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Preface

Modern economies are full of uncertainties and risk. Economics studies
resource allocations in an uncertain market environment. As a generally
applicable quantitative analytic tool for uncertain events, probability and
statistics have been playing an important role in economic research. Econo-
metrics is statistical analysis of economic and financial data. In the past
four decades or so, economics has witnessed a so-called “empirical revolu-
tion” in its research paradigm, and as the main methodology in empirical
studies in economics, econometrics has been playing an important role. It
has become an indispensable part of training in modern economics, business
and management. This book develops a coherent set of econometric the-
ory, methods and tools for economic models. It is written as a textbook for
graduate students in economics, business, management, statistics, applied
mathematics, and related fields. It can also be used as a reference book on
econometric theory by scholars who may be interested in both theoretical
and applied econometrics.

The book is organized in a coherent manner. Chapter 1 is an intro-
duction to econometrics. It first describes two most important features
of modern economics, namely mathematical modeling and empirical val-
idation, and then discusses the role of econometrics as a methodology in
empirical studies in economics. A number of motivating economic examples
are given to illustrate how econometrics can be used in empirical studies.
Finally, it points out the limitations of econometrics due to the fact that
an economy is not a repeatedly controlled experiment. Assumptions and
careful interpretations are needed when conducting empirical studies in
economics.

Chapter 2 provides a general regression analysis. Regression analysis
is modeling, estimation, inference, and specification analysis of the con-
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ditional mean of economic variables of interest given a set of explanatory
variables. It is most widely applied in economics. Among many other
things, this chapter interprets the mean squared error and its optimizer—
conditional mean, which lays down the probability-theoretic foundation for
least squares estimation. In particular, it provides an interpretation for
the least squares estimator and its relationship with the true parameter
value of a correctly specified regression model. The importance of correct
model specification for valid economic interpretation of model parameters
is emphasized.

Chapter 3 introduces the classical linear regression analysis. A set of
classical assumptions are first given and discussed, and conventional statis-
tical procedures for estimation, inference, and hypothesis testing are then
introduced. The roles of conditional homoskedasticity, serial uncorrelat-
edness, and normality of the disturbance of a linear regression model are
analyzed in a finite sample econometric theory. We also discuss the gen-
eralized least squares estimation as an efficient estimation method for a
linear regression model when the variance-covariance matrix is known up
to a constant. In particular, the generalized least squares estimation is in-
terpreted as an ordinary least squares estimation of a suitably transformed
regression model via conditional variance scaling and autocorrelation filter-
ing. Chapter 3 is the foundation of modern econometrics and the starting
point for us to present modern econometric theory.

The subsequent Chapters 4 to 7 are the generalizations of classical linear
regression analysis when various classical assumptions fail. A large sample
theoretic approach is taken. For this purpose, Chapter 4 first reviews ba-
sic analytic methods and tools in large sample or asymptotic theory, and
then relaxes the normality and conditional homoskedasticity assumptions,
two key conditions assumed in the classical linear regression modeling. For
simplicity, it is assumed that the observed data are generated from an inde-
pendent and identically distributed random sample. It is shown that while
the finite distributional theory is no longer valid, the classical statistical
procedures are still approximately applicable when the sample size is large,
provided conditional homoskedasticity holds. In contrast, if the data dis-
plays conditional heteroskedasticity, classical statistical procedures are not
applicable even for large samples, and heteroskedasticity-robust procedures
will be called for. Tests for existence of conditional heteroskedasticity in a
linear regression framework are introduced.

Chapter 5 extends the linear regression theory to stationary time series
data. First, it introduces a variety of basic concepts in time series analysis.
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Then it shows that the large sample theory for independent and identically
distributed random samples carries over to ergodic stationary time series
data if the regression error follows a martingale difference sequence. We
introduce tests for serial correlation, and tests for conditional heteroskedas-
ticity and autoregressive conditional heteroskedasticity in a time series re-
gression framework. We also discuss the impact of autoregressive condi-
tional heteroskedasticity on inferences of static time series regressions and
dynamic time series regressions respectively.

Chapter 6 extends the large sample theory to a very general case where
there exist conditional heteroskedasticity and autocorrelation in a linear
regression model. In this case, the classical regression theory cannot be
used, and a long-run variance-covariance matrix estimator is called for to
validate statistical inferences in a time series regression framework.

