1) process but {εt} and {Xt} are mutually independent. In this case,

serial dependence in {εt} does not cause inconsistency of the OLS estimator

β̂ to βo, but we no longer have

var
(
n−1/2

∑
n
t=1Xtεt

)
= V ≡ var (Xtεt) = E(XtX

′
tε

2
t ).

In other words, the MDS property for {εt} is crucial for

var(n−1/2
∑n

t=1 Xtεt) = V in a static regression model, although it is not

needed to ensure E(εt|Xt) = 0. For a static regression model, the regres-

sors in Xt are usually called exogenous variables. In particular, if {Xt} and

{εt} are mutually independent, then Xt is called strongly exogenous. If

Assumption 3.2 (E(εt|X) = 0) holds, then Xt is called strictly exogenous.

On the other hand, when Yt = X ′
tβ

o + εt is a dynamic regression model

where Xt includes lagged dependent variables such as {Yt−1, ..., Yt−k}, then
Xt and εt−j are generally not independent for j > 0. In this case, the correct

model specification condition

E(εt|Xt) = 0

holds when {εt} is an MDS, i.e., E(εt|It−1) = 0, where It−1 =

{εt−1, εt−2, ...}. If {εt} is not an MDS, the condition that E(εt|Xt) = 0

generally does not hold. To see this, we consider, for example, an AR(1)

model

Yt = βo
0 + βo

1Yt−1 + εt

= X ′
tβ

o + εt.

Suppose {εt} is an MA(1) process, i.e., εt = αvt−1 + vt, {vt} ∼ IID(0, σ2
v).

Then E(Xtεt) 	= 0, and so E(εt|Xt) 	= 0. This is in fact an ARMA(1,1)

process. When the DGP is an ARMA(1,1) process, the AR(1) model suf-

fers from dynamic misspecification. Thus, to ensure correct specification

(E(Yt|Xt) = X ′
tβ

o ) of a dynamic regression model in a time series context,
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it is important to check the MDS property for {εt}. In this case, tests for

MDS can be viewed as specification tests for dynamic regression models.

In time series econometrics such as rational expectations econometrics,

correct model specification usually requires that εt be an MDS:

E(εt|It−1) = 0,

where It−1 is the information set available to the economic agent at time

t − 1. In this content, Xt is usually a subset of It−1, namely Xt ∈ It−1.

Thus both Assumptions 5.3 and 5.5 hold simultaneously:

E(εt|Xt) = E[E(εt|It−1)|Xt] = 0

and

E(Xtεt|It−1) = XtE(εt|It−1) = 0

given that Xt belongs to It−1.

Question: How to check serial dependence in {εt}?

To check the MDS property of {εt}, one may check whether there exists

serial correlation in {εt}. Evidence of serial correlation in {εt} will indicate

that {εt} is not an MDS. The existence of serial correlation may be due

to various sources of model misspecification. For example, it may be that

in the linear regression model, important explanatory variables are missing

(omitted variables), or that the functional relationship is nonlinear (func-

tional form misspecification), or that lagged dependent variables or lagged

explanatory variables should have been included as regressors (neglected

dynamics or dynamic misspecification). Therefore, tests for serial correla-

tion can also be viewed as a model specification check in a dynamic time

series regression context.

We now introduce a number of tests for serial correlation of the distur-

bance {εt} in a linear regression model.

(1) Breusch-Godfrey Test

Consider the null hypothesis

H0 : E(εt|It−1) = 0,

where It−1 = {εt−1, εt−2, ...}, εt is the regression disturbance in the sta-

tionary time series linear regression model

Yt = X ′
tβ

o + εt,

with E(εt|Xt) = 0.
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We now introduce the Lagrange Multiplier (LM) test for serial corre-

lation originally proposed by Breusch (1978) and Godfrey (1978). Follow-

ing the vast literature, we will first assume autoregressive conditional ho-

moskedasticity (i.e., E(ε2t |It−1) = σ2) in testing serial correlation for {εt}.
Thus, this method is not suitable for high-frequency financial time series,

where volatility clustering has been well-documented. Extensions to condi-

tional heteroskedasticity and ARCH will be discussed later.

First, suppose εt is observed, and we consider the auxiliary regression

model (an AR(p))

εt =

p∑
j=1

αjεt−j + ut, t = p+ 1, ..., n,

where {ut} is an MDS. Under H0, we have αj = 0 for 1 ≤ j ≤ p. Thus, we

can test H0 by checking whether {αj}pj=1 are jointly equal to 0. Given the

assumption that E(ε2t |It−1) = σ2, which implies E(u2
t |εt−1, ..., εt−p) = σ2

under H0, we can run an OLS auxiliary regression and obtain

nR̃2
uc

d→ χ2
p,

where R̃2
uc is the uncentered R2 in the auxiliary AR(p) regression (noting

that there is no intercept), and p is the number of the regressors.

Unfortunately, εt is not observable. However, we can replace εt with the

estimated OLS residual et = Yt − X ′
tβ̂. When Yt = X ′

tβ
o + εt is a sta-

tionary dynamic linear regression model, unlike White’s (1980) test for

heteroskedasticity of unknown form, this replacement will generally change

the asymptotic χ2
p distribution of nR2

uc. This follows because the estima-

tion error X ′
t(β̂ − βo) contained in the estimated residual et is correlated

with the regressors of the auxiliary AR(p) regression and so has nontrivial

impact on the asymptotic distribution of the test statistic. To remove the

impact of the estimation error X ′
t(β̂ − βo), we can modify the auxiliary

regression as follows:

et =

K∑
j=1

γjXjt +

p∑
j=1

αjet−j + ut

= γ′Xt +

p∑
j=1

αjet−j + ut, t = p+ 1, ..., n,

where Xt contains the intercept. The inclusion of the regressors Xt in the

auxiliary regression will purge the impact of the estimation error X ′
t(β̂−βo)
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of the test statistic, because Xt and X ′
t(β̂ − βo) are perfectly correlated.

Therefore, the resulting statistic

nR2 d→ χ2
p as n → ∞

under H0 : E(εt|It−1) = 0, where R2 is the centered squared multi-

correlation coefficient in the feasible auxiliary regression model.

To further explain why Xt has to be included in the auxiliary AR(p)

regression when Yt = X ′
tβ

o + εt is a dynamic regression model, we assume

that Xt contains some lagged dependent variables (say Yt−j for 1 ≤ j ≤ p).

When we replace εt by et = εt−X ′
t(β̂−βo), the estimation error X ′

t(β̂−βo)

will have nontrivial impact on the asymptotic distribution of a test statistic

for H0, because Xt may be correlated with εt−j (and so with et−j in the

augmented auxiliary AR(p) regression) at least for some lag order j > 0. To

remove the impact of X ′
t(β̂−βo), we can add the regressor vector Xt in the

auxiliary regression, which is perfectly correlated with the estimation error

X ′
t(β̂−βo), and so can purge its impact. This can be proven rigorously but

we do not attempt to do so here, because it would be tedious and offer no

more new insight than the above intuition. Below, we provide a heuristic

explanation.

First, we consider the infeasible auxiliary AR(p) autoregression εt =∑p
j=1 α

o
jεt−j + ut. Under the null hypothesis of no serial correlation, the

OLS estimator

√
n(α̃− αo) =

√
nα̃

converges to an asymptotic normal distribution, which implies α̃ =

OP (n
−1/2) vanishes in probability at a rate of n−1/2. The test statistic nR̃2

uc

is asymptotically equivalent to a quadratic form in
√
nα̃ which follows an

asymptotic χ2
p distribution. In other words, the asymptotic distribution of

nR̃2
uc is determined by the asymptotic distribution of

√
nα̃.

Now, suppose we replace εt by et = εt − (β̂ − βo)′Xt, and consider the

feasible auxiliary AR(p) autoregression

et =

p∑
j=1

αo
jet−j + vt.

Suppose the OLS estimator of this feasible auxiliary AR(p) regression

is α̂. We can then decompose

α̂ = α̃− δ̂ + reminder term,
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where α̃, as discussed above, is the OLS estimator of regressing εt on

εt−1, ..., εt−p, and δ̂ is the OLS estimator of regressing (β̂ − βo)′Xt on

εt−1, ..., εt−p. When the regressor vector Xt contains lagged dependent vari-

ables so that E(Xtεt−j) is likely not zero for some j ∈ {1, ..., p}, δ̂ will

converge to zero at the same rate as α̃, which is n−1/2. Because δ̂
p→ 0 at

the same rate as α̃, δ̂ will have nontrivial impact on the asymptotic distri-

bution of nR2
uc, where R2

uc is the uncentered R2 in the feasible auxiliary

AR(p) autoregression. To remove the impact of δ̂, we need to include Xt

as additional regressors in the feasible auxiliary AR(p) regression.

Question: When do we not need to include Xt in the auxiliary regression?

When we have a static regression model Yt = X ′
tβ

o + εt, where

cov(Xt, εs) = 0 for all t, s (so E(Xtεt−j) = 0 for all j ∈ {1, ..., p}), the
estimation error X ′

t(β̂ − βo) in et has no impact on the asymptotic dis-

tribution of nR2
uc. It follows that we do not need to include Xt in the

feasible auxiliary AR(p) autoregression. In other words, we can test serial

correlation for {εt} by running the following auxiliary AR(p) model

et =

p∑
j=1

αjet−j + ut.

The resulting nR2
uc is asymptotically χ2

p under the null hypothesis of no

serial correlation.

Question: Suppose we have a static regression model, and we include Xt

in the auxiliary regression in testing serial correlation of {εt}. What will

happen?

For a static regression model, whether the regressor vectorXt is included

in the auxiliary regression has no impact on the asymptotic χ2
p distribution

of nR2
uc or nR2 under the null hypothesis of no serial correlation in {εt}.

Thus, we will still obtain an asymptotic valid test statistic nR2 under H0.

In fact, the size performance of the test may be better in finite samples.

However, the test may be less powerful in finite samples than the test

without including Xt, because Xt may take away some serial correlation in

{εt} under the alternative to H0.
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Question: What happens if we include an intercept in the auxiliary re-

gression

et = α0 +

p∑
j=1

αjet−j + ut,

where et is the OLS residual from a static regression model?

With the inclusion of the intercept here, we can then use nR2 to test

serial correlation in {εt}, which is more convenient to compute than nR2
uc.

Most statistical software report R2 but not R2
uc. Under H0, nR

2 d→ χ2
p.

However, the inclusion of the intercept α0 may have some adverse impact

on the power of the test in small samples, because there is an additional

parameter to estimate.

As discussed at the beginning of this section, a test for serial correlation

can be viewed as a specification test for a dynamic time series regression

model, because existence of serial correlation in the estimated model resid-

ual {et} will generally indicate misspecification of a dynamic regression

model.

On the other hand, for a static time series regression model, it is possible

that the static regression model Yt = X ′
tβ

o + εt is correctly specified in the

sense that E(εt|Xt) = 0 but {εt} displays serial correlation. In this case,

existence of serial correlation in {εt} does not affect the consistency of

the OLS estimator β̂ but affects the asymptotic variance and therefore the

efficiency of the OLS estimator β̂.

Question: What happens to a test for serial correlation in {εt} if a static

time series regression model Yt = X ′
tβ

o + εt is misspecified?

Since εt is unobservable, one always has to use the estimated residual

et in testing for serial correlation. Because the estimated residual

et = Yt −X ′
tβ̂

= εt + [E(Yt|Xt)−X ′
tβ

∗] +X ′
t(β

∗ − β̂),

it contains the true disturbance εt = Yt −E(Yt|Xt) and model approxima-

tion error E(Yt|Xt)−X ′
tβ

∗, where

β∗ = [E(XtX
′
t)]

−1E(XtYt)

is the best linear least squares approximation coefficient which the OLS esti-

mator β̂ always converges to as n → ∞. If the static linear regression model



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 252

252 Foundations of Modern Econometrics

is misspecified for E(Yt|Xt), then the approximation error E(Yt|Xt)−X ′
tβ

∗

will never vanish to zero as n → ∞ and this term can cause serial correlation

in et if Xt is a time series process. Thus, when one finds that there exists

serial correlation in the estimated residuals {et} of a static linear regression

model, there exist two possibilities: (a) {εt} is serially correlated while the

static linear regression model is correctly specified (i.e., E(εt|Xt) = 0), and

(b) the static linear regression model is misspecified. In the latter case, the

OLS estimator β̂ is generally not consistent for βo. Therefore, one has to

first check correct specification of a static regression model in order to give

correct interpretation of any documented serial correlation in the estimated

residuals.

(2) Durbin-Watson Test

In the development of tests for serial correlation in regression distur-

bances, there have been two popular tests that have historical importance.

One is the Durbin-Watson test and the other is Durbin’s h-test. The

Durbin-Watson test is the first formal procedure developed for testing first

order serial correlation

εt = ρεt−1 + ut, {ut} ∼ IID
(
0, σ2

)
,

using the OLS residuals {et}nt=1 in a static linear regression model Yt =

X ′
tβ

o + εt. Durbin and Watson (1950, 1951) propose a test statistic

d =

∑n
t=2 (et − et−1)

2∑n
t=1 e

2
t

.

They present tables of bounds at the 0.05, 0.025 and 0.01 significance

levels of the d statistic for static regressions with an intercept. Against

the one-sided alternative that ρ > 0, if d is less than the lower bound dL,

the null hypothesis that ρ = 0 is rejected; if d is greater than the upper

bound dU , the null hypothesis is accepted. Otherwise, the test is equivocal.

Against the one-sided alternative that ρ < 0, 4− d can be used to replace

d in the above procedure.

The Durbin-Watson test has been extended to test for lag 4 autocorre-

lation by Wallis (1972) and for autocorrelation at any lag by Vinod (1973).

The Durbin-Watson d-test is not applicable to dynamic linear regression

models, because parameter estimation uncertainty in the OLS estimator β̂

will have nontrivial impact on the asymptotic distribution of d. Durbin

(1970) developed the so-called h-test for first-order autocorrelation in {εt}
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that takes into account parameter estimation uncertainty in β̂. Consider a

simple dynamic linear regression model

Yt = βo
0 + βo

1Yt−1 + βo
2Xt + εt,

where Xt is strictly exogenous. Durbin’s h statistic is defined as:

h = ρ̂

√
n

1− n · v̂ar (β̂1),

where v̂ar(β̂1) is an estimator for the variance of β̂1, ρ̂ is the OLS estimator

from regressing et on et−1 (in fact, ρ̂ ≈ 1− d/2). Durbin (1970) shows that

h
d→ N(0, 1) as n → ∞ under null hypothesis that ρ = 0. In fact, Durbin’s

h-test is asymptotically equivalent to the LM test (with ρ = 1) introduced

above.

(3) Box-Pierce Test

Define the sample autocovariance function

γ̂(j) = n−1
n∑

t=j+1

(et − ē)(et−j − ē),

where ē = n−1
∑n

t=1 et (this is zero when Xt contains an intercept). The

Box and Pierce (1970) portmanteau test statistic is defined as

Q(p) = n

p∑
j=1

ρ̂2(j),

where the sample autocorrelation function

ρ̂(j) = γ̂(j)/γ̂(0).

When {et} is a directly observed data or is the estimated residual from

a static regression model, we can show

Q(p)
d→ χ2

p

under the null hypothesis of no serial correlation.

On the other hand, when et is an estimated residual from an ARMA(r, s)

model

Yt = α0 +

r∑
j=1

αjYt−j +

s∑
j=1

βjεt−j + εt,
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then

Q(p)
d→ χ2

p−(r+s) as n → ∞,

where p > r+s, where the model parameters are estimated by the Maximum

Likelihood Estimation (MLE) method. See Box and Pierce (1970) for more

details.

To improve small sample performance of the Q(p) test, Ljung and Box

(1978) propose a modified Q(p) test statistic:

Q∗(p) ≡ n(n+ 2)

p∑
j=1

(n− j)−1ρ̂2(j)
d→ χ2

p−(r+q).

The modification matches the first two moments of Q∗(p) with those of

the χ2 distribution. This improves the size of the test in small samples,

although not the power of the test.

When {et} is an estimated residual from a dynamic regression model

with regressors including both lagged dependent variables and exogenous

variables, then the asymptotic distribution of Q(p) becomes generally un-

known (Breusch and Pagan 1980). One solution is to modify the Q(p) test

statistic as follows:

Q̂(p) ≡ nρ̂′(I − Φ̂)−1ρ̂
d→ χ2

p as n → ∞,

where ρ̂ = [ρ̂ (1) , ..., ρ̂ (p)]
′
, and Φ̂ captures the impact caused by nonzero

correlation between {Xt} and {εt−j , 1 ≤ j ≤ p} . See Hayashi (2000, Section
2.10) for more discussion and the expression of Φ̂.

Like the nR2 test, the Q(p) test also assumes conditional homoskedas-

ticity and autoregressive conditional homoskedasticity. In fact, it can be

shown to be asymptotically equivalent to the nR2 test statistic when et is

the estimated residual of a static regression model.

Hong (1996) proposes a class of consistent tests for serial correlation of

unknown form for the disturbance in a stationary linear regression model.

Of them, one test can be viewed as a generalized Box-Pierce portmanteau

test when p grows with sample size n (i.e., p = p(n) → ∞ as n → ∞), where

a downward weighting function is introduced to discount higher order lags,

and there exists an optimal weighting function to maximize certain power

criterion. Interestingly, replacing {εt} by the estimated residual {et} does

not affect the asymptotic normal distribution under the null hypothesis of

MDS, even in a linear dynamic regression model. Intuitively, parameter

estimation uncertainty contained in the estimated residual {et} produces a
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correction term of a finite order, which becomes asymptotically negligible

as p → ∞.

5.9 Conclusion

In this chapter, we first introduce some basic concepts in time series anal-

ysis, and then show that the asymptotic theory established under the IID

assumption in Chapter 4 carries over to ergodic stationary linear time se-

ries regression models with MDS disturbances. The MDS assumption for

the regression disturbances plays a key role. For a static linear regression

model, the MDS assumption is crucial for the validity of White’s (1980)

heteroskedasticity-consistent variance-covariance matrix estimator. For a

dynamic linear regression model, the MDS assumption is crucial for correct

model specification for the conditional mean E(Yt|It−1).

To check the validity of the MDS assumption, one can test serial correla-

tion in the regression disturbance. We introduce a number of popular tests

for serial correlation and discuss the difference in testing serial correlation

between a static regression model and a dynamic regression model.

As in Chapter 4, the form of the asymptotic variance of the OLS esti-

mator depends on whether there exists conditional heteroskedasticity with

respect to the regressors of the linear time series regression model. We

further discuss how to test conditional heteroskedasticity with respect to

explanatory variables and ARCH respectively, and exploit different impli-

cations of these two forms of conditional heteroskedasticity for static and

dynamic linear regression models respectively.
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Exercise 5

5.1. (1) Why is the concept of stationarity important for time series econo-

metrics?

(2) Why is the concept of ergodicity important for time series econo-

metrics? For each part, illustrate your points using concrete examples.

5.2. Suppose a time series {Zt} follows an AR(1) process

Zt = αZt−1 + εt, {εt} ∼ WN(0, σ2),

where |α| < 1.

(1) Find E(Zt), var(Zt), cov(Zt, Zt−j) and corr(Zt, Zt−j) for j =

0,±1, ....

(2) Is this process weakly stationary? Explain.

(3) If |α| ≥ 1, is {Zt} weakly stationary? Explain.

5.3. Suppose a time series process {Zt} follows an MA(1) process

Zt = αεt−1 + εt, {εt} ∼ WN(0, σ2).

(1) Find E(Zt), var(Zt), cov(Zt, Zt−j) and corr(Zt, Zt−j) for j =

0,±1, ....

(2) Suppose α is a finite constant. Is {Zt} weakly stationary? Explain.

(3) Given an autocorrelation coefficient corr(Zt, Zt−1) = ρ (say), is it

possible that there exist two different values for α? Explain.

5.4. Suppose a time series {Zt} follows an ARMA(1, 1) process

Zt = αZt−1 + βεt−1 + εt, {εt} ∼ WN(0, σ2),

where |α| < 1.

(1) Find E(Zt), var(Zt), cov(Zt, Zt−j) and corr(Zt, Zt−j) for j =

0,±1, ....

(2) Is it weakly stationary? Explain.

(3) Express {Zt} as an AR(∞) process.

(4) Suppose |β| < 1. Represent {Zt} as an MA(∞) process.

5.5. A weakly stationary ARMA(1,1) process

Zt = αZt−1 − α−1Zt−1 + εt, where {εt} ∼ IID(0, σ2), and |α| < 1,

is called an all-pass filter model. Find the autocorrelation function ρ(j) of

{Zt}.
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5.6. Discuss whether the following relations are true or false. Give your

reasoning.

(1) A zero-mean IID sequence is an MDS.

(2) A zero-mean IID sequence is a WN process.

(3) An MDS is a WN process.

(4) A WN process may not be an IID sequence.

(5) A WN process may not be an MDS.

5.7. Suppose a time series {Xt} is a Gaussian process, namely, for all integer

k, Zt ≡ (Xt, Xt−1, ..., Xt−k)
′ follows a joint normal distribution. Show that

for a zero-mean stationary Gaussian process {Xt}, IID, MDS and WN are

equivalent to each other in the sense that given one, we can always derive

the other two. [Hint: Examine the PDF of a joint normal distribution.]

5.8. (1) Suppose that using some statistical test, one finds evidence that

there exists serial correlation in {εt}. Can we conclude that {εt} is not an

MDS? Give your reasoning.

(2) Suppose one finds that there exists no serial correlation in {εt}. Can
we conclude that {εt} is an MDS? Give your reasoning. [Hint: Consider a

nonlinear MA process εt = zt−1zt−2 + zt, where zt ∼ IID(0, σ2).]

5.9. Suppose {Zt} is a zero-mean weakly stationary time series process.

Then there exists a stochastic process W (ω) such that

Zt =

∫ π

−π

eitωdW (ω), ω ∈ [−π, π],

where i =
√−1, ω is frequency, W (ω) is an uncorrelated increment pro-

cess with E[dW (ω)] = 0 for all ω ∈ [−π, π], and cov[dW (ω), dW (λ)] =

E|dW (ω)|2 if ω = λ and 0 otherwise.

(1) Show that the autocovariance function γ(j) = cov(Zt, Zt−j) =∫ π

−π
eijω|dW (ω)|2. Note that for a zero-mean complex-valued process,

cov(Zt, Zt−j) = E(ZtZ
∗
t−j). j = 0,±1,±2....

(2) Show that γ(j) =
∫ π

−π
eijωh(ω)dω if in addition E|dW (ω)|2 =

h(ω)dω. This implies that γ(j) is the inverse Fourier transform of the spec-

tral density function h(ω).

5.10. Suppose {Zt}nt=1 is a random sample of size n from a weakly sta-

tionary zero-mean time series process {Zt}. Define the discrete Fourier
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transform

Dn(ω) = n−1/2
n∑

t=1

Zte
itω, ω ∈ [−π, π],

where i =
√−1, ω is called a frequency. Intuitively, the discrete Fourier

transform Dn(ω) extracts the periodic component with frequency ω from

the time series {Zt}. Define

ĥn(ω) =
1

2π
|Dn(ω)|2 .

Show that Eĥn(ω) → h(ω) = 1
2π

∑∞
j=−∞ γ(j)e−ijω as n → ∞, where

γ(j) = cov(Zt, Zt−j).

5.11. Suppose {Zt} is a zero-mean weakly stationary process with spectral

density function h(ω) and standardized spectral density function f(ω) =

h(ω)/γ(0). Show that:

(1) f(ω) is real-valued for all ω ∈ [−π, π].

(2) f(ω) is a symmetric function, i.e., f(−ω) = f(ω).

(3)
∫ π

−π
f(ω)dω = 1.

(4) f(ω) ≥ 0 for all ω ∈ [−π, π]. [Hint: Consider the limit of

E|n−1/2
∑n

t=1 Zte
itω|2, the variance of the complex-valued random variable

n−1/2
∑n

t=1 Zte
itω.]

5.12. Consider an ARCH(1) process in Section 5.1.

(1) Drive the condition(s) under which an ARCH(1) process is weakly

stationary.

(2) Drive the spectral density function of a weakly stationary ARCH(1)

process.

(3) Can the spectral density function h(ω) distinguish an IID sequence

with a finite variance from a weakly stationary ARCH(1) process? Explain.

5.13. Consider testing the null hypothesis of conditional homoskedasticity

(H0 : E(ε2t |Xt) = σ2) for a stationary time series regression model

Yt = X ′
tβ

o + εt,

where Xt is a K × 1 vector consisting of an intercept and explanatory

variables.
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To test conditional homoskedasticity, we consider the auxiliary regres-

sion

ε2t = vech(XtX
′
t)

′γ + vt

= U ′
tγ + vt,

where Ut = vech(XtX
′
t) is a J × 1 vector, with J = K(K + 1)/2. Suppose

Assumptions 5.1 to 5.5 and 5.7 hold, and E(ε4t |Xt) = μ4.

(1) Assume that {εt} is observable, and denote R2 be the coefficient

of determination of the auxiliary regression. Show that the test statistic

(n− J − 1)R2 d→ χ2
J under H0. Give your reasoning.

(2) The assumption that {εt} is observable in Part (1) is not realistic.

Now we replace εt by et = Yt −X ′
tβ̂, the estimated OLS residual. Provide

a heuristic explanation why the replacement of εt by et does not affect the

asymptotic distribution of the proposed test statistic in Part (1).

5.14. Suppose a dynamic linear regression model

Yt = βo
0 + βo

1Yt−1 + εt

= X ′
tβ

o + εt,

where Xt = (1, Yt−1)
′, satisfies Assumptions 5.1, 5.2 and 5.4. Suppose

further that {εt} follows an MA(1) process

εt = ρvt−1 + vt, {vt} ∼ IID(0, σ2
v).

Thus, there exists first order serial correlation in {εt}.
Is the OLS estimator β̂ consistent for βo? Explain.

5.15. Suppose a time series linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.3. This includes both static regression models

and dynamic regression models.

(1) Does the condition E(εt|Xt) = 0 imply that {εt} is a WN? Explain.

(2) If {εt} is an MDS, does it imply E(εt|Xt) = 0? Explain.

(3) If {εt} is serially correlated, does it necessarily imply E(εt|Xt) 	= 0,

i.e., the linear regression model is misspecified for E(Yt|Xt)? Explain.

5.16. Suppose a static time series linear regression model

Yt = X ′
tβ

o + εt
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satisfies Assumptions 5.1 to 5.3, and {Xt} and {εt} are mutually indepen-

dent.

(1) Derive the asymptotic variance of the OLS estimator
√
nβ̂ when

{εt} is an MDS. Give your reasoning.

(2) Is the OLS estimator β̂ consistent for βo when there exists serial

correlation in {εt}? Give your reasoning.

(3) Derive the asymptotic variance of the OLS estimator
√
nβ̂ when

there exists serial correlation in {εt}. Give your reasoning.

5.17. Suppose a linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.6. We are interested in testing the null hy-

pothesis H0 that {εt} is an MDS. Assume that εt is observable.

(1) Consider the auxiliary autoregression

εt =

p∑
j=1

αjεt−j + vt, t = p+ 1, ..., n.

Let R̃2
uc be the uncentered R2 from the OLS estimation of this auxiliary

autoregression. Show nR̃uc
d→ χ2

p as n → ∞ under H0.

(2) Now consider an alternative auxiliary autoregression

εt = α0 +

p∑
j=1

αjεt−j + ut, t = p+ 1, ..., n.

Let R̃2 be the centered R2 from this auxiliary autoregression. Show nR̃2 d→
χ2
p as n → ∞ under H0.

(3) Which test statistic, nR̃2
uc or nR̃2, performs better in small and

finite samples? Give your heuristic reasoning.

5.18. The assumption that {εt} is observable in {εt} in Exercise 5.17 is not

realistic. In practice, one has to use the estimated OLS residual et to replace

εt. Provide a heuristic explanation for whether or not the replacement of

εt by et affects the asymptotic distribution of the test statistics under the

null hypothesis of MDS for {εt} in both Parts (1) and (2) of Exercise 5.17.

[Hint: You may need to consider static and dynamic regression models

respectively.]
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5.19. Suppose a linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.5, and E(ε2t |Xt) 	= σ2. We are interested in

testing the null hypothesis H0 that {εt} is an MDS. Assume that {εt} is

observable.

Consider the auxiliary autoregression

εt =

p∑
j=1

αjεt−j + vt, t = p+ 1, ..., n.

(1) Construct an asymptotically valid test statistic for the null hypoth-

esis that {εt} is an MDS. Give your reasoning.

(2) Can one use nR̃2
uc as a test statistic? Explain.

5.20. The assumption that {εt} is observable in {εt} in Exercise 5.19 is not

realistic. In practice, one has to use the estimated OLS residual et to replace

εt. Provide a heuristic explanation for whether or not the replacement of εt
by et affects the asymptotic distribution of the test statistic under the null

hypothesis of MDS in Part (1) of Exercise 5.19. [Hint: You may consider

static and dynamic regression models respectively.]

5.21. Suppose εt follows an ARCH(1) process

εt = σtzt,

σ2
t = α0 + α1ε

2
t−1,

zt ∼ IID N(0, 1).

(1) Show E(εt|It−1) = 0 and cov(εt, εt−j) = 0 for all j > 0, where

It−1 = {εt−1, εt−2, ...}.
(2) Show cov(ε2t , ε

2
t−1) = α1.

(3) Show the kurtosis of εt is given by

K =
E(ε4t )

[E(ε2t )]
2
=

3(1− α2
1)

1− 3α2
1

.

Thus, K > 3 if α1 > 0.
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5.22. An ergodic stationary time series linear regression model is given by

Yt = X ′
tβ

o + εt,

εt = σtzt,

σ2
t = α0 + α1ε

2
t−1, α0 > 0, 0 < α1 < 1,

{zt} ∼ IID N(0, 1),

where {Xt} and {zt} are mutually independent.

(1) Is the OLS estimator β̂ consistent for βo? Explain.

(2) Is s2Q̂−1 a consistent estimator for the asymptotic variance

avar(
√
nβ̂)? Does the existence of ARCH affect the structure of avar(

√
nβ̂)?

Explain.

5.23. Suppose a time series linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.5. Both static and dynamic regression models

are covered.

Suppose there exists ARCH for {εt}, namely,

E(ε2t |It−1) = α0 +

q∑
j=1

αjε
2
t−j ,

where It−1 is the sigma-field generated by {εt−1, εt−2, ...}. Does this im-

ply that one has to use the asymptotic variance formula Q−1V Q−1 for

avar(
√
nβ̂)? Explain. [Hint: Consider static and dynamic regression mod-

els respectively.]

5.24. Suppose a time series linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.5, and the two time series {Xt} and {εt} are

mutually independent.

Assume that there exists ARCH for {εt}, namely,

E(ε2t |It−1) = α0 +

q∑
j=1

αjε
2
t−j ,

where It−1 is the sigma-field generated by {εt−1, εt−2, ...}. What is the form

of avar(
√
nβ̂), where β̂ is the OLS estimator? Give your reasoning.
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5.25. Suppose a dynamic linear regression model

Yt = X ′
tβ

o + εt

= βo
0 + βo

1Yt−1 + εt

satisfies Assumptions 5.1 to 5.5, where Xt = (1, Yt−1)
′. Assume that there

exists ARCH for {εt} :

E(ε2t |It−1) = α0 + α1Y
2
t−1.

What is the form of avar(
√
nβ̂)? Here β̂ is the OLS estimator.

5.26. Suppose a time series linear regression model

Yt = X ′
tβ

o + εt

satisfies Assumptions 5.1 to 5.5 and 5.7.

We are interested in testing the null hypothesis of autoregressive

conditional homoskedasticity H0 : E(ε2t |It−1) = σ2, where It−1 =

{εt−1, εt−2, ...}. For this purpose, we assume

εt = σtzt, {zt} ∼ IID(0, σ2
z),

with E(z4t ) < ∞. Consider an auxiliary ARCH(q) model

ε2t = α0 +

q∑
j=1

αjε
2
t−j + vt, t = q + 1, ..., n,

where E(vt) = 0. Under H0, all slope coefficients in the auxiliary ARCH(q)

model should be jointly equal to zero.

(1) Show that E(vt|It−1) = 0 and E(v2t |It−1) = μ4 under H0.

(2) Assume that εt is observable. Let R̃2 be the coefficient of determi-

nation in the auxiliary ARCH(q) regression. Show nR̃2 d→ χ2
q as n → ∞

under H0. Give your reasoning.

(3) The assumption that εt is observable is not realistic. In practice,

one has to use et to replace εt in the auxiliary ARCH(q) regression. Let

R2 be the coefficient of determination in the feasible auxiliary ARCH(q)

regression. Show nR2 d→ χ2
q as n → ∞ under H0. This implies that the

replacement of εt by et does not affect the asymptotic distribution of the

test statistic.
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Chapter 6

Linear Regression Models Under
Conditional Heteroskedasticity and

Autocorrelation

Abstract: When the regression disturbance {εt} displays serial correla-

tion, the asymptotic results in Chapter 5 are no longer applicable, because

the asymptotic variance of the OLS estimator will depend on serial corre-

lation in {Xtεt}. In this chapter, we introduce a method to estimate the

asymptotic variance of the OLS estimator in the presence of conditional

heteroskedasticity and autocorrelation, and then develop robust test pro-

cedures based on it.

Keywords: Cochrane-Orcutt procedure, Heteroskedasticity and Autocor-

relation Consistent (HAC) variance-covariance matrix, Kernel function,

Long-run variance-covariance matrix, Newey-West estimator, Nonparamet-

ric estimation, Spectral density matrix, Variance ratio test

6.1 Motivation

In Chapter 5, we assume that {Xtεt} is an MDS. In many economic ap-

plications, there may exist serial correlation in the regression disturbance

{εt}. As a consequence, {Xtεt} is generally no longer an MDS. We now

provide a few examples where {εt} is serially correlated.

Example 6.1. [Testing a Zero Population Mean]: Suppose the daily

stock return {Yt} is an ergodic stationary process with E(Yt) = μ. We are

interested in testing the null hypothesis

H0 : μ = 0

versus the alternative hypothesis

HA : μ 	= 0.

265
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A test for H0 can be based on the sample mean

Ȳn = n−1
n∑

t=1

Yt.

By a suitable CLT (see, e.g., White (1984, Theorem 5.15) or Lemma 6.1

below), the sampling distribution of the sample mean Ȳn scaled by
√
n

√
nȲn

d→ N(0, V )

under H0, where V is the asymptotic variance of the scaled sample mean:

V ≡ avar
(√

nȲn

)
.

Because

var(
√
nȲn) = n−1

n∑
t=1

var (Yt)

+ 2n−1
n−1∑
t=2

t−1∑
j=1

cov(Yt, Yt−j),

serial correlation in {Yt} is expected to affect the asymptotic variance of√
nȲn. Thus, unlike in Chapter 5, avar(

√
nȲn) is no longer equal to var(Yt).

Suppose there exists a variance estimator V̂ such that V̂
p→ V. Then, by

Slutsky’s theorem, we can construct a robust t-test statistic which is asymp-

totically N(0, 1) under H0 :
√
nȲn√
V̂

d→ N(0, 1).

This robust t-test statistic for H0 is asymptotically valid when there exists

serial correlation of unknown form in {Yt}.

Example 6.2. [Unbiasedness Hypothesis]: Consider the following lin-

ear regression model

St+τ = α+ βFt(τ) + εt+τ ,

where St+τ is the spot foreign exchange rate at time t+ τ, Ft(τ) is the for-

ward exchange rate (with maturity τ > 0) at time t, and the disturbance

εt+τ is not observable. Forward currency contracts are agreements to ex-

change, in the future, fixed amounts of two currencies at prices set today.

No money changes hand over until the contract expires or is offset.
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It has been a long-standing controversy on whether the current forward

rate Ft(τ), as opposed to the current spot rate St, is a better predictor

for the future spot rate St+τ . The unbiasedness hypothesis states that the

forward exchange rate (with maturity τ) at time t is the optimal predictor

for the spot exchange rate at time t+ τ, namely,

E(St+τ |It) = Ft(τ) ,

where It is the information set available at time t. This implies

H0 : α = 0, β = 1,

and

E(εt+τ |It) = 0 , t = 1, 2, ....

However, with τ > 1, we generally do not have E(εt+j |It) = 0 for 1 ≤ j ≤
τ − 1. Consequently, there exists serial correlation in {εt} up to τ − 1 lags

under H0. This will affect the asymptotic variance of the OLS estimator√
nβ̂.

Example 6.3. [Long Horizon Return Predictability]: There has been

much interest in regressions of asset returns, measured over various hori-

zons, on various forecasting variables. The latter include ratios of price

to dividends or earnings, various interest rate measures such as the yield

spread between long and short term rates, the quality yield spread between

low and high-grade corporate bonds, and the short term interest rate.

Consider a predictive regression

Yt+h,h = β0 + β1rt + β2(dt − pt) + εt+h,h,

where Yt+h,h is the cumulative return over the holding period from time t

to time t+ h, namely,

Yt+h,h =

h∑
j=1

Rt+j ,

where Rt+j is an asset return in period t + j, rt is the short term interest

rate in time t, and dt − pt is the log dividend-price ratio, which is expected

to be a good proxy for market expectations of future stock returns, because

dt − pt is equal to the expectation of the sum of all discounted future

returns and dividend growth rates. In the empirical finance, there has been

an interest in investigating how the predictability of asset returns by various
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forecasting variables depends on time horizon h. For example, it is expected

that dt − pt is a better proxy for expectations of long horizon returns than

for expectations of short horizon returns. When monthly data is used and

h > 1, there exists an overlapping for observations on Yt+h,h. As a result,

the forecast error εt+h,h is expected to display serial correlation up to lag

order h− 1.

Example 6.4. [Relationship Between GDP and Money Supply]:

Consider a linear macroeconomic regression model

Yt = α+ βMt + εt,

where Yt is GDP growth rate in time t, Mt is money supply growth rate in

time t, and εt is an unobservable disturbance such that E(εt|Mt) = 0 but

there may exist persistent serial correlation of unknown form in {εt}.

Question: What happens to the OLS estimator β̂ if the disturbance {εt}
displays conditional heteroskedasticity (i.e., E(ε2t |Xt) 	= σ2 ) and/or auto-

correlation (i.e., cov(εt, εt−j) 	= 0 at least for some j > 0)? In particular,

we would like to address the following important issues:

• Is the OLS estimator β̂ consistent for βo?

• Is β̂ asymptotically most efficient?

• Is β̂, after properly scaled, asymptotically normal?

• Are the test statistics introduced in Chapter 5 applicable for large

sample inference?

6.2 Framework and Assumptions

We now state the set of assumptions which allow for conditional het-

eroskedasticity and serial correlation of unknown form.

Assumption 6.1. [Ergodic Stationarity]: {Yt, X
′
t}nt=1 is an observable

ergodic stationary process.

Assumption 6.2. [Linearity]:

Yt = X ′
tβ

o + εt,

where βo is a K × 1 unknown parameter vector and εt is the unobservable

disturbance.
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Assumption 6.3. [Correct Model Specification]: E(εt|Xt) = 0 al-

most surely.

Assumption 6.4. [Nonsingularity]: The K ×K matrix

Q = E(XtX
′
t)

is symmetric, finite and nonsingular.

Assumption 6.5. [Long-Run Variance-Covariance Matrix]: (a) For

j = 0,±1, ..., define the K ×K autocovariance function of {Xtεt}

Γ(j) = cov(Xtεt, Xt−jεt−j)

= E(Xtεtεt−jX
′
t−j).

Then
∑∞

j=−∞||Γ(j)|| < ∞, where ||A|| =∑K
i=1

∑K
j=1 |A(i,j)| for anyK×K

matrix, and the long-run variance-covariance matrix

V =

∞∑
j=−∞

Γ(j)

is positive definite.

(b) The conditional expectation

E(Xtεt|Xt−jεt−j , Xt−j−1εt−j−1, ...)
q.m.→ 0 as j → ∞.

(c)
∑∞

j=0[E(r′jrj)]
1/2 < ∞, where

rj = E(Xtεt|Xt−jεt−j , Xt−j−1εt−j−1, ...)

− E(Xtεt|Xt−j−1εt−j−1, Xt−j−2εt−j−2, ...).

Assumptions 6.1 to 6.4 have been assumed in Chapter 5 but Assumption

6.5 is new. Assumption 6.5(a) allows for both conditional heteroskedasticity

and autocorrelation of unknown form in {εt}, and no normality assumption

is imposed on {εt}.
We do not assume that {Xtεt} is an MDS, although E(Xtεt) = 0 as

implied by E(εt|Xt) = 0. Note that E(εt|Xt) = 0 does not necessarily imply

that {Xtεt} is an MDS in a time series context. See the aforementioned

examples for which {Xtεt} is not an MDS.
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Assumptions 6.5(b, c) imply that the serial dependence of Xtεt on its

past history in term of mean and variance respectively vanishes to zero

as the lag order j → ∞. Intuitively, Assumption 6.5(c) may be viewed

as the net effect of Xt−jεt−j on the conditional mean of Xtεt. It implies

E(r′jrj) → 0 as j → ∞.

6.3 Long-Run Variance-Covariance Matrix Estimation

Question: Why are we interested in the long-run variance-covariance ma-

trix V as defined in Assumption 6.5?

Recall that for the OLS estimator β̂, we have

√
n(β̂ − βo) = Q̂−1n−1/2

n∑
t=1

Xtεt.

Suppose a suitable CLT holds for {Xtεt} in the present context. That is,

suppose

n−1/2
n∑

t=1

Xtεt
d→ N(0, V )

as n → ∞, where V is an asymptotic variance-covariance matrix, namely

V ≡ avar

(
n−1/2

n∑
t=1

Xtεt

)
.

Then, by Slutsky’s theorem, we have

√
n(β̂ − βo)

d→ N(0, Q−1V Q−1)

under suitable regularity conditions.

Now we consider the expression of V. Put

gt = Xtεt.

Note that E(gt) = 0 given E(εt|Xt) = 0 and the law of iterated expecta-

tions. Because {gt} is not an MDS, it may be serially correlated. Thus,

the K×K autocovariance function Γ(j) = cov(gt, gt−j) may not be zero at

least for some lag order j > 0.
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Now we consider the variance-covariance matrix

var

(
n−1/2

n∑
t=1

Xtεt

)
= var

(
n−1/2

n∑
t=1

gt

)

= E

[(
n−1/2

n∑
t=1

gt

)(
n−1/2

n∑
s=1

gs

)′]

= n−1
n∑

t=1

n∑
s=1

E(gtg
′
s)

= n−1
n∑

t=1

E(gtg
′
t)

+ n−1
n∑

t=2

t−1∑
s=1

E(gtg
′
s)

+ n−1
n−1∑
t=1

n∑
s=t+1

E(gtg
′
s)

= n−1
n∑

t=1

E(gtg
′
t)

+

n−1∑
j=1

n−1
n∑

t=j+1

E(gtg
′
t−j)

+

−1∑
j=−(n−1)

n−1

n+j∑
t=1

E(gtg
′
t−j)

=

n−1∑
j=−(n−1)

(1− |j|/n)Γ(j)

→
∞∑

j=−∞
Γ(j) as n → ∞

by dominated convergence. Therefore, we have V =
∑∞

j=−∞ Γ(j).

As a special case, when {gt} is an MDS, we have

V ≡ avar

(
n−1/2

n∑
t=1

Xtεt

)
= E(gtg

′
t)

= E(XtX
′
tε

2
t )

= Γ(0).
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When cov(gt, gt−j) is PSD for all j > 0, the difference
∑∞

j=−∞ Γ(j) −
Γ(0) is a PSD matrix. Intuitively, when Γ(j) is PSD, a large deviation of

gt from its mean will tend to be followed by another large deviation. As a

result, V − Γ(0) is PSD.

Question: How to estimate the long-run variance-covariance matrix V ?

It has been a long-standing problem for estimating a long run variance-

covariance matrix. An important approach to estimating V is based on

the spectral density matrix of time series process {Xtεt}. To explore the

link between the long-run variance-covariance matrix V and the spectral

density matrix of {Xtεt}, we now extend the concept of the spectral density

function of a univariate time series to a multivariate time series context.

Definition 6.1. [Spectral Density Matrix]: Suppose {gt = Xtεt} is a

K×1 weakly stationary process with E(gt) = 0 and autocovariance function

Γ(j) ≡ cov(gt, gt−j) = E(gtg
′
t−j), which is a K ×K matrix. Suppose

∞∑
j=−∞

||Γ(j)|| < ∞.

Then the Fourier transform of the autocovariance function Γ(j) exists and

is given by

H(ω) =
1

2π

∞∑
j=−∞

Γ(j)e−ijω, ω ∈ [−π, π],

where i =
√−1. The K × K matrix-valued function H(ω) is called the

spectral density matrix of the weakly stationary time series vector-valued

process {gt}.

The inverse Fourier transform of the spectral density matrix is

Γ(j) =

∫ π

−π

eijωH(ω)dω.

Both H(ω) and Γ(j) are the Fourier transforms of each other. They contain

the same information on serial dependence of the process {gt = Xtεt}.
The spectral density matrix H(ω) is useful to identify business cycles (see

Sargent 1987, Dynamic Macroeconomics, 2nd Edition). For example, if gt is

the GDP growth rate at time t, then H(ω) can be used to identify business

cycles of the economy.
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Given the definition of the spectral density matrix H(ω), we have the

long-run variance-covariance matrix

V = 2πH(0) =

∞∑
j=−∞

Γ(j).

That is, the long-run variance-covariance matrix V is 2π times the spec-

tral density matrix of the time series process {gt} at frequency zero. As

will be seen below, this link provides a basis for consistent nonparametric

estimation of V.

Question: What are the elements of the K × K autovariance function

Γ(j)?

Recall that gt = (g0t,g1t, ..., gkt)
′, where glt = Xltεt for 0 ≤ l ≤ k. Then

the (l + 1,m+ 1)-th element of Γ(j) is

[Γ(j)](l+1,m+1) = Γlm(j)

= cov[glt, gm(t−j)]

= cov[Xltεt, Xm(t−j)ε(t−j)],

which is the cross-covariance between Xltεt and Xm(t−j)ε(t−j). We note

that

Γlm(j) 	= Γlm(−j),

because gt is a vector, not a scalar. Instead, we have

Γ(j) = Γ(−j)′,

which implies Γlm(j) = Γml(−j).

Question: What is the (l + 1,m+ 1)-th element of H(ω) when l 	= m?

The function

Hlm(ω) =
1

2π

∞∑
j=−∞

Γlm(j)e−ijω

is called the cross-spectral density function between {glt} and {gmt}. The
cross-spectrum is very useful in investigating comovements between differ-

ent economic time series. The popular concept of Granger causality was

first defined using the cross-spectrum (see Granger 1969). In general, the

cross-spectral density function Hlm(ω) is complex-valued.
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We first consider a naive estimation method for V. Given a random

sample {Yt, X
′
t}nt=1, we can obtain the estimated OLS residual et = Yt−X ′

tβ̂

from the linear regression model Yt = X ′
tβ

o + εt. Because

V = 2πH(0) =

∞∑
j=−∞

Γ(j),

we first consider a naive estimator

V̂ =

n−1∑
j=−(n−1)

Γ̂(j),

where the sample autocovariance function

Γ̂(j) =

⎧⎨⎩n−1
∑n

t=j+1 XtetX
′
t−jet−j , j = 0, 1, ..., n− 1,

n−1
∑n

t=1−j XtetX
′
t−jet−j , j = −1,−2, ...,−(n− 1).

There is no need to subtract the same mean from Xtet and Xt−jet−j be-

cause X′e =
∑n

t=1 Xtet = 0. Also, note that the summation over lag orders

in V̂ extends to the maximum lag order n−1 for the sample autocovariance

function Γ̂(j). Unfortunately, although it can be proven that Γ̂(j) is con-

sistent for Γ(j) as n → ∞ for each given j, the long-run variance estimator

V̂ is not consistent for V.

Question: Why?

There are too many estimated terms in the summation over lag orders

in V̂ . In fact, there are n estimated parameters {Γ̂(j)}n−1
j=0 in V̂ . It can be

shown that the asymptotic variance estimator V̂ defined above is propor-

tional to the ratio of the number of the estimated autocovariance matrices

{Γ̂(j)} to the sample size n, which will not vanish to zero if the number of

the estimated autocovariances is the same as or is close to the sample size

n.

The above explanation motivates us to consider the following truncated

sum

V̂ =

p∑
j=−p

Γ̂(j),
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where p is a positive integer. If p is fixed (i.e., p does not grow when the

sample size n increases), however, we expect

V̂
p→

p∑
j=−p

Γ(j) 	= 2πH(0) = V,

because the resulting bias

p∑
j=−p

Γ(j)− V = −
∑
|j|>p

Γ(j)

will never vanish to zero as n → ∞ when p is fixed. Hence, we should let

p grow to infinity as n → ∞; that is, let p = p(n) → ∞ as n → ∞. The

bias will then vanish to zero as n → ∞. Note that the bias is negative when

Γ(j) is PSD, i.e., when there exists positive autocorrelation in {Xtεt}.
However, we cannot let p grow as fast as the sample size n. Otherwise,

the variance of V̂ will never vanish to zero. Therefore, to ensure consistency

of V̂ to V, we should balance the bias and the variance of V̂ properly. This

suggests using a truncated variance estimator

V̂ =

pn∑
j=−pn

Γ̂(j),

where pn → ∞, pn/n → 0. An example pn = n1/3. Here, pn is a smoothing

parameter and can be viewed as the maximum truncation lag order.

Although this variance estimator is consistent for V, it may not be PSD

for all n. To ensure that it is always PSD, we can use a weighted average

estimator

V̂ =

pn∑
j=−pn

k(j/pn)Γ̂(j)

where the weighting function k(·) is called a kernel function. An example

is the Bartlett kernel

k(z) = (1− |z|)1(|z| ≤ 1),

where 1(·) is the indicator function, which takes value 1 if the condition

inside holds, and takes value 0 if the condition inside does not hold. Newey

and West (1987, 1994) first used this kernel function to estimate V in

econometrics. The truncated variance estimator V̂ can be viewed as a
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kernel-based estimator with the use of the truncated kernel k(z) = 1(|z| ≤
1), which assigns equal weighting to each of the first pn lags. However,

unlike the Bartlett kernel, the truncated kernel cannot ensure that V̂ is

PSD.

In fact, we can consider a more general variance estimator for V :

V̂ =

n−1∑
j=1−n

k(j/pn)Γ̂(j),

where k(·) may have unbounded support. In fact, any kernel k : R → [−1, 1]

can be used as long as it is symmetric about 0, and is continuous at all points

except a finite number of points on R, with k(0) = 1 and
∫∞
−∞ k2(z)dz < ∞.

At the origin, k(·) attains the maximal value, and the fact that k(·) is

square-integrable implies k(z) → 0 as |z| → ∞. This covers kernels with

bounded and unbounded supports. When a kernel with unbounded support

is used, pn is no longer a maximum truncation lag order, but it is still a

smoothing parameter pn.

Most kernels are downward-weighting in the sense that k(z) → 0 as

|z| → ∞. The use of a downward weighting kernel may enhance estimation

efficiency of V because we have Γ(j) → 0 as j → ∞ when
∑∞

j=−∞ ||Γ(j)|| <
∞, and so it is more efficient to assign a larger weight to a lower order j and

a smaller weight to a higher order j. Intuitively, although the summation

over lag orders in V̂ extends to the maximum lag order n−1, the lag orders

that are much larger than pn are expected to have negligible contributions

to V̂ , given that k(·) discounts higher order lags. As a result, we have

V̂
p→ V as n → ∞.

An example of k(·) that has unbounded support is the Quadratic-

Spectral kernel:

k(z) =
3

(πz)2

[
sin(πz)

πz
− cos(πz)

]
, −∞ < z < ∞.

Andrews (1991) uses it to estimate V . This kernel also delivers a PSD ma-

trix. Andrews (1991) shows that the Quadratic-Spectral kernel minimizes

the asymptotic MSE of the long-run variance estimator V̂ over a class of

kernel functions. Figure 6.1 plots the shapes of the truncated, Bartlett,

Daniell and Quadratic-Spectral kernels respectively.
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Figure 6.1 Shapes of the truncated, Bartlett, Daniell and Quadratic-Spectral kernels.

Under a set of regularity conditions on the random sample {Yt, X
′
t}nt=1,

the kernel function k(·), and the lag order pn (Newey and West 1987,

Andrews 1991), we have

V̂
p→ V

provided pn → ∞, pn/n → 0. There are many rules to satisfy pn →
∞, pn/n → 0. In practice, it is most important to determine an appropri-

ate smoothing parameter pn. Andrews (1991) and Newey and West (1994)

discuss data-driven methods to choose pn.

For derivations of the asymptotic variance and asymptotic bias of the

long-run variance estimator V̂ , see, e.g., Newey and West (1987, 1994) and

Andrews (1991).

6.4 Consistency of the OLS Estimator

When there exist conditional heteroskedasticity and autocorrelation of un-

known form in {εt}, it is very difficult, if not impossible, to use GLS es-

timation. Instead, the OLS estimator β̂ is convenient to use in practice.

We now investigate the asymptotic properties of the OLS estimator β̂ when

there exist conditional heteroskedasticity and autocorrelation of unknown

form.

Theorem 6.1. Suppose Assumptions 6.1 to 6.5(a) hold. Then

β̂
p→ βo as n → ∞.
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Proof: Recall that we have

β̂ − βo = Q̂−1n−1
n∑

t=1

Xtεt.

By Assumptions 6.1, 6.2 and 6.4 and WLLN for an ergodic stationary

process, we have

Q̂
p→ Q and Q̂−1 p→ Q−1.

Similarly, by Assumptions 6.1 to 6.3 and 6.5(a), we have

n−1
n∑

t=1

Xtεt
p→ E(Xtεt) = 0

using WLLN for an ergodic stationary process, where E(Xtεt) = 0 given

Assumption 6.2 (E(εt|Xt) = 0) and the law of iterated expectations.

6.5 Asymptotic Normality of the OLS Estimator

To derive the asymptotic distribution of
√
n(β̂−βo), we first provide a CLT

for an ergodic stationary time series process.

Lemma 6.1. [CLT for a Zero Mean Ergodic Stationary Process

(White 1984, Theorem 5.15)]: Suppose {Zt} is an ergodic stationary

process with

(1) E(Zt) = 0;

(2) V =
∑∞

j=−∞ Γ(j) is finite and nonsingular, where Γ(j) =

E(ZtZ
′
t−j);

(3) E(Zt|Zt−j , Zt−j−1, ...)
q.m.→ 0, as j → ∞;

(4)
∑∞

j=0[E(r′jrj)]
1/2 < ∞, where

rj = E(Zt|Zt−j , Zt−j−1, ...)− E(Zt|Zt−j−1, Zt−j−2, ...).

Then as n → ∞,

n1/2Z̄n = n−1/2
n∑

t=1

Zt
d→ N(0, V ).

Proof: See White (1984, Theorem 5.15).
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Theorem 6.2. [Asymptotic Normality]: Suppose Assumptions 6.1 to

6.5 hold. Then as n → ∞,

√
n(β̂ − βo)

d→ N(0, Q−1V Q−1),

where V =
∑∞

j=−∞ Γ(j) is as in Assumption 6.5.

Proof: We now use Lemma 6.1 to derive the asymptotic distribution of√
n(β̂ − βo). Recall that

√
n(β̂ − βo) = Q̂−1n−1/2

n∑
t=1

Xtεt.

By Assumptions 6.1 to 6.3 and 6.5 and CLT for an ergodic stationary

process, we have

n−1/2
n∑

t=1

Xtεt
d→ N(0, V ),

where V =
∑∞

j=−∞ Γ(j) is as in Assumption 6.5. Also, Q̂
p→ Q and Q̂−1 p→

Q−1 by Assumption 6.4 and WLLN for an ergodic stationary process. We

then have by Slutsky’s theorem

√
n(β̂ − βo)

d→ N(0, Q−1V Q−1).

6.6 Hypothesis Testing

We now consider testing the null hypothesis

H0 : Rβo = r,

where R is a nonstochastic J × K matrix with full rank, r is a J × 1

nonstochastic vector, and J ≤ K.

When there exists autocorrelation in {Xtεt}, there is no need (and in

fact there is no way) to consider the cases of conditional homoskedasticity

and conditional heteroskedasticity separately. (Why?)

Corollary 6.1. Suppose Assumptions 6.1 to 6.5 hold. Then under H0, as

n → ∞,

√
n(Rβ̂ − r)

d→ N(0, RQ−1V Q−1R′).
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We directly assume a consistent estimator V̂ for V.

Assumption 6.6. V̂
p→ V.