Chapter 7 is the instrumental variables estimation for linear regres-
sion models, where the regression disturbance is correlated with regressors.
This can arise due to measurement errors, simultaneous equations biases,
omitted variables, and other various reasons. When the regression error is
correlated with the regressors, we usually call that there exists endogeneity.
In Chapter 7, a two-stage least squares estimation method and related sta-
tistical inference procedures are fully exploited to deal with endogeneity.
This is a popular procedure to estimate an economic causal relationship
when data are not generated from a randomized or controlled experiment.
We also introduce Hausman’s (1978) test for endogeneity.

Chapter 8 introduces the generalized method of moments, which is a
popular estimation method for possibly nonlinear econometric models char-
acterized as a set of moment conditions. Indeed, most economic theories,
such as rational expectations in macroeconomics, can be formulated by a
moment condition. The generalized method of moments is particularly suit-
able to estimate model parameters contained in the moment conditions for
which the conditional distribution is usually not available. It also provides
a convenient framework to view many econometric estimation methods.

Chapter 9 introduces the maximum likelihood estimation and quasi-
maximum likelihood estimation methods for conditional probability mod-
els and many other nonlinear econometric models, such as discrete choice
models, censored regression models, truncated regression models, duration
or survival models, and volatility models. We exploit important impli-
cations of correct specification of a conditional distribution model, and
discuss the analogy between the martingale difference sequence property
of the score function and serial uncorrelatedness of the regression error as
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well as the analogy between the conditional information equality and condi-
tional homoskedasticity. These links provide a great help in understanding
the large sample properties of the maximum likelihood estimator and the
quasi-maximum likelihood estimator.

Chapter 10 first summarizes the main contents covered in Chapters 2
to 9. Then starting from a review of the key assumptions of a classical lin-
ear regression model, this chapter describes how modern econometrics has
been developed by generalizing the classical assumptions. Finally, it dis-
cusses some opportunities and challenges which Big data brings to modern
econometrics.

This book has several important features. First, it covers, in a pro-
gressive manner, various econometrics models and related methods from
conditional means to possibly nonlinear conditional moments to the entire
conditional distributions, and this is achieved in a unified and coherent
framework. There exists a strong logical link among the materials covered
in different chapters of the book.

Second, the book provides various intuitions, explanations and poten-
tial applications for important econometric concepts, theories and methods
from an economic perspective. Economic examples are also provided to
motivate important econometric methods and models. Such training is
indispensable in teaching and learning econometrics.

Third, the book emphasizes basic training in asymptotic analysis. It
first provides a brief review of asymptotic analytic methods and tools, and
then show how they are used to develop the econometric theory in each
chapter. Asymptotic analysis helps readers gain deep insight into modern
econometric theory, particularly the conditions under which the economet-
ric theory, methods and models are valid and applicable. By going through
various chapters in this book progressively, readers will learn how to do
asymptotic analysis for econometric models. Such skills are useful not only
for those students who intend to work on theoretical econometrics, but also
for those who intend to work on applied subjects in economics because with
such analytic skills, readers will be able to understand more specialized or
more advanced econometrics textbooks.

As a prerequisite, students are required to have a solid background in
probability and statistics equivalent in both context and level to the text-
book entitled as Probability and Statistics for Economists by Hong (2017).
The present book is based on my lecture notes taught at Cornell Uni-
versity, Renmin University of China, Shandong University, Shanghai Jiao-
tong University, Tsinghua University, and Xiamen University, where grad-
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Chapter 1

Introduction to Econometrics

Abstract: Econometrics has become an integral part of training in mod-
ern economics and business. Together with microeconomics and macroeco-
nomics, econometrics has been taught as one of the three core courses in
most undergraduate and graduate economic programs in the world. This
chapter discusses the philosophy and methodology of econometrics in eco-
nomic research, the roles and limitations of econometrics, and the differ-
ences between econometrics and mathematical economics as well as mathe-
matical statistics. A variety of illustrative econometric examples are given,
which cover various fields of economics and finance.

Keywords: Data Generating Process (DGP), Econometrics, Probability
law, Quantitative analysis, Statistics

1.1 Introduction

Econometrics has become an integrated part of teaching and research in
modern economics. The importance of econometrics has been increas-
ingly recognized over the past several decades. In this chapter, we will
discuss the philosophy and methodology of econometrics in economic re-
search. First, we will discuss the quantitative feature of modern economics,
and the differences between econometrics and mathematical economics as
well as mathematical statistics. Then we will focus on the important roles
of econometrics as a fundamental methodology in economic research via a
variety of illustrative economic examples including the consumption func-
tion, marginal propensity to consume and multipliers, rational expectations
models and dynamic asset pricing, the constant return to scale and regula-
tions, evaluation of effects of economic reforms in a transitional economy,
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the efficient market hypothesis, modeling uncertainty and volatility, and du-
ration analysis in labor economics and finance. These examples range from
econometric analysis of the conditional mean to the conditional variance
and the conditional distribution of economic variables of interest, given a
suitable information set. We will also discuss the limitations of economet-
rics, mainly due to the nonexperimental nature of economic data and the
time-varying nature of econometric structures.