When there exists serial correlation of unknown form, we can estimate

V using a nonparametric kernel estimator V̂ , as described in Section 6.3. In

some special scenarios (e.g., Examples 6.2 and 6.3), we may have Γ(j) = 0

for all j > p0, where p0 is a fixed lag order. In these cases, we can use the

following variance estimator

V̂ =

p0∑
j=−p0

Γ̂(j).

It can be shown that V̂
p→ V in this case.

When J = 1, we define a robust t-test statistic

Tr =

√
n(Rβ̂ − r)√

RQ̂−1V̂ Q̂−1R′
.

When J > 1, we define a robust Wald test statistic

Wr = n(Rβ̂ − r)′[R(X′X/n)−1V̂ (X′X/n)−1R′]−1(Rβ̂ − r)

d→ χ2
J .

Both test statistics Tr and Wr have employed an asymptotic variance

estimator V̂ that is robust to conditional heteroskedasticity and autocorre-

lation of unknown form.

Theorem 6.3. [Robust t-Test and Wald Test]: Under Assumptions

6.1 to 6.6 and H0 : Rβo = r, we have as n → ∞,

(1) when J = 1,

Tr
d→ N(0, 1);

(2) when J ≥ 1,

Wr
d→ χ2

J .

Proof: We shall only show Part (2). By Corollary 6.1, we have as n → ∞,

√
n(Rβ̂ − r)

d→ N(0, RQ−1V Q−1R′)
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under H0. It follows that the quadratic form

√
n(Rβ̂ − r)′

(
RQ−1V Q−1R′)−1 √

n(Rβ̂ − r)
d→ χ2

J .

By Slutsky’s theorem, Assumption 6.6, and Q̂
p→ Q as n → ∞, we have the

robust Wald test statistic

Wr = n(Rβ̂ − r)′
(
RQ̂−1V̂ Q̂−1R′

)−1

(Rβ̂ − r)
d→ χ2

J .

Using the expression of Q̂ = X′X/n, we have an equivalent expression for

Wr :

Wr = n(Rβ̂ − r)′[R(X′X/n)−1V̂ (X′X/n)−1R′]−1(Rβ̂ − r)
d→ χ2

J .

This completes the proof.

The standard t-test and F -test statistics introduced in Chapter 3 cannot

be used when there exist conditional heteroskedasticity and autocorrelation

in {Xtεt}. Moreover, all test statistics introduced in Chapter 5 cannot be

used here, because in Chapter 5, it is assumed that {Xtεt} is an MDS,

which implies that there is no serial correlation in {Xtεt}.

Question: Can we use the robust t-test statistic Tr and robust Wald test

statistic Wr when Γ(j) = 0 for all nonzero j?

Yes. However, they are not ideal test statistics because they may per-

form poorly in finite samples in the sense that their finite sample distribu-

tions may be quite different from the asymptotic distributions. In particu-

lar, they usually overreject the correct null hypothesis H0 in finite samples

even if Γ(j) = 0 for all j 	= 0. This is due to the fact that such long-run vari-

ance estimators V̂ as those of Andrews (1991) and Newey and West (1987,

1994) tend to underestimate the true variance in finite samples, as have

been documented by various simulation and empirical studies. Therefore,

when Γ(j) = 0 for all j 	= 0, a better variance estimator is

V̂ = Γ̂(0)

= n−1
n∑

t=1

XtetetX
′
t

= X′D(e)D(e)
′
X/n.
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This estimator has made use of the information that there is no serial

correlation in {Xtεt}. It is essentially White’s heteroskedasticity consistent

variance-covariance matrix estimator (also see Chapter 5).

Question: Why do the robust t-test statistic Tr and robust Wald test

statistic Wr tend to overreject a correct null hypothesis H0 in presence of

conditional heteroskedasticity and autocorrelation of unknown form?

We consider the robust t-test as an example. Recall V̂ is an estimator

for the spectral density H(0) at frequency zero, up to a factor of 2π. When

there exists strong positive serial correlation in {εt}, as is the case for

many economic time series, H(ω) will display a peak or mode at frequency

zero. The kernel estimator, which is a local averaging estimator, always

tends to underestimate H(0), because it has an asymptotic negative bias.

Consequently, the robust t-statistic tends to be a larger statistic value,

because it is the ratio of Rβ̂ − r to the square root of a variance estimator

which tends to be smaller than the true variance. See Andrews (1991) and

Newey and West (1994) for more discussions and simulation studies.

6.7 Testing Whether Long-Run Variance-Covariance

Matrix Estimation Is Needed

Because of the notorious poor performance of the robust t-test and robust

W test even when Γ(j) = 0 for all j 	= 0, it is very important to test whether

we really have to use a long-run variance estimator. This is similar to the

need for testing conditional heteroskedasticity in Chapters 4 and 5.

Question: How to test whether we need to use a long-run variance-

covariance matrix estimator? That is, how to test whether the null hy-

pothesis that

H0 : 2πH(0) ≡
∞∑

j=−∞
Γ(j) = Γ(0)?

The null hypothesis H0 can be equivalently written as follows:

H0 :

∞∑
j=1

Γ(j) = 0.

It can arise from two cases:
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• Case I: Γ(j) = 0 for all j 	= 0.

• Case II: Γ(j) 	= 0 for some j 	= 0, but
∑∞

j=1 Γ(j) = 0.

For simplicity, we will consider Case I only. Case II is pathological,

although it could occur in practice.

We now provide a test forH0 under Case I. Here, we assume that {Xtεt}
is an MDS under H0. The MDS assumption implies H0 but not vice versa.

This stronger condition greatly simplifies our analysis and the form of a

proposed test statistic. See Hong (1997) in a closely related univariate

context.

To test the null hypothesis that
∑∞

j=1 Γ(j) = 0, we can use a consistent

estimator Â (say) for
∑∞

j=1 Γ(j) and then check whether Â is close to a zero

matrix. Any significant difference of Â from zero will indicate the violation

of the null hypothesis, and thus a long-run variance estimator is needed.

To estimate
∑∞

j=1 Γ(j) consistently, we can use a nonparametric kernel

estimator

Â =

n−1∑
j=1

k(j/pn)vech[Γ̂(j)],

where k(·) is a kernel, and pn = p(n) → ∞ at a suitable rate as n → ∞. We

shall derive the asymptotic distribution of Â (with suitable scaling) under

the assumption that {gt = Xtεt} is an MDS, which implies the null hypoth-

esis H0 that
∑∞

j=1 Γ(j) = 0. First, we consider the case when {gt = Xtεt}
is autoregressively conditionally homoskedastic, namely, var(gt|It−1) =

var(gt), where It−1 = {gt−1, gt−2, ...}. In this case, by applying the martin-

gale CLT, we can show that as n → ∞,[
p

∫ ∞

0

k2(z)dz

]−1/2

{vech[Γ(0)]vech[Γ(0)]′}−1/2 √
nÂ

d→ N(0, IK(K+1)/2).

We then construct a test statistic

M =

[
p

∫ ∞

0

k2(z)dz

]−1 √
nÂ′

{
vech[Γ̂(0)]vech[Γ̂(0)]′

}−1 √
nÂ

d→ χ2
K(K+1)/2 as n → ∞,

where the convergence in distribution holds under H0.
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Next, we consider the case when {gt = Xtεt} displays ARCH, namely

var(gt|It−1) 	= var(gt). In this case, the test statistic for H0 is

M̂ =
√
nÂ′B̂−1

√
nÂ,

where

B̂ =
n−1∑
j=1

n−1∑
l=1

k(j/p)k(l/p)Ĉ(j, l),

Ĉ(j, l) =
1

n

n−1∑
t=1+max(j,l)

vech(ĝtĝ
′
t−j)vech

′(ĝtĝ′t−l),

with ĝt = Xtet. Under the assumption that {gt = Xtεt} is an MDS, we

have

M̂
d→ χ2

K(K+1)/2 as n → ∞.

This test is robust to ARCH of unknown form for {gt = Xtεt}.
In fact, the test statistic just introduced is closely related to a variance

ratio test that is popular in financial econometrics. Cochrane (1988) and

Poterba and Summers (1988) use the variance ratio test to check the mar-

tingale hypothesis or measure persistence of macroeconomic time series.

Extending an idea of Cochrane (1988), Lo and MacKinlay (1988) first rig-

orously present an asymptotic theory for a variance ratio test, and apply it

to test the MDS hypothesis of asset returns {Yt}. Recall that
∑p

j=1 Yt−j is

the cumulative asset return over a total of p periods. Then under the MDS

hypothesis, which implies γ(j) ≡ cov(Yt, Yt−j) = 0 for all j > 0, one has

var
(∑p

j=1 Yt−j

)
p · var(Yt)

=
pγ(0) + 2p

∑p
j=1(1− j/p)γ(j)

pγ(0)

= 1.

This unity property of the variance ratio can be used to test the MDS

hypothesis because any departure from unity is evidence against the MDS

hypothesis.

Under autoregressive conditional homoskedasticity, the variance ratio

test is based on the statistic

VRo ≡
√

n/p

p∑
j=1

(1− j/p)ρ̂(j)

=
π

2

√
n/p

[
f̂(0)− 1

2π

]
,
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where

f̂(0) =
1

2π

p∑
j=−p

(
1− |j|

p

)
ρ̂(j)

is a kernel-based standardized spectral density estimator at frequency 0,

using the Bartlett kernel K(z) = (1 − |z|)1(|z| ≤ 1) and a lag order equal

to p. Thus, the variance ratio test essentially checks whether the long-run

variance is equal to the individual variance γ(0). Because VRo is based

on a spectral density estimator of frequency 0, and because of this, it is

particularly powerful against long memory processes, whose autocovariance

function decays to zero slowly as the lag order increases and so its spectral

density at frequency 0 is infinity (see Robinson 1994).

Under the MDS hypothesis with conditional homoskedasticity for {Yt},
Lo and MacKinlay (1988) show that for any fixed p,

VRo
d→ N [0, 2(2p− 1)(p− 1)/3p] as n → ∞.

In a closely related context, Hong (1997) shows that when p = pn →
∞, pn/n → 0 as n → ∞, we have[

pn

∫ ∞

0

k2(z)dz

]−1/2 √
n

n−1∑
j=1

k(j/pn)ρ̂(j)
d→ N(0, 1).

This is the scalar version of the proposed test statistic M in a univariate

time series context. When the Bartlett kernel k(z) = (1 − |z|)1(|z| ≤ 1)

is used, Hong’s (1997) test statistic becomes the variance ratio test statis-

tic VRo when a large pn is used, with
∫∞
0

k2(z)dz =
∫ 1

0
(1 − z)2dz = 1

3 .

Compared to the variance ratio test, Hong’s (1997) test or the proposed M

test is applicable when pn is large, and it employs a general kernel function

which usually discounts higher order lags, As a result, Hong’s (1997) test

or the proposed M test is expected to have good power against the alterna-

tives for which autocorrelation carries over a relatively long distributional

lag and the strength of autocorrelation decays to zero slowly as lag order j

increases.

When {Yt} displays conditional heteroskedasticity, Lo and MacKinlay

(1988) also consider a heteroskedasticity-consistent variance ratio test:

VR ≡
√

n/p

p∑
j=1

(1− j/p)γ̂(j)/
√
γ̂2(j),
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where γ̂2(j) is a consistent estimator for the asymptotic variance of γ̂(j)

under conditional heteroskedasticity. Lo and MacKinlay (1988) assume a

fourth order cumulant condition that

E
[
(Yt − μ)2(Yt−j − μ)(Yt−l − μ)

]
= 0, j, l > 0, j 	= l.

Intuitively, this condition ensures that the sample autocovariances at differ-

ent lags are asymptotically uncorrelated; that is, cov[
√
nγ̂(j),

√
nγ̂(l)] → 0

for all j 	= l. As a result, the heteroskedasticity-consistent variance ratio

test statistic VR has the same asymptotic distribution as VRo. However,

the condition in the above equation rules out many important volatility

processes, such as Nelson’s (1991) Exponential GARCH (EGARCH) and

Glosten et al.’s (1993) Threshold GARCH (TGARCH) models. Moreover,

the variance ratio test only exploits the implication of the MDS hypothe-

sis on the spectral density at frequency 0; it does not check the spectral

density at nonzero frequencies. As a result, it is not consistent (i.e., it has

no asymptotic unit power) against serial correlation of unknown form. See

Durlauf (1991) for more discussion.

6.8 Ornut-Cochrane Procedure

Long-run variance estimators are necessary for statistical inference of the

OLS estimation in a linear regression model when there exists serial cor-

relation of unknown form. If serial correlation in the regression distur-

bance has of a known form up to some unknown parameters, then simpler

statistical inference procedures are possible. One example is the classical

Ornut-Cochrane procedure. Consider a linear regression model with serially

correlated disturbances:

Yt = X ′
tβ

o + εt,

where E(εt|Xt) = 0 but {εt} follows an AR(p) process

εt =

p∑
j=1

αjεt−j + vt, {vt} ∼ IID(0, σ2),

where p is a known fixed order but the autoregressive coefficients {αj}pj=1

are unknown.

The OLS estimator β̂ is consistent for βo given E(Xtεt) = 0 but its

asymptotic variance depends on serial correlation in {εt}. We can consider
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the following transformed linear regression model

Yt −
p∑

j=1

αjYt−j =

⎛⎝Xt −
p∑

j=1

αjXt−j

⎞⎠′

βo +

⎛⎝εt −
p∑

j=1

αjεt−j

⎞⎠
=

⎛⎝Xt −
p∑

j=1

αjXt−j

⎞⎠′

βo + vt.

We can write it as follows:

Y ∗
t = X∗′

t βo + vt,

where

Y ∗
t = Yt −

p∑
j=1

αjYt−j ,

X∗
t = Xt −

p∑
j=1

αjXt−j .

The OLS estimator β̃ of this transformed regression will be consistent

for βo and
√
n(β̃ − βo) will be asymptotically normal:

√
n(β̃ − βo)

d→ N(0, σ2
vQ

−1
X∗X∗),

where QX∗X∗ = E(X∗
t X

∗′
t ). The OLS estimator β̃ is a GLS estimator

discussed in Chapter 3. It is asymptotically BLUE. However, the GLS

estimator β̃ is infeasible, because (Y ∗
t , X

∗′
t ) is not available due to the un-

known parameters {αj}pj=1. As a solution, one can use an adaptive feasible

two-step GLS procedure:

• Step 1: Regress

Yt = X ′
tβ

o + εt, t = 1, ..., n,

namely, regress Yt on Xt and obtain the estimated OLS residual

et = Yt −X ′
tβ̂. Then run an AR(p) model

et =

p∑
j=1

αjet−j + ṽt, t = p+ 1, ..., n,

and obtain the OLS estimators {α̂j}pj=1.
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• Step 2: Regress the transformed model

Ŷ ∗
t = X̂∗′

t βo + v∗t , t = p+ 1, ..., n,

where Ŷ ∗
t and X̂∗

t are defined in the same way as Y ∗
t and X∗

t

respectively, with {α̂j}pj=1 replacing {αj}pj=1. The resulting OLS

estimator is denoted as β̃a.

It can be shown that the adaptive feasible GLS estimator β̃a has the

same asymptotic properties as the infeasible GLS estimator β̃. In other

words, the sampling error resulting from the first step estimation has no

impact on the asymptotic properties of the OLS estimator in the second

step. The asymptotic variance estimator of β̃a is given by

ŝ2vQ̂
−1
X∗X∗ ,

where

ŝ2v =
1

n−K

n∑
t=1

v̂∗2t ,

Q̂X∗X∗ =
1

n

n∑
t=1

X̂∗
t X̂

∗′
t ,

with v̂t = Ŷ ∗
t − X̂∗′

t β̃a. The t-test statistic which is asymptotically N(0, 1)

and the J · F -test statistic which is asymptotically χ2
J from the last stage

regression are applicable when the sample size n is large.

The adaptive feasible GLS estimator β̃a is asymptotically BLUE. This

approach is therefore asymptotically more efficient than the OLS-based

robust test procedures developed in Section 6.6 of the present chapter, but it

is based on the assumption that the AR(p) process for the disturbance {εt}
is known. The robust test procedures in Section 6.6 are applicable when

{εt} has conditional heteroskedasticity and serial correlation of unknown

form.

6.9 Conclusion

In this chapter, we have first discussed some motivating economic examples

where a long-run variance-covariance matrix estimator is needed. Then we

discussed consistent estimation of a long-run variance-covariance matrix by

a nonparametric kernel method. The asymptotic properties of the OLS

estimator are investigated, which calls for the use of a new CLT because
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{Xtεt} is no longer an MDS. Robust t-test statistic and robust Wald test

statistic that are asymptotically valid under conditional heteroskedasticity

and autocorrelation of unknown form are then constructed. When there

exists serial correlation of unknown form, there is no need (and no way)

to separate the cases of conditional homoskedasticity and conditional het-

eroskedasticity. Because the robust t- and Wald tests may have very poor

finite sample performances even if {Xtεt} is an MDS, it is desirable to

first check whether we really need a long-run variance estimator. We pro-

vide such a test. We also introduce a classical estimation method called

Ornut-Ochrance procedure when it is known that the regression disturbance

follows an AR process with a known order.

Long-run variances have been also widely used in nonstationary time

series econometrics such as in the unit root and cointegration literature

(e.g., Engle and Granger 1986, Phillips 1987). Unfortunately, it is docu-

mented in both simulation studies and empirical applications that regres-

sion disturbances display relatively persistent serial dependence, various

kernel-based long-run variance estimators tend to underestimate the true

long-run variance even if the sample size is large. Intuitively, the spectral

density function of a time series process displays a sharp model at frequency

zero when there exists persistent serial dependence. Kernel estimators for

the spectral density are smoothed local averaging and so tend to suffer from

a substantial negative bias. Different approaches have been proposed in the

time series literature. For example, a so-called self-normalization technique

has been proposed, which, instead of attempting to consistently estimate

the long-run variance, replaces the kernel long-run variance estimators by a

recursive statistic which converges to a stochastic multiple of the long-run

variance. The resulting test statistic will be thus asymptotically free of the

long-run variance but a nonstandard distribution arises due to the stochas-

tic proportionality in the denominator. Such a test has substantially better

sizes in finite samples, although its power may suffer to certain extent due

to the relatively heavy tail of the nonstandard asymptotic distribution. For

self-normalization methods, see Shao (2010) for detailed discussion.
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Exercise 6

6.1. Suppose Assumptions 6.1 to 6.3 and 6.5(a) hold. Show

avar

(
n−1/2

n∑
t=1

Xtεt

)
= lim

n→∞ var

(
n−1/2

n∑
t=1

Xtεt

)

=

∞∑
j=−∞

Γ(j).

6.2. Suppose Γ(j) = 0 for all j > p0, where p0 is a fixed lag order. An

example of this case is Example 6.2 in Section 6.1. In this case, the long-

run variance-covariance matrix V =
∑p0

j=−p0
Γ(j) and we can estimate it

by using the following estimator

V̂ =

p0∑
j=−p0

Γ̂(j)

where the sample autocovariance function Γ̂(j) is defined as in Section 6.1.

Show that for each given lag order j, Γ̂(j)
p→ Γ(j) as n → ∞.

Given that p0 is a fixed integer, an important implication that Γ̂(j)
p→

Γ(j) for each given j as n → ∞ will ensure V̂
p→ V as n → ∞.

6.3. Suppose {Yt} is a stationary time series process with the following

spectral density function

h(ω) =
1

2π

∞∑
j=−∞

γ(j)e−ijω.

Show that

var

⎛⎝ p∑
j=1

Yt−j

⎞⎠→ 2πh(0) as p → ∞.

6.4. Suppose {Yt} is a weakly stationary process with γ(j) = cov(Yt, Yt−j).

(1) Find an example of {Yt} such that
∑∞

j=1 γ(j) = 0 but there exists

at least one j > 0, such that γ(j) 	= 0.

(2) Can the variance ratio test detect the autocorrelation structure of

the time series process in Part (1) when the sample size n is sufficiently

large?
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(3) The variance ratio test is often used to test the MDS hypothesis. If

the variance ratio test fails to reject the null hypothesis of MDS, can one

conclude that the MDS hypothesis holds? Explain.

6.5. Suppose {Yt} is a zero-mean ergodic stationary time series process with

a finite fourth moment, and let {Yt}nt=1 be a random sample with size n.

Define the sample autocovariance function

γ̂(j) =
1

n

n∑
t=j+1

YtYt−j , j = 0, 1, ....

Show cov[γ̂(j), γ̂(l)] = 0 for j, l > 0, j 	= l if

E(Y 2
t Yt−jYt−l) = 0 for j, l > 0, j 	= l.

6.6. Suppose Assumptions 6.1 to 6.5 hold for Example 6.3 in Section 6.1,

where Xt = (1, rt, dt − pt)
′, and h ≥ 1 is a fixed positive integer.

(1) What is the asymptotic variance of the OLS estimator
√
nβ̂? Give

your reasoning.

(2) Construct an estimator for the asymptotic variance of
√
nβ̂ and

show that it is consistent for the asymptotic variance of
√
nβ̂. Give your

reasoning.

(3) Can we use a kernel-based long-run variance estimator for
√
nβ̂?

Which variance estimator, a kernel-based long-run variance estimator or the

variance estimator in Part (2), performs better in finite samples? Explain.

6.7. Suppose Assumptions 6.1 to 6.4 hold, and the disturbance {εt} follows

an AR(1) process

εt = αεt−1 + vt, {vt} ∼ IID(0, σ2
v),

where |α| < 1 and α is unknown. One can first estimate the linear regression

model Yt = X ′
tβ

o + εt, t = 1, ..., n, and obtain the OLS estimator β̂.

(1) Put et = Yt − X ′
tβ̂. Then regress et on et−1 and obtain the OLS

estimator α̂ for the autoregressive coefficient α. Show α̂
p→ α as n → ∞.

(2) Construct a transformed linear regression model

Ŷ ∗
t = X̂∗′

t βo + v∗t , t = 2, ..., n,

where Ŷ ∗
t = Yt−α̂Yt−1 and X̂∗

t = Xt−αXt−1, and obtain the OLS estimator

β̃a for this regression. Show that β̃a
p→ βo as n → ∞.
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(3) Show that the asymptotic variance of
√
n(β̃a−βo) is σ2

vQ
−1
X∗X∗ , where

QX∗X∗ = E(X∗
t X

∗′
t ), with X∗

t = Xt − αXt−1.

(4) Construct an asymptotic variance estimator for β̃a and show that it

is consistent for the avar(
√
nβ̃a).

(5) Construct a t-test statistic for the null hypothesis H0 : Rβo = r,

where R is a 1×K nonstochastic vector, and r is a constant scalar. Derive

the asymptotic distribution of the proposed t-test statistic under H0.

(6) Construct a Wald test statistic for the null hypothesis H0 : Rβo = r,

where R is a J×K nonstochastic vector, and r is a J×1 nonstochastic vec-

tor. Derive the asymptotic distribution of the proposed Wald test statistic

under H0.

6.8. Consider the Cochrane-Orcutt procedure in Section 6.8. Suppose

Assumptions 6.1 to 6.4 hold, {εt} follows a stationary AR(p) process

εt =
∑p

j=1 αjεt−j + vt, where {vt} ∼ IID(0, σ2
v), 0 < σ2

v < ∞, and the

autoregressive coefficients {αo
j}pj=1 are known. Show:

(1) The Cochrane-Orcutt estimator β̃ is consistent for βo as n → ∞.

Give your reasoning.

(2)
√
n(β̃ − βo) follows an asymptotic normal distribution. Give your

reasoning.

6.9. Consider the Cochrane-Orcutt procedure in Section 6.8. Suppose

Assumptions 6.1 to 6.4 hold, {εt} follows a stationary AR(p) process

εt =
∑p

j=1 αjεt−j + vt, where {vt} ∼ IID(0, σ2
v), 0 < σ2

v < ∞, but the

autoregressive coefficients {αo
j}pj=1 are unknown. We consider the adaptive

feasible Cochrane-Orcutt estimator β̃a described in Section 6.8.

(1) Show that β̃a is consistent for βo as n → ∞. Give your reasoning.

(2) Derive the asymptotic distribution of
√
n(β̃ − βo). Give your rea-

soning.

(3) Does the first stage estimation of the autoregressive coefficients

{αo
j}pj=1 have any impact on the asymptotic distribution of

√
n(β̃ − βo)?

Explain.
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Chapter 7

Instrumental Variables Regression

Abstract: In this chapter we first discuss possibilities that the orthogonal-

ity condition E(εt|Xt) = 0 may fail, which will generally render inconsis-

tent the OLS estimator for the true model parameter. We then introduce

a consistent Two-Stage Least Squares (2SLS) estimator, investigating its

statistical properties and providing intuitions for the nature of the 2SLS

estimator. Hypothesis tests are constructed. We consider various test pro-

cedures corresponding to the cases for which the regression disturbance is

an MDS with conditional homoskedasticity, an MDS with conditional het-

eroskedasticity, and a non-MDS process, respectively. The latter case will

require consistent estimation of a long-run variance-covariance matrix. It

is important to emphasize that the t-test and F -test statistics obtained

from the second stage regression estimation cannot be used even for large

samples. Finally, we conclude this chapter by presenting a summary of

econometric theory for linear regression models developed in Chapters 2

to 7.

Keywords: Endogeneity, Errors in variables, Hausman’s test, Instrumen-

tal Variables (IV), Measurement errors, Omitted variables, Orthogonality

condition, Simultaneous equations bias, 2SLS

7.1 Motivation

In all previous chapters, we always assumed that E(εt|Xt) = 0 holds even

when there exist conditional heteroskedasticity and autocorrelation. This

ensures consistency of the OLS estimator for the true parameter value βo.

Questions: When may the condition E(εt|Xt) = 0 fail? And, what will

happen to the OLS estimator β̂ if E(εt|Xt) = 0 fails?

293
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There are at least three possibilities where E(εt|Xt) = 0 may fail. The

first is model misspecification (e.g., functional form misspecification or ex-

istence of omitted variables). The second is the existence of measurement

errors in regressors (also called errors in variables). The third is the esti-

mation of a subset of a simultaneous equations system. We will consider

the last two possibilities in this chapter. For the first case (i.e., model mis-

specification), it may not be meaningful to discuss consistent estimation of

the parameters in a misspecified linear regression model except for some

special cases such as existence of omitted variables.

We first provide some examples in which E(εt|Xt) 	= 0.

Example 7.1. [Errors of Measurements or Errors in Variables]:

Often, economic data measure concepts that differ somewhat from those of

economic theory. It is therefore important to take into account errors of

measurements. This is usually called errors in variables in econometrics.

Consider a DGP

Y ∗
t = βo

0 + βo
1X

∗
t + ut, (7.1)

where X∗
t is income, Y ∗

t is consumption, and {ut} is IID(0, σ2
u) and is

independent of {X∗
t }.

Suppose both X∗
t and Y ∗

t are not observable. The observed variables

Xt and Yt contain measurement errors in the sense that

Xt = X∗
t + vt, (7.2)

Yt = Y ∗
t + wt, (7.3)

where {vt} and {wt} are measurement errors independent of {X∗
t } and

{Y ∗
t }, such that {vt} ∼ IID(0, σ2

v) and {wt} ∼ IID(0, σ2
w). We assume that

the series {vt}, {wt} and {ut} are all mutually independent of each other.

Because we only observe (Xt, Yt), we are forced to estimate the following

regression model

Yt = βo
0 + βo

1Xt + εt, (7.4)

where εt is some unobservable disturbance.

Clearly, the disturbance εt is different from the original (true) distur-

bance ut. Although the linear regression model is correctly specified, we no

longer have E(εt|Xt) = 0 due to the existence of the measurement errors.

This is explained below.
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Question: If we use the OLS estimator β̂ to estimate this model, is β̂

consistent for βo?

From the general regression analysis in Chapter 2, we have known that

the key for the consistency of the OLS estimator β̂ for βo is to check if

E(Xtεt) = 0. From Eqs. (7.1) to (7.3), we have

Yt = Y ∗
t + wt

= (βo
0 + βo

1X
∗
t + ut) + wt,

Xt = X∗
t + vt.

Therefore, from Eq. (7.4), we obtain

εt = Yt − βo
0 − βo

1Xt

= [βo
0 + βo

1X
∗
t + ut + wt]− βo

0 − βo
1(X

∗
t + vt)

= ut + wt − βo
1vt.

The regression error εt contains the true disturbance ut and a linear com-

bination of measurement errors.

Now, the expectation

E(Xtεt) = E[(X∗
t + vt)εt]

= E(X∗
t εt) + E(vtεt)

= 0− βo
1E(v2t )

= −βo
1σ

2
v

	= 0.

The regressor vector Xt is correlated with the error εt. Consequently, by

WLLN, the OLS estimator

β̂ − βo = Q̂−1
XXn−1

n∑
t=1

Xtεt

p→ Q−1
XXE(Xtεt)

= −βo
1σ

2
vQ

−1
XX 	= 0.

In other words, β̂ is not consistent for βo due to the existence of the mea-

surement errors in regressors {Xt}.

Question: What is the effect of the measurement errors {wt} in the de-

pendent variable Yt?



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 296

296 Foundations of Modern Econometrics

Example 7.2. [Errors of Measurements in Dependent Variable]:

Now we consider a DGP given by

Y ∗
t = βo

0 + βo
1X

∗
t + ut,

where X∗
t is income, Y ∗

t is consumption, and {ut} is IID(0, σ2
u) and is

independent of {X∗
t }.

Suppose X∗
t is now observed, and Y ∗

t is still not observable, such that

Xt = X∗
t ,

Yt = Y ∗
t + wt,

where {wt} is IID(0, σ2
w) measurement errors independent of {X∗

t } and

{Y ∗
t }. We assume that the two series {wt} and {ut} are mutually indepen-

dent.

Because we only observe (Xt, Yt), we are forced to estimate the following

model

Yt = βo
0 + βo

1Xt + εt.

Question: If we use the OLS estimator β̂ to estimate this model, is β̂

consistent for βo?

The answer is yes! The measurement errors in Yt do not cause any

trouble for consistent estimation of βo.

The measurement error in Yt can be regarded as part of the true regres-

sion disturbance. It increases the asymptotic variance of
√
n(β̂ − βo), that

is, the existence of measurement errors in Yt renders the estimation of βo

less precise.

Example 7.3. [Errors in Expectations]: Consider a linear regression

model

Yt = β0 + β1X
∗
t + ut,

where X∗
t is the economic agent’s conditional expectation of Xt at time

t − 1, and {ut} is an IID(0, σ2) sequence with E(ut|X∗
t ) = 0. The condi-

tional expectation X∗
t is a latent variable. Examples include the Phillips

(1958) curve’s based expected inflation rate models in macroeconomics and

Friedman’s (1957) permanent income hypothesis.

When the economic agent follows rational expectations, then X∗
t =

E(Xt|It−1) and we have

Xt = X∗
t + vt,



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 297

Instrumental Variables Regression 297

where

E(vt|It−1) = 0,

where It−1 is the information available to the economic agent at time t−1.

Assume that two error series {ut} and {vt} are mutually independent.

We can consider the following regression model

Yt = βo
0 + βo

1Xt + εt,

where the error term

εt = ut − βo
1vt.

Since

E(Xtεt) = E[(X∗
t + vt)(ut − βo

1vt)]

= −βo
1σ

2
v

	= 0

provided βo
1 	= 0, the OLS estimator is not consistent for βo

1 .

It may be noted that some forecast variables obtained from survey data

have been used for X∗
t in empirical studies in economics.

Example 7.4. [Market Microstructure Noises and Realized Vola-

tility]: Microstructure noise is a deviation from the fundamental value that

is induced by the characteristics of the market under consideration, such

as bid-ask bounce, discreteness of price change, latency, and asymmetric

information of traders. Originally, it comes from the bid-ask bounce, i.e.,

the fact that even if volatility is zero, there are buyers and sellers at different

prices and consequently we observe prices at bid or ask prices, and not at

mid-prices. As a result, if we use the classical quadratic variation estimator

for the squared volatility: even with an underlying volatility of zero, we

will measure a lot of times (Pask − Pbid)
2, where Pask and Pbid are the ask

and bid prices.

Assume that the unobserved mid-price between time 0 and time T

(where T is fixed) follows a discretized arithmetic Brownian motion

P ∗
(i+1)δ = P ∗

iδ + σ(iδ)
√
δvi+1,

where δ is the sampling interval over time, the square of σ(iδ) is an in-

stantaneous volatility at time iδ, and {vi} is a sequence of IID N(0, 1)

innovations that derives the movements of the mid-price.
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On the other hand, the actual price observed at time iδ is

Piδ = P ∗
iδ + εiδ,

where εiδ is the market microstructure noise around half a bid-ask spread at

time point iδ, explaining why the traded price is not exactly the mid-price.

It is assumed that εiδ is independent of the mid-price P ∗
iδ. For simplicity,

we further assume that the market microstructure noises {εiδ} are an IID

(0, σ2
ε) sequence. (It is possible that {εiδ} may become a serially correlated

sequence when the sampling interval δ becomes small.)

Now suppose we are interested in estimating the integrated volatility

V =

∫ T

0

σ2(t)dt,

when we have a discretized sample {Piδ}ni=1 of size n over the time period

[0,T], with a sampling interval δ = T/n. A popular estimator is called the

realized volatility, defined as

V̂ =

n∑
i=1

(
Piδ − P(i−1)δ

)2
.

It can be shown that the estimation bias

E(V̂ )− V =

n∑
i=1

E
[
(P ∗

iδ − P ∗
(i−1)δ) + (εiδ − ε(i−1)δ)

]2
− V

=

[
n∑

i=1

E(P ∗
iδ − P ∗

(i−1)δ)
2 − V

]
+

n∑
i=1

E(εiδ − ε(i−1)δ)
2

= 2nσ2
ε [1 + o(1)] as n → ∞.

This implies that the estimator of the squared volatility increases lin-

early with the sampling frequency, and this comes only from the microstruc-

ture noise. Thus, the microstructure noise is a disturbance that may make

high frequency estimates of some parameters (e.g., the realized volatility)

inconsistent.

For an excellent account of market microstructure, readers are referred

to O’Hara (1995).

Example 7.5. [Omitted Variables]: Consider an earning equation

Yt = X ′
tβ

o + γAt + ut,
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where Yt is earning, Xt is a vector consisting of working experience and

schooling, and At is ability which is unobservable, and the disturbance ut

satisfies the condition that E(ut|Xt, At) = 0. Because one does not observe

ability At, one is forced to consider the regression model

Yt = X ′
tβ

o + εt

and is interested in knowing the value of parameter vector βo, the marginal

effects of schooling and working experience. However, we have E(Xtεt) 	= 0

because At is usually correlated with Xt. Obviously, this is a misspecified

model but one may be still interested in estimating the parameter value βo,

particularly the rate of return to education.

Example 7.6. [Production-Bonus Causality]: Consider an extended

production function DGP

ln(Yt) = βo
0 + βo

1 ln(Lt) + βo
2 ln(Kt) + βo

3Bt + εt,

where Yt, Lt and Kt are output, labor and capital stock respectively, Bt is

the proportion of bonus out of total pay, and t is a time index. Without

loss of generality, we assume that

E(εt) = 0,

E[ln(Lt)εt] = 0,

E[ln(Kt)εt] = 0.

Economic theory suggests that the use of bonus in addition to basic wage in

state-owned enterprises will provide a stronger incentive for workers to work

harder in a transitional economy. This theory can be tested by checking

whether βo
3 = 0. However, the test procedure is complicated because there

exists a possibility that when a state-owned enterprise is more productive,

it will pay more bonus to workers regardless of their effort. In this case,

the OLS estimator β̂3 is not consistent for βo
3 and so cannot be used to test

the null hypothesis.

Why?

To reflect the fact that a more productive state-owned enterprise pays

more bonus to its workers, we can assume a structural equation for bonus:

Bt = αo
0 + αo

1 ln(Yt) + wt, (7.5)

where αo
1 > 0, and {wt} is an IID(0, σ2

w) sequence that is independent of

{Yt}. For simplicity, we assume that {wt} is independent of {εt}.
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PutXt = [1, ln(Lt), ln(Kt), Bt]
′. Now, from Eq. (7.5) and then Eq. (7.4),

we have

E(Btεt) = E[(αo
0 + αo

1 ln(Yt) + wt)εt]

= αo
1E[ln(Yt)εt]

= αo
1β

o
3E(Btεt) + αo

1E(ε2t ).

It follows that

E(Btεt) =
αo
1

1− αo
1β

o
3

σ2 	= 0,

where σ2 = var(εt). Consequently, the OLS estimator β̂3 is inconsistent for

βo
3 due to the existence of the reserved causality from productivity ln(Yt)

to bonus Bt. It is now clear why we say that there exists endogeneity if

E(εt|Xt) 	= 0. When there exists a reserved causality from productivity

to bonus, bonus is an endogenous variable because it is determined by

productivity. As a result, εt is correlated with bonus so that E(εt|Bt) 	= 0.

In contrast, if there is no reserved causality from productivity to bonus,

bonus will be an exogenous variable and E(εt|Bt) = 0.

The bias of the OLS estimator for βo
3 in the above model is usually

called the simultaneous equation bias because it arises from the fact that

the productivity function is but one of the two equations that hold simulta-

neously. This is a common phenomenon in economics. It is the rule rather

than the exception for economic relationships to be embedded in a simul-

taneous system of equations. Below we consider two more examples with

simultaneous equations bias.

Example 7.7. [Simultaneous Equations Bias]: We consider the fol-

lowing simple model of national income determination:

Ct = βo
0 + βo

1It + εt, (7.6)

It = Ct +Dt, (7.7)

where It is income, Ct is consumption expenditure, and Dt is non-

consumption expenditure. The variables It and Ct are called endogenous

variables, as they are determined by the two-equation model under study.

The variable Dt is called an exogenous variable, because it is determined

outside the model. We assume that {Dt} and {εt} are mutually indepen-

dent, and {εt} is IID(0, σ2).
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Question: If the OLS estimator β̂ is applied to the first equation, is it

consistent for βo?

To answer this question, we have from Eq. (7.7)

E(Itεt) = E[(Ct +Dt)εt]

= E(Ctεt) + E(Dtεt)

= βo
1E(Itεt) + E(ε2t ) + 0.

It follows that

E(Itεt) =
1

1− βo
1

σ2 	= 0.

Thus, β̂ is not consistent for βo.

In fact, this bias problem can also be seen from the so-called reduced

form model.

Question: What is the reduced form?

Solving for Eqs. (7.6) and (7.7) simultaneously, we can obtain the

“reduced forms” that express endogenous variables in terms of exogenous

variables and disturbances:

Ct =
βo
0

1− βo
1

+
βo
1

1− βo
1

Dt +
1

1− βo
1

εt,

It =
βo
0

1− βo
1

+
1

1− βo
1

Dt +
1

1− βo
1

εt.

Obviously, It is positively correlated with εt (i.e., E(Itεt) 	= 0). Thus,

the OLS estimator for the regression of Ct on It in Eq. (7.6) will not be

consistent for βo
1 , the parameter for MPC. Generally speaking, the OLS

estimator for the reduced form is consistent for new parameters, which are

functions of original parameters.

Example 7.8. [Wage-Price Spiral Model]: Consider the system of

equations

Wt = βo
0 + βo

1Pt + βo
2Dt + εt, (7.8)

Pt = αo
0 + αo

1Wt + vt, (7.9)

where Wt, Pt, Dt are wage, price, and excess demand in the labor market

respectively. Eq. (7.8) describes the mechanism of how wage is determined.
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In particular, wage depends on price and excess demand for labor. Eq. (7.9)

describes how price depends on wage (or income).

Suppose Dt is an exogenous variable, with E(εt|Dt) = 0. There are two

endogenous variables, Wt and Pt, in the system of equations in (7.8) and

(7.9).

Question: Will Wt be correlated with vt? And, will Pt be correlated with

εt?

To answer these questions, we first obtain the reduced form equations:

Wt =
βo
0 + βo

1α0

1− βo
1α

o
1

+
βo
1

1− βo
1α

o
1

Dt +
εt + βo

1vt
1− βo

1α
o
1

,

Pt =
αo
0

1− βo
1α

o
1

+
αo
1β

o
2

1− βo
1α

o
1

Dt +
αo
1εt + vt

1− βo
1α

o
1

.

Conditional on the exogenous variable Dt, both Wt and Pt are correlated

with εt and vt. As a consequence, both the OLS estimator for βo
1 in Eq. (7.8)

and the OLS estimator for αo
1 in Eq. (7.9) will be inconsistent.

In this chapter, we will consider a method called Two-Stage Least

Squares (2SLS) estimation to obtain consistent estimators for the unknown

parameters in all above examples except for the parameter βo
2 in Eq. (7.8)

of Example 7.8. No method can deliver a consistent estimator for βo
2 in

Eq. (7.8) because it is not identifiable. This is the so-called identification

problem of simultaneous equations.

To see why there is no way to obtain a consistent estimator for βo
2 in

Eq. (7.8), from Eq. (7.9), we can write

Wt = −αo
1

αo
2

+
1

αo
2

Pt − vt
αo
2

. (7.10)

Let a and b be two arbitrary constants. We multiply Eq. (7.8) with a,

multiply Eq. (7.10) with b, and then add them together:

(a+ b)Wt = aβo
1 − bα1

α2
+

(
aβo

2 +
b

α2

)
Pt + aβo

3Dt +

(
aεt − b

α2
vt

)
,

or

Wt =

[
aβo

1

a+ b
− bαo

1

(a+ b)αo
2

]
+

1

a+ b

(
aβo

2 +
b

αo
2

)
Pt

+
aβo

3

a+ b
Dt +

1

a+ b

(
aεt − b

αo
2

vt

)
. (7.11)
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This new equation, (7.11), is a combination of the original wage equation

(7.8) and price equation (7.9). It is of the same statistical form as Eq. (7.8).

Since a and b are arbitrary, there is an infinite number of parameters that

can satisfy Eq. (7.11) and they are all indistinguishable from Eq. (7.8).

Consequently, if we use OLS to run regression of Wt on Pt and Dt, or more

generally, use any other method to estimate Eq. (7.8) or Eq. (7.11), there

is no way to know which model, either Eq. (7.8) or Eq. (7.11), is being

estimated. Therefore, there is no way to estimate βo
2 . This is the so-called

identification problem for simultaneous equations models. To avoid such

identification problems in simultaneous equations, certain conditions are

required to make the system of simultaneous equations identifiable. For

example, if an extra variable, say money supply growth, is added in the

price equation in (7.9), we then obtain

Pt = αo
0 + αo

1Wt + αo
2Mt + vt, (7.12)

then the system of Eqs. (7.8) and (7.12) becomes identifiable provided αo
2 	=

0, and as a result, the parameters in Eqs. (7.8) and (7.12) can be consistently

estimated.

Question: Check why the system of Eqs. (7.8) and (7.12) is identifiable.

We note that for the system of Eqs. (7.8) and (7.9), although Eq. (7.8)

cannot be consistently estimated by any method, Eq. (7.9) can be con-

sistently estimated using the method proposed below. For an identifiable

system of simultaneous equations with simultaneous equations bias, we can

use various methods to estimate them consistently, including 2SLS, the

Generalized Method of Moments (GMM) and the Quasi-Maximum Likeli-

hood Estimation (QMLE). These methods will be introduced below and in

subsequent chapters.

7.2 Framework and Assumptions

We now provide a set of regularity conditions for our formal analysis in this

chapter.

Assumption 7.1. [Ergodic Stationarity]: {Yt, X
′
t, Z

′
t}nt=1 is an observ-

able ergodic stationary stochastic process, where Xt is a K × 1 vector, Zt

is an l × 1 vector, and l ≥ K.
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Assumption 7.2. [Linearity]:

Yt = X ′
tβ

o + εt, t = 1, ..., n,

for some unknown K × 1 parameter vector βo and some unobservable dis-

turbance εt.

Assumption 7.3. [Nonsingularity]: The K ×K matrix

QXX = E(XtX
′
t)

is symmetric, finite and nonsingular.

Assumption 7.4. [Instrumental Variables (IV) Conditions]:

(a) E(εt|X) 	= 0;

(b) E(εt|Zt) = 0;

(c) The l × l matrix

QZZ = E(ZtZ
′
t)

is finite and nonsingular, and the l ×K matrix

QZX = E(ZtX
′
t)

is finite and of full rank.

Assumption 7.5. [CLT]: As n → ∞, n−1/2
∑n

t=1 Ztεt
d→ N(0, V )

for some K × K symmetric, finite and nonsingular matrix V ≡
avar(n−1/2

∑n
t=1 Ztεt).

Assumption 7.1 allows for IID observations and stationary time series

observations.

Assumption 7.5 directly assumes that CLT holds. This is called a

“high level assumption.” It covers three cases: IID, MDS and non-MDS

for {Xtεt}, respectively. For an IID or MDS sequence {Ztεt}, we have

V = var(Ztεt) = E(ZtZ
′
tε

2
t ). For a non-MDS process {Ztεt}, V =∑∞

j=−∞cov(Ztεt, Zt−jεt−j) is a long-run variance-covariance matrix.

The random vector Zt that satisfies Assumption 7.4 is called the in-

strumental variables (IV) or simply instruments. The concept of IV was

first derived by Philip Wright, possibly in coauthorship with his son Sewall

Wright, in the context of simultaneous equations in his book The Tariff

on Animal and Vegetable Oils in 1928. In 1945, Olav Reiersφl applied the
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same approach in the context of errors-in-variables models in his disserta-

tion, giving the method its name. For the history of IV regression, readers

are referred to Stock and Trebbi (2003).

When E(εt|Xt) 	= 0, we usually (but not always) have E(Xtεt) 	= 0. As

a result, the OLS estimator is not consistent for βo. Now suppose we have

an instrument vector Zt with E(εt|Zt) = 0, which implies E(Ztεt) = 0.

Then we can first project Xt onto Zt and then run a regression of Yt on the

projection. This will deliver consistent estimation of βo.

The IV method is often used to estimate causal relationships when con-

trolled experiments are not feasible or when a treatment cannot be suc-

cessfully delivered to every unit in a randomized or controlled experiment.

Intuitively, IV is used when an explanatory variable of interest is correlated

with the regression disturbance. A valid instrument induces changes in the

explanatory variable but has no effect on the dependent variable, allowing

a researcher to uncover the causal effect of the explanatory variable on the

dependent variable.

As we shall show, IV methods allow for consistent estimation when ex-

planatory variables are correlated with disturbances in a regression model.

Such correlation may occur when changes in the dependent variable change

the values of at least one of the explanatory variables (“reversed” causa-

tion), when there are omitted variables that affect both the dependent and

explanatory variables, or when explanatory variables are subject to mea-

surement errors. Explanatory variables which suffer from one or more of

these issues in the context of a regression are sometimes referred to as en-

dogenous variables. In this situation, the OLS method produces biased and

inconsistent estimates. However, if an instrument is available, consistent

estimates may still be obtained. An instrument is a variable that does

not itself belong to the set of explanatory variables but is correlated with

endogenous variables. For linear models, Assumptions 7.4(b) and 7.4(c)

are two main requirements for IVs. When Assumption 7.4(b) holds, the

instrument vector Zt is called to satisfy the exclusion restriction.

The condition that l ≥ K in Assumption 7.1 implies that the number of

instruments in Zt is larger than or at least equal to the number of regressors

in Xt.

Question: Why is the condition of l ≥ K required?

Question: How to choose instruments Zt in practice?



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 306

306 Foundations of Modern Econometrics

First of all, one should analyze which explanatory variables in Xt are

endogenous or exogenous. If an explanatory variable is exogenous, then this

variable should be included in Zt, the set of instruments. For example, the

constant term should always be included, because a constant is uncorrelated

with any random variables. All other exogenous variables in Xt should also

be included in Zt. If k0 of the K regressors are endogenous, one should find

at least k0 additional instruments.

Most importantly, we should choose an instrument vector Zt which is

closely related to Xt as much as possible. As we will see below, the strength

of the correlation between Zt and Xt affects the magnitude of the asymp-

totic variance of the 2SLS estimator for βo which we will propose, although

it does not affect the consistency provided the correlation between Zt and

Xt is a non-zero constant.

In time series regression models, it is often reasonable to assume that

lagged variables of Xt are not correlated with εt. Therefore, we can use

lagged values of Xt, for example, Xt−1, as an IV. This IV is expected

to be highly correlated with Xt if {Xt} is a time series process. In light

of this, we can choose the set of instruments Zt = (1, lnLt, lnKt, Bt−1)
′ in

estimating Eq. (7.4) in Example 7.1, choose Zt = (1, Dt, It−1)
′ in estimating

Eq. (7.6) in Example 7.7, choose Zt = (1, Dt, Pt−1)
′ in estimating Eq. (7.8)

in Example 7.8. For examples with measurement errors or expectational

errors, where E(Xtεt) 	= 0 due to the presence of measurement errors or

expectational errors, we can choose Zt = Xt−1 if the measurement errors

or expectational errors in Xt are serially uncorrelated. The expectational

errors in Xt are MDS and so are serially uncorrelated in Example 7.3 when

the economic agent has rational expectations.

In empirical studies involving IV regressions, it is not rare to find that

the correlation between Zt and Xt is low, that is, the instrument vector

Zt can only explain a small proportion of variations in the endogenous

vector Xt. In this case, Zt is called a weak instrument. In econometrics,

this scenario is often modelled that the partial correlation between Zt and

Xt, as measured by E(ZtX
′
t), vanishes to zero as the sample size n → ∞,

namely, E(ZtX
′
t) = n−1/2C, where C is an l ×K constant matrix. In this

case, IV regressions such as the 2SLS method to be introduced below will

not yield consistent estimation of βo. See Staiger and Stock (1997) for more

discussion.
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7.3 Two-Stage Least Squares (2SLS) Estimation

Question: Because E(εt|Xt) 	= 0, the OLS estimator β̂ is not consistent

for the true parameter value βo. How to obtain a consistent estimator for

βo in situations similar to the examples described in Section 7.1?

It should be pointed out that when E(εt|Xt) 	= 0, endogeneity arises

due to various reasons including model misspecification. However, it may

still make sense to find out the expected marginal effect of explanatory

variables Xt on the dependent variable Yt, even if the linear regression

model is misspecified. For example, although Example 7.5 suffers from an

omitted variable problem, one may be still interested in knowing the rate

of return to education. This requires consistent estimation of βo.

We now introduce the 2SLS procedure, which can consistently estimate

βo when E(εt|Xt) 	= 0. The 2SLS procedure can be described as follows:

Stage 1: Regress Xt on Zt via OLS and save the predicted value X̂t. This

is the projection of Xt on Zt.

Here, we consider an auxiliary linear regression model is

Xt = γ′Zt + vt, t = 1, ..., n,

where γ is an l ×K parameter matrix, and vt is a K × 1 regression error.

From Theorem 2.4 in Chapter 2, we have E(Ztvt) = 0 if and only if γ is

the best least squares approximation coefficient, i.e., if and only if

γ = [E(ZtZ
′
t)]

−1E(ZtX
′
t).

In matrix form, we can write

X = Zγ + v,

where X is an n ×K matrix, Z is an n × l matrix, γ is an l ×K matrix,

and v is an n×K matrix.

The OLS estimator for γ is

γ̂ = (Z′Z)−1Z′X

=

(
n−1

n∑
t=1

ZtZ
′
t

)−1

n−1
n∑

t=1

ZtX
′
t.

The predicted value or the sample projection of Xt on Zt is

X̂t = γ̂′Zt
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or in matrix form

X̂ = Zγ̂ = Z(Z′Z)−1Z′X.

Stage 2: Use the predicted value X̂t as regressors for Yt. Regress Yt on

X̂t, and the resulting OLS estimator is called the 2SLS estimator, denoted

as β̂2SLS . This is the regression of Yt on the projection in the first stage.

Question: Why use the fitted value X̂t = γ̂′Zt as regressors in the second

stage?

We first consider the auxiliary regression

Xt = γ′Zt + vt,

where γ is the best linear least squares approximation coefficient, and so

vt is orthogonal to Zt in the sense E(Ztv
′
t) = 0. Because E(Ztεt) = 0, the

population projection γ′Zt is orthogonal to ε. In general, vt = Xt − γ′Zt,

which is orthogonal to Zt, is correlated with εt. In other words, the auxiliary

regression in the first stage decomposes Xt into two components: γ′Zt and

vt, where γ′Zt is orthogonal to εt, and vt is correlated with εt.

Since the best linear least squares approximation coefficient γ is un-

known, we have to replace it with the estimator γ̂. The fitted value

X̂t = γ̂′Zt is the (sample) projection Xt onto Zt. The regression of Xt

on Zt purges the component of Xt that is correlated with εt so that the

projection X̂t is approximately orthogonal to εt given that Zt is orthogonal

to εt. The word “approximately” is used here because γ̂ is an estimator of

γ and thus contains some estimation error.

The regression model in the second stage can be written as

Yt = X̂ ′
tβ

o + ût

or in matrix form

Y = X̂βo + û.

Note that the disturbance ût is not εt because X̂t is not Xt.

Using X̂ = Zγ̂ = Z(Z′Z)−1Z′X, we can write the second stage OLS

estimator, namely the 2SLS estimator as follows:
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β̂2SLS = (X̂′X̂)−1X̂′Y

= [(Zγ̂)′(Zγ̂)]−1(Zγ̂)′Y

=
{
[Z(Z′Z)−1Z′X]′[Z(Z′Z)−1Z′X]

}−1
[Z(Z′Z)−1Z′X]′Y

= [X′Z(Z′Z)−1Z′Z(Z′Z)−1Z′X]−1X′Z(Z′Z)−1Z′Y

= [X′Z(Z′Z)−1Z′X]−1X′Z(Z′Z)−1Z′Y

=

[
X′Z
n

(
Z′Z
n

)−1
Z′X
n

]−1
X′Z
n

(
Z′Z
n

)−1
Z′Y
n

.

Using the expression Y = Xβo + ε from Assumption 7.2, we have

β̂2SLS − βo =

[
X′Z
n

(
Z′Z
n

)−1
Z′X
n

]−1
X′Z
n

(
Z′Z
n

)−1
Z′ε
n

=
(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

Q̂XZQ̂
−1
ZZ

Z ′ε
n

,

where

Q̂ZZ =
Z′Z
n

= n−1
n∑

t=1

ZtZ
′
t,

Q̂XZ =
X′Z
n

= n−1
n∑

t=1

XtZ
′
t,

Q̂ZX =
Z′X
n

= n−1
n∑

t=1

ZtX
′
t = Q̂′

XZ .

Question: What are the statistical properties of β̂2SLS?

7.4 Consistency of the 2SLS Estimator

By WLLN for an ergodic stationary process, we have as n → ∞,

Q̂ZZ
p→ QZZ , l × l,

Q̂XZ
p→ QXZ , K × l,

Z ′ε
n

p→ E(Ztεt) = 0, l × 1.

Also, QXZQ
−1
ZZQZX is a K×K symmetric and nonsingular matrix because

QXZ is of full rank, QZZ is nonsingular, and l ≥ K. It follows from
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continuity that (
Q̂XZQ̂

−1
ZZQ̂ZX

)−1 p→ (
QXZQ

−1
ZZQZX

)−1
.

Consequently, we have

β̂2SLS − βo p→ (
QXZQ

−1
ZZQZX

)−1
QXZQ

−1
ZZ · 0 = 0.

We now state this consistency result in the following theorem.

Theorem 7.1. [Consistency of 2SLS]: Under Assumptions 7.1 to 7.4,

as n → ∞,

β̂2SLS
p→ βo.

To provide intuition why the 2SLS estimator β̂2SLS is consistent for βo,

we consider the linear regression model

Yt = X ′
tβ

o + εt.

The OLS estimator β̂ is not consistent for βo because E(Xtεt) 	= 0. Suppose

now we decompose the regressor Xt into two components:

Xt = X̃t + vt,

where X̃t = γ′Zt is a projection of Xt on Zt and so it is orthogonal to εt.

The other component, vt = Xt − X̃t, is generally correlated with εt but is

uncorrelated with X̃t. Thus, consistent estimation for βo is possible if we

observe X̃t and run the following regression

Yt = X ′
tβ

o + εt

= X̃ ′
tβ

o + (v′tβ
o + εt)

= X̃ ′
tβ

o + ut,

where ut = v′tβ
o + εt is the disturbance when regressing Yt on X̃t. Because

E(X̃tut) = γ′E(Ztut)

= γ′E(Ztv
′
t)β

o + γ′E(Ztεt)

= 0,

the OLS estimator of regressing Yt on X̃t would be consistent for βo.
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However, X̃t = γ′Zt is not observable, so we need to use a proxy, i.e.,

X̂t = γ̂′Zt, where γ̂ is the OLS estimator of regressing Xt on Zt. The

corresponding regression model becomes

Yt = X̂tβ
o + ût.