1.2 Quantitative Features of Modern Economics

Modern market economies are full of uncertainties and risk. When economic
agents make decisions, the outcomes are usually unknown in advance and
economic agents will take this uncertainty into account in their decision-
making. Modern economics is a study on scarce resource allocations in
an uncertain market environment. Generally speaking, modern economics
can be roughly classified into four categories: macroeconomics, microeco-
nomics, financial economics, and econometrics. Of them, macroeconomics,
microeconomics and econometrics now constitute the core courses for most
economic doctoral programs in the world, while financial economics is now
mainly being taught in business and management schools.

Most doctoral programs in economics emphasize quantitative analysis.
Quantitative analysis consists of mathematical modeling and statistical-
based empirical studies. To understand the roles of quantitative analysis,
it may be useful to first describe the general process of modern economic
research. Like most natural science, the general methodology of modern
economic research can be roughly summarized as follows:

e Step 1: Data collection and summary of empirical stylized facts.
The so-called empirical stylized facts are often summarized from
observed economic data. For example, in microeconomics, a well-
known stylized fact is the Engel curve, which characterizes that the
share of a consumer’s expenditure on food out of her or his total
income will vary as his/her income changes; in macroeconomics, a
well-known stylized fact is the Phillips (1958) curve, which char-
acterizes a negative correlation between the inflation rate and the
unemployment rate in an aggregate economy; and in finance, a well-
known stylized fact about financial markets is volatility clustering,
that is, a high volatility today tends to be followed by another high
volatility tomorrow, a low volatility today tends to be followed by
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another low volatility tomorrow, and both patterns alternate over
time. The empirical stylized facts often serve as a starting point
for economic research. For example, the development of unit root
and cointegration econometrics was mainly motivated by the em-
pirical study of Nelson and Plosser (1982) who documented that
most macroeconomic time series are unit root processes.

e Step 2: Development of economic theories/models. With the em-
pirical stylized facts in mind, economists then develop an economic
theory or model in order to explain them, among other things.
This usually calls for specifying a mathematical model of economic
theory. In fact, the objective of economic modeling is not merely
to explain the stylized facts, but to understand the mechanism
governing the economy and to predict the future evolution of the
economy.

e Step 3: Empirical verification of economic models. Often, eco-
nomic theory only suggests a qualitative economic relationship. It
does not provide any concrete functional form. In the process of
transforming a mathematical model into an empirically testable
econometric model, one often has to assume some functional form,
up to some unknown model parameters. One needs to estimate
unknown model parameters based on the observed data, and check
whether the econometric model is adequate. An adequate model
should be at least consistent with the observed data, particularly
with the empirical stylized facts.

e Step 4: Applications. After an econometric model passes the em-
pirical evaluation, it can then be used to test economic theories
or hypotheses, to forecast future evolution of the economy, and to
conduct policy evaluation and make policy recommendations.

For an excellent example highlighting these four steps, see Gujarati
(2006, Section 1.3) on labor force participation. We note that not every
economist or every research paper has to complete these four steps. In
fact, it is not uncommon that each economist may only work on research
belonging to a certain stage in his/her entire academic lifetime.

From the general methodology of economic research, we see that modern
economics has two important features: one is mathematical modeling for
economic theory, and the other is statistical-based empirical analysis for
economic phenomena. These two features arise from the effort of several
generations of economists to make economics a “science”. To be a science,
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any theory must fulfill two criteria: one is logical consistency and coherency
in theory itself, and the other is consistency between theory and stylized
facts. Mathematics and econometrics serve to help fulfill these two criteria
respectively. Indeed, this has been the main objective of the Econometric
Society. The setup of the Nobel Memorial Prize in economics in 1969 may
be viewed as the recognition of economics as a science in the academic
profession, and the first Nobel prizes in economics were given to two well-
known econometricians—Ragnar Frisch and Jan Tinbergen.