This results in the 2SLS estimator β̂2SLS . We note that where ût 	= ut since

X̂t 	= X̃t. However, because γ̂ → γ as n → ∞, we have

ût = ut − (X̂t −Xt)
′βo = ut − Z ′

t(γ̂ − γ)βo

will coverage to ut. Therefore, the estimation error of γ̂ in the first stage

does not affect the consistency of the 2SLS estimator β̂.

Question: Is 2SLS β̂2SLS still consistent for βo if E(εt|Zt) 	= 0 but

E(Ztεt) = 0?

7.5 Asymptotic Normality of the 2SLS Estimator

We now derive the asymptotic distribution of β̂2SLS . Write

√
n(β̂2SLS − βo) =

(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

Q̂XZQ̂
−1
ZZ

Z′ε√
n

= Â · Z
′ε√
n
,

where the K × l matrix

Â =
(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

Q̂XZQ̂
−1
ZZ .

By the CLT assumption (Assumption 7.5), we have

Z′ε√
n

= n− 1
2

n∑
t=1

Ztεt
d→ N(0, V ),

where V is an l× l symmetric, finite and nonsingular matrix. By Slutsky’s

theorem, we have

√
n(β̂2SLS − βo)

d→ (
QXZQ

−1
ZZQZX

)−1
QXZQ

−1
ZZ ·N(0, V )

∼ N(0, AV A′)

∼ N(0,Ω),
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where A = (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZ is the probability limit of Â. The

asymptotic variance of
√
nβ̂2SLS

avar(
√
nβ̂2SLS) = Ω

= AV A′

=

[(
QXZQ−1

ZZQZX

)−1
QXZQ−1

ZZ

]
V

[(
QXZQ−1

ZZQZX

)−1
QXZQ−1

ZZ

]′

=
(
QXZQ−1

ZZQZX

)−1
QXZQ−1

ZZV Q−1
ZZQZX

(
QXZQ−1

ZZQZX

)−1
.

Theorem 7.2. [Asymptotic Normality of 2SLS]: Under Assumptions

7.1 to 7.5, as n → ∞,

√
n(β̂2SLS − βo)

d→ N(0,Ω).

The estimation of V depends on whether {Ztεt} is an MDS. We first

consider the case where {Ztεt} is an MDS. In this case, V = E(ZtZ
′
tε

2
t )

and so we need not estimate a long-run variance-covariance matrix.

Case I: {Ztεt} Is an Ergodic Stationary MDS

Assumption 7.6. [MDS]: (a) {Ztεt} is an MDS; (b) var(Ztεt) =

E(ZtZ
′
tε

2
t ) is an l × l symmetric, finite and nonsingular matrix.

Corollary 7.1. Under Assumptions 7.1 to 7.4 and 7.6, we have as n → ∞,

√
n(β̂2SLS − βo)

d→ N(0,Ω),

where Ω is defined as above with V = E(ZtZ
′
tε

2
t ).

There is no need to estimate a long-run variance-covariance matrix but

Ω involves the heteroskedasticity-consistent variance-covariance matrix V .

When {Ztεt} is an MDS with a conditionally homoskedastic disturbance

εt, the asymptotic variance Ω can be greatly simplified.

Assumption 7.7. [Conditional Homoskedasticity]: E(ε2t |Zt) = σ2.
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Note that the conditional expectation in Assumption 7.7 is conditional

on Zt, not on Xt. Under this assumption, by the law of iterated expecta-

tions, we obtain

V = E(ZtZ
′
tε

2
t )

= E[ZtZ
′
tE(ε2t |Zt)]

= σ2E(ZtZ
′
t)

= σ2QZZ .

It follows that

Ω = (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZσ

2QZZQ
−1
ZZQZX(QXZQ

−1
ZZQZX)−1

= σ2(QXZQ
−1
ZZQZX)−1.

Corollary 7.2. [Asymptotic Normality of 2SLS Under MDS with

Conditional Homoskedasticity]: Under Assumptions 7.1 to 7.4, 7.6

and 7.7, we have as n → ∞,

√
n(β̂2SLS − βo)

d→ N(0,Ω),

where

Ω = σ2(QXZQ
−1
ZZQZX)−1.

Case II: {Ztεt} Is an Ergodic Stationary Non-MDS

In this general case, we have

V ≡ avar

(
n−1/2

n∑
t=1

Ztεt

)
=

∞∑
j=−∞

Γ(j)

where Γ(j) = cov(Ztεt, Zt−jεt−j). We need to use a consistent long-run

variance-covariance matrix estimator for V. When {Ztεt} is not an MDS,

there is no need (and in fact there is no way) to consider conditional ho-

moskedasticity and conditional heteroskedasticity separately.

7.6 Interpretation and Estimation of Asymptotic

Variance-Covariance Matrix of the 2SLS Estimator

The asymptotic variance-covariance matrix Ω of β̂2SLS is so complicated

that it will be highly desirable if we can find an interpretation to help



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 314

314 Foundations of Modern Econometrics

understand its structure. What is the nature of β̂2SLS? How to understand

the structure of Ω?

Let us revisit the second stage regression model

Yt = X̂ ′
tβ

o + ût,

where the regressor

X̂t = γ̂′Zt

is the sample projection of Xt on Zt, and the disturbance ût = Yt − X̂ ′
tβ

o.

Note that ût 	= εt since X̂t 	= Xt. Given Yt = X ′
tβ

o + εt from Assumption

7.2, we have

ût = Yt − X̂ ′
tβ

o

= εt + (Xt − X̂t)
′βo

= εt + v̂′tβ
o,

where εt is the true disturbance and v̂t ≡ Xt − X̂t = Xt − γ̂′Zt. Since v̂t is

the estimated residual from the first stage auxiliary OLS regression

X = Zγ + v,

we have the following FOC:

Z′(X− X̂) = Z′v̂ = 0.

It follows that the 2SLS estimator

β̂2SLS = (X̂′X̂)−1X̂′Y

= (X̂′X̂)−1X̂′(X̂βo + ε̃)

= βo + (X̂′X̂)−1X̂′(ε+ v̂βo)

= βo + (X̂′X̂)−1X̂′ε

because X̂′v̂ = γ̂′Z′v̂ = 0 (why?). Therefore, the asymptotic properties of

β̂2SLS are determined by

β̂2SLS − βo = (X̂′X̂)−1X̂′ε

=

(
X̂′X̂
n

)−1
X̂′ε
n

.

In other words, the estimated residual v̂ = X − X̂ from the first stage

regression has no impact on the statistical properties of β̂2SLS , although it
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is a component of ût. Thus, when analyzing the asymptotic properties of

β̂2SLS , we can proceed as if we were estimating Y = X̂βo + ε by OLS.

Next, recall that we have

X̂ = Zγ̂,

γ̂ = (Z′Z)−1Z′X
p→ Q−1

ZZQZX = γ.

By WLLN, the sample projection X̂t converges in probability to the popu-

lation projection X̃t ≡ γ′Zt as n → ∞. That is, X̂t will become arbitrarily

close to X̃t as n → ∞. In fact, the estimation error of γ̂ in the first stage

has no impact on the asymptotic properties of β̂2SLS .

Thus, for interpretational purpose, we can consider the following artifi-

cial regression model

Yt = X̃ ′
tβ

o + εt, (7.13)

whose infeasible OLS estimator

β̃ = (X̃ ′X̃)−1X̃ ′Y.

As we will show below, the asymptotic properties of β̂2SLS are the same

as those of the infeasible OLS estimator β̃. This helps a lot in understanding

the asymptotic variance-covariance structure of
√
nβ̂2SLS . It is important to

emphasize that the equation in (7.13) is not derived from other equations.

It is just a convenient way to understand the nature of β̂2SLS .

We now show that the asymptotic properties of β̂2SLS are the same as

those of β̃. For the asymptotic normality, observe that

√
n(β̃ − βo) = Q̂−1

X̃X̃

X̃ ′ε√
n

d→ Q−1

X̃X̃
·N(0, Ṽ ) ∼ N(0, Q−1

X̃X̃
Ṽ Q−1

X̃X̃
)

using the asymptotic theory in Chapters 5 and 6, where

QX̃X̃ ≡ E(X̃tX̃
′
t),

Ṽ ≡ avar

(
n−1/2

n∑
t=1

X̃tεt

)
.
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We first consider the case where {Ztεt} is an MDS with conditional

homoskedasticity.

Case I: MDS with Conditional Homoskedasticity

Suppose {X̃tεt} is an MDS, and E(ε2t |X̃t) = σ2. Then we have

Ṽ = E(X̃tX̃
′
tε

2
t )

= σ2QX̃X̃

by the law of iterated expectations. It follows that

√
n(β̃ − βo)

d→ N(0, σ2Q−1

X̃X̃
).

Because X̃t = γ′Zt, γ = Q−1
ZZQZX , we have

QX̃X̃ = E(X̃tX̃
′
t)

= γ′E(ZtZ
′
t)γ

= γ′QZZγ

= QXZQ
−1
ZZQZZQ

−1
ZZQZX

= QXZQ
−1
ZZQZX .

Therefore,

σ2Q−1

X̃X̃
= σ2

(
QXZQ

−1
ZZQZX

)−1

= Ω ≡ avar(
√
nβ̂2SLS).

This implies that the asymptotic distribution of β̃ is indeed the same as that

of β̂2SLS under the MDS disturbances with conditional homoskedasticity.

The asymptotic variance formula

avar(
√
nβ̂2SLS) = σ2Q−1

X̃X̃

= σ2(γ′QZZγ)
−1

indicates that the asymptotic variance of
√
nβ̂2SLS will be large if the cor-

relation between Zt and Xt, as measured by γ, is weak. Thus, more precise

estimation of βo will be obtained if one chooses the instrument vector Zt

such that Zt is highly correlated with Xt.

Question: How to estimate Ω under the MDS disturbances with condi-

tional homoskedasticity?
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Consider the asymptotic variance estimator

Ω̂ = ŝ2Q̂−1

X̂X̂

= ŝ2
(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

where ŝ2 = ê′ê/(n−K), ê = Y −Xβ̂2SLS ,

Q̂X̂X̂ = n−1
n∑

t=1

X̂tX̂
′
t,

and X̂t = γ̂′Zt is the sample projection of Xt on Zt. Note that we have to

use X̂t rather than X̃t because X̃t = γ′Zt is unknown.

It should be emphasized that ê is not the estimated residual from the

second stage regression (i.e., not from the regression of Y on X̂). This

implies that even under conditional homoskedasticity, the conventional t-

statistic in the second stage regression does not converge to N(0, 1) in

distribution, and J · F̂ does not converge to χ2
J where F̂ is the F -statistic

in the second stage regression.

To show Ω̂
p→ Ω, we shall show: (a) Q̂−1

X̂X̂

p→ Q−1

X̃X̃
, and (b) ŝ2

p→ σ2 as

n → ∞.

We first show (a). There are two methods for proving this.

Method 1: We shall show Q̂−1

X̂X̂

p→ Q−1

X̃X̃
as n → ∞. Because X̂t = γ̂′Zt

and γ̂
p→ γ, we have

Q̂X̂X̂ = n−1
n∑

t=1

X̂tX̂
′
t

= γ̂′
(
n−1

n∑
t=1

ZtZ
′
t

)
γ̂

= γ̂′Q̂ZZ γ̂
p→ γ′QZZγ

= E[(γ′Zt)(Z
′
tγ)]

= E(X̃tX̃
′
t)

= QX̃X̃ .

Method 2: We shall show (Q̂XZQ̂
−1
ZZQ̂ZX)−1 p→ (QXZQ

−1
ZZQZX)−1 as

n → ∞, which follows immediately from Q̂XZ
p→ QXZ and Q̂ZZ

p→ QZZ
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by WLLN. This method is more straightforward but less intuitive than the

first method.

Next, we shall show (b) ŝ2
p→ σ2 as n → ∞. We decompose

ŝ2 =
ê′ê

n−K

=
1

n−K

n∑
t=1

(Yt −X ′
tβ̂2SLS)

2

=
1

n−K

n∑
t=1

[εt −X ′
t(β̂2SLS − βo)]2

=
1

n−K

n∑
t=1

ε2t

+ (β̂2SLS − βo)′
1

n−K

n∑
t=1

XtX
′
t(β̂2SLS − βo)

− 2(β̂2SLS − βo)′
1

n−K

n∑
t=1

Xtεt

p→ σ2 + 0 ·Qxx · 0− 2 · 0 · E(Xtεt)

= σ2.

Note that although E(Xtεt) 	= 0, the last term still vanishes to zero in

probability, because β̂2SLS − βo p→ 0.

We have proved the following theorem.

Theorem 7.3. [Consistency of Ω̂ Under MDS with Conditional

Homoskedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.7, we have

as n → ∞,

Ω̂ = ŝ2Q̂−1

X̂X̂

p→ Ω = σ2Q−1

X̃X̃
= σ2

(
QXZQ

−1
ZZQZX

)−1
.

Question: What happens if we replace ŝ2 by the sample residual variance

estimator s2 = e′e/(n−K), where e = Y −X̂β̂2SLS is the estimated residual

from the second stage regression? Do we still have s2
p→ σ2?

Case II: {Ztεt} Is an MDS with Conditional Heteroskedasticity

When there exists conditional heteroskedasticity but {Ztεt} is still an

MDS, the infeasible OLS estimator β̃ in the artificial regression

Y = X̃βo + ε
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has the following asymptotic distribution:

√
n(β̃ − βo)

d→ N(0, Q−1

X̃X̃
Ṽ Q−1

X̃X̃
),

where

Ṽ = E(X̃tX̃
′
tε

2
t ).

Given X̃t = γ′Zt, γ = Q−1
ZZQZX , QX̃X̃ = γ′QZZγ, and Ṽ =

γ′E(ZtZ
′
tε

2
t )γ = γ′ V γ, where V = E(ZtZ

′
tε

2
t ) under the MDS assump-

tion with conditional heteroskedasticity, we have

avar(
√
nβ̃) = Q−1

X̃X̃
Ṽ Q−1

X̃X̃

= [E(X̃tX̃
′
t)]

−1E
(
X̃tX̃

′
tε

2
t

)
[E(X̃tX̃

′
t)]

−1

= [γ′E(ZtZ
′
t)γ]

−1γ′E(ZtZ
′
tε

2
t )γ[γ

′E(ZtZ
′
t)γ]

−1

=
(
QXZQ

−1
ZZQZX

)−1
QXZQ

−1
ZZV Q−1

ZZQZX(QXZQ
−1
ZZQZX)−1

= Ω ≡ avar(
√
nβ̂2SLS).

This implies that the asymptotic distribution of the infeasible OLS esti-

mator β̃ is the same as that of β̂2SLS under MDS with conditional het-

eroskedasticity. Therefore, the estimator for Ω is

Ω̂ = Q̂−1

X̂X̂
V̂X̂X̂Q̂−1

X̂X̂
,

where

V̂X̂X̂ = n−1
n∑

t=1

X̂tX̂
′
tê

2
t

= γ̂′
(
n−1

n∑
t=1

ZtZ
′
tê

2
t

)
γ̂,

where γ̂ = (Z′Z)−1Z′X = Q̂−1
ZZQ̂ZX and êt = Yt − X ′

tβ̂2SLS . This is a

White’s (1980) heteroskedasticity-consistent variance-covariance matrix es-

timator for β̂2SLS .

Now, put

V̂ ≡ n−1
n∑

t=1

ZtZ
′
tê

2
t .

Then

Ω̂ =
(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

Q̂XZQ̂
−1
ZZ V̂ Q̂−1

ZZQ̂ZX

(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

,
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where (please check it!)

V̂ = n−1
n∑

t=1

ZtZ
′
tê

2
t

p→ V = E(ZtZ
′
tε

2
t )

under suitable regularity conditions.

Question: How to show Ω̂
p→ Ω as n → ∞ under MDS with conditional

heteroskedasticity?

We first impose a moment condition:

Assumption 7.8. (a) E(Z4
jt) ≤ C for some constant C < ∞ and for all

0 ≤ j ≤ l; and (b) E(ε4t ) < ∞.

Again, there are two methods to show Ω̂
p→ Ω here.

Method 1: We shall show Q̂X̂X̂

p→ QX̃X̃ and V̂X̂X̂

p→ Ṽ . The fact that

Q̂X̂X̂

p→ QX̃X̃ has been shown earlier in the case of conditional homoskedas-

ticity. To show V̂X̂X̂

p→ Ṽ , we write

V̂X̂X̂ = n−1
n∑

t=1

X̂tX̂tê
2
t

= γ̂′
(
n−1

n∑
t=1

ZtZ
′
tê

2
t

)
γ̂

= γ̂′V̂ γ̂.

Because γ̂
p→ γ, and following the consistency proof for

n−1
∑n

t=1 XtX
′
te

2
t in Chapter 4, we can show that

V̂ = n−1
n∑

t=1

ZtZ
′
tê

2
t

p→ E(ZtZ
′
tε

2
t ) = V,

under Assumption 7.8. (Please verify it!)

It follows that

V̂X̂X̂

p→ γ′E(ZtZ
′
tε

2
t )γ

= E(X̃tX̃
′
tε

2
t )

= Ṽ .

This and Q̂X̂X̂

p→ QX̃X̃ imply Ω̂
p→ Ω.
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Method 2: Given that

Ω̂ =
(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

Q̂XZQ̂
−1
ZZ V̂ Q̂−1

ZXQ̂ZX

(
Q̂XZQ̂

−1
ZZQ̂ZX

)−1

,

it suffices to show Q̂XZ
p→ QXZ , Q̂ZZ

p→ QZZ and V̂
p→ V. The first two

results immediately follow by WLLN. The last result follows by using a

similar reasoning of the consistency proof for n−1
∑n

t=1 XtX
′
te

2
t in Chapter 4

or 5.

We now summarize the result derived above.

Theorem 7.4. [Consistency of Ω̂ Under MDS with Conditional

Heteroskedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.8, we have

as n → ∞,

Ω̂ = Q̂−1

X̂X̂
V̂X̂X̂Q̂−1

X̂X̂
p→ Ω = Q−1

X̃X̃
Ṽ Q−1

X̃X̃

= (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZV Q−1

ZZQZX(QXZQ
−1
ZZQZX)−1,

where Ṽ = E(X̃tX̃
′
tε

2
t ) and V = E(ZtZ

′
tε

2
t ).

Case III: {Ztεt} Is an Ergodic Stationary Non-MDS

Finally, we consider a general case where {Ztεt} is not an MDS, which

may arise as in the examples discussed in Chapter 6.

In this case, we have
√
n(β̂2SLS − βo)

d→ N(0,Ω) as n → ∞, where

Ω = Q−1

X̃X̃
Ṽ Q−1

X̃X̃

= (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZV Q−1

ZZQZX(QXZQ
−1
ZZQZX)−1,

with

Ṽ =

∞∑
j=−∞

Γ̃(j), Γ̃(j) = cov(X̃tεt, X̃t−jεt−j),

V =

∞∑
j=−∞

Γ(j), Γ(j) = cov(Ztεt, Zt−jεt−j).

On the other hand, we have

avar(
√
nβ̃) = Q−1

X̃X̃
VX̃X̃Q−1

X̃X̃

= (γ′QXXγ)−1γ′V γ(γ′QXXγ)−1

= Ω ≡ avar(
√
nβ̂2SLS).
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Thus, the asymptotic variance of
√
nβ̂2sls is the same as that of

√
nβ̃

under this general case.

To estimate Ω, we need to use a long-run variance-covariance matrix es-

timator for V or Ṽ . We directly assume that we have a consistent estimator

V̂ for V.

Assumption 7.9. V̂
p→ V ≡ ∑∞

j=−∞ Γ(j), where Γ(j) =

cov(Ztεt, Zt−jεt−j) for j ≥ 0, and Γ(j) = Γ(−j)′ for j < 0.

Since Γ̃(j) = γ′Γ(j)γ, a consistent estimator for Ṽ =
∑∞

j=−∞ Γ̃(j) can

be given by

γ̂′V̂ γ̂
p→ Ṽ as n → ∞.

Theorem 7.5. [Consistency of Ω̂ Under Non-MDS]: Under As-

sumptions 7.1 to 7.4, and 7.9, we have as n → ∞,

Ω̂ = Q̂−1

X̂X̂
V̂X̂X̂Q̂−1

X̂X̂

= (Q̂XZQ̂
−1
ZZQ̂ZX)−1Q̂XZQ̂

−1
ZZ V̂ Q̂−1

ZZQ̂ZX(Q̂XZQ̂
−1
ZZQ̂ZX)−1

p→ Ω = Q−1

X̃X̃
Ṽ Q−1

X̃X̃
,

where V̂X̂X̂ = γ̂V̂ γ̂′ and

Ω = (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZV Q−1

ZZQZX(QXZQ
−1
ZZQZX)−1.

With a consistent estimator of Ω, we can develop various confidence

interval estimators and various tests for the null hypothesis H0 : Rβo = r.

We will consider the latter now.

7.7 Hypothesis Testing

Now, consider the null hypothesis of interest

H0 : Rβo = r,

where R is a J ×K nonstochastic matrix with full rank, r is a J × 1 non-

stochastic vector, and J ≤ K. The test statistics will differ depending on

whether {Ztεt} is an MDS, and whether {εt} is conditionally homoskedas-

tic when {Ztεt} is an MDS. For sake of space, we do not present the results

on t-type test statistics here when J = 1.

Case I: {Ztεt} Is an MDS with Conditional Homoskedasticity
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Theorem 7.6. [Wald Test Under Conditional Homoskedasticity]:

Put ê ≡ Y −Xβ̂2SLS . Then under Assumptions 7.1 to 7.4, 7.6 and 7.7, the

Wald test statistic

W =
n(Rβ̂2SLS − r)′[R(X̂′X̂)−1R′]−1(Rβ̂2SLS − r)

ê′ê/(n−K)

d→ χ2
J

as n → ∞, under H0.

Proof: The result follows immediately from the asymptotic normality the-

orem (Corollary 7.2) for
√
n(β̂2SLS −βo), H0 (which implies

√
n(Rβ̂2SLS −

r) = R
√
n(β̂2SLS − βo)), the consistent asymptotic variance estimation

theorem (Theorem 7.5), and Slutsky’s theorem.

It is important to note that W/J is not the F -statistic from the second

stage regression, because ê is not the estimated residual from the second

stage regression.

Therefore, W 	= J · F, where

F =
(e′rer − e′ueu)/J
e′ueu/(n−K)

,

where er and eu are estimated residuals from the restricted and unrestricted

regression models in the second stage regression respectively.

Case II: {Ztεt} Is an Ergodic Stationary MDS with Conditional

Heteroskedasticity

Theorem 7.7. [Robust Wald Test Under Conditional Hetero-

skedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.8, the Wald test

statistic

Wr ≡ n(Rβ̂2SLS − r)′
(
RQ̂−1

X̂X̂
V̂X̂X̂Q̂−1

X̂X̂
R′
)−1

(Rβ̂2SLS − r)

d→ χ2
J

as n → ∞ under H0, where V̂X̂X̂ = n−1
∑n

t=1 X̂tX̂
′
tê

2
t and êt = Yt −

X ′
tβ̂2SLS .

Question: Suppose there exists conditional homoskedasticity but we use

Wr. Is Wr an asymptotically valid procedure in this case?

The answer is yes. The robust Wald test statistic Wr is asymptotically

valid and so applicable under conditional homoskedasticity. However, the
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finite sample performance of Wr will be generally less satisfactory than the

Wald test statistic W in Theorem 7.6, because the latter makes use of the

information of conditional homoskedasticity. In particular, Wr is expected

to have a larger discounted Type I error in small and finite samples.

Case III: {Ztεt} Is an Ergodic Stationary Non-MDS

When {Ztεt} is a non-MDS, we can still construct a Wald test which

is robust to conditional heteroskedasticity and autocorrelation of unknown

form, as is stated below.

Theorem 7.8. [Robust Wald Test Under Conditional Hetero-

skedasticity and Autocorrelation]: Under Assumptions 7.1 to 7.5 and

7.9, the robust Wald test statistic

Wr = n(Rβ̂2SLS − r)′
(
RQ̂−1

X̂X̂
V̂X̂X̂Q̂−1

X̂X̂
R′
)−1

(Rβ̂2SLS − r)

d→ χ2
J

under H0, where V̂X̂X̂ = γ̂′V̂ γ̂, γ̂ = (Z′Z)−1Z′X and V̂ is a consistent

long-run variance-covariance matrix estimator for V =
∑∞

j=−∞ Γ(j) with

Γ(j) = cov(Ztεt, Zt−jεt−j) for j ≥ 0 and Γ(j) = Γ(−j)′ for j < 0.

7.8 Hausman’s Test

When there exists endogeneity so that E(Xtεt) 	= 0, the OLS estimator β̂

is inconsistent for βo. Instead, the 2SLS estimator β̂2SLS should be used,

which involves the choice of the instrument vector Zt that in turn affects

the efficiency of β̂2SLS . In practice, it is not uncommon that practitioners

are not sure whether there exists endogeneity. In this section, we introduce

Hausman’s (1978) test for endogeneity. The null hypothesis of interest is:

H0 : E(εt|Xt) = 0.

If this null hypothesis is rejected, one has to use the 2SLS estimator

β̂2SLS provided that one can find a set of instruments for Zt that satisfies

Assumption 7.4.

For simplicity, we impose the following conditions.

Assumption 7.10. (a) {(X ′
t, Z

′
t)

′εt} is an MDS; and (b) E(ε2t |Xt, Zt) =

σ2.
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Assumptions 7.10 is made for simplicity. They could be relaxed to

be a non-MDS process with conditional heteroskedasticity but Hausman’s

(1978) test statistic to be introduced below should be generalized.

Question: How to test the conditional homoskedasticity assumption that

E(ε2t |Xt, Zt) = σ2?

Put êt = Yt − X ′
tβ̂2SLS . Like White’s (1980) test for conditional

heteroskedasticity in Section 4.7 of Chapter 4, we can run an auxiliary

regression of ê2t on vech(U ′
t), where Ut = (X ′

t, Z
′
t)

′, a (K + l) × 1 vec-

tor. Under the condition that E(ε4t |Xt, Zt) = μ4 is a constant, we have

nR2 d→ χ2
J under the null hypothesis of conditional homoskedasticity, where

J = 1
2 (K + l)(K + l+ 1)− 1. Note that Xt and Zt may contain some com-

mon variables. In this case, some redundant variables in vech(UtU
′
t) should

be eliminated so as to avoid multicollinearity. As a result, the number J

of degrees of freedom of the asymptotic Chi-square distribution has to be

adjusted.

The basic idea of Hausman’s test is under H0 : E(εt|Xt) = 0, both

the OLS estimator β̂ = (X ′X)−1X ′Y and the 2SLS estimator β̂2SLS are

consistent for βo. They converge to the same limit βo in probability but it

can be shown that β̂ is an asymptotically efficient estimator while β̂2SLS is

not. Under the alternatives to H0, β̂2SLS remains to be consistent for βo

but β̂ is generally not consistent for βo. Hausman (1978) considers a test

for H0 based on the difference between the two estimators

β̂2SLS − β̂,

which converges in probability to zero under H0 but generally to a nonzero

constant under the alternatives to H0, giving the test its power against

H0 when the sample size n is sufficiently large. How large the difference

β̂2SLS − β̂ should be in order to be considered as significantly large will be

determined by the sampling distribution of
√
n(β̂2SLS − β̂).

To construct Hausman’s (1978) test statistic, we need to derive the

asymptotic distribution of
√
n(β̂2SLS − β̂). For this purpose, we first state

a lemma.

Lemma 7.1. Suppose Â
p→ A and B̂ = OP (1). Then (Â−A)B̂

p→ 0.
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We first consider the OLS estimator β̂. Note that

√
n(β̂ − βo) = Q̂−1

XXn−1/2
n∑

t=1

Xtεt

where Q̂−1
XX

p→ Q−1
XX and

n−1/2
n∑

t=1

Xtεt
d→ N(0, σ2QXX)

as n → ∞ by CLT for an ergodic stationary MDS (Theorem 5.2). It follows

that n−1/2
∑n

t=1 Xtεt = OP (1), and by Lemma 7.1, we have

√
n(β̂ − βo) = Q−1

XXn−1/2
n∑

t=1

Xtεt + oP (1).

Similarly, we can obtain

√
n(β̂2SLS − βo) = Ân−1/2

n∑
t=1

Ztεt

= An−1/2
n∑

t=1

Ztεt + oP (1),

where

Â = (Q̂XZQ̂
−1
ZZQ̂ZX)−1Q̂XZQ̂

−1
ZZ

p→ A ≡ (QXZQ
−1
ZZQZX)−1QXZQ

−1
ZZ

and n−1/2
∑n

t=1 Ztεt
d→ N(0, σ2QZZ) as n → ∞ (see Corollary 7.2). It

follows by CLT for an ergodic stationary MDS and Assumption 7.10 that

as n → ∞,

√
n(β̂2SLS − β̂) = n−1/2

n∑
t=1

[
(QXZQ

−1
ZZQZX)−1QXZQ

−1
ZZZt −Q−1

XXXt

]
εt

+ oP (1)

d→ N(0, σ2(QXZQ
−1
ZZQZX)−1 − σ2Q−1

XX).

Interestingly, the asymptotic variance of
√
n(β̂2SLS − β̂) is equal to the dif-

ference between avar(
√
nβ̂2SLS)=σ2(QXZQ

−1
ZZQZX)−1 and avar(

√
nβ̂) =

σ2Q−1
XX . This follows because the asymptotic covariance between

√
nβ̂2SLS
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and
√
nβ̂ is equal to avar(

√
nβ̂) when β̂ is an asymptotically efficient esti-

mator under H0. Hausman (1978) provides an intuition. We note that such

a result no longer holds when {Ztεt} is not an MDS and/or E(ε2t |Zt) 	= σ2.

We can now construct a quadratic form

H =
n(β̂2SLS − β̂)′

[
(Q̂XZQ̂

−1
ZZQ̂ZX)−1 − Q̂−1

XX

]−1

(β̂2SLS − β̂)

s2

d→ χ2
K

where the convergence in distribution occurs as n → ∞ under the null

hypothesis H0, and s2 = e′e/n is the sample residual variance estimator

based on the estimated OLS residual e = Y −Xβ̂. This is called Hausman’s

(1978) test statistic.

Question: Can we replace the sample residual variance estimator s2 by

ŝ2 = ê ′ê/n, where ê = Y −Xβ̂2SLS? And if so, which estimator, s2 or ŝ2,

will give a better power in finite samples?

Theorem 7.9. [Hausman’s Test for Endogeneity]: Suppose Assump-

tions 7.1 to 7.4, 7.10 and H0 hold, and QXX − QXZQ
−1
ZZQZX is strictly

positive definite. Then as n → ∞,

H
d→ χ2

K .

We note that in Theorem 7.9,

avar[
√
n(β̂2SLS − β̂)] = σ2(QXZQ

−1
ZZQZX)−1 − σ2Q−1

XX

= avar(
√
nβ̂2SLS)− avar(

√
nβ̂).

This simple asymptotic variance-covariance matrix structure is made

possible under Assumption 7.10. Suppose there exists conditional het-

eroskedasticity (i.e., E(ε2t |Xt, Zt) 	= σ2). Then we no longer have the above

simple variance-covariance matrix structure for avar[
√
n(β̂− β̂2SLS)]. How-

ever, we can construct a robust Hausman test statistic which will follow an

asymptotic χ2
K distribution under H0.

Question: How to modify Hausman’s test statistic so that it remains

asymptotically χ2
K when there exists conditional heteroskedasticity (i.e.,

E(ε2t |Xt, Zt) 	= σ2) but {(X ′
t, Z

′
t)

′εt} is still an MDS?
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The variance-covariance matrix (QXZQ
−1
ZZQZX)−1−Q−1

XX may become

singular when its rank J < K. In this case, we have to modify Hausman’s

test statistic by using the generalized inverse of the variance-covariance

matrix estimator:

H =
n(β̂2SLS − β̂)′

[
(Q̂XZQ̂

−1
ZZQ̂ZX)−1 − Q̂−1

XX

]−
(β̂2SLS − β̂)

s2
.

Note that now H
d→ χ2

J under H0 where J < K.

Question: What is the generalized inverse A− of matrix A?

In fact, Hausman’s (1978) test is a general approach to testing model

specification, not merely whether endogeneity exists. For example, it can be

used to test whether a fixed effect panel data regression model or a random

effect panel data regression model should be used. In Hausman (1978),

two estimators are compared, one of which is asymptotically efficient under

the null hypothesis but inconsistent under the alternative, and the other

of which is asymptotically inefficient but consistent under the alternative

hypothesis. This approach was extended by White (1981) to compare any

two different estimators either of which need not be asymptotically most

efficient. The methods of Hausman and White were further generalized

by Newey (1985), Tauchen (1985) and White (1990) to construct moment-

based tests or m-tests for model specification.

By construction, Hausman’s (1978) test is designed to test the null

hypothesis H0 : E(εt|Xt) = 0. When E(εt|Xt) 	= 0 but E(Xtεt) = 0,

both β̂2SLS and β̂ still converge to the same probability limit, rendering

Hausman’s test to have no asymptotic unit power to reject H0 : E(εt|Xt) =

0.When a test cannot reject all alternatives to a null hypothesis, we say that

the test is not a consistent test. Using a nonparametric series regression,

Hong and White (1995) propose a consistent generalized F -test for the

null hypothesis H0 : E(εt|Xt) = 0 for a parametric regression model. See

also Fan and Li (2006) and Hong and Lee (2013) for consistent model

specification tests.

Hausman’s test is used to check whether E(εt|Xt) = 0. Suppose this

condition fails. Then one has to choose an instrument vector Zt that sat-

isfies Assumption 7.4. When we choose a set of variables for Zt, how can

we check the validity of Zt as instruments? In particular, how to check

whether E(εt|Zt) = 0? For this purpose, we will consider Sargan’s (1958)

test or the so-called overidentification test to be introduced in Chapter 8.
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7.9 Conclusion

In this chapter, we discuss the possibilities that the orthogonality condi-

tion of E(εt|Xt) = 0 may fail in practice, which will render inconsistent

the OLS estimator for the true model parameter. With the use of IV, we

introduce a consistent 2SLS estimator, which is one of the most popular

methods to identify economic causal relationships using non-experimental

observations. We investigate the statistical properties of the 2SLS estimator

and provide interpretations that can enhance deeper understanding of the

nature of the 2SLS estimator. We discuss how to construct consistent esti-

mators for the asymptotic variance-covariance matrix of the 2SLS estimator

under various scenarios, including MDS with conditional homoskedasticity,

MDS with conditional heteroskedasticity, and non-MDS possibly with con-

ditional heteroskedasticity. For the latter, consistent estimation for a long-

run variance-covariance matrix is needed. With these consistent asymptotic

variance estimators, various hypothesis test procedures are proposed. It is

important to emphasize that the conventional t-test and F -test statistics

cannot be used even for large samples. We also introduce Hausman’s (1978)

test to check whether E(εt|Xt) = 0 holds.

In fact, the 2SLS procedure is one of several approaches to consistent

estimation of model parameters when the condition of E(εt|Xt) = 0 fails.

There are alternative estimation procedures that also yield consistent esti-

mators. For example, suppose the correlation between Xt and εt is caused

by the omitted variables problem, namely

εt = g(Wt) + ut,

when E(ut|Xt,Wt) = 0 and Wt is a set of omitted variables which are

correlated with Xt. This delivers a partially linear regression model

Yt = X ′
tβ

o + g(Wt) + ut.

Because E(Yt|Wt) = E(Xt|Wt)
′βo + g(Wt), we obtain

Yt − E(Yt|Wt) = [Xt − E(Xt|Wt)]
′βo + ut

or

Y ∗
t = X∗′

t βo + ut,

where Y ∗
t = Yt−E(Yt|Wt) andX∗

t = Xt−E(Xt|Wt). Because E(X∗
t ut) = 0,

the OLS estimator β̃∗ of regressing Y ∗
t on X∗

t would be consistent for βo.

However, (Y ∗
t , X

∗
t ) are not observable, so β̃∗ is infeasible. Nevertheless, one
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can first estimate E(Yt|Wt) and E(Xt|Wt) nonparametrically, and then ob-

tain a feasible OLS estimator which will be consistent for the true model

parameter (e.g., Robinson 1988). Specifically, let m̂Y (Wt) and m̂X(Wt) be

consistent nonparametric estimators for E(Yt|Wt) and E(Xt|Wt) respec-

tively. Then we can obtain an adaptive feasible OLS estimator

β̃∗
a =

(
n∑

t=1

X̂∗
t X̂

∗′
t

)−1 n∑
t=1

X̂∗
t Ŷ

∗
t ,

where X̂∗
t = Xt − m̂X(Wt) and Ŷ ∗

t = Yt − m̂Y (Wt). It can be shown that

as n → ∞, β̃∗
a

p→ βo and

√
n(β̃∗

a − βo)
d→ N(0, Q∗−1V ∗Q∗−1),

where Q∗ = E(X∗
t X

∗′
t ) and V ∗ = avar(n−1/2

∑n
t=1 X

∗
t ut). The first stage

nonparametric estimation has no impact on the asymptotic properties of

the adaptive feasible OLS estimator β̃a.

Another method to consistently estimate the true model parameter

value is to make use of panel data. A panel data is a collection of ob-

servations for a total of n cross-sectional units and each of these units has

T time series observations over the same time period. This is called a bal-

anced panel data. In contrast, an unbalanced panel data is a collection

of observations for a total of n cross-sectional units and each unit may

have different lengths of time series observations but with some common

overlapping time periods.

With a balanced panel data, we have

Yit = X ′
itβ

o + εit

= X ′
itβ

o + αi + uit,

where αi is called an individual-specific effect and uit is called an idiosyn-

cratic disturbance such that E(uit|Xit, αi) = 0. When αi is correlated with

Xit, which may be caused by omitted variables which do not change over

time, the panel data model is called a fixed effect panel data model. When

αi is uncorrelated with Xit, the panel data model is called a random effect

panel data model. Here, we consider a fixed effect panel data model with

strictly exogenous variables Xit. Because εit is correlated with Xit, the

OLS estimator of regressing Yit on Xit is not consistent for βo. However,

one can consider the demeaned model

Yit − Ẏi. = (Xit − Ẋi.)
′βo + (εit − ε̇i.),



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 331

Instrumental Variables Regression 331

where Ẏi. = T−1
∑T

t=1 Yit and similarly for Ẋi. and ε̇i.. The demeaning

procedure removes the unobservable individual-specific effect and as a re-

sult, the OLS estimator for the demeaned model, which is called the within

estimator in the panel data literature, will be consistent for the true model

parameter βo. (It should be noted that for a dynamic panel data model

where Xit is not strictly exogenous, the within estimator is not consistent

for βo when the number of the time periods T is fixed. Different estimation

methods have to be used.) See Hsiao (2002) for detailed discussion of panel

data econometric models.

Chapters 2 to 7 present a relatively comprehensive econometric theory

for linear regression models often encountered in economics and finance.

We start with a general regression analysis, discussing the interpretation

of a linear regression model, which depends on whether the linear regres-

sion model is correctly specified for conditional mean. After discussing

the classical linear regression model in Chapter 3, Chapters 4 to 7 discuss

various extensions and generalizations when some assumptions in the clas-

sical linear regression model are violated. In particular, we consider the

scenarios under which the results for classical linear regression models are

approximately applicable for large samples. The key conditions are condi-

tional homoskedasticity and serial uncorrelatedness in the disturbance of a

correctly specified linear regression model. When there exists conditional

heteroskedasticity or serial correlation in the regression disturbance, the

results for classical linear regression models are no longer applicable even

for large samples; we provide robust asymptotically valid procedures under

these scenarios. On the other hand, when linear regression model suffers

from endogeneity (i.e., E(εt|Xt) 	= 0), Chapter 7 shows that the 2SLS

method can be used for consistent estimation of and hypothesis testing on

parameters of interest.

The asymptotic theory developed for linear regression models in Chap-

ters 4 to 7 can be easily extended to more complicated, nonlinear models.

For example, consider a nonlinear regression model

Yt = g(Xt, β
o) + εt,

where E(εt|Xt) = 0. The Nonlinear Least Squares (NLS) estimator solves

the minimization of the SSR problem

β̂ = argmin
β

n∑
t=1

[Yt − g(Xt, β)]
2
.
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The FOC is

D(β̂)′e =
n∑

t=1

∂g(Xt, β̂)

∂β

[
Yt − g(Xt, β̂)

]
= 0,

where D(β) is an n × K matrix, with the t-th row being ∂g(Xt, β)/∂β.

Although one generally does not have a closed form expression for β̂, all

asymptotic theory and procedures in Chapters 4 to 7 are applicable to the

NLS estimator if one replaces Xt by (∂/∂β)g(Xt, β) evaluated at the true

parameter value βo or its consistent estimator β̂. See also the discussion in

Chapters 8 and 9.

The asymptotic theory in Chapters 4 to 7 however, cannot be directly

applied to some popular nonlinear models. Examples of such nonlinear

models include:

• Nonlinear regression model with endogeneity:

Yt = g(Xt, β
o) + εt,

where E(εt|Xt) 	= 0;

• Rational expectations model:

E [m(Zt, β
o)] = 0;

• Conditional variance model:

Yt = g(Xt, β
o) + σ(Xt, β

o)ut,

where g(Xt, β) is a parametric model for E(Yt|Xt), σ
2(Xt, β) is a

parametric model for var(Yt|Xt), and {ut} is IID(0, 1);

• Conditional probability distribution model of Yt given Xt:

f(y|Xt, β).

These nonlinear models are not models for conditional mean; they model

other characteristics of the conditional distribution of Yt givenXt. For these

models, we need to develop new estimation methods and new asymptotic

theory, which we will turn to in subsequent chapters.

One important subject that we do not discuss in detail in Chapters 2

to 7 is model specification testing. Chapter 2 emphasizes the importance

of correct model specification for the validity of economic interpretation

of model parameters. How to check whether a linear regression model is

correctly specified for conditional mean E(Yt|Xt)? This is called model

specification testing. Some popular specification tests in econometrics are
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Hausman’s (1978) test and White’s (1981) test which compare two param-

eter estimators for the same model parameter. Also, see Hong and White’s

(1995) generalized F -test for model specification using a nonparametric

series regression.
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Exercise 7

7.1. Suppose Yt = X ′
tβ

o + εt, where Yt and X ′
t are observable and εt is

not observable. If E(εt|Xt) 	= 0, does this always imply that the linear

regression model is misspecified for E(Yt|Xt)? In other word, in addition to

model misspecification for E(Yt|Xt), are there any other possibilities which

may cause E(εt|Xt) 	= 0? Provide some examples to explain.

7.2. Consider Example 7.7 in Section 7.1, where {εt} is IID(0, σ2
ε), {vt} is

IID(0, σ2
v), and {εt} and {vt} are mutually independent.

(1) Suppose Eqs. (7.8) and (7.9) constitute a system of equations. Ex-

plain why the parameter βo
2 is not identifiable.

(2) Suppose now Eqs. (7.8) and (7.12) constitute a system of equations.

Explain why the parameter βo
2 becomes identifiable.

(3) Suppose now we have a system of equations: Wt = βo
1 + βo

2Pt +

βo
3Dt+εt and Pt = αo

1+αo
2Wt+αo

3Dt+vt. Is the parameter βo
2 identifiable?

Explain.

7.3. Consider a simple Keynesian national income model

Ct = βo
1 + βo

2(Yt − Tt) + εt, (A.7.1)

Tt = γo
1 + γo

2Yt + vt, (A.7.2)

Yt = Ct +Gt, (A.7.3)

where Ct, Yt, Tt, and Gt are consumption, income, tax, and government

spending respectively, and {εt} and {vt} are IID(0, σ2
ε) and (0, σ2

v) respec-

tively. Eq. (A.7.1) is a consumption function, Eq. (A.7.2) is a tax function,

and Eq. (A.7.3) is an income identity.

(1) Can the OLS estimator β̂ of Eq. (A.7.1) give consistent estimation

for the MPC? Explain.

(2) Suppose Gt is an exogenous variable (i.e., Gt does not depend on

both Ct and Yt). Can Gt be used as a valid IV? If yes, describe a 2SLS

procedure. If not, explain.

(3) Suppose the government has to maintain a budget balance such that

Gt = Tt + wt, (A.7.4)

where {wt} is IID(0, σ2
w). Could Gt be used as a valid IV? If yes, describe

a 2SLS procedure. If not, explain.
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7.4. Consider the DGP

Yt = X ′
tβ

o + εt, (A.7.5)

where Xt = (1, X1t)
′,

X1t = vt + ut, (A.7.6)

εt = wt + ut, (A.7.7)

where {vt}, {ut} and {wt} are all IID N(0, 1), and they are mutually inde-

pendent.

(1) Is the OLS estimator β̂ consistent for βo? Explain.

(2) Suppose Z1t = wt − εt. Is Zt = (1, Z1t)
′ a valid set of IVs? Explain.

(3) Find an instrument vector and the asymptotic distribution of β̂2SLS

using this instrument vector. [Hint: You need to find
√
n(β̂2SLS − βo)

d→
N(0, V ) for some V, where the expression of V should be given.]

(4) To test the hypothesis

H0 : Rβo = r,

where R is a J × 2 matrix, and r is a J × 1 vector. Suppose that F̃ is the

F -statistic in the second stage regression of 2SLS. Could we use J · F̃ as an

asymptotic χ2
J test? Explain.

7.5. Consider the following demand-supply system:

Yt = αo
0 + αo

1Pt + αo
2St + εt,

Yt = βo
0 + βo

1Pt + βo
2Ct + vt,

where the first equation is a model for the demand of certain good, where Yt

is the quantity demanded for the good, Pt is the price of the good, St is the

price of a substitute, and εt is a shock to the demand. The second equation

is a model for the supply of the good, where Yt is the quantity supplied,

Ct is the cost of production, and vt is a shock to the supply. Suppose St

and Ct are exogenous variables, {εt} is IID(0, σ2
ε) and {vt} is IID(0, σ2

v),

and two series {εt} and {vt} are independent of each other. We have also

assumed that the market is always clear so the quantity demanded is equal

to the quantity supplied.

(1) Suppose a 2SLS estimator is used to estimate the demand model

with the instrument vector Zt = (1, St, Ct)
′. Describe the 2SLS procedure.

Is the resulting 2SLS α̂2sls consistent for αo = (αo
0, α

o
1, α

o
2)

′? Explain.
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(2) Suppose a 2SLS estimator is used to estimate the supply equation

with instruments Zt = (1, St, Ct)
′. Describe the 2SLS procedure. Is the

resulting 2SLS β̂2SLS consistent for βo = (βo
0 , β

o
1 , β

o
2)

′? Explain.

(3) Suppose {εt} and {vt} are contemporaneously correlated, namely,

E(εtvt) 	= 0. This can occur when there is a common shock to both the

demand and supply of the good. Does this affect the conclusions in Parts

(1) and (2)? Explain.

7.6. Show that under Assumptions 7.1 to 7.4, β̂2SLS
p→ βo as n → ∞.

7.7. Suppose Assumptions 7.1 to 7.5 hold.

(1) Show that
√
n(β̂2SLS − βo)

d→ N(0,Ω) as n → ∞, where

Ω =
(
QXZQ

−1
ZZQZX

)−1
QXZQ

−1
ZZV Q−1

ZZQZX(QXZQ
−1
ZZQZX)−1,

and V is given as in Assumption 7.5.

(2) If in addition {Ztεt} is an ergodic stationary MDS with E(ε2t |Zt) =

σ2, show that

Ω = σ2(QXZQ
−1
ZZQZX)−1.

7.8. The use of IV ensures consistency of the 2SLS estimator. Explain

why and how the choice of IV affects the efficiency of the 2SLS estimator.

Suppose Assumptions 7.1 to 7.5 hold.

7.9. Suppose Assumptions 7.1 to 7.4, 7.6 and 7.7 hold, and we are interested

in testing the null hypothesis H0 : Rβo = r, where R is a 1 ×K constant

vector and r is a constant. Construct a t-type test statistic and derive its

asymptotic distribution under H0 in each of the following cases:

(1) {Ztεt} is an MDS, and E(ε2t |Zt) = σ2. And does a standard t-test

statistic from the second stage regression of Yt on X̂t follow an asymptotic

N(0, 1) distribution under H0? Explain.

(2) {Ztεt} is an MDS, and E(ε2t |Zt) 	= 0.

(3) {Ztεt} is a non-MDS.

7.10. Suppose Assumptions 7.1 to 7.4, 7.6 and 7.7 hold.

(1) Define

ŝ2 =
ê′ê
n

,

where ê = Y −Xβ̂2SLS . Show ŝ2
p→ σ2 = var(εt) as n → ∞.
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(2) Define

s2 =
e′e
n

,

where e = Y − X̂β̂2SLS is the estimated residual from the second stage

regression of Yt on X̂t = γ̂′Zt. Show that s2 is not a consistent estimator

for σ2.

7.11. [2SLS Hypothesis Testing]: Suppose Assumptions 7.1 to 7.5 hold.

Define a F -statistic

F =
n(Rβ̂2SLS − r)′(RQ̂−1

X̂X̂
R′)−1(Rβ̂2SLS − r)/J

e′e/(n−K)
,

where et = Yt − X̂ ′
tβ̂2SLS is the estimated residual from the second stage

regression of Yt on X̂t. Does J · F d→ χ2
J under the null hypothesis H0 :

Rβo = r? If yes, give your reasoning. If not, provide a modification so that

the modified test statistic converges to χ2
J under H0.

7.12. Let

V̂ =
1

n

n∑
t=1

ZtZ
′
tê

2
t ,

where êt = Yt −X ′
tβ̂2SLS . Show V̂

p→ V under Assumptions 7.1 to 7.8.

7.13. Suppose the following assumptions hold:

Assumption 1 [Linearity]: {Yt, X
′
t}nt=1 is an ergodic stationary process with

Yt = X ′
tβ

o + εt, t = 1, ..., n,

for some unknown K × 1 parameter vector βo and some unobservable dis-

turbance εt.

Assumption 2 [Nonsingularity]: The K ×K matrix

QXX = E(XtX
′
t)

is nonsingular and finite.

Assumption 3 [Orthogonality]:

(a) E(εt|Xt) = 0.
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(b) E(εt|Zt) = 0, where Zt is an l × 1 random vector, with l ≥ K.

(c) The l × l matrix

QZZ = E(ZtZ
′
t)

is finite and nonsingular, and the l ×K matrix

QXZ = E(ZtX
′
t)

is finite and of full rank.

Assumption 4: {(X ′
t, Z

′
t)

′εt} is an MDS.

Assumption 5: E(ε2t |Xt, Zt) = σ2.

Under these assumptions, both the OLS estimator

β̂ = (X′X)−1X′Y

and the 2SLS estimator

β̂2SLS = [(X′Z)(Z′Z)−1Z′X]−1X′Z(Z′Z)−1Z′Y

are consistent for βo.

(1) Show that β̂ is a special 2SLS estimator β̂2SLS with some proper

choice of IV.

(2) Which estimator, β̂ or β̂2SLS , is more asymptotically efficient? [Hint:

If
√
n(β̂1 − βo)

d→ N(0,Ω1) and
√
n(β̂2 − βo)

d→ N(0,Ω2), then β̂1 is

asymptotically more efficient than β̂2 if and only if Ω2 −Ω1 or Ω−1
1 −Ω−1

2

is PSD.]

7.14. Consider the linear regression model

Yt = X ′
tβ

o + εt,

where E(Xtεt) 	= 0. Our purpose is to find a consistent estimation proce-

dure for βo.

First, consider the artificial regression

Xt = γ′Zt + vt,

where Xt is the regressor vector, Zt is the instrument vector, γ =

[E(ZtZ
′
t)]

−1E(ZtX
′
t) is the best linear least squares approximation coef-

ficient, and vt is the K × 1 regression error.
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Now, suppose instead of decomposing Xt, we decompose the regression

error εt as follows:

εt = v′tρ
o + ut,

where ρo = [E(vtv
′
t)]

−1E(vtεt) is the best linear least squares approxima-

tion coefficient.

Assuming that vt is observable, we consider the augmented linear re-

gression model

Yt = X ′
tβ

o + v′tρ
o + ut.

Show E[(X ′
t, vt)

′ut] = 0. One important implication of this orthogonal-

ity condition is that if vt is observable then the OLS estimator of regressing

Yt on Xt and vt will be consistent for (βo′, ρo′)′.

7.15. In practice, vt is unobservable in the first stage regression. However,

it can be estimated by the estimated OLS residual

v̂t = Xt − γ̂′Zt = Xt − X̂t.

We now consider the following feasible augmented linear regression

model

Yt = X ′
tβ

o + v̂′tρ
o + ũt,

and we denote the resulting OLS estimator as α̂ = (β̂′, ρ̂′)′, where β̂ is the

OLS estimator for βo and ρ̂ is the OLS estimator for ρo.

Show β̂ = β̂2SLS . [Hint: The following decomposition may be useful:

Suppose

A =

[
B C ′

C D

]
is a nonsingular square matrix, where B is k1 × k1, C is k2 × k1 and D is

k2 × k2. Then

A−1 =

[
B−1(I + C ′E−1CB−1) −B′−1C ′E−1

−E−1CB−1 E−1

]
,

where E = D − CB−1C ′.]

7.16. Suppose Ŷ is an n × 1 vector of the fitted values of regressing Yt on

Zt, and X̂ is an n×K matrix of fitted values of regressing Xt on Zt. Show

that β̂2SLS is equal to the OLS estimator of regressing Ŷ on X̂.
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7.17. [Hausman’s Test]: Suppose Assumptions 1, 2, 3(b, c), 4 and 5 in

Exercise 7.13 hold. A test for the null hypothesis H0 : E(εt|Xt) = 0 can

be constructed by comparing β̂ and β̂2SLS , because they will converge in

probability to the same limit βo under H0 and generally to different limits

under the alternatives to H0. Assume that H0 holds.

(1) Show that

√
n(β̂ − βo)−Q−1

XX

1√
n

n∑
t=1

Xtεt
p→ 0

or equivalently

√
n(β̂ − βo) = Q−1

XX

1√
n

n∑
t=1

Xtεt + oP (1),

where QXX = E(XtX
′
t).

(2) Show that

√
n(β̂2SLS − βo) = Q−1

X̃X̃

1√
n

n∑
t=1

X̃tεt + oP (1),

where QX̃X̃ = E(XtX
′
t), X̃t = γ′Zt and γ = [E(ZtZ

′
t)]

−1E(ZtXt).

(3) Show that

√
n(β̂2SLS − β̂) =

1√
n

n∑
t=1

{
Q−1

XXXt −Q−1

X̃X̃
X̃t

}
εt + oP (1).

(4) The asymptotic distribution of
√
n(β̂2SLS − β̂) is determined by the

leading term only in Part (3). Find its asymptotic distribution.

(5) Construct an asymptotically χ2 test statistic. What is the number

of degrees of freedom of the asymptotic χ2 distribution? Assume that

QXX −QX̃X̃ is strictly positive definite.

7.18. Suppose Assumptions 1, 2, 3(b, c) and 4 in Exercise 7.13 hold,

E(X4
jt) < ∞ for 1 ≤ j ≤ K, E(Z4

jt) < ∞ for 1 ≤ j ≤ l, and E(ε4t ) < ∞.

There may exist conditional heteroskedasticity. Construct a Hausman’s

type test statistic for H0 : E(εt|Xt) = 0 and derive its asymptotic distri-

bution under H0.

7.19. In Theorem 7.9, Hausman’s test statistic for the null hypothesis H0 :

E(εt|Xt) = 0 is defined as

H =
n(β̂2SLS − β̂)′[(Q̂XZQ̂

−1
ZZQ̂ZX)−1 − Q̂−1

XX ]−1(β̂2SLS − β̂)

s2
,
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where s2 = e′e/(n −K), and e = Y −Xβ̂ is the estimated OLS residual.

Now we define an alternative Hausman’s test statistic, denoted as Ĥ, which

is the same as H, except that the sample residual variance estimator s2 is

replaced by ŝ2 = ê′ê/(n−K), where ê = Y −Xβ̂2SLS .

(1) Show that Ĥ
d→ χ2

K as n → ∞ under H0 : E(εt|Xt) = 0. Give your

reasoning.

(2) Which test, H or Ĥ, will have a smaller Type II error in finite

samples when the null hypothesis H0 is false? Give your reasoning.

7.20. Hausman’s test checks the null hypothesis H0 that E(εt|Xt) = 0. It is

based on the comparison between two estimators, the OLS estimator β̂ and

the 2SLS estimator β̂2SLS . These two estimators converge in probability

to the same limit under H0, and generally to different limits under the

alternative to H0.

(1) Is it possible that H0 is false but β̂ and β2SLS still converge to the

same limit? If yes, give a proof; if not, give an example.

(2) Suppose H0 is false but β̂ and β2SLS converge to the same limit.

Does Hausman’s test have asymptotic unit power to rejectH0 as the sample

size n → ∞?

7.21. [Hausman-White Test]: Suppose Assumptions 1, 3(b, c), 4 and 5 in

Exercise 7.13 hold. A test for the null hypothesis H0 : E(εt|Xt) = 0 can

be constructed by comparing β̂ and β̂W , where β̂W is a Weighted Least

Squares (WLS) estimator defined as

β̂W =

(
n∑

t=1

XtW
2
t X

′
t

)−1 n∑
t=1

WtXtYt,

where Wt = W (Xt) is a weighting function of Xt, and QWXWX ≡
E(W 2

t XtX
′
t) is finite, symmetric and positive definite. The estimators β̂

and β̂W will converge in probability to the same limit βo under H0 and

generally to different limits under the alternatives to H0. Assume that H0

holds.

(1) Show β̂W → βo as n → ∞ under H0.

(2) Show

√
n(β̂W − βo) = Q−1

WXWX

1√
n

n∑
t=1

WtXtεt + oP (1).
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(3) Show

√
n(β̂W − β̂) =

1√
n

n∑
t=1

(
Q−1

WXWXWt −Q−1
XX

)
Xtεt + oP (1).

(4) Derive the asymptotic distribution of
√
n(β̂W − β̂).

(5) Construct a test statistic of H0 based on a quadratic form of√
n(β̂W − β̂), and derive its asymptotic distribution under H0. You can

impose any necessary additional moment conditions.

(6) Explain why such a test generally has power when the null hypothesis

H0 is false.
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Chapter 8

Generalized Method of Moments
Estimation

Abstract: Many economic theories and hypotheses have implications on

and only on a moment condition or a set of moment conditions. A popular

method to estimate model parameters contained in the moment condition

is the Generalized Method of Moments (GMM). In this chapter, we first

provide some economic examples for the moment condition, and define

the GMM estimator. We then establish the consistency and asymptotic

normality of the GMM estimator. Since the asymptotic variance-covariance

matrix of a GMM estimator depends on the choice of a weighting matrix,

we introduce an asymptotically optimal two-stage GMM estimator with a

suitable choice of a weighting matrix. With the construction of a consistent

asymptotic variance estimator, we then propose an asymptotically χ2 Wald

test statistic for the hypothesis of interest, and a model specification test

for the moment condition.

Keywords: CAPM, Dynamic CAPM, Exact identification, GMM, Instru-

ment, IV estimation, Linear IV estimator, Method of Moments Estimation

(MME), Model specification test, Moment condition, Moment matching,

Optimal estimation, Overidentification, Rational expectations, Sample mo-

ment, Sargan’s test, Two-stage GMM estimation, Weighting matrix

8.1 Introduction to Method of Moments Estimation

To motivate the GMM estimation, we first consider a traditional method

in statistics which is called the Method of Moments Estimation (MME).

Question: Suppose f(y, βo) is the Probability Density Function (PDF)

or the Probability Mass Function (PMF) of a univariate random variable

Yt, where βo is an unknown true parameter value. How to estimate the

343
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unknown parameter value βo using a realization of the random sample

{Yt}nt=1?

The basic idea of MME is to match the sample moments with the popu-

lation moments obtained under the probability distribution model f(y, β).

For simplicity, below we consider the case of a continuous distribution for

Yt, so f(y, β) is a PDF model. Specifically, MME can be implemented as

follows:

Step 1: Compute population moments μk(β
o) ≡ E(Y k

t ) under the PDF

model f(y, βo).

For example, for k = 1, 2, we have

E(Yt) =

∫ ∞

−∞
yf(y, βo)dy = μ1(β

o)

E(Y 2
t ) =

∫ ∞

−∞
y2f(y, βo)dy

= σ2(βo) + μ2
1(β

o),

where σ2(βo) is the variance of Yt.

Step 2: Compute the sample moments from the random sample Yn =

(Y1, ..., Yn)
′ of size n:

For example, for k = 1, 2, we have

m̂1 = Ȳn
p→ μ1(β

o)

m̂2 = n−1
n∑

t=1

Y 2
t

p→ E(Y 2
t ) = σ2(βo) + μ2

1(β
o),

where σ2(βo) = μ2(β
o) − μ2

1(β
o), and the weak convergence follows by

WLLN.

Step 3: Match the sample moments with the corresponding population

moments evaluated at some parameter value β̂:

For example, for k = 1, 2, we set

m̂1 = μ1(β̂),

m̂2 = μ2(β̂) = σ2(β̂) + μ2
2(β̂).
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Step 4: Solve for the system of equations. The solution β̂ is called the

MME for βo.

In general, if β is a K × 1 parameter vector, we need K equations of

matching moments. We have m̂k = μk(β̂) for each n. Since m̂k
p→ μk(β

o)

as n → ∞ by WLLN, we expect β̂ ≡ β̂n(Y
n)

p→ βo as n → ∞.

We now illustrate MME by two simple examples.

Example 8.1. Suppose the random sample {Yt}nt=1 ∼ IID EXP(λ). Find

an estimator for λ using MME.

Solution: In our application, β = λ. Because the exponential PDF

f(y, λ) =
1

λ
e−y/λ for y > 0,

it can be shown that

μ(λ) = E(Yt) =

∫ ∞

0

yf(y, λ)dy

=

∫ ∞

0

y
1

λ
e−y/λdy

= λ.

On the other hand, the first sample moment is the sample mean:

m̂1 = Ȳn.

Matching the sample mean with the population mean evaluated at λ̂ :

m̂1 = μ(λ̂) = λ̂,

we obtain the MME

λ̂ = m̂1 = Ȳn.

Example 8.2. Suppose the random sample {Yt}nt=1 ∼ IIDN(μ, σ2). Find

MME for βo = (μ, σ2)′.

Solution: The first two population moments are

E(Yt) = μ,

E(Y 2
t ) = σ2 + μ2.
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The first two sample moments are

m̂1 = Ȳn,

m̂2 =
1

n

n∑
t=1

Y 2
t .

Matching the first two moments, we have

Ȳn = μ̂,

1

n

n∑
t=1

Y 2
t = σ̂2 + μ̂2.

It follows that the MME

μ̂ = Ȳn,

σ̂2 =
1

n

n∑
t=1

Y 2
t − Ȳ 2

n =
1

n

n∑
t=1

(Yt − Ȳn)
2.

It is well-known that μ̂
p→ μ and σ̂2 p→ σ2 as n → ∞.

8.2 Generalized Method of Moments (GMM) Estimation

Suppose β is a K × 1 parameter vector, and there exists an l × 1 moment

function mt(β) such that

E[mt(β
o)] = 0 for some unknown parameter value βo,

where the sub-index t denotes that mt(β) is a function of both β and some

random variables indexed by t, and βo is the true parameter value. For

example, in the context of linear regression modelling, we may have

mt(β) = Xt(Yt −X ′
tβ)

in the OLS estimation, or

mt(β) = Zt(Yt −X ′
tβ)

in the 2SLS estimation, or more generally in the IV estimation, where Zt

is an l × 1 instrument vector.

If l = K, that is, if the number of moment conditions is the same as

that of unknown parameters, the model E[mt(β
o)] = 0 is called exactly

identified. If l > K, that is, if the number of moment conditions is more

than that of unknown parameters, the model is called overidentified.
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The moment condition E[mt(β
o)] = 0 may follow from economic and

financial theory (e.g., rational expectations and correct asset pricing). We

now illustrate this by the following example.

Example 8.3. [CAPM]: Define Yt as an L×1 vector of excess returns for

L assets (or portfolios of assets) in period t. For these L assets, the excess

returns can be explained using the excess market portfolio return:

Yt = βo
0 + βo

1Rmt + εt

= βo′Xt + εt,

where Xt = (1, Rmt)
′ is a bivariate vector, Rmt is the excess market portfo-

lio return, βo is a 2×L true parameter matrix, and εt is an L×1 disturbance

representing idiosyncratic risk, with E(εt|Xt) = 0. This orthogonality con-

dition implies that there exists no systematic pricing bias in any time pe-

riod. This is the standard CAPM.

Define the l × 1 moment function

mt(β) = Xt ⊗ (Yt − β′Xt),

where l = 2L and ⊗ denotes the Kronecker product. When CAPM holds,

we have

E[mt(β
o)] = 0.

These l × 1 moment conditions form a basis to estimate and test CAPM.

In fact, for any measurable function h : R2 → Rl, CAPM implies

E[h(Xt)(Yt − β′Xt)] = 0.

This can also be used to estimate CAPM.

Question: How to choose the instruments h(Xt)?

Example 8.4. [Dynamic CAPM (Hansen and Singleton 1982)]:

Suppose a representative economic agent has a constant relative risk aver-

sion utility over his lifetime

U =

n∑
t=0

δtu(Ct) =

n∑
t=0

δt
Cγ

t − 1

γ
,

where u(·) is the time-invariant utility function of the economic agent in

each time period (we assume u(c) = (cγ − 1)/γ), δ is the agent’s time
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discount factor, γ is the economic agent’s risk aversion parameter, and Ct

is the consumption during period t. Let the information available to the

agent at time t − 1 be represented by the sigma-algebra It−1 in the sense

that any variable whose value is known at time t − 1 is presumed to be

It−1-measurable, and let

Rt =
Pt

Pt−1
= 1 +

Pt − Pt−1

Pt−1

be the gross return to an asset acquired at time t − 1 at the price of Pt−1

(we assume no dividend on the asset). The agent’s optimization problem is

max
{Ct}

E(U)

subject to the intertemporal budget constraint

Ct + Ptqt = Yt + Ptqt−1,

where qt is the quantity of the asset purchased at time t and Yt is the agent’s

labor income during period t. Define the marginal rate of intertemporal

substitution

MRSt(γ) =

∂u(Ct)
∂Ct

∂u(Ct−1)
∂Ct−1

=

(
Ct

Ct−1

)γ−1

.

The FOC of the agent optimization problem is characterized by the

Euler equation:

E [δoMRSt(γ
o)Rt|It−1] = 1 for some βo = (δo, γo)′.

That is, the marginal rate of intertemporal substitution discounts gross

returns to unity in expectation. Any dynamic CAPM is equivalent to a

specification of MRSt(γ). For more discussion, see Hansen and Singleton

(1982) or Cochrane (2001).

We may write the Euler equation as follows:

E [{δoMRSt(γ
o)Rt − 1}|It−1] = 0.

Thus, one may view that {δMRSt(γ)Rt − 1} is a generalized model resid-

ual which has the MDS property when evaluated at the true structural

parameter value βo = (δo, γo)′.

Question: How to estimate the unknown parameter value βo in a dynamic

CAPM?
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More generally, how to estimate βo from any linear or nonlinear econo-

metric model which can be formulated as a set of moment conditions? Note

that the joint distribution of the random sample is not given or implied by

economic theory; only a set of conditional moments is given.

From the Euler equation, we can induce the following unconditional

moment restrictions:

E [δoMRSt(γ
o)Rt − 1] = 0,

E

{
Ct−1

Ct−2
[δoMRSt(γ

o)Rt − 1]

}
= 0,

E {Rt−1 [δ
oMRSt(γ

o)Rt − 1]} = 0.

Therefore, we can consider the 3× 1 sample moments

m̂(β) =
1

n

n∑
t=1

mt(β),

where

mt(β) = [δMRSt(γ)Rt − 1]

(
1,

Ct−1

Ct−2
, Rt−1

)′

can serve as the basis for estimation. The elements of the vector

Zt ≡
(
1,

Ct−1

Ct−2
, Rt−1

)′

are called IVs which are a subset of information set It−1.

We now define the GMM estimator.

Definition 8.1. [GMM Estimator]: The GMM estimator is

β̂ = argmin
β∈Θ

m̂(β)′Ŵ−1m̂(β),

where

m̂(β) = n−1
n∑

t=1

mt(β)

is an l× 1 sample moment vector, β is a K × 1 unknown parameter vector,

Θ is a K × 1 dimensional parameter space, and Ŵ is an l × l symmetric

nonsingular matrix which is possibly data-dependent. Here, we assume

l ≥ K, i.e., the number of moments may be larger than or at least equal to

the number of unknown parameters.
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Question: Why do we require l ≥ K in GMM estimation?

Question: Why is the GMM estimator β̂ not defined by setting the l × 1

sample moments to zero jointly, namely

m̂(β̂) = 0?

When l > K, i.e., when the number of equations is larger than that

of unknown parameters, we generally cannot find a solution β̂ such that

m̂(β̂) = 0. However, we can find a solution β̂ which makes m̂(β̂) as close to

an l × 1 zero vector as possible by minimizing the quadratic form

m̂(β)′m̂(β) =

l∑
i=1

m̂2
i (β),

where m̂i(β) = n−1
∑n

t=1 mit(β), i = 1, ..., l. Since each sample moment

component m̂i(β) has a different variance, and m̂i(β) and m̂j(β) may be

correlated, we can introduce a weighting matrix Ŵ and choose β̂ to mini-

mize a weighted quadratic form in m̂(β̂), namely

m̂(β)′Ŵ−1m̂(β).

Question: What is the role of Ŵ?

When Ŵ = I, an identity matrix, each of the l component sample mo-

ments is weighted equally. If Ŵ 	= I, then the l sample moment components

are weighted differently. A suitable choice of weighting matrix Ŵ can im-

prove the efficiency of the resulting estimator. Here, a natural question is:

what is the optimal weighting function for the choice of Ŵ?

Intuitively, the sample moment components which have large sampling

variations should be discounted. This is an idea similar to the GLS esti-

mator, which discounts noisy observations by dividing by the conditional

standard deviation of the disturbance term and differencing out serial cor-

relations. As we will see soon, an asymptotically optimal weighting matrix

Ŵ should converge to the asymptotic variance-covariance matrix of the

sample moment m̂(βo) up to some constant proportionality.

Question: Does the GMM estimator have a closed form expression?

In general, when the moment function mt(β) is nonlinear in parameter

β, there is no closed form solution for β̂. However, there is an important
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special case where the GMM estimator β̂ has a closed form. This is the case

of so-called linear IV estimation. Specifically, to estimate a linear regression

model

Yt = X ′
tβ

o + εt,

where E(εt|Xt) 	= 0. Suppose there exists an instrument vector Zt such

that E(εt|Zt) = 0. We construct a moment function

mt(β) = Zt(Yt −X ′
tβ),

where Yt is a scalar, Xt is a K × 1 vector, and Zt is an l × 1 vector, with

l ≥ K. Then we have

E[Zt(Yt −X ′
tβ

o)] = 0 for some βo.

In this case, the GMM estimator, or more precisely, the linear IV esti-

mator, β̂, solves the following minimization problem:

min
β∈RK

m̂(β)′Ŵ−1m̂(β) = n−2 min
β∈RK

(Y −Xβ)′ZŴ−1Z′(Y −Xβ),

where

m̂(β) =
Z′(Y −Xβ)

n

=
1

n

n∑
t=1

Zt(Yt −X ′
tβ).

The FOC is given by

∂

∂β

[
(Y −Xβ)′ZŴ−1Z′(Y −Xβ)

]
β=β̂

= −2X′ZŴ−1Z′(Y −Xβ̂)

= 0.

It follows that

X′ZŴ−1Z′Xβ̂ = X′ZŴ−1Z′Y.

When the K × l matrix QXZ = E(XtZ
′
t) is of full rank of K, the

K×K matrixQXZW
−1QZX is nonsingular. Therefore,X′ZŴ−1Z′X is not

singular at least for large samples, and consequently the GMM estimator

β̂ has the closed form expression:
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β̂ = (X′ZŴ−1Z′X)−1X′ZŴ−1Z′Y.

This is called a linear IV estimator because it estimates the parameter value

βo in a linear model Yt = X ′
tβ

o + εt.

Theorem 8.1. [Linear IV Estimator]: Suppose mt(β) = Zt(Yt−X ′
tβ),

where Yt is a scalar variable, Zt is an l × 1 instrument vector, Xt is a

K × 1 explanatory vector, β is a K × 1 parameter vector, with l ≥ K. Also,

with probability one, the K × l matrix X′Z is of full rank K and the l × l

weighting matrix Ŵ is nonsingular. Then the resulting GMM estimator β̂

is called a linear IV estimator and has the closed form expression

β̂ = (X′ZŴ−1Z′X)−1X′ZŴ−1Z′Y.

When l = K, and QXZ is nonsingular,

β̂ = (Z′X)−1Z′Y.

The linear IV estimator β̂ is used to estimate the unknown true param-

eter value βo in a linear regression model Yt = X ′
tβ

o+ εt. Note that the IV

estimator β̂ generally depends on the choice of instrument vector Zt and

weighting matrix Ŵ .

Interestingly, the 2SLS estimator β̂2SLS considered in Chapter 7 is a

special case of the linear IV estimator by choosing

Ŵ = Z′Z,

or more generally, by choosing Ŵ = c(Z′Z) for any constant c 	= 0.

Question: Is the choice of Ŵ = Z′Z optimal? In other words, is the 2SLS

estimator β̂2SLS asymptotically efficient in estimating βo?

However, when l = K, the exact identification case, the IV estimator β̂

does not depend on the choice of Ŵ . This is because in this case the FOC

that X′ZŴ−1Z′(Y −Xβ̂) = 0 becomes

Z′(Y −Xβ̂) = 0,

(K × n)(n× 1) = K × 1,

given X′Z and Ŵ are nonsingular at least for large samples. This yields the

linear IV estimator β̂ = (Z′X)−1Z′Y regardless of the choice of weighting

matrix Ŵ .
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Obviously, the OLS estimator β̂ = (X′X)−1X′Y is a special case of the

linear IV estimator by choosing Zt = Xt.

8.3 Consistency of the GMM Estimator

Question: What are the statistical properties of the GMM estimator β̂?

To investigate the asymptotic properties of the GMM estimator β̂, we

first provide a set of regularity conditions.

Assumption 8.1. [Compactness]: The parameter space Θ is compact

(closed and bounded).

Assumption 8.2. [Uniform Convergence]: (a) The moment function

mt(β) is an l × 1 measurable function of a random vector indexed by t

for each β ∈ Θ, and given each t, mt(β) is continuous in β ∈ Θ with

probability one; (b) {mt(β)} is an ergodic stationary process; (c) m̂(β)

converges uniformly over Θ to m(β) ≡ E[mt(β)] in probability in the sense

that

sup
β∈Θ

||m̂(β)−m(β)|| p→ 0,

where || · || is an Euclidean norm; (d) m(β) is continuous in β ∈ Θ.

Assumption 8.3. [Identification]: There exists a unique parameter

value βo in Θ such that m(βo) = 0.

Assumption 8.4. [Weighting Matrix]: Ŵ
p→ W , where W is a non-

stochastic l × l symmetric, finite and nonsingular matrix.

Assumption 8.3 is an identification condition. If the moment condition

m(βo) = 0 is implied by economic theory, βo can be viewed as the true

model parameter value. Assumptions 8.1 and 8.3 imply that the true model

parameter value βo lies inside the compact parameter space Θ. Compactness

is sometimes restrictive, but it greatly simplifies asymptotic analysis and is

sometime necessary (as in the case of estimating GARCH models) where

some parameters must be restricted to ensure a positive conditional variance

estimator.
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In many applications such as Examples 8.3 and 8.4, the moment function

mt(β) usually has the form

mt(β) = htεt(β)

for some weighting function ht and some error or generalized error term

εt(β). Assumption 8.2 allows but does not require such a multiplicative

form for mt(β). Also, in Assumption 8.2, we impose a UWLLN for m̂(β)

over Θ. Intuitively, uniform convergence implies that the largest (or worse)

deviation between m̂(β) and m(β) over Θ vanishes to 0 in probability as

n → ∞.

Question: How to ensure uniform convergence in probability?

This can be achieved by a suitable UWLLN. For example, when

{(Yt, X
′
t)

′}nt=1 is IID, we have the following result:

Lemma 8.1. [USLLN for an IID Process]: Let {Zt, t = 1, 2, ...} be an

IID sequence of random d× 1 vectors, with common CDF F.

Let Θ be a compact subset of RK , and let q : Rd ×Θ → R be a function

such that q(·, β) is measurable for each β ∈ Θ and q(z, ·) is continuous on

Θ for each z ∈ Rd.

Suppose there exists a measurable function D : Rd → R+ such that

|q(z, β)| ≤ D(z) for all β ∈ Θ and z ∈ S, where S is the support of Zt and

E[D(Zt)] < ∞.

Then

(1) Q(β) = E[q(Zt, β)] is continuous on Θ;

(2) supβ∈Θ |Q̂(β)−Q(β)| → 0 almost surely as n → ∞, where Q̂(β) =

n−1
∑n

t=1 q(Zt, β).

Proof: See Jennrich (1969, Theorem 2).

For an ergodic time series process, we can use the following USLLN.

Lemma 8.2. [USLLN for an Ergodic Stationary Process (Ranga

Rao 1962)]: Let (Ω, F, P ) be a probability space, and let T : Ω → Ω be a

one-to-one measure preserving transformation.

Let Θ be a compact subset of RK , and let q : Ω×Θ → R be a function

such that q(·, β) is measurable for each θ ∈ Θ and q(ω, ·) is continuous on

Θ for each ω ∈ Ω.
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Suppose there exists a measurable function D : Ω → R+ such that

|q(ω, β)| ≤ D(ω) for all β ∈ Θ and ω ∈ Ω, and E(D) =
∫
DdP < ∞.

If for each β ∈ Θ, qt(θ) = q(T tω, β) is ergodic, then

(1) Q(β) = E[qt(β)] is continuous on Θ;

(2) supβ∈Θ |Q̂(β)−Q(β)| → 0 almost surely as n → ∞, where Q̂(β) =

n−1
∑n

t=1 qt(β).

Proof: See Ranga Rao (1962).

We note that uniform almost sure convergence implies uniform conver-

gence in probability.

To show consistency of the GMM estimator β̂ for βo, we need the fol-

lowing extremum estimator lemma.

Lemma 8.3. [Consistency of Extremum Estimator (White 1994)]:

Let Q̂(β) be a stochastic real-valued function of β ∈ Θ, and Q(β) be a

nonstochastic real-valued continuous function of β, where Θ is a compact

parameter space. Suppose that for each β, Q̂(β) is a measurable function

of the random sample with sample n, and for each n, Q̂(·) is continuous in
β ∈ Θ with probability one. Also suppose Q̂(β) − Q(β)

p→ 0 uniformly in

β ∈ Θ.

Let β̂ = argmaxβ∈Θ Q̂(β), and βo = argmaxβ∈Θ Q(β) is the unique

maximizer. Then β̂ − βo p→ 0 as n → ∞.

Proof: See White (1994, Theorem 3.4).

This lemma continues to hold if we change all convergences in proba-

bility to almost sure convergences. We now apply Lemma 8.3 to show the

consistency of the GMM estimator β̂.

Theorem 8.2. [Consistency of GMM]: Suppose Assumptions 8.1 to

8.4 hold. Then as n → ∞,

β̂
p→ βo.

Proof: Put

Q̂(β) = −m̂(β)′Ŵ−1m̂(β)
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and

Q(β) = −m(β)′W−1m(β).

Then∣∣∣Q̂(β)−Q(β)
∣∣∣

=
∣∣∣m̂(β)′Ŵ−1m̂(β)−m(β)′W−1m(β)

∣∣∣
=
∣∣∣[m̂(β)−m(β) +m(β)]′Ŵ−1[m̂(β)−m(β) +m(β)]−m(β)′W−1m(β)

∣∣∣
≤
∣∣∣[m̂(β)−m(β)]

′
Ŵ−1 [m̂(β)−m(β)]

∣∣∣
+ 2
∣∣∣m(β)′Ŵ−1 [m̂(β)−m(β)]

∣∣∣
+
∣∣∣m(β)′(Ŵ−1 −W−1)m(β)

∣∣∣ .
It follows from Assumptions 8.1, 8.2 and 8.4 that

Q̂(β)
p→ Q(β)

uniformly over Θ, and Q(·) = m(·)′W−1m(·) is continuous in β over Θ.

Moreover, Assumption 8.3 implies that βo is the unique minimizer of Q(β)

over Θ. It follows that β̂
p→ βo by the extremum estimator lemma. Note

that the proof of the consistency theorem does not require the existence of

FOC. This is made possible by using the extremum estimator lemma. This

completes the proof of consistency.

8.4 Asymptotic Normality of the GMM Estimator

To derive the asymptotic distribution of the GMM estimator, we impose

two additional regularity conditions.

Assumption 8.5. [Interiorness]: βo is an interior point of Θ.

Assumption 8.6. [CLT]:

(a) For each t, mt(β) is continuously differentiable with respect to β ∈ Θ

with probability one.
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(b) As n → ∞,

√
nm̂(βo) ≡ n−1/2

n∑
t=1

mt(β
o)

d→ N(0, Vo),

where Vo ≡ avar[
√
nm̂(βo)] is finite and positive definite.

(c) {∂mt(β)
∂β } obeys UWLLN, i.e.,

sup
β∈Θ

∥∥∥∥∥n−1
n∑

t=1

∂mt(β)

∂β
−D(β)

∥∥∥∥∥ p→ 0,

where the l ×K matrix

D(β) ≡ E

[
∂mt(β)

∂β

]
=

dm(β)

dβ

is continuous in β ∈ Θ and is of full rank K.

Question: Why do we need to assume that βo is an interior point in Θ?

This is because we will have to use a Taylor series expansion. We need

to make use of FOC for GMM in order to derive the asymptotic distribution

of β̂.

In Assumption 8.6, we assume both CLT and UWLLN directly. These

are called “high-level assumptions.” They can be ensured by imposing more

primitive conditions on the DGP (e.g., an IID or MDS random sample),

and the moment and smoothness conditions on mt(β). For more discussion,

see White (1994).

We now establish the asymptotic normality of the GMM estimator β̂.

Theorem 8.3. [Asymptotic Normality of GMM]: Suppose Assump-

tions 8.1 to 8.6 hold. Then as n → ∞,

√
n
(
β̂ − βo

)
d→ N(0,Ω),

where

Ω = (D′
oW

−1Do)
−1D′

oW
−1VoW

−1Do(D
′
oW

−1Do)
−1,

and Do ≡ D(βo) = ∂m(βo)
∂β .
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Proof: Because βo is an interior element in Θ, and β̂
p→ βo as n → ∞, we

have that β̂ is an interior element of Θ with probability approaching one

as n → ∞.

For n sufficiently large, the FOC for the maximization of Q̂(β) =

−m̂(β)′Ŵ−1m̂(β) is

0 =
dQ̂(β)

dβ

∣∣∣∣∣
β=β̂

= −2
dm̂(β̂)

dβ′ Ŵ−1m̂(β̂),

or

0 =
dm̂(β̂)

dβ′ Ŵ−1
√
nm̂(β̂),

K × 1 = (K × l)× (l × l)× (l × 1).

Note that Ŵ is not a function of β. Also, this FOC does not necessarily

imply m̂(β̂) = 0. Instead, it only says that a set (with dimension K ≤ l) of

linear combinations of the l components in m̂(β̂) are jointly equal to zero.

Here, the l×K matrix dm̂(β)
dβ is the gradient of the l× 1 vector m̂(β̂) with

respect to the K × 1 vector β.

Using a Taylor series expansion around the true parameter value βo, we

have

√
nm̂(β̂) =

√
nm̂(βo) +

dm̂(β̄)

dβ

√
n(β̂ − βo),

where β̄ = λβ̂ + (1 − λ)βo lies between β̂ and βo, with λ ∈ [0, 1]. Here,

for notational simplicity, we have abused the notation in the expression of
dm̂(β̄)
dβ . Precisely speaking, a different β̄ is needed for each partial derivative

of m̂(·) with respect to each parameter βj , where j ∈ {1, ...,K}.
The first term in the Taylor series expansion is contributed by the sam-

pling randomness of the sample average of the moment functions evaluated

at the true parameter value βo, and the second term is contributed by

the randomness of the parameter estimator β̂ − βo. These two terms will

jointly determine the asymptotic distribution of the scaled sample moment√
nm̂(β̂).
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It follows from FOC that

0 =
dm̂(β̂)

dβ′ Ŵ−1
√
nm̂(β̂)

=
dm̂(β̂)

dβ′ Ŵ−1
√
nm̂(βo)

+
dm̂(β̂)

dβ′ Ŵ−1 dm̂(β̄)

dβ

√
n(β̂ − βo).

Now let us show that dm̂(β̂)
dβ

p→ Do ≡ D(βo). To show this, consider∥∥∥∥∥dm̂(β̂)

dβ
−D0

∥∥∥∥∥
=

∥∥∥∥∥dm̂(β̂)

dβ
−D(β̂) +D(β̂)−D(βo)

∥∥∥∥∥
≤
∥∥∥∥∥dm̂(β̂)

dβ
−D(β̂)

∥∥∥∥∥+ ∥∥∥D(β̂)−D(βo)
∥∥∥

≤ sup
β∈Θ

∥∥∥∥dm̂(β)

dβ
−D(β)

∥∥∥∥+ ∥∥∥D(β̂)−D(βo)
∥∥∥

p→ 0

by the triangle inequality, Assumption 8.6 (UWLLN, and continuity of

D(β)), and β̂ − βo p→ 0.

Similarly, because β̄ = λβ̂ + (1− λ)βo for λ ∈ [0, 1], we have

||β̄ − βo|| = ||λ(β̂ − βo)|| ≤ ||β̂ − βo|| p→ 0.

It follows that

dm̂(β̄)

dβ

p→ Do.

Then the K ×K matrix

D′
oW

−1Do

is nonsingular by Assumptions 8.4 and 8.6. Therefore, for n sufficiently

large, the inverse [
dm̂(β̂)

dβ′ Ŵ−1 dm̂(β̄)

dβ

]−1
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exists and converges in probability to (D′
oW

−1Do)
−1. Thus, when n is

sufficiently large, we have

√
n(β̂ − βo) = −

[
dm̂(β̂)

dβ′ Ŵ−1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ŵ−1
√
nm̂(βo)

= Â
√
nm̂(βo),

where

Â = −
[
dm̂(β̂)

dβ′ Ŵ−1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ŵ−1.

By Assumption 8.6(b), and CLT for {mt(β
o)}, we have

√
nm̂(βo)

d→ N(0, Vo),

where Vo ≡ avar[n−1/2
∑n

t=1 mt(β
o)]. Moreover,

Â = −
[
dm̂(β̂)

dβ′ Ŵ−1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ŵ−1

p→ − (D′
oW

−1Do

)−1
D′

oW
−1 ≡ A.

It follows from Slutsky’s theorem that

√
n(β̂ − βo)

d→ A ·N(0, Vo) ∼ N(0,Ω),

where

Ω = AVoA
′

= (D′
oW

−1Do)
−1D′

oW
−1VoW

−1Do(D
′
oW

−1Do)
−1.

This completes the proof.

We observe that the structure of avar(
√
nβ̂) is very similar to that of

avar(
√
nβ̂2SLS). In fact, as pointed out earlier, 2SLS is a special case of the

GMM estimator with the choice of

mt(β) = Zt(Yt −X ′
tβ),

W = E(ZtZ
′
t) = QZZ .
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Similarly, the OLS estimator is a special case of the GMM estimator

with the choice of

mt(β) = Xt(Yt −X ′
tβ),

W = E(XtX
′
t) = QXX .

Most econometric estimators can be viewed as a special case of GMM, at

least asymptotically. In other words, GMM provides a convenient unified

framework to view most econometric estimators. See White (1994) for more

discussion.

8.5 Asymptotic Efficiency of the GMM Estimator

Question: There are many possible choices of Ŵ . Is there any optimal

choice for Ŵ? If so, what is the optimal choice of Ŵ?

The following theorem shows that the optimal choice of W is given by

W = Vo ≡ var[
√
nm̂(βo)],

namely the optimal limit weighting matrix W is the asymptotic variance-

covariance matrix of
√
nm̂(βo), the

√
n-scaled sample moment function

evaluated at the true parameter value βo.

Theorem 8.4. [Asymptotic Efficiency of GMM]: Suppose Assump-

tions 8.4 and 8.6 hold. Define Ωo = (D′
oV

−1
o Do)

−1, which is obtained by

choosing the weighting matrix W = Vo ≡ avar[
√
nm̂(βo)]. Then

Ω− Ωo is PSD

where Ω is the asymptotic variance of GMM that corresponds to any finite,

symmetric and nonsingular matrix W.

Proof: Observe that Ω− Ωo is PSD if and only if Ω−1
o − Ω−1 is PSD. We

therefore consider

Ω−1
o − Ω−1

= D′
oV

−1
o Do −D′

oW
−1Do(D

′
oW

−1VoW
−1Do)

−1D′
oW

−1Do

= D′
oV

−1/2
o [I − V 1/2

o W−1Do(D
′
oW

−1VoW
−1Do)

−1D′
oW

−1V 1/2
o ]V −1/2

o Do

= D′
oV

−1/2
o GV −1/2

o Do,
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where Vo = V
1/2
o V

1/2
o for some symmetric and nonsingular matrix V

1/2
o ,

and

G ≡ I − V 1/2
o W−1Do(D

′
oW

−1VoW
−1Do)

−1D′
oW

−1V 1/2
o

is a symmetric idempotent matrix (i.e., G = G′ and G2 = G). It follows

that we have

Ω−1
o − Ω−1 = (D′

oV
−1/2
o G)(GV −1/2

o Do)

= (GV −1/2
o Do)

′(GV −1/2
o Do)

= B′B

∼ PSD (why?),

where B = GV
−1/2
o Do is an l ×K matrix. This completes the proof.

The optimal choice of W = Vo is not unique. The choice of W = cVo

for any nonzero constant c is also optimal.

In practice, the asymptotic variance-covariance matrix Vo is not avail-

able. However, we can use a feasible asymptotically optimal choice Ŵ = Ṽ ,

a consistent estimator for Vo ≡ avar[
√
nm̂(βo)].

Question: What is the intuition that Ŵ = Ṽ is an optimal weighting

matrix?

By UWLLN, we have Ŵ
p→ Vo as n → ∞, where Vo is the asymptotic

variance-covariance matrix of the scaled sample moment vector
√
nm̂(βo).

The use of Ŵ−1 p→ V −1
o , therefore, downweighs the sample moments which

have large sampling variations and differences out correlations between dif-

ferent components
√
nm̂i(β

o) and
√
nm̂j(β

o) for i 	= j, where i, j = 1, ...,K.

This is similar in spirit to the adaptive feasible GLS estimator in the linear

regression model.

As pointed out earlier, the 2SLS estimator β̂2SLS is a special case of the

GMM estimator with

mt(β) = Zt(Yt −X ′
tβ)

and the choice of weighting matrix

W = E(ZtZ
′
t) = QZZ .
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Suppose {mt(β
o)} is an MDS and E(ε2t |Zt) = σ2, where εt = Yt − X ′

tβ
o.

Then

Vo = avar[
√
nm̂(βo)]

= E [mt(β
o)mt(β

o)′]

= σ2QZZ

where the last equality follows from the law of iterated expectations and

conditional homoskedasticity. Because W = QZZ is proportional to Vo, the

2SLS estimator β̂ is asymptotically optimal in this case. In contrast, when

{mt(β
o)} is an MDS with conditional heteroskedasticity (i.e., E(ε2t |Zt) 	=

σ2) or {mt(β
o)} is not an MDS, then the choice of W = QZZ does not

deliver an asymptotically optimal 2SLS estimator. Instead, the GMM es-

timator with the choice of W = Vo = E(ZtZ
′
tε

2
t ) is asymptotically optimal

when {mt(β
o)} is an MDS with conditional heteroskedasticity. Similarly,

the choice of W = Vo ≡ ∑∞
j=−∞ Γ(j) , where Γ(j) = E(Ztεtεt−jZ

′
t−j) for

j ≥ 0 and Γ(j) = Γ(−j)′ for j < 0 , when {mt(β
o)} is not an MDS.

8.6 Two-Stage Asymptotically Most Efficient GMM

Estimation

Theorem 8.4 suggests that the following two-stage GMM estimator will be

asymptotically optimal.

Step 1: Find a consistent preliminary GMM estimator β̃ :

β̃ = argmin
β∈Θ

m̂(β)′W̃−1m̂(β),

for some preliminary weighting matrix W̃ which converges in probability

to some finite and positive definite matrix. For convenience, one can set

W̃ = I, an l× l identity matrix. This is not an optimal estimator, but it is

a consistent estimator for βo.

With the preliminary GMM estimator β̃, we can construct a preliminary

consistent variance estimator Ṽ for Vo ≡ avar[
√
nm̂(βo)], and choose Ŵ =

Ṽ .

The construction of Ṽ differs in the following two cases, depending on

whether {mt(β
o)} is an MDS:

Case I: {mt(β
o)} Is an Ergodic Stationary MDS
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In this case,

Vo ≡ avar[
√
nm̂(βo)] = E[mt(β

o)mt(β
o)′].

The asymptotic variance estimator

Ṽ = n−1
n∑

t=1

mt(β̃)mt(β̃)
′

will be consistent for

Vo = E[mt(β
o)mt(β

o)′].

Question: How to show that Ṽ is consistent for Vo?

We need to assume that {n−1
∑n

t=1 mt(β)mt(β)
′ − E[mt(β)mt(β)

′]}
satisfies the uniform convergence:

sup
β∈Θ

∥∥∥∥∥n−1
n∑

t=1

mt(β)mt(β)
′ − E[mt(β)mt(β)

′]

∥∥∥∥∥ p→ 0.

Also, we need to assume that the l × l matrix V (β) ≡ E[mt(β)mt(β)
′] is

continuous in β ∈ Θ.

Case II: {mt(β
o)} Is an Ergodic Stationary Non-MDS

In this case, Vo ≡ avar[
√
nm̂(βo)] =

∑∞
j=−∞ Γ(j), where Γ(j) =

cov[mt(β
o),mt−j(β

o)] for j ≥ 0 and Γ(j) = Γ(−j) for j < 0. Therefore, a

consistent long-run variance-covariance matrix estimator is needed:

Ṽ =
n−1∑

j=1−n

k(j/p)Γ̃(j),

where k(·) is a kernel function, p = p(n) is a smoothing parameter,

Γ̃(j) = n−1
n∑

t=j+1

mt(β̃)mt−j(β̃)
′ for j ≥ 0,

and Γ̃(j) = Γ̃(−j)′ if j < 0. Under regularity conditions, it can be shown

that Ṽ is consistent for the long-run variance-covariance matrix

Vo =

∞∑
j=−∞

Γ(j),
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where Γ(j) =cov[mt(β
o),mt−j(β

o)] = E[mt(β
o)mt−j(β

o)′]. See more dis-

cussion in Chapter 6.

Question: Why do we not need demean when defining Γ̃(j)?

Step 2: Choose Ŵ = Ṽ , and find an asymptotically optimal GMM esti-

mator β̂ :

β̂ = argmin
β∈Θ

m̂(β)′Ṽ −1m̂(β),

where the weighting matrix Ṽ does not involve the unknown parameter β.

It is a given (stochastic) weighting matrix. This two-stage GMM estimator

β̂ is asymptotically optimal because Ṽ
p→ Vo = avar[

√
nm̂(βo)] as n → ∞.

Theorem 8.5. [Two-Stage Asymptotically Most Efficient GMM

Estimator]: Suppose Assumptions 8.1 to 8.3, 8.5 and 8.6 hold, and the

first stage weighting matrix W̃
p→ W for some symmetric finite and pos-

itive definite matrix W. Also, suppose Ṽ is an asymptotic variance esti-

mator based on the first stage GMM estimation such that Ṽ
p→ Vo ≡

avar[
√
nm̂(βo)] as n → ∞, and Ṽ is used as the weighting matrix for

the second stage GMM estimation. Let β̂ be the resulting two-stage GMM

estimator. Then
√
n(β̂ − βo)

d→ N(0,Ωo) as n → ∞,

where Ωo = (D′
oV

−1
o Do)

−1.

Question: Why do we need the two-stage asymptotically optimal GMM

estimator?

First, most macroeconomic time series data sets are usually short, and

second, the use of instruments Zt is usually inefficient. These factors lead to

a large estimation error so it is desirable to have an asymptotically efficient

estimator.

Although the two-stage GMM procedure is asymptotically efficient, one

may like to iterate the procedure further until the GMM parameter esti-

mates and the values of the minimized objective function converge. This

will alleviate any dependence of the GMM estimator on the choice of the

initial weighting matrix W̃ , and it may improve the finite sample perfor-

mance of the GMM estimator when the number of parameters is large (e.g.,

Ferson and Foerster 1994).
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8.7 Asymptotic Variance-Covariance Matrix Estimation

To construct confidence interval estimators and conduct hypothesis test

statistics, we need to estimate the asymptotic variance-covariance matrix

Ωo of the
√
n-scaled optimal GMM estimator.

Question: How to estimate Ωo ≡ (D′
oV

−1
o Do)

−1?

We need to estimate both Do and Vo respectively. To estimate Do =

E[∂mt(β
o)

∂β ], we can use

D̂ =
dm̂(β̂)

dβ
.

We have shown earlier that

D̂
p→ Do as n → ∞.

To estimate Vo, we need to consider two cases, MDS and non-MDS,

separately.

Case I: {mt(β
o)} Is an Ergodic Stationary MDS

In this case,

Vo = E[mt(β
o)mt(β

o)′].

A consistent variance estimator is

V̂ = n−1
n∑

t=1

mt(β̂)mt(β̂)
′.

Assuming UWLLN for {mt(β)mt(β)
′}, we can show that V̂ is consistent

for

Vo = E[mt(β
o)mt(β

o)′].

Case II: {mt(β
o)} Is an Ergodic Stationary Non-MDS

In this case,

Vo =

∞∑
j=−∞

Γ(j),
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where Γ(j) = E[mt(β
o)mt−j(β

o)′]. A consistent variance estimator is

V̂ =
n−1∑

j=1−n

k(j/p)Γ̂(j),

where k(·) is a kernel function, and

Γ̂(j) = n−1
n∑

t=j+1

mt(β̂)mt−j(β̂)
′ for j ≥ 0.

Under suitable conditions (e.g., Newey and West 1994, Andrews 1991), we

can show

V̂
p→ Vo

but the proof of this is beyond the scope of this course.

To cover both cases, we directly impose the following “high-level

assumption”:

Assumption 8.7. V̂ − Vo
p→ 0 as n → ∞, where Vo ≡ avar[

√
nm̂(βo)].

Theorem 8.6. [Asymptotic Variance Estimator for Two-Stage

Asymptotically Optimal GMM Estimator]: Suppose Assumptions 8.1

to 8.7 hold. Then

Ω̂o ≡ (D̂′V̂ −1D̂)−1 p→ Ωo as n → ∞.

8.8 Hypothesis Testing

We now consider testing the hypothesis of interest

H0 : R(βo) = r,

where R(·) is a J × 1 continuously differentiable vector-valued function,

J ≤ K, and the J × K matrix dR(βo)
dβ = R′(βo) is of full rank J . Note

that R(βo) = r covers both linear and nonlinear restrictions on model

parameters. An example of nonlinear restriction is βo
1β

o
2 = 1.

Question: Why do we need J ≤ K, namely the number of restrictions is

less than that of unknown parameters?

Question: How to construct a test statistic for H0?
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The basic idea is to check whether R(β̂)− r is close to 0. How large the

difference R(β̂)−r should be in order to be considered as significantly differ-

ent from 0 will be determined by the sampling distribution of
√
n[R(β̂)−r].

By a Taylor series expansion and R(βo) = r under H0, we have

√
n[R(β̂)− r] =

√
n[R(βo)− r] +R′(β̄)

√
n(β̂ − βo)

= R′(β̄)
√
n(β̂ − βo)

d→ R′(βo) ·N(0,Ωo) ∼ N [0, R′(βo)ΩoR
′(βo)′],

where β̄ lies between β̂ and βo, i.e., β̄ = λβ̂ + (1− λ)βo for some λ ∈ [0, 1].

Because R′(β̄)
p→ R′(βo) given continuity of R′(·) and β̄ − βo p→ 0, and

√
n(β̂ − βo)

d→ N(0,Ωo) as n → ∞,

we have

√
n[R(β̂)− r]

d→ N [0, R′(βo)ΩoR
′(βo)′].

by Slutsky’s theorem. It follows that for J ≥ 1, the quadratic form

√
n[R(β̂)− r]′[R′(βo)ΩoR

′(βo)′]−1
√
n[R(β̂)− r]

d→ χ2
J .

The Wald test statistic is then

W = n[R(β̂)− r]′[R′(β̂)Ω̂oR
′(β̂)′]−1[R(β̂)− r]

d→ χ2
J

where the convergence in distribution to χ2
J follows from Slutsky’s theorem.

When J = 1, we can define a t-test statistic

T =

√
n[R(β̂)− r]√

R′(β̂)Ω̂oR′(β̂)′
d→ N(0, 1) as n → ∞.

Theorem 8.7. [t-Test and Wald Test]: Suppose Assumptions 8.1 to

8.7 hold. Then under H0 : R(βo) = r and as n → ∞, we have:

(1) when J = 1,

T ≡
√
n[R(β̂)− r]√

R′(β̂)Ω̂oR′(β̂)′
d→ N(0, 1) ;

(2) when J ≥ 1,

W ≡ n[R(β̂)− r]′[R′(β̂)Ω̂oR
′(β̂)′]−1[R(β̂)− r]

d→ χ2
J .
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Both the t-test and Wald test statistics in Theorem 8.7 are based on

an asymptotically optimal GMM estimator. One could also construct t-test

and Wald test statistics using a consistent but suboptimal GMM estimator.

(How?) However, in finite samples, the test statistics based on an asymptot-

ically suboptimal GMM estimator are expected to be less powerful against

H0 (i.e., to have a larger Type II error). (Why?)

8.9 Model Specification Testing

As pointed out earlier, many dynamic economic theories can be formulated

as a moment condition or a set of moment conditions. Thus, to test validity

of an economic theory, one can check whether the related moment condition

holds.

Question: How to test whether the econometric model or economic theory

as characterized by

H0 : E [mt(β
o)] = 0 for some unknown parameter value βo

is correctly specified?

We can test correct model specification by checking whether the above

population moment condition holds. We can define the sample moment

m̂(β̂) = n−1
n∑

t=1

mt(β̂)

and see if it is significantly different from zero (the value of the population

moment evaluated at the true parameter value βo). For this purpose, we

need to know the asymptotic distribution of
√
nm̂(β̂).

Consider the test statistic

√
nm̂(β̂) =

√
nm̂(βo) +

dm̂(β̄)

dβ

√
n(β̂ − βo)

which follows from a first order Taylor series expansion, and β̄ lies between

β̂ and βo. The asymptotic distribution of
√
nm̂(β̂) is contributed from two

sources.

Recall that the two-stage GMM estimator

β̂ = argmin
β∈Θ

m̂(β)′Ṽ −1m̂(β),
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where Ṽ is a preliminary consistent estimator for Vo. The FOC of the

two-stage GMM estimation is given by

0 =
d

dβ

[
m̂(β̂)′Ṽ −1m̂(β̂)

]
.

It is very important to note that Ṽ is not a function of β, so it has nothing to

do with the differentiation with respect to β. By a Taylor series expansion,

we have

0 =
dm̂(β̂)

dβ′ Ṽ −1
√
nm̂(βo)

+
dm̂(β̂)

dβ′ Ṽ −1 dm̂(β̄)

dβ

√
n(β̂ − βo).

It follows that for n sufficiently large, we have

√
n(β̂ − βo) = −

[
dm̂(β̂)

dβ′ Ṽ −1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ṽ −1
√
nm̂(βo).

Hence,

Ṽ −1/2
√
nm̂(β̂)

= Ṽ −1/2
√
nm̂(βo) + Ṽ −1/2 dm̂(β̄)

dβ

√
n(β̂ − βo)

=

⎡⎣I − Ṽ −1/2 dm̂(β̄)

dβ

[
dm̂(β̂)

dβ′ Ṽ −1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ṽ −1/2

⎤⎦ Ṽ −1/2
√
nm̂(βo)

= Π̂[Ṽ −1/2
√
nm̂(βo)],

where

Π̂ = I − Ṽ −1/2 dm̂(β̄)

dβ

[
dm̂(β̂)

dβ′ Ṽ −1 dm̂(β̄)

dβ

]−1
dm̂(β̂)

dβ′ Ṽ −1/2.

By CLT for {mt(β
o)} and Slutsky’s theorem, we have

Ṽ −1/2
√
nm̂(βo)

d→ N(0, I),

where I is an l × l identity matrix. Also, we have

Π̂
p→ I − V −1/2

o Do(D
′
oV

−1
o Do)

−1D′
oV

−1/2
o ≡ Π,

where Π is an l×l symmetric matrix which is also idempotent (i.e., Π2 = Π)

with tr(Π) = l−K. (How to show this?) We emphasize that the idempotent
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matrix Π arises due to the choice of the asymptotically optimal weighting

matrix Ŵ = Ṽ in the second stage estimation. If the weighting matrix

Ŵ in the second stage does not converge to the asymptotic variance Vo =

avar[
√
nm̂(βo)], we will not be able to obtain the idempotent matrix Π.

Instead, we will obtain a nonsingular l × l matrix.

It follows that under correct model specification, we have the test

statistic

n[m̂(β̂)′Ṽ −1m̂(β̂)] = [Ṽ −1/2
√
nm̂(βo)]′Π̂2[Ṽ −1/2

√
nm̂(βo)] + oP (1)

d→ G′ΠG ∼ χ2
l−K

by Lemma 3.2 for the quadratic forms of normal random variables, where

G ∼ N(0, I).

We emphasize that the adjustment of degrees of freedom from l to l−K

for the asymptotic Chi-square distribution is due to the impact of the sam-

pling variation of the two-stage asymptotically optimal GMM estimator

β̂. In other words, the use of the two-stage asymptotically optimal GMM

estimator β̂ (obtained from choosing Ŵ = Ṽ ) instead of any other asymp-

totically suboptimal GMM estimator renders the degrees of freedom to

change from l to l−K. If an asymptotically suboptimal GMM estimator is

used, the quadratic form n[m̂(β̂)′Ṽ −1m̂(β̂)] will not follow an asymptotic

χ2 distribution H0.

Theorem 8.8. [Overidentification Test]: Suppose Assumptions 8.1 to

8.6 hold, and Ṽ
p→ Vo ≡ avar[

√
nm̂(β̂o)] as n → ∞. Then under the null

hypothesis that H0 : E[mt(β
o)] = 0 for some unknown βo, the overidentifi-

cation test statistic

J ≡ n · m̂(β̂)′Ṽ −1m̂(β̂)
d→ χ2

l−K as n → ∞.

This test is often called the J-test or the test for overidentification in the

GMM literature (e.g., Hansen 1982), because it requires l > K. This test

can be used to check if the model characterized as the moment condition

E[mt(β
o)] = 0 is correctly specified.

It is important to note that the fact that the GMM objective function

nm̂(β̂)′Ṽ −1m̂(β̂) → G′ΠG

where Π is an idempotent matrix is due to the fact that β̂ is an asymp-

totically optimal GMM estimator that minimizes the objective function

nm̂(β)′Ṽ −1m̂(β). If a suboptimal GMM estimator is used, we would not
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be able to obtain such a result. In other words, the GMM objective func-

tion is no longer asymptotically χ2
n−K under correct model specification.

Instead, we need to use a different asymptotic variance estimator to replace

Ṽ in order to obtain an asymptotically χ2
l distribution under correct model

specification. Because the critical value of χ2
l−K is smaller than that of χ2

l

when K > 0, the use of an asymptotically optimal estimator β̂ leads to an

asymptotically more powerful test, i.e., it will have a higher probability to

reject model misspecification.

We note that when l = K, the exact identification case, the moment

conditions cannot be tested by the two-stage asymptotically optimal GMM

estimator β̂, because m̂(β̂) will be identically zero, no matter whether

E[m(βo)] = 0.

Question: In constructing the J test statistic, we have used the prelimi-

nary weighting matrix Ṽ , which is evaluated at the first-stage preliminary

parameter estimator β̃. Can we use V̂ , a consistent estimator for Vo that

is evaluated at the two-stage asymptotically optimal estimator β̂ instead of

the first stage preliminary estimator β̃ ?

With the preliminary matrix Ṽ , the J-test statistic can be conve-

niently defined as n times the minimum value of the objective function—the

quadratic form in the second stage of GMM estimation. Thus, the value of

the test statistic nm̂(β̂)′Ṽ −1m̂(β̂) is directly available as a by-product of

the second stage GMM estimation. For this reason and for its asymptotic

χ2 distribution, the J-test is also called the minimum chi-square test.

We can use V̂ to replace Ṽ in constructing a test statistic, and the

resulting test statistic nm̂(β̂)′V̂ −1m̂(β̂) is also asymptotically χ2
l−K under

correct model specification (please verify!). However, this statistic is less

convenient to compute than the test statistic nm̂(β̂)′Ṽ −1m̂(β̂), because the

latter is the objective function of the second stage GMM estimation. This

is analogous to the F -test statistic, which is based on the SSR of linear

regression models.

As an application of the overidentification test, we now consider how to

test for validity of instruments in an endogenous linear regression model

Yt = X ′
tβ

o + εt,

where E(εt|Xt) 	= 0. Suppose there exists a set of instrument candidates for

Zt. To estimate the true parameter value βo, we use the moment function

mt(β) = Zt(Yt −X ′
tβ).
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Then the overidentification test can be used to check the validity of the

moment condition

E[mt(β
o)] = E[Zt(Yt −X ′

tβ
o)] = 0.

This essentially checks whether Zt is a valid instrument vector, that is,

whether the instrument vector Zt is orthogonal to εt = Yt − X ′
tβ

o in the

sense that

H0 : E(εt|Zt) = 0.

Recall that when the weighting matrix Ŵ = Z′Z/n, the GMM estimator

β̂ delivers the 2SLS estimator β̂2SLS , namely,

β̂ = β̂2SLS = argmin
β

(Y −Xβ)′Z(Z′Z)−1Z′(Y −Xβ).

When {Ztεt} is an MDS with E(ε2t |Zt) = σ2, the weighting matrix

Ŵ → QZZ ∝ Vo = σ2QZZ is an asymptotically optimal weighting matrix.

It follows that β̂2SLS is asymptotically optimal estimator of βo.

Assuming that {Ztεt} is a stationary MDS and E(ε2t |Zt) = σ2, we

now use β̂2SLS to construct a test statistic for the null hypothesis H0 :

E(εt|Zt) = 0. Put ê = (ê1, ..., ên)
′, where êt = Yt −X ′

tβ̂2SLS . We define the

following test statistic

S ≡ ê′Z(Z ′Z)−1Z ′ê
ê′ê/n

,

where the numerator

ê′Z(Z ′Z)−1Z ′ê = n · m̂(β̂2SLS)
′Ŵ−1m̂(β̂2SLS)

is n times the value of the objective function of the GMMminimization with

the choice of Ŵ = (Z ′Z/n), which is an optimal choice when {mt(β
o)} is

a stationary MDS with conditional homoskedasticity (i.e., E(ε2t |Zt) = σ2).

In this case,

ê′ê
n

Z ′Z
n

p→ σ2Qzz = Vo.

It follows that the test statistic

ê′Z(Z ′Z)−1Z ′ê
ê′ê/n

d→ χ2
l−K

under the null hypothesis H0 : E(εt|Zt) = 0. This test is proposed by

Sargan (1958) and so is called Sargan’s test.
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Theorem 8.9. [Sargan’s Test]: Suppose Assumptions 7.1, 7.3, 7.4(c),

7.6 and 7.7 hold, and l > K. Then under the null hypothesis that H0 :

E(εt|Zt) = 0, the Sargan test statistic

S
d→ χ2

l−K as → ∞.

In fact, the overidentification test statistic in Theorem 8.9 is equal to

nR2
uc, where R2

uc is the uncentered R2 from the auxiliary regression

êt = α′Zt + wt.

Thus, Sargan’s test can be viewed as testing whether the l × 1 parameter

vector α is a zero vector under the conditions that {Ztεt} is an MDS with

E(ε2t |Zt) = σ2. In fact, it can be shown that under the null hypothesis of

E(εt|Zt) = 0, nR2
uc is asymptotically equivalent to nR2 in the sense that

nR2
uc = nR2 + oP (1),

where R2 is the uncentered R2 of the auxiliary regression of êt on Zt. This

provides a more convenient way to calculate the test statistic. However,

it is important to emphasize that this convenient procedure is asymptoti-

cally valid only when {Ztεt} is an MDS with conditional homoskedasticity

(i.e., E(ε2t |Zt) = σ2). If there exists conditional heteroskedasticity (i.e.,

E(ε2t |Zt) 	= σ2) or {Ztεt} is not an MDS, then we need to robustify Sar-

gan’s test statistic.

It may be pointed out that Sargan’s (1958) test will have no asymptotic

unit power against all alternatives to the null hypothesis H0 : E(εt|Zt) = 0.

This happens when E(εt|Zt) 	= 0 but E(Ztεt) = 0. This undesired feature

is similar to Hausman’s (1978) test for model specification, which also has

no asymptotic unit power when E(εt|Xt) 	= 0 but E(Xtεt) = 0.

8.10 Conclusion

Most economic theories have implications on and only on a moment restric-

tion

E[mt(β
o)] = 0,

where mt(β) is an l × 1 moment function. This moment condition can be

used to estimate the true model parameter value βo via the GMM estima-

tion method. The GMM estimator is defined as:

β̂ = argmin
β∈Θ

m̂(β)′Ŵ−1m̂(β),
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where

m̂(β) = n−1
n∑

t=1

mt(β).

Under a set of regularity conditions, it can be shown that

β̂
p→ βo

and

√
n(β̂ − βo)

d→ N(0,Ω),

where

Ω = (D′
oW

−1Do)
−1D′

oW
−1VoW

−1Do(D
′
oW

−1Do)
−1,

with Do = E[ d
dβmt(β

o)]. The asymptotic variance Ω of the GMM estimator

β̂ depends on the choice of weighting matrix W. An asymptotically most

efficient GMM estimator is to choose

W = Vo ≡ avar[
√
nm̂(βo)].

In this case, the asymptotic variance of the GMM estimator is given by

Ωo = (D′
oV

−1
o Do)

−1,

which is a minimum variance. This is similar in spirit to the GLS estima-

tor in a linear regression model. This suggests a two-stage asymptotically

optimal GMM estimator β̂: (a) one can first obtain a consistent but possi-

bly suboptimal GMM estimator β̃ by choosing some convenient weighting

matrix W̃ ; (b) then one uses β̃ to construct a consistent estimator Ṽ for

Vo, and uses it as a weighting matrix to obtain the second stage GMM

estimator β̂.

To construct confidence interval estimators and hypothesis test statis-

tics, one has to obtain a consistent asymptotic variance estimator for the

GMM estimator. A consistent asymptotic variance estimator for an asymp-

totically optimal GMM estimator is

Ω̂o = (D̂′V̂ −1D̂)−1,

where

D̂ = n−1
n∑

t=1

dmt(β̂)

dβ
,
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and the construction of V̂ depends on the properties of {mt(β
o)}, particu-

larly on whether {mt(β
o)} is an ergodic stationary MDS process.

Suppose a two-stage asymptotically optimal GMM estimator is used.

Then the associated Wald test statistic for the null hypothesis of interest

H0 : R(βo) = r,

is given by

W = n[R(β̂)− r]′[R′(β̂)(D̂′V̂ −1D̂)−1R′(β̂)′]−1[R(β̂)− r]

d→ χ2
J .

Here, the asymptotic χ2
J distribution holds under the null hypothesis H0 :

R(βo) = r. Similarly, we can construct a t-test statistic when J = 1.

The moment condition E[mt(β
o)] = 0 also provides a basis to check

whether an economic theory or economic model is correctly specified. This

can be done by checking whether the sample moment m̂(β̂) is close to zero.

A popular model specification test in the GMM framework is the J-test

statistic

J = nm̂(β̂)′Ṽ −1m̂(β̂)
d→ χ2

l−K ,

where convergence in distribution is obtained under correct model specifi-

cation, where β̂ is an asymptotically optimal GMM estimator. (What will

happen if a consistent but suboptimal GMM estimator is used?) This is

also called the overidentification test. The J-test statistic nm̂(β̂)Ṽ −1m̂(β̂)

is rather convenient to compute, because it is the objective function of the

two-stage GMM estimator. As a special case of the overidentification test,

we also introduce Sargan’s (1958) test for validity of IV under the MDS

condition with conditional homoskedasticity in a linear regression model.

If there exists conditional heteroskedasticity or {Ztεt} is not an MDS, Sar-

gan’s test statistic has to be robustified.

GMM provides a convenient unified framework to view most economet-

ric estimators. In other words, most econometric estimators can be viewed

as a special case of the GMM framework with suitable choices of moment

function and weighting matrix. We have seen that the OLS and 2SLS esti-

mators are special cases of the class of GMM estimators in a linear regres-

sion model, and in particular, the 2SLS estimator is asymptotically optimal

when (and only when) {Ztεt} is an MDS with conditional homoskedasticity.
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Exercise 8

8.1. A GMM estimator is defined as

β̂ = argmin
β∈Θ

m̂(β)′Ŵ−1m̂(β),

where β is a K × 1 parameter vector, Ŵ is a possibly stochastic l × l

symmetric and nonsingular matrix,

m̂(β) = n−1
n∑

t=1

mt(β),

is an l × 1 sample moment vector and mt(β) is an l × 1 moment function

of parameter β and random vector Zt, and l ≥ K. We make the following

assumptions:

Assumption 1: βo is the unique solution to E[m(Zt, β
o)] = 0, and βo is an

interior point in Θ.

Assumption 2: {Zt} is an ergodic stationary process and m(Zt, β
o) is an

MDS in the sense that

E
[
m(Zt, β

o)|Zt−1
]
= 0,

where Zt−1 = {Zt−1, Zt−2, ..., Z1} is the information available at time t−1.

Assumption 3: With probability one, m(Zt, β) is continuously differentiable

with respect to β ∈ Θ such that

sup
β∈Θ

‖m̂′(β)−m′(β)‖ p→ 0,

where m̂′(β) = d
dβ m̂(β) and m′(β) = d

dβE[m(Zt, β)] = E[ ∂
∂βm(Zt, β)].

Assumption 4:
√
nm̂(βo)

d→ N(0, Vo) as n → ∞ for some finite and positive

definite matrix Vo.

Assumption 5: Ŵ
p→ W as n → ∞, where W is a finite and positive definite

matrix.

From these assumptions, one can show that β̂
p→ βo, and this result can

be used in answering the questions in Parts (1) to (4). Moreover, you can

make additional assumptions if you feel appropriate and necessary.
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(1) Find the expression of the asymptotic variance-covariance matrix Vo

in terms of m(Zt, β
o).

(2) Find the FOC of the above GMM minimization problem.

(3) Derive the asymptotic distribution of
√
n(β̂ − βo).

(4) Find the optimal choice of Ŵ . Explain why your choice of Ŵ is

optimal.

8.2. Suppose we use GMM to estimate an endogenous linear regression

model Yt = X ′
tβ

o+εt by choosing a moment functionmt(β) = Zt(Yt−X ′
tβ),

where β is a K × 1 parameter vector, Xt is a K × 1 regressor vector, and

Zt is a K × 1 instrument vector such that QZX = E(ZtXt) is a finite and

nonsingular matrix. Assume that all necessary regularity conditions hold.

(1) Show that β̂ = (Z ′X)−1Z ′Y is a GMM estimator with a suitable

choice of weighting matrix Ŵ . Give your reasoning.

(2) Compare the relative efficiency between β̂ from Part (1) and β̂2SLS

when {Ztεt} is an MDS and E(ε2t |Zt) = σ2. Give your reasoning.

(3) Does your conclusion in Part (2) hold when {Ztεt} is an MDS but

E(ε2t |Zt) 	= σ2? Explain.

8.3. (1) Show that the 2SLS estimator β̂2SLS for the parameter βo in the

regression model Yt = X ′
tβ

o + εt is a special case of the GMM estimator

with suitable choices of moment function mt(β) and weighting matrix Ŵ .

(2) Assume that {Ztεt} is an ergodic stationary MDS. Obtain the

two-stage asymptotically optimal GMM estimators by choosing weighting

matrix Ŵ = Ṽ , under conditional homoskedasticity and conditional het-

eroskedasticity respectively. Give your reasoning.

(3) Compare the relative efficiencies of the asymptotically optimal GMM

estimators obtained in Part (2) with β̂2SLS under conditional homoskedas-

ticity and conditional heteroskedasticity respectively. Give your reasoning.

8.4. Suppose {mt(β)} is an ergodic stationary MDS, where with probability

one, mt(·) is continuous on a compact parameter set Θ, and {mt(β)mt(β)
′}

follows UWLLN, and Vo = E[mt(β
o)mt(β

o)′] is finite and nonsingular. Let

V̂ = n−1
∑n

t=1 mt(β̂)mt(β̂)
′, where β̂ is a consistent estimator of βo. Show

V̂
p→ Vo as n → ∞.

8.5. Suppose β̃ is a preliminary GMM estimator with weighting function

W̃
p→ W, where W is an l × l nonstochastic, symmetric, finite and nonsin-

gular matrix, and W 	= Vo = E[mt(β
o)mt(β

o)′].
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(1) Use β̃ to construct a Wald test statistic for the null hypothesis

H0 : R(βo) = r, and derive its asymptotic distribution under H0. Give

your reasoning. Assume that all necessary regularity conditions hold.

(2) Compare the relative efficiency between the Wald test statistic in

Part (1) and the Wald test statistic in Theorem 8.7 which employs the two-

stage asymptotically optimal GMM estimator. Which test is expected to

have better power in finite samples when H0 is false? Explain.

8.6. Consider testing the null hypothesis H0 : R(βo) = r under the GMM

framework, where R(βo) is a J × K nonstochastic matrix, r is a J × 1

nonstochastic vector, and R′(βo) is a J ×K matrix with full rank J, with

J ≤ K. We can construct an LM test based on the Lagrange multiplier

λ̂∗, where λ̂∗ is the optimal solution of the following constrained GMM

minimization problem:

(β̂∗, λ̂∗) = arg min
β∈Θ,λ∈R

{
m̂(β)′Ṽ −1m̂(β) + λ′[r −R(β)]

}
,

where Ṽ is a preliminary consistent estimator for Vo = avar[
√
nm̂(βo)]

that does not depend on β. Construct the LM test statistic and derive its

asymptotic distribution in each of the following three cases:

(1) {mt(β
o)} is an ergodic stationary MDS. Give your reasoning.

(2) {mt(β
o)} is an ergodic stationary non-MDS. Give your reasoning.

Assume that all regularity conditions hold.

8.7. [Nonlinear IV Estimation]: Consider a nonlinear regression model

Yt = g(Xt, β
o) + εt,

where g(Xt, ·) is twice continuously differentiable with respect to β,

E(εt|Xt) 	= 0 but E(εt|Zt) = 0, where Yt is a scalar, Xt is a K ×1 vector of

explanatory variables and Zt is an l× 1 vector of IVs with l ≥ K. Suppose

{Yt, X
′
t, Z

′
t} is an ergodic stationary process, and {Ztεt} is an MDS.

The unknown parameter value βo can be consistently estimated based

on the moment condition

E[mt(β
o)] = 0,

where mt(β) = Zt[Yt − g(Xt, β
o)]. Suppose a nonlinear IV estimator solves

the minimization problem

β̂ = argmin
β

m̂(β)′Ŵ−1m̂(β),
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where m̂(β) = n−1
∑n

t=1 Zt[Yt − g(Xt, β)], and Ŵ →p W, a finite and

positive definite matrix.

(1) Show β̂
p→ βo as n → ∞.

(2) Derive the FOC.

(3) Derive the asymptotic distribution of β̂. Discuss the cases of condi-

tional homoskedasticity and conditional heteroskedasticity respectively.

(4) What is the optimal choice of W so that β̂ is asymptotically most

efficient?

(5) Construct a test for the null hypothesis that H0 : R(βo) = r, where

R(β) is a J ×K nonstochastic matrix with R′(βo) of full rank, r is a J × 1

nonstochastic vector, and J ≤ K.

8.8. [NLS Estimation]: Consider a nonlinear regression model

Yt = g(Xt, β
o) + εt,

where βo is an unknown K×1 parameter vector and E(εt|Xt) = 0. Assume

that g(Xt, ·) is twice continuously differentiable with respect to β with the

K×K matrices E[∂g(Xt,β)
∂β

∂g(Xt,β)
∂β′ ] and E[∂

2g(Xt,β)
∂β∂β′ ] finite and nonsingular

for all θ ∈ Θ.

The NLS estimator solves the minimization of the SSR problem

β̂ = argmin
β

n∑
t=1

[Yt − g(Xt, β)]
2
.

The FOC is

D(β̂)′e =
n∑

t=1

∂g(Xt, β̂)

∂β
[Yt − g(Xt, β̂)] = 0,

where D(β) is an n×K matrix, with the t-th row being ∂
∂β g(Xt, β). This

FOC can be viewed as the FOC

m̂(β̂) = 0

for a GMM estimation with moment function

mt(β) =
∂g(Xt, β)

∂β
[Yt − g(Xt, β)]

in an exact identification case (l = K). In general, there exists no closed

form expression for β̂. Assume that all necessary regularities conditions

hold.
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(1) Show β̂
p→ βo as n → ∞.

(2) Derive the asymptotic distribution of
√
n(β̂ − βo).

(3) What is the asymptotic variance of
√
n(β̂ − βo) if {∂g(Xt,β)

∂β εt}
is an ergodic stationary MDS with conditional homoskedasticity (i.e.,

E(ε2t |Xt) = σ2)? Give your reasoning.

(4) What is the asymptotic variance of
√
n(β̂ − βo) if {∂g(Xt,β)

∂β εt}
is an ergodic stationary MDS with conditional heteroskedasticity (i.e.,

E(ε2t |Xt) 	= σ2)? Give your reasoning.

(5) Suppose {∂g(Xt,β)
∂β εt} is an ergodic stationary MDS with conditional

homoskedasticity (i.e., E(ε2t |Xt) = σ2). Construct a test for the null hy-

pothesis H0 : R(βo) = r, where R(β) is a J ×K nonstochastic matrix such

that R′(βo) = ∂
∂βR(βo) is a J × L matrix with full rank J ≤ L, and r is a

J × 1 nonstochastic vector.

(6) Suppose {∂g(Xt,β)
∂β εt} is an ergodic stationary MDS with conditional

heteroskedasticity (i.e., E(ε2t |Xt) 	= σ2). Construct a test for the null hy-

pothesis H0 : R(βo) = r, where R(β) is a J ×K nonstochastic matrix such

that R′(βo) = ∂
∂βR(βo) is a J × L matrix with full rank J ≤ L, and r is a

J × 1 nonstochastic vector.

8.9. Suppose V̂ is a consistent estimator for Vo = avar[
√
nm̂(βo)] using

the second stage GMM estimator β̂. Show that replacing the first stage

preliminary variance estimator Ṽ by V̂ has no impact on the asymptotic

distribution of the overidentification test statistic nm̂(β̂)′Ṽ −1m̂(β̂), namely,

show

nm̂(β̂)Ṽ −1m̂(β̂)− nm̂(β̂)V̂ −1m̂(β̂)
p→ 0

as n → ∞ under correct model specification. Assume all necessary regu-

larity conditions in Theorem 8.8 hold.

8.10. Suppose β̃ is a suboptimal but consistent GMM estimator, say the

first stage preliminary GMM estimator in a two-stage asymptotically op-

timal GMM procedure. Our interest is to test the null hypothesis that

H0 : E[m(Xt, β
o)] = 0. Assume that all necessary regularity conditions

hold. Could we simply replace the two-stage asymptotically optimal GMM

estimator β̂ by β̃ and still obtain the asymptotic χ2
l−K distribution for the

overidentification test statistic J = n · m̂(β̂)′Ṽ −1m̂(β̂) under H0? That

is, will the test statistic n · m̂(β̃)′Ṽ −1m̂(β̃) follow the asymptotic χ2
l−K

distribution under H0? Give your reasoning.
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8.11. Suppose β̃ is a consistent but asymptotically suboptimal GMM esti-

mator of βo which is based on the weighting matrix W̃ , where W̃
p→ W, an

l× l symmetric, finite and nonsingular matrix. We now use β̃ to construct

a test statistic for the null hypothesis

H0 : E[mt(β
o)] = 0.

The idea is to use the sample moment m̂(β̃) = n−1
∑n

t=1 mt(β̃) and check

whether it is significantly different from zero. Assume that all necessary

regularity conditions hold.

(1) Derive the asymptotic distribution of
√
nm̂(β̃) under H0.

(2) Construct a quadratic form test statistic J̃ of
√
nm̂(β̃) so that it is

asymptotically Chi-squared under H0. Give your reasoning.

(3) Compare the test statistic J̃ with the overidentification test J statis-

tic proposed in Theorem 8.8. Which test is expected to be more powerful

against model misspecification? [Hint: Compare the degrees of freedom be-

tween the two test statistics under H0.]

8.12. Suppose Assumptions 7.1 to 7.3, 7.4(c), 7.6 and 7.7 in Chapter 7

hold. To test the null hypothesis H0 : E(εt|Zt) = 0, where Zt is an l × 1

instrument vector, one can consider the auxiliary regression

êt = α′Zt + wt,

where êt = Yt −X ′
tβ̂2SLS , and test whether all coefficients {αj} are jointly

zero.

(1) Show that Sargan’s test statistic S in Theorem 8.9 is equal to nR2
uc,

where R2
uc is the uncentered R2 in the above auxiliary regression of êt on

Zt.

(2) Show nR2
uc = nR2+ oP (1) as n → ∞ under the null hypothesis H0,

where R2 is the centered R2 in the auxiliary regression of êt on Zt.

(3) Explain why Sargan’s test generally has asymptotic unit power when

the null hypothesis H0 is false.

(4) Does Sargan’s test have asymptotic unit power when E(εt|Zt) 	= 0

but E(Ztεt) = 0? Explain.

8.13. Given Assumptions 7.1, 7.2, 7.3, 7.4(c) and 7.6 in Chapter 7, E(Z4
jt) <

∞ for j ∈ {1, ..., l}, E(ε4t ) < ∞, and l > K. Construct a test statistic for the

null hypothesis H0 : E(εt|Zt) = 0, and derive its asymptotic distribution

under H0. This is a robust Sargan’s test which is valid under conditional

heteroskedasticity.
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Chapter 9

Maximum Likelihood Estimation and
Quasi-Maximum Likelihood

Estimation

Abstract: Conditional probability distribution models have been widely

used in economics and finance. In this chapter, we introduce two closely

related popular methods to estimate conditional distribution models—

Maximum Likelihood Estimation (MLE) and Quasi-MLE (QMLE). MLE

is a parameter estimator that maximizes the model likelihood function of

the random sample when the conditional distribution model is correctly

specified, and QMLE is a parameter estimator that maximizes the model

likelihood function of the random sample when the conditional distribu-

tion model is misspecified. Because the score function is an MDS and the

dynamic Information Matrix (IM) equality holds when a conditional dis-

tribution model is correctly specified, the asymptotic properties of MLE is

analogous to those of the OLS estimator when the regression disturbance is

an MDS with conditional homoskedasticity, and we can use the Wald test,

LM test and Likelihood Ratio (LR) test for hypothesis testing, where the

LR test is analogous to the J · F test statistic. On the other hand, when

the conditional distribution model is misspecified, the score function has

mean zero, but it may no longer be an MDS and the dynamic IM equality

may fail. As a result, the asymptotic properties of QMLE are analogous to

those of the OLS estimator when the regression disturbance displays serial

correlation and/or conditional heteroskedasticity. Robust Wald tests and

LM tests can be constructed for hypothesis testing, but the LR test can

no longer be used, for a reason similar to the failure of the F -test statistic

when the regression disturbance displays serial correlation and/or condi-

tional heteroskedasticity. We discuss methods to test the MDS property of

the score function, and the dynamic IM equality, and correct specification

of a conditional distribution model.

383
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Keywords: ARMA model, Censored data, Conditional probability distri-

bution model, Discrete choice model, Duration model, Dynamic IM test,

GARCH model, Hessian matrix, IM equality, IM test, Likelihood function,

LM test, Log-likelihood function, LR test, Martingale, MDS, MLE, Proba-

bility Density Function (PDF), Probability Mass Function (PMF), Pseudo

likelihood function, QMLE, Score function, Survival analysis, Truncated

data, Value at Risk (VaR), Variation-free parameters, Vector AutoRegres-

sion (VAR), Wald test

9.1 Motivation

So far we have focused on econometric models for conditional mean or

conditional expectation, either linear or nonlinear. When do we need to

model the conditional probability distribution of Yt given Xt?

We first provide a number of economic examples which call for the use

of a conditional distribution model.

Example 9.1. [Value at Risk (VaR)]: In financial risk management,

how to quantify extreme downside market risk has been an important issue.

Let It−1 = (Yt−1, Yt−2, ..., Y1) be the information set available at time t−1,

where Yt is the return on a portfolio in period t. Suppose

Yt = μt(β
o) + εt

= μt(β
o) + σt(β

o)zt,

where μt(β
o) = E(Yt|It−1), σ

2
t (β

o) = var(Yt|It−1), {zt} is an IID sequence

with E(zt) = 0, var(zt) = 1, and PDF fz(·|βo). An example is that {zt} ∼
IID N(0, 1).

The Value at Risk (VaR), Vt(α) = V (It−1, α), at the significance level

α ∈ (0, 1), of the portfolio, is defined as

P [Yt < −Vt(α)|It−1] = α.

Intuitively, VaR is the threshold that unexpected actual loss will exceed

with probability α. Given Yt = μt + σtzt, where for simplicity we have put

μt = μt(β
o) and σt = σt(β

o), we obtain

α = P [μt + σtzt < −Vt(α)|It−1]

= P

[
zt <

−Vt(α)− μt

σt

∣∣∣∣ It−1

]
= Fz

[−Vt(α)− μt

σt

]
,
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where the last equality follows from the independence assumption of {zt}.
It follows that

−Vt(α)− μt

σt
= −Cα

or

Vt(α) = −μt + σtCα,

where Cα is the absolute value of the left-tailed critical value of the distri-

bution Fz(·) at level α, namely

P [zt < −Cα] = α

or ∫ −Cα

−∞
fz(z|βo)dz = α.

For example, C0.05 = 1.65 and C0.01 = 2.33.

Obviously, we need to model the conditional probability distribution of

Yt given It−1 in order to calculate Vt(α), which is a popular quantitative

measure for downside market risk.

For example, J. P. Morgan’s RiskMetrics uses a simple conditional nor-

mal distribution model for asset returns:

Yt = σtzt,

σ2
t = (1− λ)

t−1∑
j=1

λjY 2
t−j , 0 < λ < 1,

{zt} ∼ IID N(0, 1),

where the conditional variance σ2
t is a weighted average of past volatilities.

This is called an exponential smoothing volatility model, where parameter

λ controls the degree of smoothing. Here, the conditional distribution of

Yt|It−1 is N(0, σ2
t ), from which we can obtain

Vt(0.05) = 1.65σt.

Example 9.2. [Binary Probability Modeling]: Suppose Yt is a binary

variable taking values 1 and 0 respectively. For example, a business turning

point or a currency crisis may occur under certain circumstance; households
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may buy a fancy new cell phone; and default risk may occur for some

financial firms. In all these scenarios, the variables of interest can take only

two possible values. Such variables are called binary.

We are interested in the probability that some economic event of inter-

est occurs (Yt = 1) and how it depends on some economic characteristics

Xt. It may well be that the probability of Yt = 1 differs among individuals

or across different time periods. For example, the probability of students’

success depends on their intelligence, motivation, effort, and the environ-

ment. The probability of buying a new product may depend on income,

age, and preference.

To capture such individual effects (denoted as Xt), we consider a model

P (Yt = 1|Xt) = F (X ′
tβ

o),

where F (·) is a prespecified CDF. An example of F (·) is the logistic function,
namely,

F (u) =
1

1 + exp(−u)
, −∞ < u < ∞.

This is the so-called logistic regression model. This model is useful for

modeling, e.g., credit default risk and currency crisis.

An economic interpretation for the binary outcome Yt is a story of a

latent variable process. Define

Yt =

{
1 if Y ∗

t ≤ c,

0 if Y ∗
t > c,

where c is a constant, the latent variable

Y ∗
t = X ′

tβ
o + εt,

and F (·) is the CDF of the IID disturbance εt. If {εt} ∼ IID N(0, σ2)

and c = 0, the resulting model is called a probit model. If {εt} ∼ IID

Logistic(0, σ2) and c = 0, the resulting model is called a logit model. The

latent variable could be the actual economic decision process. For example,

Y ∗
t can be the credit score and c is the threshold with which a lending

institute makes its decision on loan approvals.

This model can be extended to the multinomial model, where Yt takes

discrete multiple integers instead of only two values.

Example 9.3. [Duration or Survival Models]: Suppose we are inter-

ested in the time length it takes for an unemployed person to find a job,
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the time length that elapses between two trades or two price changes, the

time length of a strike, the time length before a cancer patient dies, the

time length before a financial crisis (e.g., credit default risk) comes out, the

time length before a startup technology firm goes bankrupt, and the time

length before a family gets out of poverty. Such analysis is called duration

analysis or survival analysis.

In practice, the main interest often lies in the question of how long the

duration of an economic event will continue, given that it has not finished

yet. An important concept called hazard rate or hazard function measures

the probability that the duration will end now, given that it has not ended

before. This hazard rate therefore can be interpreted as the chance to find

a job, to trade, to end a strike, etc.

Suppose Yt is the duration of some event (e.g., unemployment) from a

population with PDF f(y) and CDF F (y). Then the survival function is

defined as

S(y) = P (Yt > y) = 1− F (y),

and the hazard rate is defined as

λ(y) = lim
δ→0+

P (y < Yt ≤ y + δ|Yt > y)

δ

= lim
δ→0+

P (y < Yt ≤ y + δ)/P (Yt > y)

δ

=
f(y)

S(y)

= − d

dy
lnS(y)

=
f(y)

S(y)
.

Hence, we have f(y) = λ(y)S(y). The specification of λ(y) is equivalent to

a specification of f(y). But λ(y) is more interpretable from an economic

perspective. For example, suppose we have λ(y) = r, a constant; that is,

the hazard rate does not depend on the length of duration. Then

f(y) = r exp(−ry)

follows an exponential distribution.
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The hazard rate may not be the same for all individuals (i.e., it may

depend on individual characteristics Xt). To control heterogeneity across

individuals, we assume a conditional hazard function

λt(y) = exp(X ′
tβ)λ0(y),

where λ0(y) is called the baseline hazard rate or the baseline hazard func-

tion. This specification is called the proportional hazard model, proposed

by Cox (1972). The parameter

β =
∂

∂Xt
lnλt(y)

=
1

λt(y)

∂

∂Xt
λt(y)

is the marginal relative effect of Xt on the hazard rate of individual t. The

survival function of the proportional hazard model is

St(y) = [S0(y)]
exp(X′

tβ)

where S0(y) is the survival function of the baseline hazard rate λ0(y).

The conditional PDF of Yt given Xt is

f(y|Xt) = λt(y)St(y).

To estimate parameter β, we need to use the Maximum Likelihood Estima-

tion (MLE) method, which will be introduced below.

Example 9.4. [Ultra-High Frequency Financial Econometrics and

Autoregressive Conditional Duration (ACD) Model]: Suppose we

have a sequence of tick-by-tick financial data {Pi, ti}, where Pi is the price

traded at time ti, where i is the index for the i-th price change. Define the

time interval between price changes

Yi = ti − ti−1, i = 1, ..., n.

Question: How to model serial dependence of the duration Yi?

Engle and Russell (1998) propose a class of ACD model:⎧⎪⎪⎨⎪⎪⎩
Yi = μi(β

o)zi,

μi(β
o) = E(Yi|Ii−1),

{zi} ∼ IIDEXP(1),
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where Ii−1 is the information set available at time ti−1. Here, μi = μi(β
o)

is called the conditional expected duration given Ii−1. A model for μi is

μi = ω + αμi−1 + γYi−1,

where β = (ω, α, γ)′.
From this model, we can write down the model-implied conditional PDF

of Yi given Ii−1 :

f(y|Ii−1) =
1

μi
exp

(
− y

μi

)
, y > 0.

From this conditional PDF, we can compute the conditional intensity of Yi

(i.e., the instantaneous probability that the next price change will occur at

time ti), which is important for, e.g., options pricing.

Example 9.5. [Continuous-Time Diffusion Models]: The dynamics

of the spot interest rate Yt is fundamental to pricing fixed income securities.

Consider a diffusion model for the spot interest rate

dYt = μ(Yt, β
o)dt+ σ(Yt, β

o)dWt,

where μ(Yt, β
o) is the drift model, and σ(Yt, β

o) is the diffusion model, βo

is an unknown K × 1 parameter value, and Wt is the standard Brownian

motion. Note that the time t is a continuous variable.

Question: What is the Brownian motion?

Continuous-Time models have been popular in mathematical finance

and financial engineering. First, financial economists have the belief that

informational flow into financial markets is continuous in time. Second, the

mathematical treatment of derivatives pricing is elegant when a continuous-

time model is used.

The following are three well-known examples of the diffusion model:

• The random walk model with drift,

dYt = μdt+ σdWt;

• Vasicek’s (1977) model,

dYt = (α+ βYt)dt+ σdWt;
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• Cox, Ingersoll, and Ross’ (1985) model,

dYt = (α+ βYt)dt+ σY
1/2
t dWt.

These diffusion models are important for hedging, derivatives pricing and

financial risk management.

Question: How to estimate model parameters of a diffusion model using

a discretely sampled data {Yt}nt=1?

Given the drift function μ(Yt, β) and the diffusion function σ(Yt, β),

we can determine the conditional PDF fYt|It−1
(yt|It−1, β) of Yt given It−1.

Thus, we can estimate βo by MLE or asymptotically equivalent methods

using discretely observed data. For the random walk model, the conditional

PDF of Yt given It−1 is

f(y|It−1, β) =
1√

2πσ2t
exp

[
− (y − μt)2

2σ2t

]
.

For Vasicek’s (1977) model, the conditional PDF of Yt given It−1 is

f(y|It−1, β) =
1√

−πσ2

γ (1− e2γt)
exp

⎧⎪⎨⎪⎩
[
y − y0e

γt + α
γ (1− eγt)

]2
σ2

γ (1− 2e2γt)

⎫⎪⎬⎪⎭ .

For Cox, Ingersoll and Ross’ (1985) model, the conditional PDF of Yt

given It−1 is

f(y|It−1, β) =
1√

2π
[
y0σ2

−γ (eγt − e2γt) + σ
2γ2 (1− eγt)2

]
× exp

⎧⎨⎩
[
y − y0e

γt + α
2γ2 (1− eγt)2

]
2
[
−y0σ2

γ (eγt − e2γt) + α
2γ2 (1− eγt)2

]
⎫⎬⎭ .

It may be noted that many continuous-time diffusion models do not

have a closed form expression for their conditional PDF, which makes the

MLE estimation infeasible. Methods have been proposed in the literature

(e.g., Ait-Sahalia 2002) to obtain some accurate approximations to the

conditional PDF so that MLE becomes feasible.
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9.2 Maximum Likelihood Estimation (MLE) and

Quasi-MLE (QMLE)

Recall that a random sample of size n is a sequence of random vectors

{Z1, ..., Zn}, where Zt = (Yt, X
′
t)

′.We denote the random sample as follows:

Zn = (Z ′
1, ..., Z

′
n)

′.

A realization of Zn is a data set, denoted as zn = (z′1, ..., z
′
n)

′. A random

sample Zn can generate many realizations (i.e., data sets).

Question: How to characterize the random sample Zn?

All information in Zn is completely described by its joint PDF/PMF

fZn(zn). (For discrete random variables, we have fZn(zn) = P (Zn = zn).)

By sequential partitioning (repeatedly using the multiplication rule that

P (A ∩B) = P (A|B)P (B) for any two events A and B), we have

fZn(zn) = fZn|Zn−1(zn|zn−1)fZn−1(zn−1)

=
n∏

t=1

fZt|Zt−1(zt|zt−1),

where Zt−1 = (Z ′
t−1, Z

′
t−2, ..., Z

′
1)

′, and fZt|Zt−1(zt|zt−1) is the conditional

PDF/PMF of Zt given Zt−1. As a convention, we set fZ1|Z0(z1|z0) =

fZ1
(z1), the marginal PDF/PMF of Z1. Also, given Zt = (Yt, X

′
t)

′ and

using the formula that P (A ∩ B|C) = P (A|B ∩ C)P (B|C) for any events

A,B and C, we have

fZt|Zt−1(zt|zt−1) = fYt|(Xt,Zt−1)(yt|xt, z
t−1)fXt|Zt−1(xt|zt−1)

= fYt|Ψt
(yt|Ψt)fXt|Zt−1(xt|zt−1),

where

Ψt = (X ′
t,Z

t−1′)′,

an extended information set which contains not only the past history Zt−1

but also the current Xt. It follows that

fZn(zn) =

n∏
t=1

fYt|Ψt
(yt|Ψt)fXt|Zt−1(xt|zt−1)

=
n∏

t=1

fYt|Ψt
(yt|Ψt)

n∏
t=1

fXt|Zt−1(xt|zt−1).
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Often, the interest is in modeling the conditional distribution of Yt given

Ψt = (X
′
t ,Z

t−1′)′.
We now examine some important special cases.

• Case I: Cross-Sectional Observations

Suppose {Zt} is IID. Then fYt|Ψt
(yt|xt, z

t−1) = fYt|Xt
(yt|xt) and

fXt|Zt−1(xt|zt−1) = fXt(xt). It follows that

fZn(zn) =

n∏
t=1

fYt|Xt
(yt|xt)

n∏
t=1

fXt(xt),

where fXt(xt) is the marginal PDF/PMF of Xt.

• Case II: Univariate Time Series Analysis

Suppose Xt does not exist, namely Zt = Yt. Then Ψt =

(X ′
t,Z

t−1′)′ = Zt−1 = Yt−1 = (Yt−1, ..., Y1)
′, and as a result,

fZn(zn) =

n∏
t=1

fYt|Yt−1(yt|yt−1).

In general, we assume a parametric conditional distribution model

fZt|Zt−1(zt|zt−1) = fYt|Ψt
(yt|Ψt, β)fXt|Zt−1(xt|zt−1, γ),

where fYt|Ψt
(·|Ψt, β) is a known functional form up to some unknown K×1

parameter vector β, and fXt|Zt−1(·|zt−1, γ) is a known or unknown paramet-

ric function with some unknown parameter γ. Note that fYt|Ψt
(yt|Ψt, β)

is a function of β rather than γ while fXt|Zt−1(xt|zt−1, γ) is a function of

γ rather than β. This is called a variation-free parameters assumption. It

follows that the model log-likelihood function

ln fZn(zn) =

n∑
t=1

ln fYt|Ψt
(yt|Ψt, β) +

n∑
t=1

ln fXt|Zt−1(xt|zt−1, γ),

where the first term contains sample information about parameter β, and

the second term contains the sample information about parameter γ. If we

are interested in using the extended information set Ψt = (X ′
t,Z

t−1′)′ to
predict the probability distribution of Yt, then β is called a parameter of

interest, and γ is called a nuisance parameter. In this case, to estimate β, we

only need to focus on modeling the conditional PDF/PMF fYt|Ψt
(y|Ψt, β).

This follows because the second part of the likelihood function does not

depend on β so that the maximization of ln fZn(zn) with respect to β
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is equivalent to the maximization of the first part of the likelihood with

respect to β.

We now introduce various conditional distribution models. For sim-

plicity, we only consider IID observations so that fYt|Ψt
(y|Ψt, β) =

fYt|Xt
(y|Xt, β).

Example 9.6. [Linear Regression Model with Normal Errors]: Sup-

pose Zt = (Yt, X
′
t)

′ is IID, Yt = X ′
tα

o + εt, where εt|Xt ∼ N(0, σ2
o). Then

the conditional PDF of Yt|Xt is

fYt|Xt
(y|x, β) = 1√

2πσ2
e−

1
2σ2 (y−x′α)2 ,

where β = (α′, σ2)′. This is a classical linear regression model discussed in

Chapter 3. The unknown regression parameter value αo can be estimated

by the Quasi-MLE (QMLE) method to be proposed below, and it can be

shown that QMLE is identical to the OLS estimator for αo.

Example 9.7. [Logit Model]: Suppose Zt = (Yt, X
′
t)

′ is IID, Yt is a

binary random variable taking either value 1 or value 0, and

P (Yt = y|Xt) =

{
ψ(X ′

tβ
o) if y = 1,

1− ψ(X ′
tβ

o) if y = 0,

where

ψ(u) =
1

1 + exp(−u)
, −∞ < u < ∞,

is the CDF of the logistic distribution. We have

fYt|Xt
(y|Xt, β) = ψ(X ′

tβ)
y[1− ψ(X ′

tβ)]
1−y, y = 0, 1.

Example 9.8. [Probit Model]: Suppose Zt = (Yt, X
′
t)

′ is IID, and Yt is

a binary random variable such that

P (Yt = y|Xt) =

{
Φ(X ′

tβ
o) if y = 1,

1− Φ(X ′
tβ

o) if y = 0,

where Φ(·) is the N(0,1) CDF. We have

fYt|Xt
(y|Xt, β) = Φ(X ′

tβ)
y[1− Φ(X ′

tβ)]
1−y.
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There are wide applications of the logit and probit models. For example,

a consumer chooses a particular brand of car, or a student decides to go to

PhD study.

Example 9.9. [Censored Regression (Tobit) Models]: A dependent

variable Yt is called censored when the response Yt cannot take values below

(left censored) or above (right censored) a certain threshold value. For

example, the investment can only be zero or positive (when no borrowing

is allowed). The censored data are generated from mixed continuous and

discrete probability distributions. Suppose the DGP is

Y ∗
t = X ′

tα
o + εt,

where {εt} ∼ IIDN(0, σ2
o). When Y ∗

t > c, we observe Yt = Y ∗
t ; when

Y ∗
t ≤ c, we only have the record Yt = c, where constant c is known. The

parameter αo should not be estimated by regressing Yt on Xt based on

the subsample with Yt > c, because the data with Yt = c contain relevant

information about αo and σ2
o . More importantly, in the subsample with

Yt > c, εt is a truncated distribution with nonzero mean (i.e., E(εt|Yt >

c) 	= 0 and E(Xtεt|Yt > c) 	= 0) even if E(εt|Xt) = 0. Therefore, the OLS

estimator is not consistent for αo if one only uses the subsample consisting

of observations of Yt > c and throws away observations with Yt = c.

Question: How to estimate αo using an observed sample {Yt, X
′
t}nt=1 where

some observations of Yt are censored?

Suppose Zt = (Yt, X
′
t)

′ is IID, with the observed dependent variable

Yt =

{
Y ∗
t if Y ∗

t > c,

c if Y ∗
t ≤ c,

where Y ∗
t = X ′

tα
o + εt and εt|Xt ∼ IIDN(0, σ2

o). We assume that the

threshold c is known. Then we can write

Yt = max(Y ∗
t , c)

= max(X ′
tα

o + εt, c).

Define a dummy variable indicating whether Y ∗
t > c or Y ∗

t ≤ c,

Dt =

{
1 if Yt > c (i.e., if Y ∗

t > c),

0 if Yt = c (i.e., if Y ∗
t ≤ c).
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Then the PDF of Yt|Xt is

fYt|Xt
(y|x, β) =

[
1√
2πσ2

e−
1

2σ2 (yt−x′α)2
]Dt
[
Φ

(
c− x′α

σ

)]1−Dt

,

where Φ(·) is the N(0, 1) CDF, and the second part is the conditional

probability

P (Yt = c|Xt = x)

= P (Y ∗
t ≤ c|Xt = x)

= P (εt ≤ c−X ′
tα|Xt = x)

= P

(
εt
σ

≤ c−X ′
tα

σ

∣∣∣∣Xt = x

)
= Φ

(
c− x′α

σ

)
,

given the fact that εt
σ follows an N(0, 1) distribution conditional on Xt.

Question: Can you give some examples where this model can be applied?

One example is a survey on unemployment spells. At the terminal date

of the survey, the recorded time length of an unemployed worker is not the

duration when his layoff will last. Another example is a survey on cancer

patients. The life of those who have survived up to the ending date of the

survey will usually be longer than the survival duration recorded.

Example 9.10. [Truncated Regression Models]: A random sample

is called truncated if we know before hand that observations can come

only from a restricted part of the underlying population distribution. The

truncation can come from below, from above, or from both sides. We now

consider an example where the truncation is from below with a known

truncation point. More specifically, assume that the DGP is

Y ∗
t = X ′

tα
o + εt,

where εt|Xt ∼ IIDN(0, σ2
o). Suppose only those of Y ∗

t whose values are

larger than or equal to constant c are observed, where c is known. That is,

we observe Yt = Y ∗
t if and only if Y ∗

t = X ′
tα

o+εt ≥ c. The observations with

Y ∗
t < c are not recorded. Assume the resulting sample is {Yt, X

′
t}nt=1, where

{Yt, X
′
t} is IID. We now analyze the effect of truncation for this model.

For the observed sample, Y ∗
t ≥ c and so εt comes from the truncated
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version of the N(0, σ2
o) distribution with εt ≥ c − X ′

tα
o. It follows that

E(Xtεt|Y ∗
t ≥ c) 	= 0 and therefore the OLS estimator based on the observed

sample {Yt, X
′
t} is not consistent. One can use MLE to estimate the true

parameter value αo consistently, and for this purpose, one needs to know

the conditional PDF of Yt given Xt.

Because the observation Yt is recorded if and only if Y ∗
t ≥ c, the condi-

tional distribution of Yt given Xt is the same as the conditional distribution

of Y ∗
t given Xt and Y ∗

t > c. Moreover, for any events A,B and C, we have

P (A ∩ B|C) = P (A|B ∩ C)P (B|C) by the multiplication rule. Putting

A = {Y ∗
t ≤ y}, B = {Y ∗

t > c} and C = {Xt = x}, we have

P (Y ∗
t ≤ y, Y ∗

t > c|Xt = x) = P (Y ∗
t ≤ y|Y ∗

t > c,Xt = x)P (Y ∗
t > c|Xt = x).

It follows that

FY ∗
t |Xt

(y|x)− FY ∗
t |Xt

(c|x)
= FY ∗

t |(Xt=x,Y ∗
t >c)(y|Xt = x, Y ∗

t > c)P (Y ∗
t > c|Xt = x).

Differentiating the equation with respect to y, we obtain that for any y > c,

fYt|Xt
(y|x, β) = fY ∗

t |(Xt=x,Y ∗
t >c)(y|Xt = x, Y ∗

t > c)

=
fY ∗

t |(Xt=x,Y ∗
t >c)(y|Xt = x, Y ∗

t > c)P (Y ∗
t > c|Xt = x)

P (Y ∗
t > c|Xt = x)

=
fY ∗

t |Xt
(y|Xt = x)

P (Y ∗
t > c|Xt = x)

=
1√
2πσ2

e−
1

2σ2 (yt−x′
tα)

2 1

1− Φ
(

c−x′
tα

σ

) ,
where β = (α′, σ2)′, and the conditional probability

P (Y ∗
t > c|Xt = x) = 1− P (Y ∗

t ≤ c|Xt = x)

= 1− P

(
εt
σ

≤ c−X ′
tα

σ

∣∣∣∣Xt = x

)
= 1− Φ

(
c− x′α

σ

)
.

Question: Can you give some examples where this model can be applied?

One example is loan applications in banks: only those successful loan

applications will be recorded. Another example is students’ application
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to colleges. Suppose we are interested in investigating how the entrance

examination scores of students depend on their effort, family support, and

high schools, and we have a sample from those who have been admitted

to colleges. This sample is obviously a truncated sample because we do

not observe those who are not admitted to colleges because their scores are

below certain minimum requirements.

Question: How to estimate β in a conditional PDF/PMF model

fYt|Ψt
(y|Ψt, β)?

We first introduce the likelihood function.

Definition 9.1. [Likelihood Function]: The joint PDF/PMF of the ran-

dom sample Zn = (Z1, Z2, ..., Zn) as a function of (β, γ)

Ln(β, γ; z
n) = fZn(zn, β, γ)

is called the likelihood function of Zn when zn is observed. Moreover,

lnLn(β, γ, z
n) is called the log-likelihood function of Zn when zn is ob-

served.

The likelihood function Ln(β, γ; z
n) is algebraically identical to the joint

PDF/PMF fZn(zn, β, γ) of the random sample Zn taking the value zn.

Thus, given (β, γ), Ln(β, γ; z
n) can be viewed as a measure of the proba-

bility or likelihood with which the observed sample zn will occur.

Lemma 9.1. [Variation-Free Parameter Spaces]: Suppose β and γ

are variation-free over parameter spaces Θ × Γ, in the sense that for all

(β, γ) ∈ Θ× Γ, we have

fZt|Zt−1(zt|Zt−1, β, γ) = fYt|Ψt
(yt|Ψt, β)fXt|Zt−1(xt|Zt−1, γ),

where Ψt = (X ′
t,Z

t−1′)′. Then the likelihood function of Zn given Zn = zn

can be written as

Ln(β, γ; z
n) =

n∏
t=1

fYt|Ψt
(yt|Ψt, β)

n∏
t=1

fXt|Zt−1(xt|Zt−1, γ),
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and the log-likelihood function

lnLn(β, γ; z
n) =

n∑
t=1

ln fYt|Ψt
(yt|Ψt, β)

+

n∑
t=1

ln fXt|Zt−1(xt|Zt−1, γ).

Suppose we are interested in predicting Yt using the extended informa-

tion set Ψt = (X ′
t,Z

t−1′)′. Then only the first part of the log-likelihood

is relevant, and β is called a parameter of interest. The other parameter

γ, appearing in the second part of the log-likelihood function, is called a

nuisance parameter.

We now define an estimation method based on maximizing the condi-

tional log-likelihood function
∑n

t=1 ln fYt|Ψt
(yt|Ψt, β).

Definition 9.2. [Maximum Likelihood Estimator (MLE) and

Quasi-MLE (QMLE)]: Define the estimator β̂ for β ∈ Θ as

β̂ = argmax
β∈Θ

n∏
t=1

fYt|Ψt
(Yt|Ψt, β)

= argmax
β∈Θ

n∑
t=1

ln fYt|Ψt
(Yt|Ψt, β),

where Θ is a parameter space.

(1) When the conditional PDF/PMF model fYt|Ψt
(y|Ψt, β) is correctly

specified in the sense that there exists some parameter value βo ∈ Θ such

that with probability one, fYt|Ψt
(y|Ψt, β

o) coincides with the true condi-

tional PDF/PMF of Yt given Ψt, then β̂ is called the Maximum Likelihood

Estimator (MLE).

(2) When fYt|Ψt
(y|Ψt, β) is misspecified in the sense that there exists

no parameter value β ∈ Θ such that with probability one, fYt|Ψt
(y|Ψt, β)

coincides with the true conditional PDF/PMF of Yt given Ψt, then β̂ is

called the Quasi-MLE (QMLE).

Under the variation-free parameters assumption, the second term of the

log-likelihood function lnLn(β, γ|Zn) does not depend on β (see Lemma

9.1). As a result, β̂ in Definition 9.2 is also the solution to maximization of
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lnLn(β, γ|Zn), namely,

β̂ = argmax
β∈Θ

n∑
t=1

ln fYt|Ψt
(Yt|Ψt, β)

= argmax
β∈Θ

lnLn(β, γ|Zn).

Thus, by the nature of the objective function, MLE/QMLE gives a pa-

rameter estimate which makes the observed sample zn most likely to occur.

By choosing a suitable parameter value β̂ ∈ Θ, MLE/QMLE maximizes the

probability that Zn = zn, that is, the probability that the random sample

Zn takes the value of the observed data zn. Note that MLE and QMLE

may not be unique.

MLE is obtained over Θ, where Θ may be subject to some restriction.

An example is the GARCH model where some parameters have to be re-

stricted in order to ensure that the estimated conditional variance is non-

negative (e.g., Nelson and Cao 1992).

Question: When does MLE/QMLE exist?

Suppose the likelihood function is continuous in β ∈ Θ and parameter

space Θ is compact. Then a global maximizer β̂ ∈ Θ exists.

Theorem 9.1. [Existence of MLE/QMLE]: Suppose for each β ∈ Θ,

where Θ is a compact parameter space, fYt|Ψt
(Yt|Ψt, β) is a measurable

function of (Yt,Ψt), and for each t, fYt|Ψt
(Yt|Ψt, ·) is continuous in β ∈ Θ

with probability one. Then MLE/QMLE β̂ exists.

This result is analogous to the Weierstrass Theorem in multivariate

calculus that any continuous function over a compact support always has

a global maximum and a global minimum.

Example 9.11. [MLE/QMLE for a Linear Regression Model with

Normal Errors]: Suppose Zt = (Yt, X
′
t)

′ is IID, Yt = X ′
tα

o + εt, where

εt|Xt ∼ N(0, σ2
o). Then the conditional PDF of Yt|Xt is

fYt|Xt
(y|x, β) = 1√

2πσ2
e−

1
2σ2 (y−x′α)2 ,

where β = (α′, σ2)′. It follows that
n∑

t=1

ln fYt|Ψt
(Yt|Ψt, β) = −n

2
ln 2π − n

2
lnσ2 − 1

2σ2

n∑
t=1

(Yt −X ′
tα)

2.
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Solving the FOCs:

∂
∑n

t=1 ln fYt|Ψt
(Yt|Ψt, β̂)

∂α
=

1

2σ̂2

n∑
t=1

Xt(Yt −X ′
tα̂) = 0,

∂
∑n

t=1 ln fYt|Ψt
(Yt|Ψt, β̂)

∂σ2
= − n

2σ̂2
+

1

2σ̂4

n∑
t=1

(Yt −X ′
tα̂)

2 = 0,

we obtain

α̂ = (X′X)−1X′Y,

σ̂2 =
e′e
n

,

where e = Y −Xα̂. Therefore, the MLE/QMLE α̂ for α is exactly the same

as the OLS estimator in Chapter 3.

The MLE/QMLE β̂ = (α̂′, σ̂2)′ in Example 9.11 has a closed form so-

lution. Generally, we can only characterize MLE/QMLE by FOC, and like

the GMM estimator, there is usually no closed form for the MLE/QMLE

β̂. The solution β̂ has to be searched by computers. The most popular

computing methods used in economics are the BHHH algorithm (Berndt

et al. 1974) and the Gauss-Newton algorithm.

9.3 Statistical Properties of MLE/QMLE

For notational simplicity, from now on we will write the conditional

PDF/PMF of Yt given Ψt as

fYt|Ψt
(y|Ψt, β) = f(y|Ψt, β), −∞ < y < ∞.

We first provide a set of regularity conditions.

Assumption 9.1. [Parametric Probability Distribution Model]:

(a) {Zt = (Yt, X
′
t)

′}nt=1 is an ergodic stationary process; (b) f(yt|Ψt, β)

is a conditional PDF/PMF model of Yt given Ψt = (X ′
t,Z

t−1′)′, where

Zt−1 = (Z ′
t−1, Z

′
t−2, ..., Z

′
1)

′, and β is a K × 1 parameter vector. For each

β, ln f(Yt|Ψt, β) is measurable with respect to (Yt,Ψt), and for each t,

ln f(Yt|Ψt, ·) is continuous in β ∈ Θ with probability one, where Θ is a

finite-dimensional parameter space.

Assumption 9.2. [Compactness]: Parameter space Θ is compact.
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Assumption 9.3. [UWLLN]: {ln f(Yt|Ψt, β) − E ln f(Yt|Ψt, β)} obeys

UWLLN, i.e.,

sup
β∈Θ

∣∣∣∣∣n−1
n∑

t=1

ln f(Yt|Ψt, β)− l(β)

∣∣∣∣∣ p→ 0,

where the population log-likelihood function

l(β) = E [ln f(Yt|Ψt, β)]

is continuous in β ∈ Θ.

Assumption 9.4. [Identification]: The parameter value

β∗ = argmax
β∈Θ

l(β)

is the unique maximizer of l(β) over Θ.

Question: What is the interpretation of β∗?

Assumption 9.4 is an identification condition which states that β∗ is a

unique solution that maximizes l(β), the expected value of the logarithmic

conditional likelihood function ln f(Yt|Ψt, β). So far, there is no economic

interpretation for β∗ since we do not know whether f(y|Ψt, β) is correctly

specified for the conditional distribution of Yt given Ψt. This is analogous to

the best linear least squares approximation coefficient β∗ = argminβ E(Y −
X ′β)2 in Chapter 2, where it cannot be interpreted as the expected marginal

effect of X on Y if one does not know whether the linear regression model

is correctly specified for E(Yt|Xt).

We now consider the consistency property of β̂ for β∗. Because we as-

sume that Θ is compact, β̂ and β∗ may be corner solutions. Thus, we

have to use the extremum estimator lemma to prove the consistency of

MLE/QMLE β̂.

Theorem 9.2. [Consistency of MLE/QMLE]: Suppose Assumptions

9.1 to 9.4 hold. Then as n → ∞,

β̂ − β∗ p→ 0.

Proof: Applying the extremum estimator lemma in Chapter 8, with

Q̂(β) = n−1
n∑

t=1

ln f(Yt|Ψt, β)
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and

Q(β) = l(β) ≡ E[ln f(Yt|Ψt, β)].

Assumptions 9.1 to 9.4 ensure that all conditions for Q̂(β) and Q(β)

in the extremum estimator lemma are satisfied. It follows that β̂
p→ β∗ as

n → ∞. This completes the proof.

9.4 Correct Model Specification and Its Implications

To discuss similarities and differences between MLE and QMLE, we first

define correct specification of a conditional probability distribution model

and discuss its implications.

Definition 9.3. [Correct Model Specification for Conditional

Probability Distribution]: The model f(yt|Ψt, β) is correctly specified

for the conditional PDF/PMF of Yt given Ψt if there exists some parameter

value βo ∈ Θ such that with probability one, f(yt|Ψt, β
o) coincides with

the true conditional PDF/PMF of Yt given Ψt.

A conditional distribution model characterizes a family (or class) of

conditional distributions. Each parameter value β yields a conditional dis-

tribution of Y given Ψ, and different parameter values for β yield differ-

ent conditional distributions. A correctly specified conditional distribution

model means that the family of conditional distributions it characterizes

contains the true conditional distribution of Yt given Ψt. Under correct

specification of f(y|Ψt, β), the parameter value βo is usually called the true

model parameter value. It will have a valid economic interpretation.

Question: What are the implications of correct specification of a condi-

tional distribution model f(y|Ψt, β)?

Theorem 9.3. Suppose Assumption 9.4 holds, and the model f(yt|Ψt, β) is

correctly specified for the conditional probability distribution of Yt given Ψt.

Then with probability one, f(yt|Ψt, β
∗) coincides with the true conditional

PDF/PMF f(yt|Ψt, β
o) of Yt given Ψt, where β∗ is as given in Assumption

9.4 and βo is the true parameter value. In other words, when the model

f(yt|Ψt, β) is correctly specified for the conditional probability distribution

of Yt given Ψt, the population log-likelihood maximizer β∗ coincides with
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the true parameter value βo, namely

β∗ = βo.

Proof: Because f(y|Ψt, β) is correctly specified for the conditional distri-

bution of Yt given Ψt, there exists some βo ∈ Θ such that

l(β) = E[ln f(Yt|Ψt, β)]

= E{E[ln f(Yt|Ψt, β)|Ψt]}

= E

∫ ∞

−∞
ln[f(y|Ψt, β)]f(y|Ψt, β

o)dy,

where the second equality follows from the law of iterated expectations and

the expectation E(·) in the third equality is taken with respect to the true

probability distribution of the random variables in Ψt.

By Assumption 9.4, we have l(β) ≤ l(β∗) for all β ∈ Θ. By the law of

iterated expectations, it follows that for all β ∈ Θ,

E

∫ ∞

−∞
ln[f(y|Ψt, β)]f(y|Ψt, β

o)dy ≤ E

∫ ∞

−∞
ln[f(y|Ψt, β

∗)]f(y|Ψt, β
o)dy,

where f(yt|Ψt, β
o) is the true conditional PDF/PMF. Hence, by choosing

β = βo, we have

E

∫ ∞

−∞
ln[f(y|Ψt, β

o)]f(y|Ψt, β
o)dy ≤ E

∫ ∞

−∞
ln[f(y|Ψt, β

∗)]f(y|Ψt, β
o)dy.

(9.1)

On the other hand, by Jensen’s inequality and the concavity of the

logarithmic function, we have∫ ∞

−∞
ln[f(y|Ψt, β

∗)]f(y|Ψt, β
o)dy −

∫ ∞

−∞
ln[f(y|Ψt, β

o)]f(y|Ψt, β
o)dy

=

∫ ∞

−∞
ln

[
f(y|Ψt, β

∗)
f(y|Ψt, βo)

]
f(y|Ψt, β

o)dy

≤ ln

{∫ ∞

−∞

[
f(y|Ψt, β

∗)
f(y|Ψt, βo)

]
f(y|Ψt, β

o)dy

}

= ln

{∫ ∞

−∞
f(y|Ψt, β

∗)dy
}

= ln(1)

= 0,
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where we have made use of the fact that
∫∞
−∞ f(y|Ψt, β)dy = 1 for all β ∈ Θ.

Therefore, we have∫ ∞

−∞
ln [f(y|Ψt, β

∗)] f(y|Ψt, β
o)dy ≤

∫ ∞

−∞
ln[f(y|Ψt, β

∗)]f(y|Ψt, β
o)dy.

Therefore, by taking the expectation with respect to the probability

distribution of Ψt, we obtain

E

∫ ∞

−∞
ln[f(y|Ψt, β

∗)]f(y|Ψt, β
o)dy ≤ E

∫ ∞

−∞
ln[f(y|Ψt, β

o)]f(y|Ψt, β
o)dy.

(9.2)

Since the inequalities in (9.1) and (9.2) hold simultaneously, we must have

β∗ = βo given Assumption 9.4; otherwise β∗ cannot be the the maximizer

of l(β) over Θ. This completes the proof.

Theorem 9.3 provides an interpretation of β∗ in Assumption 9.4. That

is, the population log-likelihood maximizer β∗ coincides with the true model

parameter value βo when f(y|Ψt, β) is correctly specified. Thus, by max-

imizing the population model log-likelihood function l(β), we can obtain

the true parameter value βo.

Under Theorem 9.2, we have β̂
p→ β∗ as n → ∞. Furthermore, by

correct specification for conditional distribution, we know β∗ = βo, where

βo is the true model parameter value. Therefore, we have β̂
p→ βo as

n → ∞.

This is essentially equivalent to the consistency in the linear regression

context, in which, the OLS estimator always converges to β∗ no matter

whether the linear regression model is correctly specified for conditional

mean. And when the linear regression model coincides with the true con-

ditional mean function, we have β∗ = βo from Theorem 2.4 and then the

OLS estimator will converge to the true model parameter βo.

Below, we examine two additional important implications of correct

model specification for conditional distribution. For this purpose, we as-

sume that the true parameter value βo is an interior point of the parameter

space Θ, so that we can impose a differentiability condition on the log-

likelihood function ln f(y|Ψt, β) at β
o:

Assumption 9.5. βo ∈ int(Θ) , where βo is as in Definition 9.3.

Question: Why do we need this assumption?
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This assumption is needed in order to take a Taylor series expansion for

f(y|Ψt, β).

We first state an important implication of a correctly specified condi-

tional distribution model for Yt given Ψt.

Theorem 9.4. [MDS Property of Score Function]: Suppose that for

each t, ln f(Yt|Ψt, ·) is continuously differentiable with respect to β ∈ Θ

with probability one. Define a K ×1 score function

St(β) =
∂

∂β
ln f(yt|Ψt, β).

If f(y|Ψt, β) is correctly specified for the conditional probability distribution

of Yt given Ψt, then

E [St(β
o)|Ψt] = 0,

where βo is as in Definition 9.3 and satisfies Assumption 9.5, and E(·|Ψt)

is the expectation taken over the true conditional probability distribution of

Yt given Ψt.

Proof: We shall only consider the case of a conditional continuous distri-

bution for Yt. Note that for any given β ∈ Θ, f(y|Ψt, β) is a valid PDF.

Thus we have ∫ ∞

−∞
f(y|Ψt, β)dy = 1.

When β ∈ int(Θ) , by differentiation, we have

∂

∂β

∫ ∞

−∞
f(y|Ψt, β)dy = 0.

By exchanging differentiation and integration, we have∫ ∞

−∞

∂

∂β
f(y|Ψt, β)dy = 0,

which can be further written as∫ ∞

−∞

∂ ln f(y|Ψt, β)

∂β
f(y|Ψt, β)dy = 0.
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This relationship holds for all β ∈ int(Θ), including βo. It follows that∫ ∞

−∞

∂ ln f(y|Ψt, β
o)

∂β
f(y|Ψt, β

o)dy = 0,

where

∂ ln f(y|Ψt, β
o)

∂β
=

∂ ln f(y|Ψt, β)

∂β

∣∣∣∣
β=βo

.

Because f(y|Ψt, β
o) is the true conditional PDF/PMF of Yt given Ψt when

f(y|Ψt, β) is correctly specified for the conditional distribution of Yt given

Ψt, we have

E[St(β
o)|Ψt] = 0.

This completes the proof.

Note that E[St(β
o)|Ψt] = 0 implies that E[St(β

o)|Zt−1] = 0, namely

{St(β
o)} is an MDS. As will be seen later, this MDS property is crucial to

understand the asymptotic properties of the MLE β̂.

Question: Suppose E[St(β
o)|Ψt] = 0 for some βo ∈ Θ. Can we claim that

the conditional PDF/PMF model is correctly specified?

No. The MDS property is one of many implications of correct model

specification for conditional probability distribution. In certain sense, the

MDS property is equivalent to correct specification for conditional mean.

Misspecification of f(y|Ψt, β) may occur in higher order conditional mo-

ments of Yt given Ψt. Below is an example in which {St(β
o)} is an MDS

but the model f(yt|Ψt, β) is misspecified.

Example 9.12. Suppose {Yt} is a univariate time series process that fol-

lows the DGP

Yt = μt(β
o) + σt(β

o)zt,

where μt(β
o) = E(Yt|Ψt) and σ2

t (β
o) = var(Yt|Ψt) depend on Ψt = Yt−1 =

(Yt−1, Yt−2, ..., Y1)
′, and {zt} ∼ IIDN(0, 1). Suppose further {Yt} has a unit

variance.

We now consider the following model

Yt = μt(β) + εt, {εt} ∼ IID N(0, 1).
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This model is correctly specified for conditional mean E(Yt|Ψt), because

there exists some βo ∈ Θ such that μt(β
o) = E(Yt|Ψt). However, it

is misspecified for conditional variance var(Yt|Ψt), because var(Yt|Ψt) =

σ2
t (β

o) 	= 1. Given the assumption that {εt} ∼ IID N(0, 1), we can write

the conditional PDF of the model as follows:

f(y|Ψt, β) =
1√
2π

exp

{
−1

2
[Yt − μt(β)]

2

}
, −∞ < y < ∞.

It is straightforward to verify that

E [St(β
o)|Ψt] = E[St(β

o)|It−1] = 0,

although there exists misspecification in volatility dynamics.

Next, we state another important implication of a correctly specified

conditional distribution model for Yt given Ψt.

Theorem 9.5. [Conditional Information Matrix (IM) Equality]:

Suppose Assumptions 9.1 to 9.5 hold, f(y|Ψt, β) is twice continuously dif-

ferentiable with respect to β ∈ int(Θ) with probability one, and f(yt|Ψt, β)

is correctly specified for the conditional probability distribution of Yt given

Ψt. Then

E [St(β
o)St(β

o)′ +Ht(β
o)|Ψt] = 0,

where

Ht(β) ≡ d

dβ
St(β)

=
∂2

∂β∂β′ ln f(Yt|Ψt, β),

or equivalently,

E

[
∂

∂β
ln f(Yt|Ψt, β

o)
∂

∂β′ ln f(Yt|Ψt, β
o)

∣∣∣∣Ψt

]
= −E

[
∂2

∂β∂β′ ln f(Yt|Ψt, β
o)

∣∣∣∣Ψt

]
.

Proof: For all β ∈ Θ, we have∫ ∞

−∞
f(y|Ψt, β)dy = 1.
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By differentiation with respect to β ∈ int(Θ), we obtain

∂

∂β

∫ ∞

−∞
f(y|Ψt, β)dy = 0.

Exchanging differentiation and integration, we have∫ ∞

−∞

∂f(y|Ψt, β)

∂β
dy = 0,∫ ∞

−∞

∂ ln f(y|Ψt, β)

∂β
f(y|Ψt, β)dy = 0.

With further differentiation of the above equation again, we have

∂

∂β

∫ ∞

−∞

∂ ln f(y|Ψt, β)

∂β
f(y|Ψt, β)dy

=

∫ ∞

−∞

∂

∂β

[
∂ ln f(y|Ψt, β)

∂β
f(y|Ψt, β)

]
dy

=

∫ ∞

−∞

∂2 ln f(y|Ψt, β)

∂β∂β′ f(y|Ψt, β)dy

+

∫ ∞

−∞

∂ ln f(y|Ψt, β)

∂β

∂f(y|Ψt, β)

∂β′ dy

=

∫ ∞

−∞

∂2 ln f(y|Ψt, β)

∂β∂β′ f(y|Ψt, β)dy

+

∫ ∞

−∞

∂ ln f(y|Ψt, β)

∂β

∂ ln f(y|Ψt, β)

∂β′ f(y|Ψt, β)dy

= 0.

The above relationship holds for all β ∈ Θ, including βo. This and the fact

that f(y|Ψt, β
o) is the true conditional PDF/PMF of Yt given Ψt imply the

desired conditional IM equality PDF/PMF. This completes the proof.

The K ×K matrix

E[St(β
o)St(β

o)′|Ψt]

= E

[
∂ ln f(Yt|Ψt, β

o)

∂β

∂ ln f(Yt|Ψt, β
o)

∂β′

∣∣∣∣Ψt

]
is called Fisher’s conditional IM of Yt given Ψt. It measures the content

of the information contained in the random variable Yt conditional on the
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information set Ψt. The larger the conditional expectation is, the more

information Yt contains.

Question: What is the implication of the conditional IM equality?

In certain sense, the conditional IM equality could be viewed as equiva-

lent to correct specification of conditional variance. It has important impli-

cations on the form of the asymptotic variance of MLE. More specifically,

the conditional IM equality will simplify the asymptotic variance of MLE

in the same way as conditional homoskedasticity simplifies the asymptotic

variance of the OLS estimator.

9.5 Asymptotic Distribution of MLE

To investigate the asymptotic distribution of
√
n(β̂ − βo), we need the

following conditions.

Assumption 9.6. (a) For each t, ln f(yt|Ψt, ·) is continuously twice differ-

entiable with respect to β ∈ Θ with probability one.

(b) Given β∗ as in Assumption 9.4, {St(β
∗)} obeys CLT, i.e.,

√
nŜ(β∗) ≡ n−1/2

n∑
t=1

St(β
∗) d→ N(0, V∗)

for some K ×K matrix V∗ ≡ avar[n−1/2
∑n

t=1 St(β
∗)] which is symmetric,

finite and positive definite.

(c) {Ht(β) ≡ ∂2

∂β∂β′ ln f(yt|Ψt, β)} obeys UWLLN over Θ. That is, as

n → ∞,

sup
β∈Θ

∥∥∥∥∥n−1
n∑

t=1

Ht(β)−H(β)

∥∥∥∥∥ p→ 0,

where the K ×K Hessian matrix

H(β) ≡ E [Ht(β)]

= E

[
∂2 ln f(Yt|Ψt, β)

∂β∂β′

]
is symmetric, finite and nonsingular, and is continuous in β ∈ Θ.
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No matter whether the conditional distribution model f(y|Ψt, β) is cor-

rectly specified, Assumption 9.6 will be used. When f(y|Ψt, β) is correctly

specified, we have β∗ = βo by Theorem 9.3 and so
√
nŜ(β∗) =

√
nŜ(βo)

and V∗ = Vo ≡ avar[
√
nŜ(βo)].

Question: What is the structure of the asymptotic variance Vo of
√
nŜ(βo)

when f(y|Ψt, β) is correctly specified?

By the stationary MDS property of St(β
o) with respect to Ψt, we have

Vo ≡ avar

[
n−1/2

n∑
t=1

St(β
o)

]

= E

{[
n−1/2

n∑
t=1

St(β
o)

][
n−1/2

n∑
τ=1

Sτ (β
o)

]′}

= n−1
n∑

t=1

n∑
τ=1

E[St(β
o)Sτ (β

o)′]

= E[St(β
o)St(β

o)′],

where the expectations of cross-products, E[St(β
o)Sτ (β

o)′], are identically

zero for all t 	= τ, as implied by the MDS property of {St(β
o)} from Theo-

rem 9.4.

Furthermore, from the conditional IM equality, we have

Vo = E[St(β
o)St(β

o)′]

= −Ho

by the law of iterated expectations, where the population Hessian matrix

Ho = H(βo) is a K ×K symmetric negative definite matrix.

We now derive the asymptotic normality of MLE.

Theorem 9.6. [Asymptotic Normality of MLE]: Suppose Assump-

tions 9.1 to 9.6 hold, and f(yt|Ψt, β) is correctly specified for the conditional

distribution of Yt given Ψt. Then as n → ∞,

√
n(β̂ − βo)

d→ N(0,−H−1
o ).

Proof: Because βo is an interior point in Θ and β̂ − βo p→ 0 as n → ∞,

we have β̂ ∈ int(Θ) for n sufficiently large. It follows that the FOC of
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maximizing the log-likelihood holds when n is sufficiently large:

Ŝ(β̂) ≡ n−1
n∑

t=1

∂ ln f(Yt|Ψt, β̂)

∂β

= n−1
n∑

t=1

St(β̂)

= 0.

The FOC provides a link between MLE and GMM: MLE can be viewed as

a GMM estimation with the moment condition

E[mt(β
o)] = E[St(β

o)] = 0 for some parameter value βo

in an exact identification case.

By a first order Taylor series expansion of Ŝ(β̂) around the true param-

eter value βo, we have

0 =
√
nŜ(β̂)

=
√
nŜ(βo) + Ĥ(β̄)

√
n(β̂ − βo),

where β̄ lies between β̂ and βo, namely, β̄ = aβ̂ + (1 − a)βo for some

a ∈ [0, 1], and the sample Hessian matrix

Ĥ(β) = n−1
n∑

t=1

Ht(β)

= n−1
n∑

t=1

∂2 ln f(Yt|Ψt, β)

∂β∂β′

is the derivative of Ŝ(β). Given that β̂ − βo p→ 0, we have

||β̄ − βo|| = ||a(β̂ − βo)|| ≤ ||β̂ − βo||
p→ 0.

Also, by the triangle inequality, UWLLN for {Ht(β)} over Θ, and continuity

of the population Hessian matrix H(β), we obtain∥∥∥Ĥ(β̄)−Ho

∥∥∥
=
∥∥∥Ĥ(β̄)−H(β̄) +H(β̄)−H(βo)

∥∥∥
≤ sup

β∈Θ

∥∥∥Ĥ(β̄)−H(β̄)
∥∥∥+ ∥∥H(β̄)−H(βo)

∥∥
p→ 0.
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Because Ho is nonsingular, so is Ĥ(β̄) for n sufficiently large. Therefore,

from the FOC we have

√
n(β̂ − βo) = −Ĥ−1(β̄)

√
nŜ(βo)

for n sufficiently large. (Compare with the OLS estimator
√
n(β̂ − βo) =

Q̂−1
√
nX′ε

n !)

Next, we consider
√
nŜ(βo). By CLT, we have

√
nŜ(βo)

d→ N(0, Vo),

where, as we have shown above,

Vo ≡ avar
[√

nŜ(βo)
]

= E[St(β
o)St(β

o)′ ]

given that {St(β
o)} is a stationary MDS with respect to Ψt.

It follows by Slutsky’s theorem that

√
n(β̂ − βo) = −Ĥ−1(β̄)

√
nŜ(βo)

d→ N(0, H−1
o VoH

−1
o ) ∼ N(0,−H−1

o )

or equivalently

√
n(β̂ − βo)

d→ N(0, H−1
o VoH

−1
o ) ∼ N(0, V −1

o )

using the IM equality that Vo = E[St(β
o)St(β

o)′] = −Ho, which is implied

by the conditional IM equality. This completes the proof.

Now it is easy to understand why Vo = E[St(β
o)St(β

o)′] = −Ho is called

the IM of Yt given Ψt. The larger −Ho is, the smaller the variance of β̂ is

(i.e., the more precise the estimator β̂ is). Intuitively, as a measure of the

curvature of the population log-likelihood function, the absolute value of

the magnitude of the Hessian matrix Ho characterizes the sharpness of the

peak of the population log-likelihood function at βo. Figure 9.1 illustrates

the relationship between the efficiency of MLE and the curvature of the

population likelihood function.
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Figure 9.1 MLE efficiency and curvature of population log-likelihood function.

The asymptotic variance avar(
√
nβ̂) = −H−1

o is rather similar in struc-

ture to the asymptotic variance σ2Q−1 of the
√
n-scaled OLS estimator,

where Q = E(XtX
′
t), when there exists no autocorrelation nor condi-

tional heteroskedasticity. In deriving the asymptotic variance avar(
√
nβ̂)

for MLE, we have made use of the MDS property of the score function and

conditional IM equality, which play a similar role to zero autocorrelation

and conditional homoskedasticity in simplifying the asymptotic variance of

the OLS estimator.

From statistical theory, it is well-known that the asymptotic variance of

the MLE β̂ achieves the Cramer-Rao lower bound. Therefore, the MLE β̂

is asymptotically most efficient.

Question: What is the Cramer-Rao lower bound?

9.6 Consistent Estimation of Asymptotic Variance-Covariance

Matrix of MLE

We now discuss consistent estimation of the asymptotic variance-covariance

matrix of MLE.

When the model f(y|Ψt, β) is correctly specified,

avar(
√
nβ̂) = V −1

o = −H−1
o .

Therefore, there are two methods to estimate avar(
√
nβ̂) of MLE.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 414

414 Foundations of Modern Econometrics

Method 1: Use Ω̂ ≡ −Ĥ−1(β̂), where the sample Hessian matrix

Ĥ(β) =
1

n

n∑
t=1

∂2 ln f(Yt|Ψt, β)

∂β∂β′ .

This requires taking second derivatives of the log-likelihood function. By

Assumption 9.6(c) and β̂
p→ βo as n → ∞, we have Ω̂

p→ −H−1
o . (Please

verify it!)

Method 2: Use Ω̂ ≡ V̂ −1, where

V̂ ≡ 1

n

n∑
t=1

St(β̂)St(β̂)
′.

This requires the computation of the first derivatives (i.e., score functions)

of the log-likelihood function.

Suppose the K ×K process {St(β)St(β)
′} obeys UWLLN, namely,

sup
β∈Θ

∥∥∥∥∥n−1
n∑

t=1

St(β)St(β)
′ − V (β)

∥∥∥∥∥ p→ 0,

where

V (β) = E[St(β)St(β)
′]

is continuous in β. Then if β̂
p→ βo, we can show that V̂

p→ Vo = V (βo).

Question: Which asymptotic variance estimator, based on either Method

1 or Method 2, is better in finite samples?

9.7 Parameter Hypothesis Testing Under Correct Model

Specification

Suppose f(y|Ψt, β) is correctly specified for the conditional distribution of

Yt given Ψt. We are interested in testing the hypothesis of interest

H0 : R(βo) = r,

where R(·) is a J × 1 continuously differentiable vector function with the

J ×K matrix R′(βo) being of full rank. Like in Chapter 8, we allow both
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linear and nonlinear restrictions on parameters. Note that in order for

R′(βo) to be of full rank, we need the condition that J ≤ K, that is, the

number of restrictions is smaller than or at most equal to the number of

unknown parameters.

We will introduce three test procedures, namely the Wald test, LR test,

and LM test. We now derive these tests respectively.

(1) Wald Test

By a Taylor series expansion, the null hypothesis H0 : R(βo) = r, and

the Slustky theorem, we have

√
n[R(β̂)− r] =

√
n[R(βo)− r]

+R′(β̄)
√
n(β̂ − βo)

= R′(β̄)
√
n(β̂ − βo)

d→ N [0,−R′(βo)H−1
0 R′(βo)′],

where β̄ = aβ̂ + (1− a)βo for some a ∈ [0, 1]. It follows that the quadratic

form

n[R(β̂)− r]′[−R′(βo)H−1
0 R′(βo)′]−1[R(β̂)− r]

d→ χ2
J .

By Slutsky’s theorem, we have the Wald test statistic

W = n[R(β̂)− r]′[−R′(β̂)Ĥ−1(β̂)R′(β̂)′]−1[R(β̂)− r]
d→ χ2

J ,

where again the sample Hessian matrix

Ĥ(β) = n−1
n∑

t=1

∂2

∂β∂β′ ln f(Yt|Ψt, β).

Note that only the unconstrained MLE β̂ is needed in constructing the

Wald test statistic.

Theorem 9.7. [MLE-Based Wald Test]: Suppose Assumptions 9.1 to

9.6 hold, and the model f(yt|Ψt, β) is correctly specified for the conditional

probability distribution of Yt given Ψt. Then under H0 : R(βo) = r, we

have as n → ∞,

W ≡ n[R(β̂)− r]′[−R′(β̂)Ĥ−1(β̂)R′(β̂)′]−1[R(β̂)− r]

d→ χ2
J .
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Question: Do we have the following result: Under H0

W̃ = n[R(β̂)− r]′[R′(β̂)V̂ −1R′(β̂)′]−1[R(β̂)− r]

= [R(β̂)− r]′[R′(β̂)[S(β̂)′S(β̂)]−1R′(β̂)′]−1[R(β̂)− r]

d→ χ2
J ?

Here, unlike the Wald test statistic in Theorem 9.7, we use an alternative

asymptotic variance estimator

V̂ = n−1
n∑

t=1

St(β̂)St(β̂)
′ =

S(β̂)′S(β̂)
n

,

where S(β) = [S1(β), S2(β), ..., Sn(β)]
′ is an n×K matrix.

(2) Likelihood Ratio (LR) Test

Theorem 9.8. [LR Test]: Suppose Assumptions 9.1 to 9.6 hold, and

f(y|Ψt, β) is correctly specified for the conditional probability distribution

of Yt given Ψt. Define the average log-likelihoods

l̂(β̂) = n−1
n∑

t=1

ln f(Yt|Ψt, β̂),

l̂(β̃) = n−1
n∑

t=1

ln f(Yt|Ψt, β̃),

where β̂ is the unconstrained MLE and β̃ is the constrained MLE subject to

the constraint that R(β̃) = r. Then under H0 : R(βo) = r, we have

LR = 2n[l̂(β̂)− l̂(β̃)]
d→ χ2

J as n → ∞.

Proof: We shall use the following strategy to prove LR
d→ χ2

J as n → ∞:

(1) Use a second order Taylor series expansion to approximate 2n[l̂(β̂)−
l̂(β̃)] by a quadratic form in

√
n(β̃ − β̂).

(2) Link
√
n(β̃ − β̂) with

√
nλ̃, where λ̃ is the Lagrange multiplier of

the constrained MLE.

(3) Derive the asymptotic distribution of
√
nλ̃.

Then combining (1) and (2) will yield an asymptotic χ2
J distribution for

the LR test statistic LR = 2n[l̂(β̂)− l̂(β̃)].



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 417

Maximum Likelihood Estimation and Quasi-Maximum Likelihood Estimation 417

We first consider (1). Note that the unconstrained MLE β̂ solves for

max
β∈Θ

l̂(β).

The corresponding FOC is

Ŝ(β̂) = 0.

On the other hand, the constrained MLE β̃ solves the maximization prob-

lem

max
β∈Θ

{
l̂(β) + λ′[r −R(β)]

}
,

where λ is a J × 1 Lagrange multiplier vector. The corresponding FOCs

are

Ŝ(β̃)−R′(β̃)′λ̃ = 0,

(K × 1)− (K × J)× (J × 1) = K × 1,

R(β̃)− r = 0.

(Recall R′(β) is a K × J matrix.)

(2) We now take a second order Taylor series expansion of l̂(β̃) around

the unconstrained MLE β̂ :

−LR = 2n[l̂(β̃)− l̂(β̂)]

= 2n[l̂(β̂)− l̂(β̂)] + 2nŜ(β̂)′(β̃ − β̂)

+
√
n(β̃ − β̂)′Ĥ(β̄a)

√
n(β̃ − β̂)

=
√
n(β̃ − β̂)′Ĥ(β̄a)

√
n(β̃ − β̂)

where β̄a lies between β̃ and β̂, namely β̄a = aβ̃+(1−a)β̂ for some a ∈ [0, 1].

It follows that

LR ≡ 2n[l̂(β̂)− l̂(β̃)] =
√
n(β̃ − β̂)′[−Ĥ(β̄a)]

√
n(β̃ − β̂). (9.3)

This establishes the link between the LR test statistic and
√
n(β̃ − β̂).

We now consider the relationship between
√
n(β̃ − β̂) and

√
nλ̃. By a

Taylor expansion for Ŝ(β̃) around the unconstrained MLE β̂ in the FOC

that Ŝ(β̃)−R′(β̃)′λ̃ = 0, we have

Ŝ(β̂) + Ĥ(β̄b)(β̃ − β̂)−R′(β̃)′λ̃ = 0,
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where β̄b = bβ̂ + (1− b)β̃ for some b ∈ [0, 1]. Given Ŝ(β̂) = 0, we have

Ĥ(β̄b)
√
n(β̃ − β̂)−R′(β̃)′

√
nλ̃ = 0

or

√
n(β̃ − β̂) = Ĥ−1(β̄b)R

′(β̃)′
√
nλ̃ (9.4)

for n sufficiently large. This establishes the link between
√
nλ̃ and√

n(β̃ − β̂). It implies that the Lagrange multiplier λ̃ is an indicator for

the magnitude of the difference β̃ − β̂.

(3) We now derive the asymptotic distribution of
√
nλ̃. By a Taylor

expansion of Ŝ(β̃) around the true parameter value βo in the FOC
√
nŜ(β̃)−

R′(β̃)′
√
nλ̃ = 0, we have

R′(β̃)′
√
nλ̃ =

√
nŜ(β̃)

=
√
nŜ(βo) + Ĥ(β̄c)

√
n(β̃ − βo),

where β̄c lies between β̃ and βo, namely, β̄c = cβ̃ + (1 − c)βo for some

c ∈ [0, 1]. It follows that

Ĥ−1(β̄c)R
′(β̃)′

√
nλ̃ = Ĥ−1(β̄c)

√
nŜ(βo) +

√
n(β̃ − βo) (9.5)

for n sufficiently large. Now, we consider a Taylor series expansion of

R(β̃)− r = 0 around βo :

√
n[R(βo)− r] +R′(β̄d)

√
n(β̃ − βo) = 0,

where β̄d lies between β̃ and βo. Given that R(βo) = r under H0, we have

R′(β̄d)
√
n(β̃ − βo) = 0. (9.6)

It follows from Eqs. (9.5) and (9.6) that

R′(β̄d)Ĥ
−1(β̄c)R

′(β̃)′
√
nλ̃ = R′(β̄d)Ĥ

−1(β̄c)
√
nŜ(βo) +R′(β̄d)

√
n(β̃ − βo)

= R′(β̄d)Ĥ
−1(β̄c)

√
nŜ(βo).

By CLT for
√
nŜ(βo) given in Assumption 9.6(b) where β∗ = βo, the MDS

property of {St(β
o)} given in Theorem 9.4, the conditional IM equality
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given in Theorem 9.5, and Slutsky’s theorem, we have as n → ∞,

√
nλ̃ =

[
R′(β̄d)Ĥ

−1(β̄c)R
′(β̃)′

]−1

R′(β̄d)Ĥ
−1(β̄c)

√
nŜ(βo)

d→ N(0, [−R′(βo)H−1
0 R′(βo)′]−1). (9.7)

We emphasize that the MDS property of {St(β
o)} and the conditional IM

equality play a crucial role in obtaining the asymptotic variance of
√
nŜ(βo)

and so
√
nλ̃.

Therefore, from Eqs. (9.4) and (9.7), we have

Ĥ(β̄a)
1/2

√
n(β̃ − β̂) = Ĥ(β̄a)

1/2Ĥ−1(β̄b)R
′(β̃)′

√
nλ̃

d→ N(0,Π) ∼ Π1/2 ·N(0, I), (9.8)

where I is a K ×K identity matrix,

Π = H−1/2
o R′(βo)′[−R′(βo)H−1

o R′(βo)′]−1R′(βo)H−1/2
o

is a K × K symmetric and idempotent matrix (Π2 = Π) with rank equal

to J (this can be verified using the formula that tr(ABC) = tr(BCA)).

Recall from Lemma 3.2 that if a K × 1 random vector v ∼ N(0,Π),

where Π is a symmetric and idempotent matrix with rank J ≤ K, then the

quadratic form v′Πν ∼ χ2
J . It follows from Eqs. (9.3) and (9.8) that

2n[l̂(β̃)− l̂(β̂)] =
√
n(β̃ − β̂)′[−Ĥ(β̄a)]

1/2[−Ĥ(β̄a)]
1/2

√
n(β̃ − β̂)

d→ χ2
J .

This completes the proof.

The LR test is based on comparing the objective functions, the log-

likelihood functions under the null hypothesisH0 and the alternative toH0.

Intuitively, when H0 holds, the likelihood l̂(β̂) of the unrestricted model is

similar to the likelihood l̂(β̃) of the restricted model, with the little or small

difference subject to sampling variations. When H0 is false, the likelihood

l̂(β̂) of the unrestricted model will be sufficiently larger than the likelihood

l̂(β̃) of the restricted model at least for large samples. Therefore, we can

test H0 by checking whether l̂(β̂)− l̂(β̃) is significantly different from zero.

How large a difference between l̂(β̂) and l̂(β̃) is considered as sufficiently

large to reject H0 is determined by the asymptotic χ2
J distribution of the

LR test.
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The LR test statistic is similar in spirit to the F -test statistic in the clas-

sical linear regression model, which compares the objective functions—the

SSRs under the null hypothesis H0 and the alternative to H0 respectively.

In other words, the negative log-likelihood is analogous to the logarithm of

SSR. In fact, the LR test statistic and the J ·F statistic are asymptotically

equivalent under H0 for a linear regression model

Yt = X ′
tα

o + εt,

where εt|Ψt ∼ IID N(0, σ2
o). To see this, put β = (α′, σ2)′ and note that

f(Yt|Ψt, β) =
1√
2πσ2

e−
1

2σ2 (Yt−X′
tα)

2

,

l̂(β) = n−1
n∑

t=1

ln f(Yt|Ψt, β)

= −1

2
ln(2πσ2)− 1

2σ2
n−1

n∑
t=1

(Yt −X ′
tβ)

2.

It is straightforward to show (please verify it!) that

l̂(β̂) = −1

2

[
1 + ln(2π) + ln

(
e′e
n

)]
,

l̂(β̃) = −1

2

[
1 + ln(2π) + ln

(
ẽ′ẽ
n

)]
,

where e and ẽ are the n×1 unconstrained and constrained estimated residual

vectors respectively. Therefore, under H0, we have

2n[l̂(β̃)− l̂(β̂)] = n ln(ẽ′ẽ/e′e)

=
(ẽ′ẽ− e′e)

e′e/n
+ oP (1)

= J · F + oP (1),

where we have used the inequality that | ln(1+ z)− z| ≤ z2 for small z, and

the asymptotically negligible (oP (1)) reminder term is contributed by the

quadratic term in the expansion. This implies that the LR test statistic is

asymptotically equivalent to the F -test statistic under H0.

In the proof of Theorem 9.8, we see that the derivation of the asymptotic

distribution of the LR test statistic depends on correct model specification

of f(y|Ψt, β), because it uses the MDS property of the score function and
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the conditional IM equality. In particular, these two important properties

ensure that avar[
√
nŜ(βo)] = Vo = −Ho. If the conditional distribution

model f(y|Ψt, β) is misspecified such that the MDS property of the score

function or the conditional IM equality does not hold, then the LR test

statistic will not be asymptotically χ2-distributed. This is similar to the

fact that the test statistic J ·F does not follow an asymptotic χ2
J distribution

when there exist(s) autocorrelation and/or conditional heteroskedasticity in

the disturbance {εt} of a linear regression model (see Chapter 4).

(3) LM or Efficient Score Test

We now use the Lagrange multiplier λ̃ to construct an LM test, which is

also called Rao’s (1948) efficient score test in statistics. Recall the Lagrange

multiplier λ is introduced in the constrained MLE problem:

max
β∈Θ

L̂(β) + λ′[r −R(β)],

where the J×1 Lagrange multiplier λ̃measures the effect of the restriction of

H0 : R(βo) = r on the maximized value of the model likelihood. When H0 :

R(βo) = r holds, the imposition of the restriction results in little change in

the maximized likelihood. Thus the value of the Lagrange multiplier λ̃ for

a correct restriction should be small. When H0 : R(βo) = r is false, we will

obtain a sufficiently large Lagrange multiplier λ̃ at least for large samples.

This indicates that the maximized likelihood value of the restricted model

is sufficiently smaller than that of the unrestricted model, thus leading to

the rejection of H0 : R(βo) = r. Therefore, we can use λ̃ to construct a

test for H0 : R(βo) = r. How large the value of λ̃ should be in order to

be considered as sufficiently different from zero will be determined by the

sampling distribution of
√
nλ̃.

In deriving the asymptotic distribution of the LR test statistic, we have

obtained

√
nλ̃ =

[
R′(β̄d)Ĥ

−1(β̄c)R
′(β̃)′

]−1

R′(β̄d)Ĥ
−1(β̄c)

√
nŜ(βo)

d→ N(0, [−R′(βo)H−1
o R′(βo)′]−1)

as n → ∞. It follows that the quadratic form

nλ̃′[−R′(βo)H−1
o R′(βo)′]λ̃ d→ χ2

J ,
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and so by Slutsky’s theorem, we have

nλ̃′[−R′(β̃)Ĥ−1(β̃)R′(β̃)′]λ̃ d→ χ2
J

as n → ∞. We have actually proven the following theorem.

Theorem 9.9. [LM/Efficient Score Test]: Suppose Assumptions 9.1 to

9.6 hold, and the model f(y|Ψt, β) is correctly specified for the conditional

probability distribution of Yt given Ψt. Then under H0 : R(βo) = r, we have

as n → ∞,

LM ≡ nλ̃′R′(β̃)[−Ĥ−1(β̃)]R′(β̃)′λ̃ d→ χ2
J .

The LM test statistic only involves estimation of the model f(yt|Ψt, β)

under H0, so its computation may be simpler than the computation of the

Wald test statistic or the LR test statistic in most cases.

Question: Do we have the following result: under H0,

LM̃ = nλ̃′R′(β̃)Ṽ −1R′(β̃)′λ̃

= n2λ̃′R′(β̃)[S(β̃)′S(β̃)]−1R′(β̃)′λ̃
d→ χ2

J?

Here, unlike the LM test statistic in Theorem 9.9, we use an alternative

asymptotic variance estimator

Ṽ = n−1
n∑

t=1

St(β̃)St(β̃)
′

=
S(β̃)′S(β̃)

n
,

where S(β) = [St(β), ..., St(β)]
′ is an n×K matrix.

Question: What is the relationship among the Wald, LR and LM test

statistics?

It could be shown that the Wald test statistic W , the LR test statistic

LR, and the LM test statistic LM are asymptotically equivalent to each

other under the null hypothesis H0. Figure 9.2 provides a geometric inter-

pretation of the relationships among the there test statistics.
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Figure 9.2 Geometric interpretation of the relationships among the Wald test, LR test
and LM test.

9.8 Model Misspecification for Conditional Probability

Distribution and Its Implications

When f(yt|Ψt, β) is misspecified for the conditional PDF/PMF of Yt given

Ψt, then for any parameter value β ∈ Θ, f(y|Ψt, β) is not equal to the true

conditional PDF/PMF of Yt given Ψt with probability one.

Question: What happens if f(yt|Ψt, β) is misspecified for the conditional

PDF/PMF of Yt given Ψt? In particular, what is the interpretation for
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parameter β∗ when f(y|Ψt, β) is misspecified, where β∗ = argmaxβ∈Θ l(β)

is the maximizer of the population log-likelihood function as defined in

Assumption 9.4?

We can no longer interpret β∗ as the true model parameter value, be-

cause f(y|Ψt, β
∗) does not coincide with the true conditional probability

distribution of Yt given Ψt.

It should be noted that for QMLE, we no longer have the following

equality:

β∗ = βo,

where β∗ is as defined in Assumption 9.4 and βo is the true model parameter

value such that f(y|Ψt, β
o) coincides with the true conditional distribution

of Yt given Ψt with probability one.

Although it always holds that β̂
p→ β∗, as n → ∞, we no longer have

β̂
p→ βo, as n → ∞, given that the conditional probability distribution

model is misspecified.

Below, we provide an alternative interpretation for parameter β∗ when

f(y|Ψt, β) is misspecified from an econometric perspective.

Theorem 9.10. Suppose Assumptions 9.1 and 9.4 hold. Define the condi-

tional relative entropy

I(p : f |Ψt) =

∫
ln

[
p(y|Ψt)

f(y|Ψt, β)

]
p(y|Ψt)dy,

where p(y|Ψt) is the true conditional PDF/PMF of Yt given Ψt. Then I(f :

p|Ψt) is nonnegative with probability one for all β, and

β∗ = argmin
β∈Θ

E[I(p : f |Ψt)],

where E(·) is taken over the probability distribution of Ψt.

Proof: By the definition of relative entropy and the law of iterated expec-

tations, we have

E [I(p : f |Ψt)] = E

{∫
ln [p(y|Ψt)] p(y|Ψt)dy

}
− E

{∫
ln [f(y|Ψt, β)] p(y|Ψt)dy

}
= E {E [ln p(Yt|Ψt)|Ψt]} − E {E [ln f(Yt|Ψt, β)|Ψt]}
= E [ln p(Yt|Ψt)]− E [ln f(Yt|Ψt, β)] ,
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where the first term does not depend on β, and therefore, choosing β to

minimize E [I(p : f |Ψt)] is equivalent to choosing β to maximize the second

term E [ln f(Yt|Ψt, β)] = l(β). Given Assumption 9.4, the maximizer of l(β)

is β∗. On the other hand, the proof of I(fo : f |Ψt) ≥ 0 is analogous to the

proof of Theorem 9.3, and so we will not repeat it. This completes the

proof.

Theorem 9.10 suggests that the parameter value β∗ that maximizes the

population log-likelihood minimizes the “distance” of the model PDF/PMF

f(·|·, β∗) from the true conditional PDF/PMF p(·|·) in terms of conditional

relative entropy. Relative entropy is a divergence measure for two alterna-

tive distributions. It is not a distance measure but it has similar properties

to a distance: it is always nonnegative and is zero if and only if two distribu-

tions coincide with each other. There are many distance/divergence mea-

sures for two distributions. Relative entropy has the appealing information-

theoretic interpretation and the invariance property with respect to any

one-to-one continuous transformation. It has been widely used in economics

and econometrics. Figure 9.3 provides a geometric representation of correct

model specification and model misspecification respectively.

(a) Correct model specification for

probability distribution

(b) Model misspectication for

probability distribution

Figure 9.3 Illustration of correct model specification and model misspectication.

Question: Why is a misspecified PDF/PMF model f(yt|Ψt, β) still useful

in economic applications?

In many applications, misspecification of higher order conditional mo-

ments does not render inconsistent the estimators for the parameters ap-

pearing in the lower order conditional moments. For example, suppose a

conditional mean model is correctly specified but the conditional higher
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order moments are misspecified. We can still obtain consistent estimators

for the parameters appearing in the conditional mean model. Of course,

the parameters appearing in the higher order conditional moments cannot

be consistently estimated.

We now consider a few illustrative examples.

Example 9.13. [NonlinearRegressionModel]: Suppose {(Yt, X
′
t)

′}nt−1

is an observable IID random sample, with

Yt = g(Xt, α
o) + εt,

where E(εt|Xt) = 0.

Here, the regression model g(Xt, α) is correctly specified for E(Yt|Xt)

since E(εt|Xt) = 0, but we do not know the probability distribution of

εt|Xt.

Question: How to estimate the true parameter value αo when the condi-

tional mean model g(Xt, α) is correctly specified for E(Yt|Xt)?

In order to estimate the true parameter value αo that appears in a cor-

rectly specified conditional mean model g(Xt, α
o), we assume that εt|Xt ∼

IID N(0, σ2), which is likely to be incorrect (and we know this possibility).

Then we can obtain the pseudo conditional likelihood function

f(yt|xt, β) =
1√
2πσ2

e−
1

2σ2 [yt−g(xt,α)]
2

,

where β = (α′, σ2)′.
Define QMLE

β̂ = (α̂′, σ̂2)′ = argmax
α,σ2

n∑
t=1

ln f(Yt|Xt, β).

Then α̂ is a consistent estimator for αo. In this example, misspecification of

IID N(0, σ2) for εt|Xt does not render inconsistent the parameter estimator

for αo. The QMLE α̂ is consistent for αo as long as the conditional mean

model g(Xt, α) of Yt is correctly specified in f(y|Xt, β). Of course, the

parameter estimator β̂ = (α̂′, σ̂2)′ cannot consistently estimate the true

conditional distribution of Yt given Ψt if the conditional distribution of

εt|Xt is misspecified.

On the other hand, suppose the true conditional distribution εt|Xt ∼
IID N(0, σ2

t ), where σ2
t = σ2(Xt) is a function of Xt, but we assume
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εt|Xt ∼ IID N(0, σ2). Then we still have E[ ∂
∂α ln f(Yt|Xt, β

∗)|Xt] = 0 but

the conditional IM equality does not hold.

Example 9.14. [CAPM]: Define Yt as an L× 1 vector of excess returns

for L assets (or portfolios of assets). For these L assets, the excess returns

can be explained using the standard CAPM:

Yt = αo
0 + αo

1Zmt + εt

= αo′Xt + εt,

whereXt = (1, Zmt)
′ is a bivariate vector, Zmt is the excess market portfolio

return, αo is a 2×L parameter matrix, and εt is an L×1 disturbance, with

E(εt|Xt) = 0, which implies that there is no systematic pricing bias in

any time period t. Under this condition, the standard CAPM is correctly

specified for the expected excess return E(Yt|Xt).

To estimate the unknown parameter matrix αo, one can assume

εt|Ψt ∼ N(0,Σ),

where Ψt = {Xt, Yt−1, Xt−1, Yt−2, ...} and Σ is an L × L symmetric and

positive definite matrix. Then we can write the pseudo conditional PDF of

Yt given Ψt as follows:

f(Zt|Ψt, β) = (2π)−
L
2 |Σ|− 1

2

× exp

[
−1

2
(Yt − α′Xt)

′Σ−1(Yt − α′Xt)

]
,

where β = (α′, vech(Σ)′)′.
Although the IID normality assumption for {εt} may not hold, the

QMLE based on the pseudo Gaussian likelihood function will be consistent

for parameter matrix αo appearing in CAPM.

Example 9.15. [Univariate ARMA(p, q) Model]: In Section 5.1 of

Chapter 5, we introduced a class of time series models called ARMA(p, q).

Suppose

Yt = αo
0 +

p∑
j=1

αo
jYt−j +

q∑
j=1

αo
p+jεt−j + εt,

where εt is an MDS with mean 0 and variance σ2. Then this ARMA(p, q)

model is correctly specified for E(Yt|It−1), where It−1 = {Yt−1, Yt−2, ..., Y1}
is the information set available at time t − 1. Note that the probability

distribution of εt is not specified.
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Question: How can we estimate parameters αo = (αo
0, α

o
1, ..., α

o
p+q)

′?

Assuming that {εt} ∼ IID N(0, σ2), then the pseudo conditional PDF

of Yt given Ψt is

f(y|Ψt, β) =
1√
2πσ2

exp

[
− (y − μtα)

2

2σ2

]
,

where Ψt = Yt−1, β = (α′, σ2)′, α = (α0, α1, ..., αp+q)
′, and

μt(α) = α0 +

p∑
j=1

αjYt−j +

q∑
j=1

αp+jεt−j .

Although the IID normality assumption for {εt} may be false, the QMLE

that maximizes the above pseudo Gaussian likelihood function will be con-

sistent for the true parameter value αo appearing in the ARMA(p, q) model.

In practice, we have a random sample {Yt}nt=1 of size n to estimate an

ARMA(p, q) model and we need to assume some initial values for {Yt}0t=−p

and {εt}0t=−q. For example, we can set Yt = Ȳn for −p ≤ t ≤ 0 and εt = 0

for −q ≤ t ≤ 0. The pseudo conditional PDF of Yt given Ψt also depends on

these assumed initial values. When an ARMA(p, q) is a stationary process,

the choice of initial values does not affect the asymptotic properties of the

QMLE β̂ under regularity conditions.

Example 9.16. [VectorAutoregression (VAR) and StructuralVAR

Models]: Suppose Yt = (Y1t, ..., YLt)
′ is an L× 1 stationary autoregressive

process of order p, denoted as VAR(p):

Yt = αo
0 +

p∑
j=1

αo′
j Yt−j + εt, t = p+ 1, ..., n,

where αo
0 is an L × 1 parameter vector, αo

j is an L × L parameter matrix

for j = {1, ..., p}, and {εt = (ε1t, ..., εLt)
′} is an L× 1 MDS with E(εt) = 0

and E(εtε
′
t) = Σo, an L × L finite and positive definite matrix. When Σo

is not a diagonal matrix, there exist contemporaneous correlations between

different components of εt. This implies that a shock on ε1t will be spilled

over to other variables. With the MDS condition for {εt}, a VAR(p) model

is correctly specified for E(Yt|It−1), where It−1 = {Yt−1, Yt−2, ..., Y1}. Note

that a VAR(p) model can be equivalently represented as follows:
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Y1t = α10 +
∑p

j=1 α11jY1t−j + · · ·+∑p
j=1 α1LjYLt−j + ε1t,

Y2t = α20 +
∑p

j=1 α21jY1t−j + · · ·+∑p
j=1 α2LjYLt−j + ε2t,

· · · · · · · · ·
YLt = αL0 +

∑p
j=1 αL1jY1t−j + · · ·+∑p

j=1 αLLjYLt−j + εLt.

VAR, popularized by Sims (1980) in macroeconomics, is an autoregres-

sive model used to capture linear interdependencies among multiple time

series {Yit}Li=1. VAR models generalize the univariate AR model by allow-

ing for more than one evolving variable. All variables in a VAR model enter

the model in the same way: each variable has an equation explaining its

evolution based on its own lagged values, the lagged values of the other

model variables, and an error term. VAR modeling does not require as

much knowledge about the forces influencing a variable as economic struc-

tural models do with the system of simultaneous equations. The only prior

knowledge required is a list of variables which can be hypothesized to affect

each other intertemporally.

Let βo denote a parameter vector containing all components of unknown

parameters from αo
0, α

o
1, ..., α

o
p, and Σo. To estimate βo, one can assume

εt|It−1 ∼ IID N(0,Σ).

Then Yt|It−1 ∼ N(α0 +
∑p

j=1 α
′
jYt−j ,Σ), and the pseudo conditional PDF

of Yt given Ψt = Y t−1 is

f(Yt|Ψt, β) =
1√

(2π)L det(Σ)

× exp

{
−1

2
[Yt − μt(α)]

′
Σ−1Yt − μt(α)

}
,

where μt(α) = α0 +
∑p

j=1 α
′
jYt−j .

VAR(p) is not an economic structural model. In macroeconomics, the

following Structural VAR (SVAR(p)) model is often considered:

Ao
0Yt = co +

p∑
j=1

Ao′
j Yt−j + ut, t = p+ 1, ..., n,

where Ao
j is an L×L parameter matrix for j = 0, 1, ..., p, and co is an L×1

intercept vector. The diagonal elements of Ao
0 are normalized to be unity,

and the off-diagonal elements of Ao
0 are generally nonzero, implying that

the components in Yt have contemporaneous impacts on each other. The

L × 1 innovation vector ut represents economic structural shocks, and it
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is often assumed to be an MDS and the economic shocks contained in ut

are mutually independent or at least uncorrelated. For example, it is rea-

sonable to assume that an oil price shock (a supply shock) and a consumer

preference shift for cell phones (a demand shock) are mutually independent.

A SVAR(p) model can be transformed into a reduced form:

Yt = Ao−1
0 co +

p∑
j=1

Ao−1
0 Ao′

j Yt−j +Ao−1
0 ut, t = p+ 1, ..., n,

where the components of the new innovation vector εt = Ao−1
0 ut are gen-

erally correlated with each other. Suitable conditions have to be imposed

to ensure identifiability of the original parameters in the SVAR(p) model.

Example 9.17. [Volatility Model]: Time-Varying volatility is an impor-

tant empirical stylized facts for many macroeconomic and financial time

series. For example, it has been well-known that there exists volatility

clustering in financial markets, that is, a large volatility today tends to be

followed by another large volatility tomorrow; a small volatility today tends

to be followed by another small volatility tomorrow, and the patterns al-

ternate over time. In financial econometrics, the following volatility model

has been used to capture volatility clustering or more general volatility

dynamics. Suppose (Yt, X
′
t)

′ is a strictly stationary process with

Yt = μ(Ψt, α
o) + σ(Ψt, α

o)zt,

E(zt|Ψt) = 0,

E(z2t |Ψt) = 1.

The models μ(Ψt, α) and σ2(Ψt, α) are correctly specified for E(Yt|Ψt) and

var(Yt|Ψt) if and only if E(zt|Ψt) = 0 and var(zt|Ψt) = 1. We need not

know the conditional distribution of zt|Ψt (in particular, we need not know

the higher order conditional moments of the standardized innovation zt
given Ψt).

An example for μ(Ψt, β) is the ARMA(p, q) in Example 9.15. We now

provide some popular models for σ2(Ψt, α). For notational simplicity, we

put σ2
t = σ2(Ψt, α).

• Engle’s (1982) ARCH(q) model:

σ2
t = α0 +

q∑
j=1

γjε
2
t−j .
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• Bollerslev’s (1986) GARCH(p, q) model:

σ2
t = α0 +

p∑
j=1

αjσ
2
t−j +

q∑
j=1

γjε
2
t−j .

• Nelson’s (1990) Exponential GARCH(p, q) model:

lnσ2
t = α0 +

p∑
j=1

αj lnσ
2
t−j +

q∑
j=0

γjg(zt−j),

where g(zt) is a nonlinear function defined as

g(zt) = θ1(|zt| − E|zt|) + θ2zt.

• Glosten et al.’s (1993) Threshold GARCH(p, q) model:

σ2
t = α0+

p∑
j=1

αjσ
2
t−j+

q∑
j=1

γjε
2
t−j1(zt−j > 0)+

q∑
j=1

θjε
2
t−j1(zt−j ≤ 0),

where 1(·) is the indicator function.

• Zakoian’s (1994) Threshold ARCH(1) model:

σt = α0 + α1σt−1 + γ1|εt−1|1 (zt−1 > 0) + γ2|εt−1|1(zt−1 ≤ 0).

This is a specification for the conditional standard deviation σt =

σ(It−1).

For ARCH(q) and GARCH(p, q) models, the shock εt−j , no matter pos-

itive or negative, has the same impact on the volatility σ2
t . For Exponential

GARCH(p, q), Threshold GARCH(p, q) and Threshold ARCH models, the

impact of the shock εt−j on volatility σ2
t depends on whether the stan-

dardized innovation zt−j is positive or negative. There exist asymmetric

volatility dynamics in these three models.

Question: In a GARCH model, both conditional mean and variance mod-

els are assumed to be correctly specified for conditional mean and condi-

tional variance respectively, but we do not know the conditional distribution

of Yt given Ψt (because we do not know the conditional distribution of zt).

In this case, how to estimate αo, the true parameter value appearing in the

first two conditional moments?

A most popular approach is to assume that zt|Ψt ∼ IID N(0, 1). Then

Yt|Ψt ∼ N(μt(Ψt, α), σ
2(Ψt, α)), and the pseudo conditional PDF of Yt
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given Ψt is

f(y|Ψt, β) =
1√

2πσ(Ψt, α)
e
− 1

2σ2(Ψt,α)
[y−μ(Ψt,α)]

2

,

where β = α. It follows that the log-likelihood function

n∑
t=1

ln f(Yt|Ψt, β) = −n

2
ln 2π −

n∑
t=1

lnσt(Ψt, α)− 1

2

n∑
t=1

[Yt − μ(Ψt, α)]
2

σ2(Ψt, α)
.

The IID N(0, 1) innovation assumption does not affect correct specification

of the conditional mean μ(Ψt, α) and conditional variance σ2(Ψt, α), so

it does not affect the consistency of QMLE for the true parameter value

αo appearing in the conditional mean and conditional variance models.

In other words, εt may not be IID N(0, 1) but this does not affect the

consistency of the Gaussian QMLE.

In addition to N(0, 1), the following two error distributions have also

been often used in practice:

• Standardized Student’s
√
(ν − 2)/ν · t(ν) Distribution.

Here, ν is the number of degrees of freedom, and the scale factor√
(ν − 2)/ν ensures that zt has unit variance. The PDF of zt is

f(z) =

√
ν

ν − 2

Γ
(
ν+1
2

)
√
πνΓ

(
ν
2

) (1 + z2

ν

)− ν+1
2

, −∞ < z < ∞,

where Γ(·) is the Gamma function. In this example, β = (α′, ν)′.
• Generalized Error Distribution.

The PDF of zt is given by

f(zt) =
c

2bΓ
(
1
c

) exp [−( |z − a|
b

)c]
, −∞ < z < ∞,

where a, b and c are the location, scale and shape parameters re-

spectively. In this example, β = (α′, a, b, c)′. Note that both stan-

dardized t-distribution and generalized error distribution include

N(0, 1) as a special case. Figure 9.4 plots the PDF of N(0,1),

standardized Student’s t-distribution, and standardized generalized

error distribution with (a, b, c)− (0, 1, 2), respectively.
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Figure 9.4 Probability density functions of standardized innovations.

Like in the estimation of ARMA(p, q) models, we may have to choose

initial values for some variables in estimating GARCH models. For ex-

ample, in estimating a GARCH(1,1) model, we will encounter the ini-

tial values problem for the conditional variance σ2
0 = σ2(Ψ0, α) and ε0

when time period t = 0. One can set σ2
0 to be the unconditional variance

E(σ2
t ) = ω/(1− α1 − γ1), and set ε0 = 0.

We note that the ARMA model in Example 9.15 can be estimated via

QMLE as a special case of the GARCH model by setting σ2(Ψt, β) = σ2.

Question: What is the implication of a misspecified conditional distribu-

tion model?

Although misspecification of f(yt|Ψt, β) may not affect the consistency

of QMLE for some parameter value αo (i.e., a subset of parameter vector β∗)
under suitable regularity conditions, it does affect the asymptotic variance

(and so the asymptotic efficiency) of the QMLE β̂. This is a price which we

have to pay for a misspecified conditional distribution model f(y|Ψt, β).
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We first investigate the implication of a misspecified conditional distri-

bution model f(y|Ψt, β) on the MDS property of the score function and the

dynamic IM equality.

Theorem 9.11. Suppose Assumptions 9.4 to 9.6(a) hold. Then

E [St(β
∗)] = 0,

where E(·) is taken over the true probability distribution of the DGP.

Proof: Because β∗ maximizes the population log-likelihood function l(β)

and is an interior point in Θ given Assumptions 9.4 and 9.5, the FOC holds

at β = β∗ :

dl(β∗)
dβ

= 0,

namely,

dE[ln f(Yt|Ψt, β
∗)]

dβ
= 0.

Exchanging differentiation and integration yields the desired result:

E

[
∂ ln f(Y |Ψt, β

∗)
∂β

]
= 0.

This completes the proof.

No matter whether the conditional distribution model f(y|Ψt, β) is cor-

rectly specified, the score function St(β
∗) evaluated at β∗ always has mean

zero. This is due to the consequence of the FOC of the maximization of l(β).

This is analogous to the FOC of the best linear least squares approximation

where the FOC of minimizing MES(β) = E(Yt − X ′
tβ)

2 is E(Xtut) = 0,

with ut = Yt − X ′
tβ

∗ and β∗ = [E(XtX
′
t)]

−1E(XtYt). However, different

from Theorem 9.4, the score function St(β
∗) generally does not have the

property of E[St(β
∗)|Ψt] = 0; in particular, {St(β

∗)} is generally no longer

an MDS.

When Zn is an IID random sample, or Zn is not independent but

{St(β
∗)} is a stationary MDS (note that {St(β

∗)} could still be a stationary

MDS when f(Yt|Ψt, β) is misspecified for the conditional distribution of Yt
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given Ψt; see Example 9.12), we have

V∗ ≡ avar

[
n−1/2

n∑
t=1

St(β
∗)

]

= E

{[
n−1/2

n∑
t=1

St(β
∗)

][
n−1/2

n∑
τ=1

Sτ (β
∗)

]′}

= n−1
n∑

t=1

n∑
τ=1

E[St(β
∗)Sτ (β

∗)]′

= n−1
n∑

t=1

E[St(β
∗)St(β

∗)]′

= E[St(β
∗)St(β

∗)′] ≡ var[St(β
∗)].

Thus, even when f(y|Ψt, β) is a misspecified conditional distribution model,

we do not have to estimate a long-run variance-covariance matrix for V∗ as

long as {St(β
∗)} is an MDS.

Question: Can you give a time series example in which f(y|Ψt, β) is mis-

specified but {St(β
∗)} is an MDS?

Consider a conditional distribution model which correctly specifies the

conditional mean of Yt but misspecifies higher order conditional moments

(e.g., conditional variance).

In the time series context, when the conditional PDF/PMF f(y|Ψt, β)

is misspecified, {St(β
∗)} may not be an MDS. In this case, we have

V∗ ≡ avar
[√

nŜ(β∗)
]

= n−1
n∑

t=1

n∑
τ=1

E[St(β
∗)Sτ (β

∗)′]

=
∞∑

j=−∞
E[St(β

∗)St−j(β
∗)′]

=

∞∑
j=−∞

Γ(j),

where

Γ(j) = E[St(β
∗)St−j(β

∗)′] for j ≥ 0,
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and Γ(j) = Γ(−j)′ for j < 0. In other words, we have to estimate a long-run

variance-covariance matrix for V∗ when {St(β
∗)} is not an MDS.

Question: If the model f(y|Ψt, β) is misspecified for the conditional dis-

tribution of Yt given Ψt, do we have the conditional IM equality?

Generally, the answer is no. That is, we generally have neither

E [St (β
∗) |It−1] = 0 nor

E [St(β
∗)St(β

∗)′|Ψt] + E

[
∂2 ln f(Yt|Ψt, β

∗)
∂β∂β′

∣∣∣∣Ψt

]
= 0,

where E(·|Ψt) is taken under the true conditional distribution which differs

from the model distribution f(yt|Ψt, β
∗) when f(yt|Ψt, β) is misspecified.

An important implication of the failure of the conditional IM equality is

that var[St(β
∗)] 	= −H(β∗) even if {St(β

∗)} is an MDS.

Question: Can you provide an example for which the conditional IM

equality does not hold when the model f(y|Ψt, β) is misspecified for the

conditional distribution of Yt given Ψt?

9.9 Asymptotic Distribution of QMLE

When the conditional distribution model f(y|Ψt, β) is misspecified, the

MDS property for the score function and the conditional IM equality gen-

erally do not hold. This has impact on the structure of the asymptotic

variance avar(
√
nβ̂) of the QMLE β̂.

Theorem 9.12. [Asymptotic Normality of QMLE]: Suppose Assump-

tions 9.1 to 9.6 hold. Then as n → ∞,
√
n(β̂ − β∗) d→ N(0, H−1

∗ V∗H−1
∗ ),

where V∗ ≡ avar[
√
nŜ(β∗)] and H∗ ≡ H(β∗) = E

[
∂2 ln f(Yt|Ψt,β

∗)
∂β∂β′

]
.

Proof: According to the proof of Theorem 9.6, when n is sufficiently large

we have
√
n(β̂ − β∗) = −Ĥ−1(β̄)

√
nŜ(β∗),

where β̄ = aβ̂ + (1 − a)β∗, a ∈ [0, 1]. By the triangle inequality and As-

sumption 9.6, we have as n → ∞,

Ĥ(β̂)
p→ H(β∗) = H∗.
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On the other hand, by Assumption 9.6(b) we have as n → ∞,

√
nŜ(β∗) d→ N(0, V∗),

where V∗ = avar[
√
nŜ(β∗)]. It follows from Slutsky’s theorem that

√
n(β̂ − β∗) d→ N(0, H−1

∗ V∗H−1
∗ ).

This completes the proof.

Without the MDS property of the score function, we have to estimate

V∗ ≡ avar[
√
nŜ(β∗)] by, e.g., Newey and West’s (1987, 1994) long-run vari-

ance estimator in the time series context. Without the conditional IM

equality (even if the MDS holds), we cannot simplify the asymptotic vari-

ance of QMLE from H−1
∗ V∗H−1

∗ to −H−1
∗ even if the score function is an

IID sequence or an MDS. In certain sense, the MDS property of the score

function is analogous to no autocorrelation in a regression disturbance, and

the conditional IM equality is analogous to conditional homoskedasticity.

The asymptotic varianceH−1
∗ V∗H−1

∗ of QMLE is more complicated than

the asymptotic variance −H−1
∗ of MLE, because we cannot use the condi-

tional IM equality to simplify the asymptotic variance even when {St(β
∗)}

is an IID sequence or an MDS sequence. Moreover, V∗ has to be estimated

using a long-run variance estimator when {St(β
∗)} is not an MDS.

In the literature, the variance H−1
∗ V∗H−1

∗ is usually called the robust

asymptotic variance-covariance matrix of QMLE. It is robust to misspec-

ification of model f(yt|Ψt, β). That is, no matter whether f(yt|Ψt, β) is

correctly specified, H−1
∗ V∗H−1

∗ is always the correct asymptotic variance of

MLE or QMLE.

Question: Is QMLE asymptotically less efficient than MLE?

Yes. The asymptotic variance of MLE, equal to −H−1
o , the inverse of

the negative Hessian matrix, achieves the Cramer-Rao lower bound, and

therefore is asymptotically most efficient. On the other hand, the asymp-

totic variance H−1
∗ V∗H−1

∗ of QMLE is not the same as the asymptotic

variance −H−1
o of MLE and therefore does not achieve the Cramer-Rao

lower bound. It is asymptotically less efficient than MLE. This is the price

one has to pay with use of a misspecified PDF/PMF model, although some

model parameter value αo still can be consistently estimated and has a

valid economic interpretation.
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9.10 Asymptotic Variance Estimation of QMLE

Question: How to estimate the asymptotic variance H−1
∗ V∗H−1

∗ of

QMLE?

First, it is straightforward to estimate H∗ by the sample Hessian matrix

Ĥ(β̂) = n−1
n∑

t=1

∂2 ln f(Yt|Ψt, β̂)

∂β∂β′ .

UWLLN for {Ht(β)} and continuity of H(β) ensure Ĥ(β̂)
p→ H∗ as n → ∞.

Next, how to estimate V∗ = avar[n−1/2
∑n

t=1 St(β
∗)]?

We consider two cases, depending on whether {St(β
∗)} is an MDS:

Case I: {Zt = (Yt, X
′
t)

′} Is IID or {Zt} Is Not Independent

But {St(β
∗)} Is a Stationary MDS

In this case,

V∗ = E[St(β
∗)St(β

∗)′]

so we can use

V̂ = n−1
n∑

t=1

St(β̂)St(β̂)
′.

Under the regularity conditions given in this chapter, we can show that V̂

is consistent for V∗.

Case II: When {Zt} Is Not IID and {St(β
∗)} Is a Stationary Non-

MDS

In this case, we have

V∗ =
∞∑

j=−∞
Γ(j),

where Γ(j) = cov[St(β
∗), St−j(β

∗)] for j ≥ 0, and Γ(j) = Γ(−j)′ for j < 0.

We can use a kernel-based long-run variance-covariance matrix estimator

V̂ =

n−1∑
j=1−n

k(j/p)Γ̂(j),
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where

Γ̂(j) = n−1
n∑

t=j+1

St(β̂)St−j(β̂)
′ for j ≥ 0,

and Γ̂(j) = Γ̂(−j)′ for j < 0.

Taking into account both cases, we directly assume that V̂ is consistent

for V∗.

Assumption 9.7. V̂
p→ V∗ as n → ∞, where V∗ = avar[

√
nŜ(β∗)] is a

K ×K symmetric, finite and nonsingular matrix.

Lemma 9.2. [Asymptotic Variance Estimator for QMLE]: Suppose

Assumptions 9.1 to 9.7 hold. Then as n → ∞,

Ĥ−1(β̂)V̂ Ĥ−1(β̂)
p→ H−1

∗ V∗H−1
∗ .

9.11 Hypothesis Testing Under Model Misspecification

With a consistent asymptotic variance estimator for QMLE, we can now

construct suitable hypothesis test statistics under a misspecified conditional

distribution model.

Again, we consider the null hypothesis

H0 : R(β∗) = r,

where R(β) is a J×1 nonstochastic continuously differentiable vector func-

tion with the J × K matrix R′(β∗) being of full rank, r is a J × 1 non-

stochastic vector, with J ≤ K.

(1) Robust Wald Test Under Model Misspecification

We first consider a robust Wald test.

Theorem 9.13. [QMLE-Based Robust Wald Test]: Suppose Assump-

tions 9.1 to 9.7 hold. Then under H0 : R(β∗) = r, we have as n → ∞,

Wr ≡ n[R(β̂)− r]′{R′(β̂)[Ĥ−1(β̂)V̂ Ĥ−1(β̂)]−1R′(β̂)′}−1[R(β̂)− r]

d→ χ2
J .
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Proof: By a first order Taylor series expansion, we obtain
√
n[R(β̂)− r] =

√
n[R(β∗)− r] +R′(β̄)

√
n(β̂ − β∗)

= R′(β̄)
√
n(β̂ − β∗)

d→ N(0, R′(β∗)H−1
∗ V∗H−1

∗ R′(β∗)′),

where β̄ = aβ̂+(1−a)β∗, a ∈ [0, 1], so that ||β̄−β∗|| ≤ ||β̂−β∗|| → 0 as n →
∞, and we have made use of Theorem 9.12 (

√
n(β̂−β∗) d→ N(0, H−1

∗ V∗H−1
∗ )

and Slutsky’s theorem. Therefore, as n → ∞, the quadratic form

√
n[R(β̂)− r]′

[
R′(β∗)H−1

∗ V∗H−1
∗ R′(β∗)′

]−1 √
n[R(β̂)− r]

d→ χ2
J .

The desired result for the robust Wald test statistic Wr follow immediately

from Lemma 9.2, R′(β̂)
p→ R′(β∗) as n → ∞, and Slutsky’s theorem again.

This completes the proof.

The robust Wald test statistic Wr is applicable when the conditional

probability distribution model f(y|Ψt, β) is misspecified. Only the uncon-

strained QMLE β̂ is used in constructing the robust Wald test statistic

Wr. We note that the robust Wald test statistic Wr under model mis-

specification differs from the Wald test statistic W under correct model

specification. The robust Wald test statistic under model misspecification

is similar in structure to the robust Wald test statistic Wr in linear regres-

sion modeling that is robust to conditional heteroskedasticity (under the

IID or MDS assumption) or that is robust to conditional heteroskedasticity

and autocorrelation (under the non-MDS assumption). Indeed, the robust

Wald test statistic Wr in Theorem 9.13 can be viewed as a generalization

of the robust Wald test statistic from a linear regression model to a non-

linear context. We note that the robust Wald test statistic Wr is different

in structure from the MLE-based Wald test W in Theorem 9.7. The latter

is not robust to model misspecification.

(2) Robust LM Test Under Model Misspecification

Question: Can we construct a robust LM test statistic for H0 : R(β∗) = r

when f(y|Ψt, β) is misspecified?

Yes, we can still derive the asymptotic distribution of
√
nλ̃, with a

suitable asymptotic variance, which of course will be generally different

from that under correct model specification. Then we can construct a
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quadratic form in
√
nλ̃ which follows an asymptotic Chi-square distribution

under the null hypothesis H0. Therefore, we need to robustify the LM test

statistic LM of Theorem 9.9 in Section 9.7.

Recall that from the FOCs of the constrained MLE β̃,

Ŝ(β̃)−R′(β̃)′λ̃ = 0,

R(β̃)− r = 0.

In deriving the asymptotic distribution of the LR test statistic in Section

9.7, we have obtained

√
nλ̃ =

[
R′(β̄d)Ĥ

−1(β̄c)R
′(β̃)′

]−1

R′(β̄d)Ĥ
−1(β̄c)

√
nŜ(β∗)

for n sufficiently large, where β̄c and β̄d are linear combinations of β̃ and

β∗ respectively. This expression still holds when f(y|Ψt, β) is misspecified.

By CLT (Assumption 9.6(b)), we have
√
nŜ(β∗) d→ N(0, V∗) as n → ∞,

where V∗ = avar[
√
nŜ(β∗)]. Therefore, using Slutsky’s theorem, we can

obtain

√
nλ̃

d→ N(0,Ω) as n → ∞
under H0, where

Ω = [R′(β∗)H−1
∗ R′(β∗)′]−1

×R′(β∗)H−1
∗ V∗H−1

∗ R′(β∗)′

× [R′(β∗)H−1
∗ R′(β∗)′]−1.

Then we can construct a robust LM test statistic

LMr ≡ nλ̃′Ω̃−1λ̃,

where the asymptotic variance estimator

Ω̃ = [R′(β̃)Ĥ−1(β̃)R′(β̃)′]−1

× [R′(β̃)Ĥ−1(β̃)Ṽ Ĥ−1(β̃)R′(β̃)′]

× [R′(β̃)Ĥ−1(β̃)R′(β̃)′]−1,

and Ṽ satisfies the following condition:

Assumption 9.8. Ṽ
p→ V∗ as n → ∞, where Ṽ is defined as V̂ in As-

sumption 9.7 with β̂ replaced with β̃.
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Under Assumptions 9.1 to 9.6 and 9.8, we can show Ω̂
p→ Ω. It follows

from Slustky’s theorem that under H0,

LMr
d→ χ2

J as n → ∞.

The robust LM test statistic LMr will only involve estimation of the

conditional PDF/PMF model f(y|Ψt, β) under the null hypothesis H0. Of-

ten it is relatively easy to estimate the model f(y|Ψt, β) under H0.

Theorem 9.14. [QMLE-Based Robust LM Test]: Suppose Assump-

tions 9.1 to 9.6 and 9.8 and H0 : R(β∗) = r hold. Then as n → ∞,

LMr ≡ nλ̃′Ω̃−1λ̃
d→ χ2

J .

The QMLE-based robust LM test statistic LMr differs from the MLE-

based LM test statistic LM in that they employ different asymptotic vari-

ance estimators. The QMLE-based LM test statistic LMr is robust to

misspecification of the conditional PDF/PMF model f(y|Ψt, β). The struc-

ture of the robust LM test statistic LMr is similar to the robust LM test

statistic in a linear regression model with conditional heteroskedasticity

and/or autocorrelation. Like the robust Wald test statistic Wr, the robust

LM test statistic LMr can be viewed as a generalization of the robust LM

test statistic from a linear regression model to a nonlinear model.

Question: Are the robust Wald test Wr and LM test LMr applicable when

the model f(y|Ψt, β) is correctly specified for the conditional distribution

of Yt given Ψt?

Question: When the model f(y|Ψt, β) is misspecified, are the robust Wald

test statistic Wr and robust LM test statistic LMr asymptotically equiva-

lent in the sense that Wr − LMr
d→ 0 as n → ∞ under the null hypothesis

H0 : R(β∗) = r?

Question: Can we use the LR test statistic LR = 2n[l̂(β̂) − l̂(β̃)] under

model misspecification?

The answer is no. This is because in deriving the asymptotic distribution

of the LR test statistic, we have used the MDS property of the score function

{St(β
∗)} and the conditional IM equality (so V∗ = −H∗), which may not

hold when the conditional distribution model f(y|Ψt, β) is misspecified. If
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the MDS property of the score function or the conditional IM equality fails,

the LR statistic will not be asymptotically χ2
J underH0 : R(β∗) = r. This is

similar to the fact that J times the F -test statistic does not converge to χ2
J

when there exists serial correlation in {εt} or when there exists conditional

heteroskedasticity. Like the J ·F test statistic, it is impossible to modify the

LR statistic LR. This is different from the Wald test and LM test statistics.

The latter can be modified to be robust to model misspecification.

In many applications (e.g., estimating CAPM models), both GMM and

QMLE could be used to estimate the same parameter vector. In general,

by making fewer assumptions on the DGP and making use of less sample

information, GMM will be generally less efficient than QMLE if the pseudo-

model likelihood function is close to the true conditional distribution of Yt

given Ψt.

9.12 Specification Testing for Conditional Probability

Distribution Model

It is important to check whether a conditional probability distribution

f(y|Ψt, β) is correctly specified. There are several reasons for doing so:

• A misspecified PDF/PMF model f(y|Ψt, β) implies suboptimal

forecasts of the true probability distribution of the underlying DGP.

• The QMLE based on a misspecified PDF/PMF model f(y|Ψt, β) is

less efficient than the MLE which is based on a correctly specified

PDF/PMF model.

• A misspecified PDF/PMF model f(y|Ψt, β) implies that we have to

use a robust version of the asymptotic variance of QMLE, because

the conditional IM equality and even the MDS property for the

score function generally no longer hold. As a result, the resulting

statistical inference procedures are more tedious and perform less

satisfactorily in small and finite samples.

Question: How to check whether a conditional probability distribution

model f(y|Ψt, β) is correctly specified?

Here, the null hypothesis of interest H0 is that there exists some un-

known parameter value βo such that with probability one, f(y|Ψt, β
o) co-

incides with the true conditional distribution of Yt given Ψt. We now in-

troduce a number of specification tests for conditional distribution model

f(y|Ψt, β).
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We consider two cases respectively.

Case I: {Zt = (Yt, X
′
t)

′} Is an IID Sequence

In this case, a popular test is White’s (1982) IM test.

In the IID random sample context, White (1982) proposes a specification

test for f(y|Ψt, β) = f(y|Xt, β) by checking whether the IM equality holds:

E [St(β
o)St(β

o)′] + E[Ht(β
o)] = 0.

This is implied by correct model specification. If the IM equality does not

hold, then there is evidence of model misspecification for the conditional

distribution of Yt given Xt.

Define the K(K+1)
2 × 1 sample average

m̂(β) =
1

n

n∑
t=1

mt(β),

where

mt(β) = vech [St(β)St(β)
′ +Ht(β)] .

Let β̂ be the MLE for βo. Then as n → ∞,

m̂(β̂)
p→ E [mt(β

o)]

by UWLLN. Therefore, when the IM equality holds, we have E [mt(β
o)] = 0

and so m̂(β̂) will be close to zero as n → ∞. On the other hand, when

the IM equality does not hold, m̂(β̂) will converge in probability to a

nonzero moment as n → ∞. Therefore, one can test model specification

for f(y|Ψt, β) by checking whether the sample average m̂(β̂) is close to

zero. How large the magnitude of m̂(β̂) should be in order to be consid-

ered as significantly larger than zero can be determined by the asymptotic

distribution of
√
nm̂(β̂).

Question: How to derive the asymptotic distribution of
√
nm̂(β̂)?

White (1982) proposes an IM test using a suitable quadratic form of√
nm̂(β̂) that is asymptotically χ2

K(K+1)/2 under correct model specifica-
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tion. Specifically, White (1982) shows that as n → ∞,

n1/2m̂(β̂) = n−1/2
n∑

t=1

[mt(β
o)−D0H

−1
0 St(β

o)] + oP (1)

d→ N(0,Σ),

where Do ≡ D(βo) = E
[
∂mt(β

o)
∂β

]
, and the asymptotic variance

Σ = var
[
mt(β

o)−DoH
−1
o St(β

o)
]
.

It follows that a test statistic can be constructed by using the quadratic

form

IM = nm̂(β̂)′Σ̂−1m̂(β̂)

for some consistent variance estimator Σ̂ for Σ. Putting Ŵt = mt(β̂) −
D̂(β̂)Ĥ−1(β̂)St(β̂), we can construct a consistent variance estimator

Σ̂ =
1

n

n∑
t=1

ŴtŴ
′
t .

It can be shown that under correct specification of f(y|Ψt, β), and as n →
∞,

IM
d→ χ2

K(K+1)/2.

Question: If the IM equality holds, is the model f(y|Xt, β) correctly spec-

ified for the conditional distribution of Yt given Xt?

Correct model specification implies the IM equality but the converse

may not be true. The IM equality is only one of many (possibly infinite)

implications from the correct specification of f(y|Ψt, β). Therefore, when

the IM test fails to reject the null hypothesis of correct model specification,

one cannot claim that the model f(y|Ψt, β) is correctly specified. Instead,

one can only say that no evidence is found against correct model specifica-

tion.

When White’s (1982) IM test fails to reject the null hypothesis of correct

specification of f(y|Ψt, β) for a large sample size n, the IM equality still

holds even if f(y|Ψt, β) is misspecified. In this case, we can still use the

simple asymptotic variance formula avar(
√
nβ̂) = −H−1

∗ or avar(
√
nβ̂) =

V −1
∗ , where β̂ is actually the QMLE. In this sense, it is more appropriate to

interpret White’s (1982) IM test in the following way: it is a consistent test
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for the validity of the IM equality rather than a consistent test for model

specification of f(y|Ψt, β).

Although White (1982) considers IID random samples only, the IM test

is applicable to test the hypothesis of IM equality for both cross-sectional

and time series models as long as the score function {St(β
o)} is an ergodic

stationary MDS.

Case II: {Zt = (Yt, X
′
t)

′} Is an Ergodic Stationary Process

In a time series context, White (1994) proposes a dynamic IM test for

correct model specification of f(y|Ψt, β). This test essentially checks the

MDS property of the score function {St(β
o)}:

H0 : E[St(β
o)|Ψt] = 0,

which is implied by correct model specification of f(y|Ψt, β). If evidence is

found that {St(β
o)} is not an MDS, then there exists model misspecification

in f(y|Ψt, β).

Define a pK2 × 1 moment function

mt(β) = vech[St(β)⊗ St−1(β)],

where St−1(β) = [St−1(β)
′, St−2(β)

′, ..., St−p(β)
′]′ is a pK×1 weighting vec-

tor, and ⊗ is the Kronecker product. Then the MDS property of {St(β
o)}

implies

E[mt(β
o)] = 0.

This moment condition essentially checks whether {St(β
o)} is a WN up

to lag order p. If f(y|Ψt, β) is correctly specified, then E[mt(β
o)] = 0. If

E[mt(β
o)] 	= 0, i.e., if there exists serial correlation in {St(β

o)}, then there

is evidence of model misspecification.

White (1994) considers the sample average

m̂ = n−1
n∑

t=1

mt(β̂)

and checks if this is close to zero, where β̂ is MLE. White (1994) develops

a so-called dynamic IM test by using a suitable quadratic form of
√
nm̂

that follows an asymptotic Chi-square distribution under correct dynamic

model specification. The construction of such a quadratic form is similar

to the IM test statistic IM, so we omit it here.
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Question: If {St(β
o)} is an MDS, can we conclude that f(y|Ψt, β) is

correctly specified for the conditional distribution of Yt given Ψt?

No. Correct model specification implies that {St(β
o)} is an MDS but

the converse may not be true. It is possible that St(β
o) is an MDS even

when the model f(y|Ψt, β) is misspecified for the conditional distribution

of Yt given Ψt; see Example 9.12 in Section 9.4. A better approach is to test

the conditional PDF/PMF model itself, rather than only the properties of

its derivatives (e.g., the MDS of the score function or the conditional IM

equality).

Next, we consider a test that directly checks the conditional distribution

of Yt given Ψt.

Suppose Yt is a continuous random variable, and f(y|Ψt, β) is a con-

ditional PDF model of Yt given Ψt. We define the dynamic probability

integral transform

Ut(β) =

∫ Yt

−∞
f(y|Ψt, β)dy.

Lemma 9.3. [Dynamic Probability Integral Transform]: If, with

probability one, f(y|Ψt, β
o) coincides with the true conditional PDF of Yt

given Ψt, then

{Ut(β
o)} ∼ IID U [0, 1].

Proof: Left as an exercise.

The dynamic probability integral transform Ut(β) can be interpreted as

a generalized residual of the conditional PDF model f(y|Ψt, β). Intuitively,

in a time series context, a conditional PDF model f(y|Ψt, β), if correctly

specified, will fully capture the dynamics of time series {Yt}, so there will

be no serial dependence left in the generalized residual series {Ut(β
o)}.

Furthermore, the PDF model f(y|Ψt, β) also correctly characterizes the

probability distribution of Yt over its entire domain in each time period, so

the generalized residual Ut(β
o) follows a uniform distribution. Therefore,

one can test whether {Ut(β
o)} is IID U [0,1]. If it is not, there exists evidence

of model misspecification.

Hong and Li (2005) use a nonparametric kernel estimator for the joint

PDF of {Ut(β
o), Ut−j(β

o)} and compare the joint PDF estimator with 1 =

1 · 1, the product of the marginal standard uniform densities of Ut(β
o) and
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Ut−j(β
o) under correct model specification. The proposed test statistic

follows an asymptotic N(0, 1) distribution. See Hong and Li (2005) for

more discussion.

Question: Suppose {Ut(β
o)} is IID U [0, 1]. Is the PDF model f(y|Ψt, β)

correctly specified for the conditional distribution of Yt given Ψt?

For univariate time series (so Ψt = Yt{Yt−1, Yt−2, ...}), the IID U [0, 1]

property holds if and only if the conditional PDF model f(yt|Ψt, β) is cor-

rectly specified.

9.13 Conclusion

Conditional probability distribution models have wide applications in eco-

nomics and finance. For many applications, one is required to specify the

entire probability distribution of the underlying DGP. If the probability

distribution model is correctly specified, the resulting estimator β̂ which

maximizes the likelihood function is called the MLE.

For other applications, one may be only required to specify certain as-

pects (e.g., the conditional mean and conditional variance) of the probabil-

ity distribution of the DGP. One important example is volatility modeling

for financial time series. To estimate model parameters, one usually makes

some auxiliary assumptions on the probability distribution of the DGP that

may be false so that one can estimate β by maximizing the pseudo like-

lihood function. This is called the QMLE. MLE is asymptotically more

efficient than QMLE, because the asymptotic variance of MLE attains the

Cramer-Rao lower bound.

The likelihood function of a correctly specified conditional distribution

model has different properties and implications from that of a misspecified

conditional distribution model. In particular, for a correctly specified condi-

tional distribution model, the score function is an MDS and the conditional

IM equality holds. As a consequence, the asymptotic distributions of MLE

and QMLE are different (more precisely, their asymptotic variances are dif-

ferent). In particular, the asymptotic variance of MLE is analogous to that

of the OLS estimator under MDS regression disturbances with conditional

homoskedasticity, whereas the asymptotic variance of QMLE is analogous

to that of the OLS estimator under conditional heteroskedasticity and/or

autocorrelation.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 449

Maximum Likelihood Estimation and Quasi-Maximum Likelihood Estimation 449

Hypothesis tests can be developed using MLE or QMLE. For hypoth-

esis testing under a correct specified conditional distribution model, the

Wald, LM, and LR tests can be used, and in fact they are asymptotically

equivalent to each other under the null hypothesis. When a conditional

distribution model is misspecified, the robust Wald and LM test statistics

can be constructed. Like the F -test statistic in the regression context, the

LR test statistic is valid only when the conditional distribution model is

correctly specified. The reason is that the LR statistic test utilizes the MDS

property of the score function and the conditional IM equality which may

not hold under model misspecification.

It is important to test correct specification of a conditional distribution

model. We introduce some specification tests for conditional distribution

models under IID and time series observations respectively. In particular,

White (1982) proposes an IM test for IID observations and White (1994)

proposes a dynamic IM test that essentially checks the MDS property of the

score function of a correctly specified conditional distribution model with

time series observations. Hong and Li (2005) develop a nonparametric test

for a dynamic conditional PDF model using probability integral transforms.
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Exercise 9

9.1. For the probit model P (Yt = y|Xt) = Φ(X ′
tβ

o)y[1 − Φ(X ′
tβ

o)]1−y,

where y = 0, 1. Show that

(1) E(Yt|Xt) = Φ(X ′
tβ

o).

(2) var(Yt|Xt) = Φ(X ′
tβ

o)[1− Φ(X ′
tβ

o)].

9.2. Consider Example 9.3 in Section 9.2. Suppose the hazard rate λ(y) =

α, where α > 0. Show that the PDF f(y) = αe−αy if y ≥ 0, and f(y) = 0

if y < 0. That is, the underlying probability distribution is EXP( 1
α ). Give

your reasoning.

9.3. Consider a censored regression model as described in Example 9.9 of

Section 9.2.

(1) Show that E(Xtεt|Yt > c) 	= 0, where c is a constant. Thus, the OLS

estimator based on a censored subsample that excludes the observations of

{Yt = c} is not consistent for the true model parameter value βo.

(2) Obtain the log-likelihood function of the conditional PDF of Yt given

Xt. Give your reasoning.

(3) Show that the MLE β̂ is consistent for βo. Give your reasoning.

9.4. A random sample is called truncated if the observations can come

only from a restricted part of the underlying population distribution. We

consider an example where the truncation is from below with a known

truncation point c. Specifically, assume that the DGP is

Y ∗
t = X ′

tα
o + εt,

where εt|Xt ∼ IIDN(0, σ2
o). Suppose only those of Y ∗

t whose values are

larger than or equal to constant c are observed. That is, we observe Yt = Y ∗
t

if and only if Y ∗
t = X ′

tα
o + εt ≥ c. The observations with Y ∗

t < c are not

recorded. Assume the resulting sample is {Yt, X
′
t}nt=1, where {Yt, X

′
t} is

IID.

(1) Show E(Xtεt|Y ∗
t ≥ c) 	= 0. This implies that the OLS estimator β̂

based on the observed sample {Yt, X
′
t}nt=1 is not consistent for βo.

(2) Obtain the log-likelihood function for the conditional PDF of Yt

given Xt.

(3) Show that the MLE β̂ is consistent for βo. Give your reasoning.
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9.5. Suppose f(y|Ψt, β) is a conditional PDF model for Yt given Ψt, where

β ∈ Θ, a parameter space. Show that for all β and β̃ ∈ Θ,∫ ∞

−∞
ln[f(y|Ψt, β)]f(y|Ψt, β̃)dy ≤

∫ ∞

−∞
ln[f(y|Ψt, β̃)]f(y|Ψt, β̃)dy.

9.6. (1) Suppose f(y|Ψt, β), β ∈ Θ, is a correctly specified model for the

conditional PDF of Yt given Ψt, such that with probability one, f(y|Ψt, β
o)

coincides with the true conditional PDF of Yt given Ψt. We assume that

with probability one, f(y|Ψt, β) is continuously differentiable with respect

to β, and βo is an interior point in Θ. Show that

E

[
∂ ln f(Yt|Ψt, β

o)

∂β

∣∣∣∣Ψt

]
= 0.

(2) When f(y|Ψt, β) is a misspecified model for the conditional PDF of

Yt given Ψt, the result proven in Part (1) usually does not hold. Provide

an example.

(3) Assume that Part (1) holds, i.e., the conditional expectation of the

score function given the extended information set Ψt is zero at some pa-

rameter value. Can one conclude that f(y|Ψt, β) is correctly specified for

the conditional distribution of Yt given Ψt? If yes, give your reasoning. If

not, give a counter example.

9.7. Suppose f(y|Ψt, β), β ∈ Θ ⊂ RK , is a correctly specified PDF/PMF

model for the conditional distribution of Yt given Ψt, such that for some pa-

rameter value βo, f(y|Ψt, β
o) coincides with the true conditional PDF/PMF

of Y given Ψt with probability one. We assume that with probability one,

f(y|Ψt, β) is continuously differentiable with respect to β and βo is an in-

terior point in Θ.

(1) Show that

E

[
∂ ln f(Yt|Ψt, β

o)

∂β

∂ ln f(Yt|Ψt, β
o)

∂β′

∣∣∣∣Ψt

]
+E

[
∂2 ln f(Yt|Ψt, β

o)

∂β∂β′

∣∣∣∣Ψt

]
= 0,

where ∂
∂β ln f(y|Ψt, β) is a K×1 vector, ∂

∂β′ ln f(y|Ψt, β) is the transpose of
∂
∂β ln f(y|Ψt, β),

∂2

∂β∂β′ ln f(y|Ψt, β) is a K×K matrix, and the expectation

E(·) is taken under the true conditional distribution of Yt given Ψt.

(2) When f(y|Ψt, β) is a misspecified model for the conditional distribu-

tion of Yt given Ψt, the conditional IM equality proven in Part (1) usually

does not hold. Provide an example.
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(3) Assume that the conditional IM equality in Part (1) holds at some

parameter value. Can one conclude that the model f(y|Ψt, β) is correctly

specified for the conditional distribution of Yt given Ψt? If yes, provide your

reasoning. If not, given a counter example.

9.8. Put V∗ = E[St(β
∗)St(β

∗)′] and H∗ = E[ ∂
∂βSt(β

∗)], where St(β) =
∂
∂β ln f(Yt|Ψt, β), and β∗ = argminβ∈Θ l(β) = E[ln fYt|Ψt

(Yt|Ψt, β)]. Under

what circumstances willH−1
∗ V∗H−1

∗ −(−H−1
∗ ) be PSD? Give your reasoning

and you can provide any necessary regularity conditions. Note that the

formula H−1
∗ V∗H−1

∗ is the asymptotic variance of QMLE and the formula

−H−1
∗ is the asymptotic variance of MLE.

9.9. Suppose a conditional PDF/PMF model f(y|Ψt, β) is misspecified for

the conditional distribution of Yt given Ψt, namely, there exists no β ∈ Θ

such that with probability one, f(y|Ψt, β) coincides with the true condi-

tional distribution of Yt given Ψt. Show that generally,

E

[
∂ ln f(Yt|Ψt, β

o)

∂β

∂ ln f(Yt|Ψt, β
o)

∂β′

∣∣∣∣Ψt

]
+E

[
∂2 ln f(Yt|Ψt, β

o)

∂β∂β′

∣∣∣∣Ψt

]
= 0,

does not hold, where βo satisfies Assumptions 9.4 and 9.5. In other words,

the conditional IM equality generally does not hold when the conditional

PDF/PMF model f(y|Ψt, β) is misspecified for the conditional distribution

of Yt given Ψt. Use some example(s) to illustrate.

9.10. Consider a DGP

Yt = μ(Ψt, α
o) + σ(Ψt, α

o)zt, {zt} ∼ IID

√
ν − 2

ν
· tν .

Assume that we specify the following conditional PDF model for Yt|Ψt :

f(y|Ψt, β) =
1√

2πσ2(Ψt, α)
exp

[
− [y − μ(Ψt, α)]

2

2σ2(Ψt, α)

]
,

where the conditional mean model μ(Ψt, α) and conditional variance model

σ2(Ψt, α) are correctly specified for E(Yt|Ψt) and var(Yt|Ψt) respectively.

However, the normalized Student’s tν distribution of {zt} is misspecified as

an N(0, 1) distribution, and so the model f(y|Ψt, β) is misspecified for the

conditional distribution of Yt given Ψt.

(1) Check if the score function {St(β)} is an MDS. Give your reasoning.

(2) Check if the conditional IM equality holds. Give your reasoning.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 453

Exercise 9 453

9.11. Consider the following MLE problem:

Assumption 1: {Yt, X
′
t} is an ergodic stationary process, and f(y|Ψt, β)

is a correctly specified conditional PDF/PMF model of Yt given Ψt =

(X ′
t,Z

t−1′)′, where Zt−1 = (Z ′
t−1, Z

′
t−2, ..., Z

′
1)

′ and Zt = (Yt, X
′
t)

′. For

each β, ln f(Yt|Ψt, β) is measurable of (Yt,Ψt), and for each t, ln f(Yt|Ψt, ·)
is twice continuously differentiable with respect to β ∈ Θ with probability

one, where Θ is a compact set.

Assumption 2: l(β) = E [ln f(Yt|Ψt, β)] is continuous in β ∈ Θ.

Assumption 3: (a) βo = argmaxβ∈Θ l(β) is the unique maximizer of l(β)

over Θ, and (b) βo is an interior point of Θ.

Assumption 4: (a) {St(β
o) ≡ ∂

∂β ln f(Yt|Ψt, β)} obeys CLT, i.e.,

√
nŜ(βo) = n−1/2

n∑
t=1

St(β
o)

converges to a multivariate normal distribution with some K×K variance-

covariance matrix as n → ∞; (b) {Ht(β) ≡ ∂2

∂β∂β′ ln f(Yt|Ψt, β)} obeys

UWLLN over Θ. That is,

lim
n→∞ sup

β∈Θ

∥∥∥∥∥n−1
n∑

t=1

Ht(β)−H(β)

∥∥∥∥∥ = 0,

where the K × K Hessian matrix H(β) ≡ E [Ht(β)] is symmetric, finite

and nonsingular, and is continuous in β ∈ Θ.

The MLE is defined as β̂ = argmaxβ∈Θ l̂(β), where l̂(β) ≡
n−1

∑n
t=1 ln f(Yt|Ψt, β). Suppose we have had β̂ → βo almost surely, and

this consistency result can be used in answering the following questions in

Parts (1) to (4). Show your reasoning in each step.

(1) Find the FOC of MLE.

(2) Derive the asymptotic distribution of
√
n(β̂ − βo). Note that the

asymptotic variance of
√
n(β̂ − βo) should be expressed as the Hessian

matrix H(βo).

(3) Find a consistent estimator for the asymptotic variance of
√
n(β̂−βo)

and justify why it is consistent.

(4) Construct a Wald test statistic for the null hypothesis H0 : R(βo) =

r, where r is a J × 1 constant vector, and R(·) is a J × 1 vector with the
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derivative R′(β) is continuous in β and R′(βo) is of full rank. Derive the

asymptotic distribution of the Wald test under H0.

9.12. Suppose Assumptions 9.1 to 9.5 hold, the model f(y|Ψt, β) is correctly

specified for the conditional distribution of Yt given Ψt, and the K×K pro-

cess {St(β)St(β)
′} follows UWLLN, i.e., supβ∈Θ ‖n−1

∑n
t=1 St(β)St(β)

′ −
V (β)‖ p→ 0, where V (β) = E[St(β)St(β)

′] is continuous in β. Define

V̂ ≡ 1
n

∑n
t=1 St(β̂)St(β̂)

′, where β̂ is the MLE.

(1) Show V̂
p→ Vo = V (βo) as n → ∞.

(2) Define a Wald test statistic W̃ = n[R(β̂) − r]′[R′(β̂)V̂ −1

R′(β̂)′]−1[R(β̂) − r] for the null hypothesis H0 : R(βo) = r, where R(·)
is a J × K continuously differentiable nonstochastic matrix with R′(βo)

being full rank, and r is a J ×1 nonstochastic vector, and J ≤ K. Derive

the asymptotic distribution of W̃ under H0.

9.13. Suppose Assumptions 9.1 to 9.6 hold, and the conditional PDF/PMF

model f(y|Ψt, β) is correctly specified for the conditional distribution of Yt

given Ψt. Construct a t-type test statistic for the null hypothesis H0 :

R(βo) = r, where R(·) is a 1×K continuously differentiable nonstochastic

matrix. Derive the asymptotic distribution of the proposed t-type test

statistic under H0.

9.14. Suppose Assumptions 9.1 to 9.7 hold, and the conditional PDF/PMF

model f(y|Ψt, β) is misspecified for the conditional distribution of Yt given

Ψt. Construct a t-type test statistic for the null hypothesis H0 : R(β∗) = r,

where R(·) is a 1×K continuously differentiable nonstochastic matrix. De-

rive the asymptotic distribution of the proposed t-type test statistic under

H0.

9.15. Suppose {(Zt = Yt, X
′
t)

′}nt=1 is an IID random sample. Consider

a linear regression model Yt = X ′
tα

o + εt, where εt|Xt ∼ N(0, σ2
o). Put

β = (α′, σ2)′ and note that

f(Yt|Xt, β) =
1√
2πσ2

e−
1

2σ2 (Yt−X′
tα)

2

,

l̂(β) = n−1
n∑

t=1

ln f(Yt|Xt, β)

= − 1

2σ2
ln(2π)− 1

2σ2
n−1

n∑
t=1

(Yt −X ′
tβ)

2.
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Suppose H0 : Rβo = r is the hypothesis of interest, where R is a J ×K

nonstochastic matrix with full rank, r is a J × 1 nonstochastic vector, and

J ≤ K.

(1) Show

l̂(β̂) = −1

2

[
1 + ln(2π) + ln

(
e′e
n

)]
,

l̂(β̃) = −1

2

[
1 + ln(2π) + ln

(
ẽ′ẽ
n

)]
,

where β̂ is the unconstrained MLE, β̃ is the constrained MLE under H0,

and e and ẽ are n × 1 unconstrained and constrained estimated residual

vectors respectively.

(2) Show that under H0 : Rβo = r,

2n[l̂(β̃)− l̂(β̂)] = n ln(ẽ′ẽ/e′e)

= J · (ẽẽ− e′e)/J
e′e/n

+ oP (1)

= J · F + oP (1),

where oP (1) denotes the reminder term that vanishes to zero in probability

as n → ∞.

9.16. Suppose Assumptions 9.1 to 9.6 hold, and the conditional PDF/PMF

model f(y|Ψt, β) is correctly specified for conditional distribution of Yt

given Ψt. We are interested in testing the hypothesis of interest

H0 : R(βo) = r,

where R(·) is a J × 1 continuously differentiable vector function with the

J×K matrix R′(βo) being of full rank. Show that the Wald test statisticW ,

the LM test statistic LM and the LR test statistic LR are asymptotically

equivalent under H0 in the sense that as n → ∞, W − LM = oP (1),W −
LR = oP (1), and LM − LR = oP (1).

9.17. Suppose Assumptions 9.1 to 9.8 hold, and f(y|Ψt, β) is a misspecified

model for the conditional distribution of Yt given Ψt. We are interested in

testing the hypothesis of interest

H0 : R(β∗) = r,

where R(·) is a J × 1 continuously differentiable vector function with the

J ×K matrix R′(β∗) being of full rank. Are the robust Wald test statistic
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Wr and robust LM test statistic LMr are asymptotically equivalent under

H0 in the sense that Wr − LMr = oP (1) as n → ∞.

9.18. Suppose {Zt = (Yt, X
′
t)

′} is a stationary time series process. Show

that the dynamic probability integral transform {Ut(β
o)} is IID U [0, 1]

if the conditional PDF model f(y|Ψt, β) is correctly specified for the

conditional PDF of Yt given Ψt, where Ψt = (Xt,Z
t−1), and Zt−1 =

(Zt−1, Zt−2, ..., Z1).

9.19. Suppose Yn = (Y1, Y2, ..., Yn) is an observed random sample of size

n. Consider an AR(1) model

Yt = βYt−1 + εt, t = 1, ..., n,

where {εt}nt=1 ∼ IID N(0, σ2
ε), Y0 ∼ f0(y), and β is an unknown scalar

parameter. The PDF f0(y) of Y0 is known.

In statistics, the so-called Bayesian school of statistics develops an im-

portant method to estimate the unknown parameter β. The first step is to

assume that parameter β is random and follows a prior distribution. Sup-

pose the prior distribution of β is an N(0, σ2
β) distribution, and σ2

ε and σ2
β

are known constants.

(1) Derive the joint PDF f(β,yn) of random vector (β,Yn), where

yn = (y1, y2, ..., yn).

(2) Derive the conditional PDF f(β|yn) of β given that the sample

Yn = yn. This is called the posterior probability density.

(3) The Bayesian estimator β̂ = β̂n(y
n) minimizes the following average

mean squared error

β̂ = argmin
a

∫
(a− β)2f(β,yn)dβ.

Find the Bayesian estimator of β.

In each step, please state your reasoning clearly.

9.20. Suppose {Yt, X
′
t} is a strictly ergodic stationary time series process,

Yt = X ′
tβ

o + εt, εt = h
1/2
t zt, ht = α0 + α1ε

2
t−1, and the unobservable inno-

vation sequence {zt} ∼ IID N(0, 1). Moreover, {Xt} and {zt} are mutually

independent. A random sample {Yt, X
′
t}nt=1 of size n is observed. Assume

that all regularity conditions are satisfied.

(1) Find the OLS estimator β̂ for β.

(2) Show that the OLS estimator β̂ is BLUE.

(3) Find the MLE β̃ for β.

(4) Discuss the relative efficiency between β̂ and β̃. Give your reasoning.
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Chapter 10

Modern Econometrics: Retrospect
and Prospect

Abstract: This chapter aims to summarize the theories, models, methods

and tools of modern econometrics which we have covered in the previous

chapters. We first review the classical assumptions of the linear regression

model and discuss the historical development of modern econometrics by

various relaxations of the classical assumptions. We also discuss the chal-

lenges and opportunities for econometrics in the Big data era and point out

some important directions for the future development of econometrics.

Keywords: Asymptotic analysis, Big data, Causal inference, Conditional

heteroskedasticity, Endogeneity, Exogeneity, High-dimensional data, In-

strumental Variable (IV), Linear regression model, Machine learning, Model

ambiguity, Model misspecification, Model uncertainty, Nonexperimental de-

sign, Nonlinear model, Normal distribution, Panel data analysis, Policy

evaluation, Program evaluation, Stationarity, Structural change

10.1 Summary of Book

The econometric theory developed in this book is built upon the following

fundamental axioms:

• Any economy can be viewed as a stochastic DGP governed by some

probability law.

• Any economic phenomenon, often in form of data, can be viewed

as a realization of the stochastic economic process.

The probability law of the DGP can be called the law of economic

motions. The objective of econometrics is to infer the probability law of

457
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economic motions using observed data and then use the obtained knowl-

edge to explain what has happened, to predict what will happen, to test

economic theories and hypotheses, to conduct policy evaluation and make

policy recommendations, etc.

Suppose the conditional probability distribution of an economic vari-

able of interest is available. Then one can obtain various attributes of the

conditional distribution, such as its conditional mean, conditional variance,

conditional skewness, conditional kurtosis, and conditional quantile. Here,

an important question is: what aspect of the conditional distribution will

be important in economics? Generally speaking, the answer is dictated by

the nature of the economic problem one has at hand. For example, EMH

states that the conditional expected asset return given the past informa-

tion is equal to the long-run market average return; rational expectations

theory suggests that conditional expectational errors given the past infor-

mation should be zero. In unemployment duration analysis, one should

model the entire conditional distribution of the unemployment duration

given the economic characteristics of unemployed workers. For all of these,

econometrics can provide an analytic framework, methods and tools when

combined with observed data.

It should be emphasized that the conditional distribution or its various

attributes indicate a predictive relationship between economic variables,

that is, a statistical association under which one can use some explanatory

variables to predict other variables. A predictive relationship may or may

not be a causal relationship among economic variables, which is often of

central interest to economists. Economic theory often hypothesizes a causal

relationship and such economic theory can then be used to interpret the

predictive relationship as a causal relationship. Moreover, economic theory

can be formulated as an empirically testable restriction on the conditional

distribution of the DGP. Such a restriction can be used to validate economic

theory empirically, and to improve forecasts if the restriction is valid.

Motivated by the fact that most economic theories often have implica-

tions on and only on the conditional mean of economic variables, we have

first provided a probabilistic theoretic foundation for linear regression mod-

eling in Chapter 2. We then consider the classical linear regression model in

Chapter 3, for which we develop a finite sample statistical theory when the

regression disturbances are IID normally distributed and are independent

of regressors. The normality assumption is crucial for the finite sample

econometric theory. The essence of the classical theory for linear regression
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models is the IID assumption for disturbances, which implies conditional

homoskedasticity and serial uncorrelatedness, and ensures the BLUE prop-

erty of the OLS estimator. When conditional heteroskedasticity and/or

autocorrelation exist(s), the GLS estimator illustrates how to restore the

BLUE property by correcting conditional heteroskedasticity and/or differ-

encing out serial correlation.

Using the classical linear regression model as a benchmark, we develop

an econometric theory for linear regression models by relaxing the classical

assumptions in subsequent chapters. First, we relax the normality assump-

tion in Chapter 4. This calls for asymptotic (or large sample) analysis as

the sample size n → ∞ because the finite sample theory is no longer possi-

ble. It is shown that for a large sample size, the classical results in Chapter

3 are approximately applicable to linear regression models with indepen-

dent observations under conditional homoskedasticity. Under conditional

heteroskedasticity, however, the classical results, such as the popular t-test

and F -test statistics, are no longer applicable, even if the sample size goes

to infinity. This is due to the fact that the asymptotic variance of the

OLS estimator has a different structure under conditional heteroskedastic-

ity. One has to use White’s (1980) heteroskedasticity-consistent variance-

covariance matrix estimator and uses it to develop robust hypothesis tests.

It is therefore important to test conditional homoskedasticity, and White

(1980) proposes a regression-based test procedure among many others.

The asymptotic theory for linear regression models with independent

observations in Chapter 4 is extended to linear regression models with time

series observations in Chapter 5. This covers two types of linear regression

models: one is a static regression model where regressors are exogenous

variables, and the other is a dynamic regression model where regressors

contain lagged dependent variables and exogenous variables. It is shown

that the asymptotic theory of Chapter 4 is applicable to stationary time se-

ries regression models when the regression disturbance is an MDS. Because

of its importance, we introduce tests for the MDS property of regression

disturbances by checking serial correlation in the disturbances. These in-

clude the popular LM test for serial correlation. We have also considered

an LM test for ARCH and discussed its implications on the inference of

static and dynamic regression models respectively.

For many static regression models, it is evident that regression distur-

bances display serial correlation. This affects the asymptotic variance of

the OLS estimator. When serial correlation is of a known structure up



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 460

460 Foundations of Modern Econometrics

to a few unknown parameters, we can use the Ornut-Cochrance procedure

to obtain a two-stage asymptotically efficient estimator for regression pa-

rameters. When serial correlation is of unknown form, we have to use a

long-run variance-covariance matrix estimator to estimate the asymptotic

variance of the OLS estimator. A leading example is the kernel-based esti-

mator such as those of Newey and West (1987) and Andrews (1991). With

such a long-run variance-covariance matrix estimator, robust test statis-

tics for hypotheses of interest can be constructed. These are discussed in

Chapter 6.

Estimation and inference of linear regression models become compli-

cated when the orthogonality condition that E(εt|Xt) = 0 does not hold,

which can arise due to measurement errors, simultaneous equations bias,

omitted variables, and so on. In Chapter 7 we discuss a popular IV-based

estimation method—a 2SLS procedure—to estimate model parameters in

such scenarios. IV regression has been a main methodology to identify

economic causal relationships using nonexperimental data.

Chapter 8 introduces GMM, which is particularly suitable for estimat-

ing linear and nonlinear econometric models that can be formulated as a

set of moment conditions. A prime economic example is the rational ex-

pectations theory, which is often characterized by a set of Euler equations.

In fact, GMM provides a convenient framework to view most econometric

estimators, including the OLS and 2SLS estimators.

Chapter 9 considers conditional probability distribution models and

other econometric models that can be estimated by using pseudo likeli-

hood function methods. Conditional distribution models have found wide

applications in economics, and MLE is the asymptotically most efficient

method to estimate parameters for conditional distribution models. On

the other hand, many econometric models can be conveniently estimated

by using a pseudo likelihood function approach. These include nonlin-

ear regression models, ARMA models, GARCH models, as well as models

for limited dependent variables and discrete choices. Such an estimation

method is called QMLE. There is an important difference between MLE

and QMLE: the structures of their asymptotic variances are different. In

certain sense, the asymptotic variance of MLE is similar in structure to the

asymptotic variance of the OLS estimator under conditional homoskedas-

ticity and serial uncorrelatedness, while the asymptotic variance of QMLE

is similar in structure to the asymptotic variance of the OLS estimator

under conditional heteroskedasticity and/or autocorrelation.



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 461

Modern Econometrics: Retrospect and Prospect 461

Chapters 2 to 9 are treated in a unified and coherent manner. The

econometric theory is developed progressively from the classical linear re-

gression models to nonlinear expectations models and conditional distri-

butional models. The book has emphasized the important implications of

conditional heteroskedasticity and autocorrelation as well as misspecifica-

tion of conditional distributional models on the asymptotic variances of the

related econometric estimators. With a good command of the econometric

theory developed in Chapters 2 to 9, one can conduct a variety of empiri-

cal analysis in economics, including all motivating examples introduced in

Chapter 1 and subsequent chapters. In addition to the econometric theory,

we also train students how to do asymptotic analysis via the progressive de-

velopment of the asymptotic theory in Chapters 2 to 9. We have introduced

a variety of basic asymptotic analytic tools, including various convergence

concepts, limit theorems, and basic time series concepts and models. We

have seen that how modern econometrics emerges from the classical econo-

metrics by relaxing classical assumptions for linear regression modeling to

allow for conditional heteroskedasticity and autocorrelation, endogeneity,

nonlinearity, model misspecification, as well as models of conditional higher

order moments and conditional distribution.

To provide further insights into the logical links among Chapters 2 to

9 and present a relatively comprehensive but selective overview of the core

theory and methods in modern econometrics, we will discuss the develop-

ment of modern econometrics from a historical perspective in subsequent

sections. We will also point out some important directions for future de-

velopment of econometrics in the Big data era.

10.2 Assumptions of Classical Econometrics

While econometrics has a history of nearly one century, modern econo-

metrics has not emerged from classical econometrics until four decades ago.

Thus, classical econometrics could be used as a starting point to understand

modern econometrics. One of the core ingredients of classical econometrics

is the classical linear regression model, which is based on the following

assumptions:

• Linear Regression Model: Yt = X ′
tβ

o + εt, t = 1, ..., n, where Yt

is the dependent variable, Xt is a K-dimensional regressor vector,

βo is a K-dimensional vector of unknown parameters, εt is an un-

observable disturbance representing the total impact of all other
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factors, aside from the regressor vector Xt, on Yt, and n is the

sample size.

• Strict Exogeneity: E(εt|X) = 0, where X = (X1, X2, ..., Xn)
′ is an

n×K matrix. This implies that the average impact of the distur-

bance εt on Yt does not depend on X. A sufficient condition is that

the disturbance sequence {εt} and X are mutually independent.

• Homoskedasticity and Zero-Autocorrelation: E(εε′|X) = σ2I,

where ε = (ε1, ..., εn)
′, I is an n× n identity matrix, and σ2 > 0 is

a constant. This condition implies that conditional variance of εt
is independent of X. In addition, no autocorrelation in {εt} exists.

Again, a sufficient condition is independence between {εt} and X.

• Conditional IID Normality: ε|X ∼ N(0, σ2I). This assumption

implies that ε and X are mutually independent. It facilitates sta-

tistical inferences in finite samples (i.e., when the sample size n

is finite). Since many important parameter estimators, such as

the OLS and GLS estimators, are weighted averages of the distur-

bances {εt}, their sampling distributions are normal distributions.

As a result, the classical finite sample statistical inference theory

is available.

• Nonsingularity of Sample Regressor Matrix X′X. This condition

is a restriction on the random sample, which implies that any re-

gressor should not be a linear combination of others, excluding the

possibility of multicollinearity.

Under the nonsingularity condition, the OLS estimator exists. Under

strict exogeneity, the OLS estimator is unbiased for the unknown parameter

vector βo. Given conditional homoskedasticity and zero-autocorrelation,

the OLS estimator is BLUE. When the disturbances {εt} are an IID se-

quence with a conditional normal distribution, the OLS estimator has a

normal distribution in finite samples, provided n > K. This finite sample

distribution could be used to construct confidence interval estimators and

hypothesis test statistics for the unknown parameter vector βo, including

the well-known Student’s t-test and F -test statistics. See Chapter 3 for

detailed discussion.

Modern econometrics emerges from relaxing the classical assumptions

of the linear regression model. Its assumptions become more realistic and

general, and it covers various econometric models. As a result, the scope of

application has been extended greatly, and the econometric theory has be-

come more rigorous. Below, we will describe the historical development and
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core contents of modern econometrics by relaxing each classical assumption

of the linear regression model.

10.3 From Normality to Nonnormality

The assumption that the disturbance εt follows a conditional normal distri-

bution is made in order to derive the finite sample distributions of the OLS

estimator and related statistics, and to facilitate statistical inferences. In

finite samples, the classical t-test and F -test statistics follow the Student’s

t-distribution and F -distribution respectively only when the conditional

normality assumption holds.

However, an empirical stylized fact of most economic and financial data

is that they do not follow the normal distribution and often have heavy

tails, as indicated by the fact that the kurtosis is usually larger than 3.

As a result, the finite sample distribution theory based on the normality

assumption is no longer applicable. Various tests have been proposed to

check whether the estimated residuals of a linear regression model follow

the normal distribution. One well-known example is Jarque and Bera’s

(1980) test.

One major development of modern econometrics is to abandon the nor-

mality assumption for the disturbance term. Using asymptotic analysis,

econometricians have shown that when the sample size n → ∞, the OLS

and other estimators are consistent for unknown parameters, and after suit-

able standardization, they have an asymptotic normal distribution. In fact,

it can be shown that for a linear regression model with IID observations,

if the disturbances are not conditionally normally distributed but display

conditional homoskedasticity, the OLS estimator is asymptotically BLUE,

and the classical t-test and F -test statistics remain applicable when the

sample size is sufficiently large. In other words, the classical OLS theory is

applicable to large samples when conditional homoskedasticity holds. This

conclusion also holds for a stationary time series linear regression model

when the disturbances are an MDS with conditional homoskedasticity. See

Chapter 4 and Chapter 5 for more discussion. Together with many others,

Halbert White played an important role for asymptotic analysis in econo-

metrics. His book, Asymptotic Theory for Econometricians, published in

1984 and re-printed in 2001, has been a classic reference for asymptotic

analysis in econometrics.
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It is convenient to apply the asymptotic theory in empirical studies,

but when the sample size is finite, the asymptotic distributions of parame-

ter estimators and test statistics may be different from the unknown finite

sample distributions, which may lead to large Type I and Type II errors

in statistical inference and thus yield misleading conclusions. To improve

the approximation to the finite sample distributions, econometricians (e.g.,

Klein and Spady 1993, Phillips 1977a, 1977b and 1977c, Ullah 1990) have

devoted themselves to developing theories and methods for inferences in

finite samples, using the Edgeworth expansion and saddle point approx-

imation. However, these methods are rather tedious and have not been

applied extensively. With the rapid development of computer technology,

bootstrap methods instead have been proposed and used widely to approx-

imate finite sample distributions. The basic idea of bootstrap methods

is to use computers to repeatedly resample the observed data to generate

a large number of so-called bootstrap random samples. These bootstrap

samples are then used to approximate the finite sample distributions of

parameter estimators and test statistics. A main theoretical foundation of

bootstrap methods is the Edgeworth expansion. It has been shown that

bootstrap methods can greatly improve the degree of approximation to the

finite sample distributions so that they can provide more accurate and re-

liable statistical inferences in finite samples. More discussion on bootstrap

methods could be found in Hall (1992) and Horowitz (2001).

10.4 From Independent and Identically Distributed

Disturbances to Conditional Heteroskedasticity

and Autocorrelation

Another important assumption in classical linear regression modeling is con-

ditional homoskedasticity and zero-autocorrelation for disturbances. This

assumption implies that the conditional variance of disturbance εt dose not

change with the value of X. Under this assumption, the OLS estimator

is BLUE. When conditional homoskedasticity or zero-autocorrelation fails,

the OLS estimator is no longer BLUE, and furthermore, the classical t-test

and F -test statistics do not follow the well-known Student’s t-distribution

and F -distribution respectively. Therefore, the classical t-test and F -test

are not applicable any more even if the sample size is large.

For a long time, econometricians have realized the limitation of the con-

ditional homoskedasticity and zero-autocorrelation assumption, and so the
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GLS estimator has been proposed. The GLS theory assumes that there ex-

ist(s) conditional heteroskedasticity and/or autocorrelation in disturbances

and the form of the variance-covariance matrix for disturbances is known

up to some constant. As a result, conditional heteroskedasticity and auto-

correlation could be eliminated by correcting conditional heteroskedasticity

and differencing out autocorrelation via suitable transformations. In this

way, the original linear regression model can be transformed into a linear re-

gression model with conditional homoskedasticity and zero-autocorrelation

for new disturbances. Then, the classical linear regression theory is ap-

plicable to the transformed model. For instance, in a static time series

linear regression model, if disturbances follow a stationary AR process of

a fixed order, then autocorrelation in disturbances could be eliminated by

the Cochrane-Orcutt method with estimated AR coefficients. The resulting

adaptive feasible GLS estimator will become asymptotically BLUE when

the sample size goes to infinity.

However, the assumption that the form of conditional heteroskedasticity

and autocorrelation is known up to a constant is rather restrictive for most

economic and financial data, because conditional heteroskedasticity and au-

tocorrelation is usually of unknown form. Under the zero-autocorrelation

assumption (which usually holds for cross-sectional data), an adaptive fea-

sible GLS estimator could be obtained by plugging into the GLS estimator

formula a conditional variance estimator of OLS residuals. The latter can

be consistently estimated using smoothed nonparametric methods (see, e.g.,

Robinson 1988 and White and Stinchcombe 1991).

Nevertheless, the OLS estimator and its statistical inference procedures

are often preferred in practice, due to its simplicity. White (1980) de-

rives the asymptotic variance of the OLS estimator under conditional het-

eroskedasticity, and proposes a consistent variance estimator. This is called

White’s (1980) heteroskedasticity-consistent variance-covariance matrix es-

timator in the literature. With this variance estimator, the classical t-

statistic can be modified to become applicable when the sample size is large,

even if there exists conditional heteroskedasticity of unknown form. This

modified t-test statistic is called a robust t-test statistic. Unfortunately, the

classical F -test statistic could not be modified. Consequently, the classical

F -test becomes not applicable any more under conditional heteroskedastic-

ity, even if the sample size is large. However, a robust Wald test statistic

and a robust LM test statistic can be constructed by using White’s (1980)

heteroskedasticity-consistent variance-covariance matrix estimator.
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For stationary time series linear regression models, when conditional

heteroskedasticity and autocorrelation of disturbances is of unknown form,

the asymptotic variance of the OLS estimator becomes a long-run variance-

covariance matrix. Newey and West (1987, 1994) and Andrews (1991)

propose smoothed nonparametric kernel methods to estimate the long-term

variance-covariance matrix. These methods have been extensively used in

empirical studies. However, it has been documented, in both simulation

and empirical studies, that when relatively persistent autocorrelation exists,

kernel-based estimators for the long-run variance-covariance matrix often

lead to strong overrejection for robust test statistics, even if the sample size

is large. This issue has not been resolved satisfactorily yet, although many

improvement and refinement methods have been proposed in the literature.

10.5 From Linear to Nonlinear Models

In econometrics, a linear regression model Yt = X ′
tβ

o+ εt indicates a linear

relationship between dependent variable Yt, regressor vector Xt, and pa-

rameter vector βo, where the regressor vector may consist of one or more

explanatory variables and their nonlinear transformations. Therefore, it

does not necessarily imply a linear relationship between Yt and the original

explanatory variables. For example, when the conditional mean of Yt is a

polynomial of some explanatory variable, it can be considered as a linear

regression model. In this case, Yt remains as a linear function of parameter

vector βo. However, when the conditional mean of Yt is not a linear function

of parameter vector βo, the relationship between Yt and regressor vector Xt

is generally nonlinear. Moreover, if the model is not a specification for the

conditional mean of Yt, but one for the conditional variance, or the condi-

tional quantile, or even the entire conditional distribution, then Yt will be

typically nonlinear in both parameters and explanatory variables.

In time series econometrics, linear time series models, such as ARMA

models, usually indicate a linear relationship between dependent variable

Yt, lagged dependent variables, and lagged disturbances. So far, popu-

lar nonlinear time series models in the literature include Threshold Auto-

Regressive (TAR) models, Markov Chain Regime Switching (MCRS) mod-

els and Smooth Transition AutoRegressive (STAR) models. All of these

models specify the conditional mean dynamics of a time series process in a

nonlinear manner. They could be viewed as a combination of different linear

models in different states, which implies that the dependent variable follows
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a linear process in one state but may change to another linear process in

another state. These nonlinear features are determined by the assumptions

of mechanisms under which different states switch to each other. Nonlin-

ear conditional mean models can be widely used to characterize nonlinear

features in economic time series, such as asymmetric business cycles and

asymmetric spillover effects among different financial markets. Readers are

referred to Hamilton (1994), Tong (1990) and Teräsvirta, Tjøtheim and

Granger (2010) for introduction to nonlinear time series models.

In the 1970s, the oil crisis, the emerging floating foreign exchanges sys-

tem, and the high-interest rate policy by the U.S. Federal Reserve Board

have stimulated tremendous uncertainties into the world economy. How to

measure these uncertainties and their impacts on economic agents’ decision-

makings becomes an important issue. As a key instrument to quantify un-

certainty and risk, econometricians have proposed various models for con-

ditional variance dynamics, including Engle’s (1982) ARCH model, Boller-

slev’s (1986) GARCH model, Nelson’s (1991) Exponential GARCH model,

and Glosten et al.’s (1993) Threshold GARCH model. These volatility

models do not specify the entire conditional distribution, but only model

the first two conditional moments of a time series process. Therefore, MLE

cannot be employed to estimate unknown parameters. In order to estimate

unknown parameters in a volatility model, some auxiliary assumptions can

be imposed to obtain the conditional distribution of the time series process,

so that the MLE procedure can be implemented. Since the auxiliary as-

sumptions might be false (and researchers are aware of this possibility), the

likelihood function of a volatility model is likely to be misspecified. As a

result, the estimation method is called a Quasi-MLE or QMLE. As long as

the first two conditional moments are correctly specified, QMLE can con-

sistently estimate the unknown parameters in a volatility model, even if the

likelihood function is incorrectly specified (e.g., Bolleslev and Wooldridge

1992, Lee and Hansen 1994, Lumsdaine 1996). Of course, a price of QMLE

is that its asymptotic variance is larger than that of MLE. The latter is

based on the true conditional distribution and is asymptotically most effi-

cient. Hence, QMLE is asymptotically less efficient than MLE. The struc-

ture of the asymptotic variance of QMLE is analogous to that of the asymp-

totic variance of the OLS estimator in a linear regression model with con-

ditional heteroskedasticity and/or autocorrelation, while the structure of

the asymptotic variance of MLE is analogous to that of the OLS estimator

under conditional homoskedasticity and zero-autocorrelation. Therefore, it
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is necessary to employ a robust variance estimator for QMLE, which will be

applicable even if the likelihood function is misspecified. Analogous to the

F -test statistic for a linear regression model, the popular LR test can no

longer be applicable when the likelihood function is misspecified, since it is

equivalent to using an asymptotic variance estimator of MLE. Robust test

statistics, such as a robust Wald test statistic and a robust LM test statis-

tic, can be constructed using a consistent variance estimator for QMLE.

See Chapter 9 for more discussion.

A large class of econometric models (including linear and nonlinear re-

gression models) can be characterized by a set of population moment condi-

tions. The population moment conditions often arise from economic theory.

For example, the rational expectations theory in macroeconomics implies

that the stochastic pricing error for assets follows an MDS process, namely

that there exists no systematic pricing error in each time period. Based on

this MDS property, researchers can choose proper IVs to generate a set of

population moments whose values are zero when evaluated at the true pa-

rameter value. Since the conditional distribution of the DGP is unknown,

MLE cannot be used. Hansen (1982) proposes GMM to estimate unknown

parameters in a set of moment conditions. The basic idea of GMM is to

define a set of sample moments, whose dimension is larger than or at least

equal to that of unknown parameters, and then to select a suitable param-

eter value as its estimator to make the sample moments as close as possible

to the zero population moments. In mathematics, the GMM estimator

minimizes a weighted quadratic form of the sample moments, where the

weighting matrix generally affects the asymptotic variance of the GMM es-

timator. An asymptotically most efficient weight matrix is the asymptotic

variance-covariance matrix of the sample moments, which plays a similar

role to the weighting matrix in GLS estimation, because it eliminates cor-

relations between the sample moments and their heteroskedasticity. GMM

could be viewed as a generalization of the classical MME in statistics, but

it is motivated by estimating and testing economic models, such as the ra-

tional expectations models in macroeconomics. Most estimation methods

in econometrics can be formulated as special cases in a GMM framework,

including the OLS and 2SLS estimators. It may be noted that QMLE and

GMM are the two most popular methods to estimate nonlinear econometric

models.
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10.6 From Exogeneity to Endogeneity

The classical linear regression model assumes that the conditional mean of

the disturbance εt given any values of all regressors {Xt} is zero, which

implies that the current, past and future values of regressors {Xt} do not

affect the average value of εt, if t is an index for time. This condition

is called strict exogeneity. There are various definitions of exogeneity in

econometrics. If the stochastic disturbance sequence {εt} and the regres-

sor sequence {Xt} are mutually independent, or if regressor vector Xt is

nonstochastic, then one can say that there exists strong exogeneity. If the

conditional mean of εt given the current value of regressor vector Xt is

zero, it is called weak exogeneity. Weak exogeneity implies that the linear

regression model is correctly specified for conditional mean E(Yt|Xt). In

other words, the conditional mean E(Yt|Xt) is a linear function of regressor

vector Xt.

The strict exogeneity assumption of the classical linear regression model

lies between the strong exogeneity condition and the weak exogeneity con-

dition. Strong exogeneity implies strict exogeneity, which in turn implies

weak exogeneity, but the converse is not true. The primary aim of the

strict exogeneity assumption for a linear regression model is to facilitate

derivation of the sampling distributions of the OLS estimator and related

test statistics in finite samples. For the asymptotic or large sample theory,

the weak exogeneity condition suffices.

When weak exogeneity fails, the conditional mean of the stochastic dis-

turbance εt given the current regressor vector Xt is not zero, which usually

indicates that endogeneity exists. In this case, it is said that there exist

endogenous variables in regressor vector Xt. Endogeneity may occur due to

various reasons, including measurement errors of explanatory variables, the

existence of omitted variables, and simultaneous equations bias. The so-

called simultaneous equations bias means that besides the regression equa-

tion for the dependent variable that is being considered, there exist one or

more omitted equations that characterize how the dependent variable and

other variables determine explanatory variables. In this case, there usually

exists a two-way causality between the dependent and explanatory vari-

ables, which implies that the dependent and explanatory variables affect

each other simultaneously. When correlation between the regressor vector

and the disturbance is caused by the existence of two-way causality, one says

that there exists endogeneity, since it implies that regressor vector Xt con-
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tains one or more endogenous variables to be determined by simultaneous

equations. Endogeneity leads to the failure of the orthogonality condition

that E(εt|Xt) = 0, and so the OLS estimator is no longer consistent for the

unknown parameter vector βo. Other reasons may also cause E(εt|Xt) = 0

to fail, such as measurement errors of explanatory variables, omitted vari-

ables and function form misspecification. Strictly speaking, these reasons

are irrelevant to endogeneity. Nevertheless, for simplicity, the assumption

of E(εt|Xt) = 0 is loosely referred to as the exogeneity condition.

If researchers are only interested in estimating a linear regression model,

which characterizes how explanatory variables in Xt determine dependent

variable Yt, the OLS estimator will not be consistent for the unknown pa-

rameter values when endogeneity exists. Instead, the 2SLS method can be

employed. A consistent estimator for the parameters in the one-way causal-

ity from Xt to Yt can be obtained by regressing the dependent variable on

the projection variables which are obtained by projecting regressor vector

Xt on Zt, a set of IVs. These IVs must be uncorrelated with disturbance

εt but closely correlated with regressor vector Xt. This is called the 2SLS

method, which has been proposed for quite a long time ago. See, e.g., Stock

and Trebbi (2003) for a historical review.

The key of 2SLS is how to find a set of effective IVs. In empirical stud-

ies in economics, it has been often documented that correlations between

regressors and IVs are rather low, leading to unstable and even inconsis-

tent estimation of unknown parameter values. This phenomenon is called

“weak IVs” (see Staiger and Stock 1997). Studies of weak IVs have been

an important direction of econometrics in the last two decades.

Endogeneity may exist not only in linear regression models, but also in

models for conditional variance, conditional quantile, and conditional distri-

bution. In addition, nonparametric and semiparametric regression models

with endogeneity have been drawing attention in the literature. Endo-

geneity takes a central position in econometrics, since the main objective

of economic analysis is to identify and quantify the causal relationships

between economic variables. It has been sometimes claimed that, in the

Big data era, only correlation is needed, and causality is not important.

Obviously, this is not the case in economics.

Because of the nonexperimental nature of economic phenomena and

observed economic data, one cannot simply adapt controlled experiment

methods to study a casual relationship under the ceteris paribus condition.

In other words, one cannot investigate whether a change in the depen-
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dent variable is caused by changes in some explanatory variables, while

holding fixed the values of other explanatory variables by controlled exper-

iments. How to identify a causal relationship is a challenge in empirical

studies in economics. In the past two decades, the so-called “treatment

effect” analysis has been a popular focus in microeconometrics. Studies in

this field have borrowed the ideas and methods of randomized experiments

from statistics, especially from biostatistics and medical statistics, and have

developed a class of econometric theories and methods to identify and es-

timate economic causal effects. A new discipline, econometrics of program

evaluation, has emerged, which can evaluate various economic policies and

programs by conducting counterfactual analysis under the nonexperimen-

tal conditions. The basic idea to evaluate the effect of an economic policy

is to, ceteris paribus, compare the outcome of policy implementation with

the counterfactual outcome under the assumption that the policy had not

been implemented, and the difference between the actual and counterfac-

tual outcomes is the estimated effect of the policy. The key challenge here

is how to estimate the counterfactual outcome under the assumption that

the policy had not been implemented, given the fact that it has actually

been implemented. Many methods, such as Difference-In-Difference (DID),

Regression Discontinuity Design (RDD), Propensity Score Matching (PSM)

and panel data approach to program evaluation, have been developed to

evaluate various policies and programs (see Imbens and Wooldridge 2009

for a review). For example, Hsiao et al. (2011) propose a panel data ap-

proach to policy evaluation and apply it to evaluate the effects of the Hong

Kong turnover to China and the signing of Closer Economic Partnership

Arrangement (CEPA) between Hong Kong and Mainland China in 2003 on

Hong Kong’s economy. On the other hand, in the past three decades or

so, the emerging experimental economics has developed a new approach to

exploring economic causalities by controlled experiments. A closely related

approach is the field study, which is a quasi-experimental method, imposing

some experimental interventions under real social-economic environments

to track and study causal effects in economics.

10.7 From Correct Model Specification to Model

Misspecification

If there exists an unknown parameter value βo such that E(Yt|Xt) = X ′
tβ

o,

a linear regression model is correctly specified for conditional mean and the
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unknown parameter value βo is called the true model parameter. On the

other hand, if there exists no parameter value β such that E(Yt|Xt) = X ′
tβ,

then a linear regression model is misspecified for conditional mean. Model

misspecification can occur for various reasons, such as omitted variables

and function form misspecification.

When a linear regression model is misspecified for conditional mean, the

parameter β can neither be called the true model parameter, nor be given

any economic interpretation. For example, if a linear consumption function

is misspecified, then the parameter cannot be interpreted as the MPC, since

the latter is the expected partial derivative of consumption with respect to

income. When the true consumption function is not linear, the MPC is

not a constant. In general, if a model is misspecified for conditional mean

or other attributes of conditional distribution (e.g., conditional variance,

conditional quantile, and even conditional distribution itself), parameters

cannot be called the true model parameters or be given any economic in-

terpretation. The validity of economic interpretation for model parameters

depends on whether a model is correctly specified. In addition to the va-

lidity of economic interpretation, model misspecification may also cause

serious consequences in applications. In finance, for example, the use of a

misspecified model may lead to the so-called “model risk”. A main cause

for the 2008 subprime mortgage crisis has been attributed to the use of a

Gaussian copula model, which was widely used in the Wall Street to price

financial derivatives but could not correctly characterize the asymmetric

linkages among financial markets in volatile periods.

However, model misspecification does not imply that any misspecified

model cannot be used. For example, suppose the dynamic evolution of

an economic time series consists of about 80% of linear components and

about 20% of nonlinear components. Obviously, a linear regression model

neglects the nonlinear components and therefore is misspecified, but it still

has rather good predictive ability, although its parameters cannot be inter-

preted as the expected marginal effect of regressors. On the other hand,

some parameters of a misspecified model may still be given economic inter-

pretation. For example, in a linear regression model for the rate of return to

education, where the dependent variable is income and explanatory vari-

ables include education and work experience only, there may exist such

omitted variables as personal ability, which is unobservable but correlated

with education and work experience. This is a misspecified linear regres-

sion model. However, if one is mainly interested in the rate of return to
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education, the 2SLS method can be used to estimate the parameter value

for education consistently.

Model misspecification can also occur in other scenarios. In a correctly

specified linear regression model, if observed data is defective, for exam-

ple, some observations are censored or truncated, then the OLS estimator

will not be consistent for the true model parameter. In this case, aux-

iliary assumptions, such as the regression disturbance following a normal

distribution, can be made so that MLE can be used to estimate unknown

parameters. Since the data is defective, the relationship between the de-

pendent variable and regressors becomes highly nonlinear. However, MLE

delivers consistent estimation for the unknown parameters in the original

linear regression model, provided the auxiliary assumptions hold. On the

other hand, a volatility model specifies the first two conditional moments

of a time series process. Even if a volatility model is correctly specified, the

conditional distribution of the time series process is still unknown. Here,

one can make some auxiliary assumptions (such as the standardized inno-

vation following the standard normal distribution), so that the likelihood

function can be obtained and QMLE can be adopted to estimate unknown

parameters. Although the auxiliary assumptions might be false and so the

likelihood function could be misspecified, QMLE still delivers consistent

estimation for unknown parameters in a volatility model, provided that

the conditional mean and variance models are correctly specified. This is

different from the case that correct auxiliary assumptions are needed to

obtain consistent estimation for parameters in a linear regression model

with censored or truncated data. However, misspecification for the likeli-

hood function affects the asymptotic efficiency of QMLE, and a consistent

robust variance-covariance matrix estimator for QMLE is needed for valid

statistical inference. See Bollerslev and Wooldridge (1992), Lee and Hansen

(1994) and Lumsdaine (1996).

Since model misspecification (i.e. E(εt|Xt) = 0 fails) affects the validity

of economic interpretations as well as the efficiency and even the consistency

of model parameters, Hausman (1978) proposes a test to check whether a

linear regression model is misspecified. This is called Hausman’s test in

the literature. White (1981), Newey (1985), Tauchen (1985) and White

(1990) generalize this method to develop more general model specification

tests based on moment conditions, which are called moment specification

tests or m-tests. These tests are not consistent tests, in the sense that they

may miss some misspecified models even for large samples. Bierens (1982,
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1990), Hong and White (1995), Fan and Li (1996) and Hong and Lee (2013)

propose various consistent model specification tests using nonparametric

methods. These tests can detect any model misspecification if the sample

size is large enough.

In statistics and econometrics, there is another form of model checking

called “model validation”, where a data set is split into a training data

set and a test data set. The training data set is used to estimate model

parameters and the test data set is used to evaluate the predictive ability

of the estimated model. This model validation method is mainly used to

evaluate the out-of-sample predictive ability of a model and is widely used

in time series forecasting and machine learning. Out-of-sample evaluation

can avoid in-sample overfitting. Furthermore, if the DGP of a training data

set is substantially different from that of a test data set, a model may not

predict the test data set well even if it is correctly specified for the DGP of

the training data set.

10.8 From Stationarity to Nonstationarity

For a stationary time series linear regression model with conditionally ho-

moskedastic MDS disturbances, the OLS theory of a classical linear re-

gression is applicable for large samples. When heteroskedasticity and/or

autocorrelation exist(s), the OLS estimator is no longer BLUE and the

classical t-test and F -test statistics are no longer applicable either, even if

the sample size is large. Nevertheless, the classical test statistics, especially

the t-test and F -test statistics, can be modified, and the resulting robust

test statistics become valid in large samples.

However, the OLS theory is generally not applicable when the depen-

dent and explanatory variables are nonstationary time series processes.

Granger and Newbold (1974) document the so-called spurious regression

phenomenon via simulation studies, where for any two mutually indepen-

dent nonstationary unit root time series, if one regresses one series to the

other, the t-test statistic of the OLS estimator will be statistically signif-

icant based on the conventional distribution theory. Phillips (1986) offers

a rigorous explanation from a theoretical perspective. Nelson and Plosser

(1982), by applying the Dickey and Fuller (1979) test, document that most

macroeconomic and financial time series are nonstationary unit root pro-

cesses. Thus, econometricians have been devoting themselves to developing

nonstationary time series econometric theories and methods, including the
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cointegration theory by Engle and Granger (1987) and the unit root theory

by Phillips (1987a, 1987b). For linear regression models, the asymptotic

theory for nonstationary unit root time series is totally different from that

for a stationary time series which we establish in the present book. See

Hamilton (1994) for detailed discussion.

Apart from nonstationary unit root processes, nonstationary time series

can also take the form of a trend-stationary process. The mean of a so-called

trend-stationary time series is changing over time, so it is not stationary.

When the mean is a linear function of time, this time series will show

a long-run linear trend. If the time trend is eliminated, the demeaned

time series will become stationary. If the sample size is not large, the

data generated from a trend-stationary process and those from a unit root

process may look similar and therefore are difficult to distinguish from

each other. In empirical studies of macroeconomics, it is important to

check whether macroeconomic time series are unit root or trend-stationary

processes, because they have different policy implications. For examples,

it is related to whether macroeconomic fiscal and monetary policies have

long-term effects (for unit root processes) or short-term effects (for trend-

stationary processes).

Nonstationary time series can also arise due to structure changes. There

are mainly two forms of structural changes, namely abrupt structural breaks

and smooth or evolutionary structural changes. Observations generated

from a time series process with structural breaks may resemble those gen-

erated from a unit root process. Since Chow (1960) proposes an F -test for

a single structure break with known break point, econometricians have de-

voted great effort to testing various structural breaks over the past several

decades. In particular, they have developed tests for whether there exist

structural breaks with multiple unknown break points, and established a

relatively satisfactory asymptotic distribution theory. See, e.g., Andrew

and Ploberger (1994, 1995) and Bai and Perron (1998).

Besides abrupt structural breaks, structure changes can also arise in

form of smooth changes, which implies that model parameters change con-

tinuously over time. An example is the so-called time-varying STAR model

in time series econometrics. A trend-stationary process is another example,

if its unconditional mean is a smooth function of time. Changes of economic

agents’ preferences, technology innovations, institutional reforms and pol-

icy shifts often lead to changes of economic agents’ behaviors and economic

structures. In particular, economic agents can rationally predict or perceive
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policy changes, and then adjust their behaviors accordingly, leading to eco-

nomic structural changes. This is exactly the well-known Lucas (1976)

critique. Moreover, while some external shocks may occur suddenly, due

to habit formations, adjustment costs and other reasons, the behaviors of

economic agents and economic structures may change slowly. Even if the

behaviors of economic agents change abruptly, if each individual behavior

changes at a different time point, then the aggregated macroeconomic time

series may display a slowly changing structure. As a result, smooth struc-

ture changes may appear to be a better approximation to economic reality

in many scenarios.

A typical example of smooth structural changes in economics is the

“Great Moderation” phenomenon in the U.S. macroeconomic volatility dy-

namics. Since the mid-1980s, the U.S. GDP growth rate and inflation rate

have displayed a trend of diminishing volatilities in a continuous manner.

This is called the “Great Moderation” phenomenon (e.g., Bernanke 2004).

In fact, there exists a similar “Great Moderation” phenomenon in the Chi-

nese economy: the GDP growth rate and inflation rate in China have also

displayed a trend of slowly diminishing volatilities since 1992 and 1999 re-

spectively (Sun, Hong and Wang 2018).

Chen and Hong (2012, 2016) propose tests to check whether there exist

smooth structural changes in a time series linear regression model and a

GARCH model respectively. Their empirical studies suggest that structural

changes could be an important source for the poor predictive power of

a linear regression model for asset returns. Smooth structural changes

may cause a spurious long memory phenomenon as well, in the sense that

a long memory phenomenon of economic time series may appear due to

smooth structural changes in mean. Hong, Wang and Wang (2017) propose

a class of tests for strict stationarity and weak stationarity, and apply these

tests to check stationarity of most macroeconomic and financial time series.

They document that the first differenced macroeconomic and financial time

series do not satisfy the stationarity condition, which has been a standard

assumption in nonstationary time series econometrics. In particular, the

mean and variance of the first differenced economic time series change over

time.

In the past two decades, a new discipline in time series analysis, namely

locally stationary time series analysis (e.g., Dahlhaus 1996), has emerged.

It is another kind of nonstationary processes, where its structures or pa-

rameters change slowly over time. Thus, in a short period, it could be ap-
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proximated reasonably well by a stationary time series model, but segments

in different time periods have to be approximated by different stationary

time series models. The availability of high-frequency time series data is

expected to contribute to the literature of smooth structural changes and

locally stationary time series modeling.

10.9 From Econometric Models to Economic Theories

The roles that economic theory plays in econometric modeling seem absent

in the discussion so far. We have seen that there are various econometric

models, including conditional mean models, conditional variance models,

conditional quantile models, conditional moment models, conditional dis-

tribution models, and generalized linear regression models, such as Probit

models, Logit models, Cox’s (1972) proportional hazard models, and Pois-

son regression models. In empirical studies in economics, the choice of a

model depends on the nature of the economic problem under study. It is im-

possible that a single econometric model or method be universally applied

to study all economic problems. For example, to study financial market effi-

ciency or predictability, one needs to model the conditional mean dynamics

of asset returns; to study volatility spillover between financial markets, one

needs to model the conditional variance dynamics of multiple markets; and

to study Value at Risk (VaR) or extreme downside risk in financial mar-

kets, one needs to model the conditional quantile or even the conditional

distribution of asset returns.

Economic theory plays a crucial role in selecting explanatory variables in

econometric modeling. The choice of explanatory variables in an economet-

ric model should rely on economic theory, apart from empirical experience

and data-driven statistical analysis. To identify causality between economic

variables, econometric tools alone are inadequate; economic theory has to

be relied upon. Moreover, when an econometric model is correctly speci-

fied, economic theory can provide valid economic interpretations for model

parameters. It is crucial to interpret econometric models and empirical

findings of statistical analysis from an economic perspective.

On the other hand, how can one test whether economic theory can ex-

plain observed economic phenomena? In other words, how can one test the

validity of economic theory? A basic idea is to transform economic theory

into a set of empirically testable restrictions on an econometric model, and

then test whether these restrictions are consistent with observed data. We
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emphasize that certain auxiliary assumptions, such as functional form spec-

ification of an econometric model, are needed in testing economic theory.

Therefore, when a statistical hypothesis is rejected, one needs to distin-

guish whether it is due to the failure of economic theory or the failure

of the auxiliary assumptions. Generally speaking, economic theory or hy-

pothesis is model-free. Therefore, when one transforms economic theory

into statistical restrictions of an econometric model, there usually exists a

gap between the original economic theory or hypothesis and the resulting

statistical hypothesis. In other words, the economic hypothesis and the

statistical hypothesis are not equivalent. As a result, caution is needed in

interpreting the empirical results of statistical hypothesis testing. Consider

EMH as an example: if the historical information of an asset return has

no predictive power for the expected future asset return, one says that the

weak form of EMH holds (Malkiel and Fama 1970). This economic hypoth-

esis is model-free. Now, suppose one uses an AR model of a finite order to

test this hypothesis. If EMH holds, the AR model will have no predictive

power and so all autoregressive coefficients are jointly zero. As long as at

least one autoregressive coefficient is not zero, the weak form of EMH will

be rejected. However, if the statistical hypothesis that all autoregressive

coefficients are zero is not rejected, can one accept the weak form of EMH?

No, because the AR model is only one of possibly infinitely many ways

to predict asset returns. When the statistical hypothesis that all autore-

gressive coefficients are zero is not rejected, it only indicates that the AR

model has no predictive ability and does not imply that the historical data

of asset returns has no predictive ability for future asset returns. Therefore,

when all autoregressive coefficients are zero, one can only conclude that no

evidence has been found against the weak form of EMH. In general, one has

to pay attention to the gap between economic and statistical hypotheses

and the difference between the evidence from data and the evidence from

a model.

Econometrics plays a key role in advancing the development of economic

theories. With data being accumulated and new econometric methods in-

vented, the chance will be higher to find evidence against existing economic

theories. In other words, the existing economic theory may not be able to

explain the newly available observed data, and therefore it will eventually

be rejected by accumulating data evidence and new economic theory will

be called for.
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Due to various reasons, such as small sample sizes of observed data and

limited powers of econometric tests, two or more economic theories may

coexist in the sense that they all pass statistical tests simultaneously. In

other words, it is possible that several economic theories or models coex-

ist and all of them can explain the same economic phenomenon to certain

extent. But then, which economic theory or model truly captures or char-

acterizes the DGP? This is called model uncertainty or model ambiguity in

economics. In the Big data era, there usually exist a large number of poten-

tial explanatory variables, so multicollinearity is likely to occur in practice.

As a result, multiple econometric models (e.g., models with different sets of

explanatory variables, or models with different functional forms) may have

the same or very similar performance according to some statistical criterion.

On the other hand, for some data set, an econometric model may perform

best, but if the data is perturbed, such as by adding or deleting a few ob-

servations, then the best-performing model may change. This phenomenon

is a form of model uncertainty, and may be called model instability in a

time series context. It is an important but challenging task to interpret

model uncertainty and model instability, and to examine their implications

on econometric inference.

10.10 From Traditional Data to Big Data

With nowadays information technologies, such as the internet and mobile

internet, being developed rapidly and applied extensively, the amount of

observed data has been increasing exponentially, which is called Big data.

Besides traditional numerical structured data, Big data also includes multi-

tudinous unstructured data and semi-structured data, such as text, graph,

audio and video data. Even for the numerical structured data, there in-

clude data of new forms, such as functional data, interval data and symbolic

data. The sources of Big data include transaction records from e-commerce

companies, websites of enterprises and governments, and various social plat-

forms, sensors and satellite images. Most of these Big data are recorded in

real-time or near real-time, so their volume is massive, whereas the infor-

mation density may be usually low.

Big data provides much information that traditional data does not have,

and such information can be used to construct important variables which

could not be measured accurately before. For example, investor sentiment

index (Baker and Wurgler 2006, 2007), economic policy uncertainty index
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(Baker et al. 2016) and economic policy change index (Chan and Zhong

2018) could be constructed, based on text data from social platforms and

news media. Then the impact of these variables on real economy and

financial markets can be investigated.

Big data also makes it possible to construct important high-frequency

economic indices or variables. For example, so far the highest sampling

frequency of macroeconomic price indices, such as Consumer Price Index

(CPI) and Producer Price Index (PPI), is monthly. Based on the internet-

based price information of consumer goods and producer goods, it is pos-

sible to construct weekly or daily CPI and PPI by using Artificial Intel-

ligence (AI) methods. These high-frequency macroeconomic variables can

play an important role in studying short-run macroeconomic dynamics.

It is conceivable that high-frequency macroeconomics is likely to emerge.

In this new discipline, high-frequency interactions between macroeconomy

and financial markets could be explored. In fact, Big data has help bring

nowcasting into time series econometrics. The term “nowcasting” is origi-

nated from meteorology and it means weather forecasting in a very short

time period, usually up to 2 hours. “Nowcasting” in econometrics usually

means predicting the current quarterly GDP and other macroeconomic in-

dices. Since the release date of quarterly GDP is lagged behind in practice,

nowcasting the current quarterly GDP and other macroeconomic indices

is of great importance for monitoring macroeconomic trends and changes

in a timely manner. Many central banks in the world have started now-

casting their own countries’ GDPs. For more discussion on nowcasting, see

Giannone et al. (2008).

Big data include numerous new forms of data which are different from

the traditional data, such as tick-by-tick transaction data, functional data

and interval data. These data of new forms call for the development of

new econometric models and methods. In the past two decades, high fre-

quency and ultra-high frequency data have promoted the rapid development

of high-frequency financial econometrics. For example, based on ultra-high

frequency transaction data, Engle and Russell (1998) proposed a new model

called ACD, to capture the time duration dynamics between consecutive

price changes or transactions. This model can predict the timing of, e.g.,

the next price change and the instantaneous probability of a price change at

each future time point. These predictions could be used to design algorithm-

based trading strategies and to price financial derivatives. Furthermore, by

using intraday data of asset returns, financial econometricians have pro-
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posed new methods to estimate daily volatilities and covariances of asset

returns. These high-frequency volatilities and covariances could be used

to improve portfolio management and financial risk management. See Ait-

Sahalia et al. (2010), Andersen et al. (2001, 2003, 2004), Barndorff-Nielsen

and Shephard (2002, 2004), Noureldin, Shephard and Sheppard (2011) and

Shephard and Sheppard (2010) for detailed discussion.

Big data also includes the so-called functional data, such as the tem-

perature as a function of time in a day and a stock price as a function of

time from the opening hour to the closing hour in a trading day. Panel

data is a special case of functional data. Functional data has spawned a

family of functional data models (see Muller 2005, Muller and Stadtmuller

2005 and Ramsay and Silverman 2002, 2005). Another new form of data

is the interval data, which is a set of numbers ranging from the maximum

to minimum values of a variable. Almost all data used in econometric

modeling are point-valued data. Compared with a point-valued data, an

interval-valued data contains more information but it has not been used

effectively. Interval-valued data are not uncommon; examples include daily

observations on the highest and lowest temperatures, systolic and diastolic

blood pressures, high and low stock price indices and bid-ask asset price

spreads. Interval-valued data is a special case of the so-called symbolic

data. Han, Hong and Wang (2017) propose an AutoRegressive Conditional

Interval (ACI) model for an interval-valued time series process. This can be

viewed as the interval version of an ARMA model in time series analysis.

See Han et al. (2016) and Sun et al. (2018) for more discussion on interval

data modeling.

In most cases, the volume of a Big data is huge, especially a high-

frequency Big data. If the sample size is much larger than the number of

potential explanatory or predictive variables in a Big data, then the Big

data is called a “Tall Big data”. Compared with traditional data, a Tall

Big data offers more potential to explore subtle relationships, especially

nonlinear relationships, among variables in the Big data. Many machine

learning methods for Big data analysis, such as decision trees, support

vector machines, random forests and artificial neural networks, are all non-

linear algorithms. To a great extent, these algorithms are analogous in

spirit to nonparametric analysis in econometrics and statistics. Halbert

White together with many others, has established the econometric theory

of nonparametric artificial neural network modeling (see, e.g., White 1992).

Artificial neural networks have been widely used in empirical studies in eco-



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 482

482 Foundations of Modern Econometrics

nomics and finance. In fact, the most important feature of Big data is not

its large sample size but its large number of potential explanatory or pre-

dictive variables. It is possible that the number of potential explanatory

or predictive variables in a Big data surpasses the sample size. Such a

Big data is called a “Fat Big data”. A high-dimensional set of explana-

tory variables provides various possibilities for variable or model selection.

In a Fat Big data, it is possible that only a few explanatory variables

have significant predictive power for the dependent variable. Many algo-

rithms (such as decision trees and random forests) have been invented in

machine learning to select important predictive variables (see, e.g., Varian

2014). One important method is the so-called LASSO method, which can

select important predictive variables from a high-dimensional set of poten-

tial variables, most of which are assumed to have zero coefficients. This is

a “statistical learning” method combined with machine learning. Based on

a high-dimensional set of explanatory variables, one can investigate many

important topics in econometrics by machine learning methods. Examples

include: how to select the most important IVs from a high-dimensional

set of potential instruments, so as to enhance efficient IV estimation and

avoid the weak IV problem? How to select important leading indicators

that have the best predictive power from a high-dimensional set of leading

indicators whose number may exceed the sample size, so as to achieve best

out-of-sample forecasts? For CAPM, how to select important risk factors

of each asset from a high-dimensional set of potential risk factors, where

each asset has only a few risk factors but different assets have different

risk factors? Finally, in nonparametric estimation with a relatively large

number of explanatory variables, how to employ machine learning methods

to reduce the dimension of the nonparametric estimator so as to obtain an

optimal estimation?

Big data and machine learning are also expected to be of great help

in estimating causal effects in economics. As introduced earlier, the ba-

sic idea of policy evaluation, based on observed nonexperimental data in

economics, is to compare the observed outcome when a policy has been im-

plemented with the counterfactual outcome under the assumption that the

policy had not been implemented, ceteris paribus. Since the policy has been

implemented, the counterfactual outcome cannot be observed and so has

to be estimated. Obviously, the quality of policy evaluation depends on the

efficiency of estimation of the counterfactual outcome. Counterfactual esti-

mation is essentially an out-of-sample prediction. Since a main advantage
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of machine learning is its ability to provide excellent out-of-sample predic-

tions based on the massive information contained in a Big data, machine

learning can therefore offer new approaches to efficient policy evaluation.

As is well known, machine learning algorithms are not necessarily based on

causal relationships. They often look like a “black box”. Nevertheless, as

Varian (2014) points out, machine learning combined with Big data could

accurately and precisely predict counterfactual outcomes, so it can make

significant improvement on causal analysis and policy evaluation.

It may be emphasized that Big data does not imply that it contains a

full information about a population distribution of the DGP. For example,

because of heterogeneity, insatiability and uncertainty of an economy, out-

of-sample forecasts for the trend of the economy may not be accurate and

precise, even if all existing data have been fully utilized. In fact, if a Big

data is a Fat Big data, then this high-dimensional data is actually a “small

sample” from the perspective of econometric modeling and inference.

When modeling a Tall Big data, one perhaps does not have to focus on

parameter estimation uncertainty caused by random sampling, unlike the

case in traditional data analysis. For example, suppose the sample size is

as large as millions in a Tall Big data but t-test statistics of some param-

eter estimator are just marginally significant at the 5% significance level.

Then how much of variations in the dependent variable can be explained

by this explanatory variable? In fact, with such a large sample size, a sta-

tistically significant explanatory variable does not necessarily mean that it

is economically significant as well. It is most likely that model uncertainty

is more important than parameter uncertainty when the sample size is ex-

traordinarily large. Thus, more attention may be paid to model selection

and model uncertainty when modeling a Big data.

10.11 Conclusion

Starting from the classical linear regression model, this chapter has outlined

the development of core theory and methods of modern econometrics in the

past four decades, by sequentially relaxing the classical assumptions of lin-

ear regression models, especially those of normal distribution, homogeneity

and zero-autocorrelation, strict exogeneity, correct model specification, lin-

earity, and stationarity. It has also discussed some important directions for

the future development of econometrics in the Big data era. As one can

see, modern econometrics has greatly expanded the scope of application of
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econometrics by developing more econometric models, methods and tools,

and by rigorously establishing more general econometric theory. Over the

past four decades or so, economics has witnessed the so-called “empirical

revolution” in its research peridium, which advocates to look for truths in

economic causal relationships via rigorous analysis of observed data. De-

veloped in the same period, modern econometrics has become the most

important scientific methodology of empirical studies in economics.

The econometric theory presented in this book has laid a relatively solid

foundation in econometrics. However, it is impossible to cover all impor-

tant econometric models, methods and tools. For example, we only cover

stationary time series models, but nonstationary time series models, such

as unit root models and cointegrated models, have not been covered, which

call for a different asymptotic theory (see, e.g., Hamilton 1994). Panel data

models also require a separate and independent treatment (see, e.g., Hsiao

2003). Due to the unique features of financial time series, particularly high-

frequency financial time series, financial econometrics has emerged as a new

field in econometrics most of which is not covered by standard time series

econometrics. On the other hand, although our theory can be applied to

models for limited dependent variables and discrete choice variables, more

detailed treatment and comprehensive coverage on microeconometrics are

needed (e.g., Cameron and Trivedi 2005). Moreover, topics on asymptotic

analytic tools may be covered to train students’ asymptotic analytic skills

in a more comprehensive manner. For more discussion on asymptotic the-

ory, see White (1984, 2001) and Davidson (1994). Therefore, this book has

better to be considered as an introduction to modern econometrics.

Finally, it may be noted that most materials of this chapter are based

on Hong (2020).
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Exercise 10

10.1. Summarize the main results of this book in a unified manner.

10.2. One of the most important objectives of economic analysis is to iden-

tify causal relationships among economic variables. Discuss the relationship

between a statistical (e.g., predictive) relationship and an economic causal

relationship.

10.3. What are the roles of economic theory in econometric modeling?

10.4. Discuss the importance of correct model specification on economic

interpretation of empirical results. Can a misspecified econometric model

be useful in empirical studies in economics?

10.5. Econometric modeling involves modeling various aspects of the con-

ditional distribution of economic variables, such as conditional mean, con-

ditional variance, conditional quantile, and conditional distribution. In a

specific empirical study in economics, which moment(s) should be used in

econometric modeling?

10.6. Conditional heteroskedasticity and autocorrelation in regression dis-

turbances are a key to understanding the regression theory in econometrics.

Discuss the implications of relaxing conditional homoskedasticity and no

autocorrelation to conditional heteroskedasticity and/or autocorrelation.

10.7. Model misspecification is a key to understanding econometric theory

of conditional probability distribution modeling. Discuss the implications

of relaxing correct model specification to model misspecification for condi-

tional distribution modeling.

10.8. Most nonlinear econometric models can be estimated by GMM and

QMLE methods. Discuss the motivations, natures, advantages and disad-

vantages of these two important econometric methods.

10.9. Discuss the impacts, in terms of both opportunities and challenges,

Big data and machine learning may bring to the development of econometric

theory, methods and tools.
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10.10. What are the advantages and limitations of econometric analysis in

the empirical studies of economics?

10.11. Discuss the scientific foundation of econometrics as a main method-

ology in empirical studies in economics.
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LM test statistic, 422, 441–443, 455,

456
Locally stationary time series, 476,

477
Log-likelihood, 392, 397, 398, 401,

404, 412–414, 419, 424, 432, 434,
450

Log-likelihood function, 392, 397,
398, 401, 404, 412–414, 419, 424,
432, 434, 450

Logistic function, 386
Logistic map, 198
Logit model, 386, 393, 394
Long horizon return, 267, 268
Long horizon return predictability,

267
Long memory, 285
Long-run variance estimator, 274,

276, 277, 281–283, 286, 289, 291
Long-run variance-covariance matrix

estimation, 270, 282
Long-run variance-covariance matrix

estimator, 282, 288
LR test statistic, 416, 420–422, 442,

449, 455
Lucas’ critique, 476

MA, see Moving-average
MA model, 206, 207
MA process, 239, 246, 256, 259

Machine learning, 474, 481–483, 485

MAE, see Mean Absolute Error

Marginal effect, 52–54

marginal effect, 19

Marginal propensity to consume, 1, 5,
11, 31, 50, 62

Market microstructure noises, 297,
298

Martingale, 213, 214

Martingale difference sequence,
213–217, 221–224, 226, 228, 232,
239, 241, 245–248, 254, 255, 257,
259–261

Martingale process, 213, 214, 217, 218

Mathematical model, 3, 4, 6

Mathematical modeling, 2–4, 6, 24

Maximum likelihood estimation, 9,
12, 17–19, 388, 391

Maximum likelihood estimator, 390,
396, 398–402, 406, 409–413,
415–417, 421, 437, 441–444, 446,
448–450, 452–456

MDS, see Martingale difference
sequence

Mean Absolute Error, 35, 36, 61

Mean square error, 34, 35, 43, 48, 52,
58, 60, 61

Measurement errors, 294–296, 305,
306

Method of moments estimation,
343–346, 468

MLE, see Maximum likelihood
estimation

MLE-based Wald test, 415, 440

MME, see Method of moments
estimation

Model misspecification, 54, 425, 439,
440, 442–444, 446, 447, 449, 461,
471–474, 485

Model misspecification for conditional
distribution, 423

Model selection criterion, 135

Model specification, 51, 473, 474

Model specification test, 369, 376

Model uncertainty, 479, 483
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moment conditions, 346, 347, 349,
353, 369, 371–374, 376, 379

Moment matching, 345, 346

Money supply, 268

Moving-average process, 206

MPC, see Marginal propensity to
consume

MSE, see Mean square error

Multicollinearity, 72, 138, 139, 462,
479

Multiplier, 1, 10, 11

Multiplier effect, 5

Multivariate central limit theorem,
170

Multivariate CLT, see Multivariate
central limit theorem

N -th order stationarity, 204

Near-multicollinearity, 73, 85, 94, 95,
108, 139

Nonexperimental nature, 2

Nonexperimental observations, 15, 30

Nonlinear IV estimation, 379

Nonlinear MA process, 215, 257

Nonlinear model, 466

Nonlinear regression model, 331, 332,
426, 460, 468

Nonlinear regression model with
endogeneity, 332

Nonnormality, 463

Nonparametric analysis, 57

Nonparametric artificial neutral net
model, 481

Nonparametric estimation, 273

Nonparametric modeling, 54, 57

Nonparametric series regression, 56,
57

Nonsingularity, 72, 166, 223, 269, 304,
337

Nonstationarity, 474

Nonstationary process, 210, 213

Nonstationary time series, 210, 223,
224, 474–476, 484

Normal distribution, 94, 95, 97, 125,
126, 135, 462, 463, 473, 483

Normality, 86, 94, 95, 128, 458, 459,
462, 463

Nowcasting, 480

OLS, see Ordinary least squares
Omitted variables, 120–122, 145, 294,

298, 305, 307, 329, 330
Optimal GMM estimator, 365–367,

369, 371, 372, 375, 376, 378, 379,
381

Optimal prediction, 101
Optimal weighting matrix, 350, 362,

371, 373
Optimality, 34
Ordinary least squares, 73–79, 81, 82,

85–87, 93–96, 99, 108, 113, 114,
117, 125, 127, 131–133, 135,
137–145, 147

Ordinary least squares estimation, 74,
78, 79, 86, 93, 99, 138, 142, 144

Ornut-Cochrane procedure, 286
Orthogonality, 89, 131
Orthogonality condition, 39, 48, 52,

58, 59
Overidentification, 371–374, 376, 381,

382
Overidentification test, 371–374, 376,

381, 382

P -value, 107, 108, 144
Panel data, 328, 330, 331
Partially linear regression model, 329
PDF, see Probability Density

Function
Phillips curve, 2
Policy evaluation, 458, 471, 482, 483
Population moments, 344, 345, 369
Positive definite, 76, 110, 125, 127,

145
Positive semi-definite, 89, 91, 93, 141,

144
Power, 285, 289
Power function, 107
Power spectral density function, 208
Prais-Winsten transformation, 130
Predictive relationship, 28–30
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Probability Density Function, 27
Probability distribution, 27, 29
Probability law, 7, 8, 19
Probability limit, 153
Probit model, 386, 393, 394, 450
Production function, 13–15, 31, 32
Production-bonus causality, 299
Program evaluation, 471
Projection matrix, 87, 137
Propensity score matching, 471
PSD, see Positive semi-definite
pseudo likelihood function, 448
PSM, see Propensity score matching

Quadratic form, 96, 97, 111, 112, 115,
116, 142

Quadratic form of normal random
variables, 96, 110

Quadratic-Spectral kernel, 276, 277
Quantitative analysis, 2
Quasi-maximum likelihood

estimation, 18
Quasi-MLE, 391, 393, 398

R2, 78–83, 85, 135, 137, 138, 143, 145
Random coefficient process, 42
Random walk, 213, 214, 217, 218,

389, 390
Random walk model with drift, 389
Rational expectations, 1, 9, 11, 12,

222, 224, 247, 296, 306, 332, 347
Rational expectations model, 332
RDD, see Regression discontinuity

design
Realized volatility, 298
Regressand, 30
Regression analysis, 30, 31, 38, 40,

46, 59
Regression discontinuity design, 471
Regression function, 30–32, 34–39, 43,

47, 52, 58
Regression identity, 38, 51
Regressor vector, 30, 44, 58, 59
Regressors, 50, 54, 57
Relative entropy, 424, 425
Reserved causality, 300

Response variable, 31
Restricted model, 113, 115, 117, 123,

143
Return on portfolio, 80
Ridge regression, 86
Ridge regression estimator, 86
RiskMetrics, 385
Robust t-test, 134, 183, 240, 266,

280–282, 289
Robust t-test statistic, 182, 183, 266,

280–282, 289
Robust Wald test, 116, 134, 183, 240,

241, 281, 282, 289, 323, 324, 439,
440, 442, 455

Robust Wald test statistic, 116, 134,
183, 281, 282, 289, 323, 324, 440,
442, 455

Sample autocorrelation function, 253
Sample autocovariance, 253
Sample autocovariance function, 253,

274, 290, 291
Sample Hessian matrix, 411, 414, 415,

438
Sample path, 198, 210
Sample residual variance estimator,

89, 92, 96
Sample variance, 80, 92, 99, 137
Sampling distribution, 86, 87, 94, 96,

99, 102, 103, 105, 146, 148
Score function, 405, 413, 414, 420,

421, 434, 436, 437, 442, 443,
446–449, 451, 452

Second order condition, 46
Self-normalization, 289
Serial correlation, 74, 125, 128, 129,

131–134, 245, 247–255, 257, 259,
260

Serial dependence, 207, 209, 246, 247
Significance level, 102, 105–108, 120,

140, 146
Simultaneous equations bias, 300, 303
Size, 67, 68, 72, 73, 77, 84, 86, 94, 95,

102, 105, 107, 108, 132, 133, 274,
275, 288–291

SLLN, see Strong Law of Large



June 18, 2020 11:45 ws-book9x6 Foundations of Modern Econometrics Hong-ae-WS page 507

Index 507

Numbers

Slutsky’s theorem, 163, 165, 172, 179,
180, 182, 183

Smooth change, 475

Smooth structural change, 476, 477

Smooth Transition AutoRegressive,
466, 475

SOC, see Second order condition

Spectral density function, 207–210,
257, 258

Spectral density matrix, 272, 273

Spherical error variance, 73

Spot exchange rates, 101, 267

Spurious regression, 82, 223, 224

Spurious regression model, 224

Spurious relationship, 30

SSR, see Sum of squared residuals

Standardized spectral density, 208,
258

Standardized spectral density
function, 208, 258

Standardized Student’s t-distribution,
432

STAR, see Smooth Transition
AutoRegressive

Static regression model, 223, 246,
250–255, 259

Stationarity, 202, 474, 476, 483

Stationary time series, 459, 463, 466,
474–477, 484

Statistical learning, 482

Statistics, 10, 14, 24

Stochastic process, 208, 222, 223, 257

Stochastic time series process, 198,
202, 204

Strict exogeneity, 69, 70, 92

Strict stationarity, 202–205, 219

Strictly exogenous variable, 71

Strong convergence, 159

Strong exogeneity, 71

Strong Law of Large Numbers, 159,
167

Structural break, 475

Structural change, 123, 143, 475, 476

Structural VAR model, 428, 429

Student’s t-distribution, 99, 104, 127,
146

Sum of squared residuals, 75, 77, 113,
115, 142–144

Survival analysis, 18, 387

Survival function, 387, 388

Symmetric and idempotent matrix,
419

Symmetric matrix, 419, 427, 439

t-test, 106, 108, 112

t-test statistic, 99, 104, 107, 109, 111,
131, 135, 139, 140, 146, 179

Tall Big data, 481, 483

Taylor series approximation, 165

Taylor series expansion, 162, 165,
405, 411, 415–418, 440

Threshold ARCH model, 431

Threshold GARCH model, 431

Time domain analysis, 209

Time series, 197, 208, 209, 222, 255

Time series analysis, 197, 208, 209,
222, 255

Time series data, 199–202, 207

Time series data set, 199–202, 207

Time series random sample, 199

Time-varying STAR, 475

Tobit model, 394

Trace operator, 92

Traditional data, 479–481, 483

Translog function, 31

Treatment effect, 471

Trend-stationary process, 210–212,
218, 220

True model parameter, 50, 59, 61, 64

True parameter value, 49, 52, 396,
402–404, 411, 418, 426, 428, 431,
432

Truncated kernel, 276, 277

Truncated regression model, 395

Two-stage least squares, 302, 303,
306–314, 324, 325, 329, 331,
334–336, 338, 341

Type I error, 106, 107

Type II error, 107
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Ultra-high frequency financial
econometrics, 388

Unbalanced panel data, 330
Unbiasedness, 88
Unbiasedness hypothesis, 266, 267
Unbiasedness property, 92
Uncentered R2, 78
Uniform convergence, 353–355, 364
Uniform strong law of large numbers,

354
Uniform WLLN, 401, 409, 411, 414,

438, 444, 453, 454
Unit root, 217–220
Unit root process, 217–220
Univariate ARMA model, 427
Univariate time series analysis, 392
Unrestricted model, 113, 115, 118,

142, 143
Uptailed critical value, 106
USLLN, see Uniform strong law of

large numbers
UWLLN, see Uniform WLLN

Value at risk, 384
Vanishing variance, 88, 135
VaR, see Value at risk
VAR model, 429
Variance estimation, 96
Variance ratio, 284–286, 290, 291
Variance ratio test, 284–286, 290, 291
Variation-free parameter, 392, 398
Variation-free parameter space, 397
Vasicek’s model, 389, 390
vech, 185, 186, 194, 195
vech operator, 185

Volatility, 2, 17, 24
Volatility clustering, 2, 9, 16, 17

Wage determination, 124, 237
Wage-Price spiral model, 301
Wald test, 116, 234, 240, 241, 323,

324, 368, 369, 376, 379
Wald test statistic, 116, 184, 323,

324, 368, 369, 376, 379, 415, 416,
422, 440, 442, 453–455

Weak convergence, 153
Weak exogeneity, 469
Weak instrumental variables, 470, 482
Weak law of large numbers, 154, 155,

169, 174, 176, 177
Weak stationarity, 204, 205
Wealth effect, 119
Weighting matrix, 350, 352, 353,

361–363, 365, 371–373, 375, 376,
378, 382

White noise, 205, 209, 210, 215–217,
239, 257, 259

White’s heteroskedasticity-consistent
variance-covariance matrix
estimator, 177, 188, 192

White’s test for conditional
heteroskedasticity, 187, 188

Within estimator, 331
WLLN, see Weak law of large

numbers
WN, see White noise
Wold’s decomposition, 205, 207

Zero mean ergodic stationary process,
278
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