1.3 Mathematical Modeling

We first discuss the role of mathematical modeling in economics. Why do
we need mathematics and mathematical models in economics? It should
be pointed out that there are many ways or tools (e.g., graphical methods,
verbal descriptions, and mathematical models) to present economic theory.
Mathematics is just one of them. To ensure logical consistency of the the-
ory, it is not necessary to use mathematics. Chinese medicine is an excellent
example of science without using mathematical modeling. However, math-
ematics is well-known as the most rigorous logical language. Any theory,
when it can be represented by the mathematical language, will ensure its
logical consistency and coherency, thus indicating that it has achieved a
rather sophisticated level. Indeed, as Karl Marx pointed out, the use of
mathematics is an indication of the mature development of a science.

It has been a long history to use mathematics in economics. In his Math-
ematical Principles of the Wealth Theory, Cournot (1838) was among the
earliest to use mathematics in economic analysis. Although the marginal
revolution in economics, which provides a cornerstone for modern eco-
nomics, was not proposed with the help of mathematics, it was quickly
found in the economic profession that the marginal concepts, such as
marginal utility, marginal productivity and marginal cost, correspond to the
derivative concepts in calculus. Walras (1874), a mathematical economist,
heavily used mathematics to develop his general equilibrium theory. The
game theory, which was proposed by Von Neumann and Morgenstern (1944)
and now becomes a core in modern microeconomics, originated from a
branch in mathematics.

Why does economics need mathematics? Briefly speaking, mathematics
plays a number of important roles in economics. First, the mathematical
language can summarize the essence of a theory in a rather concise man-
ner. For example, macroeconomics studies relationships between aggregate
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economic variables (e.g., Gross Domestic Product (GDP), consumption,
unemployment, inflation, interest rate, and exchange rate). A very impor-
tant macroeconomic theory was proposed by Keynes (1936). The classical
Keynesian theory can be summarized by two simple mathematical equa-
tions:

National Income identity: ¥ =C + I + G,
Consumption function: C' = a + 8Y,

where Y is income, C' is consumption, I is private investment, G is govern-
ment spending, « is the “survival level” consumption, and [ is the marginal
propensity to consume. Substituting the consumption function into the in-
come identity, arranging terms, and taking a partial derivative, we can
obtain the multiplier effect of government spending

ay 1

G 1-§
Thus, the essence of the Keynesian theory can be effectively summarized
by two mathematical equations.

Second, complicated logical analysis in economics can be greatly simpli-
fied by using mathematics. In introductory economics, economic analysis
can be done by verbal descriptions or graphical representations. These
methods are very intuitive and easy to grasp. One example is the partial
equilibrium analysis where a market equilibrium can be characterized by
the intersection of the demand curve and the supply curve. However, in
many cases, economic analysis cannot be done easily by verbal languages
or graphical representations. One example is the general equilibrium the-
ory first proposed by Walras (1874). This theory addresses a fundamen-
tal problem in economics, namely whether the market force can achieve
an equilibrium for a competitive market economy where there exist many
markets and when there exist mutual interactions between different mar-
kets. Suppose there are n goods, with demand D;(P), supply S;(P) for
good i, where P = (P, P, ..., P,)’ is a price vector for n goods. Then the
general equilibrium analysis addresses whether there exists an equilibrium
price vector P* such that all markets are clear simultaneously:

D;(P*) = S;(P*) for all i € {1,...,n}.

Conceptually simple, it is rather challenging to provide a definite answer be-
cause both the demand and supply functions could be highly nonlinear. In
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fact, Walras was unable to establish this theory formally. It was satisfacto-
rily solved by Arrow and Debreu many years later, when they used the fixed
point theorem in mathematics to prove the existence of an equilibrium price
vector. The power and magic of mathematics was clearly demonstrated in
the development of the general equilibrium theory in economics.

Third, mathematical modeling is a necessary path to empirical verifica-
tion of an economic theory. Most economic and financial phenomena are
in form of data (indeed we are in a digital eral). We need to “digitalize”
economic theory so as to link the economic theory to the observed data.
In particular, one needs to formulate economic theory into an empirically
testable mathematical model whose functional form or important structural
model parameters will be estimated from the observed data.

1.4 Empirical Validation

We now turn to discuss the second feature of modern economics: statistical-
based empirical analysis of an economic theory. Why is statistical-based
empirical analysis of an economic theory important? The use of mathe-
matics, although it can ensure logical consistency of a theory itself, cannot
ensure that economics is a science. An economic theory would be useless
from a practical point of view if the underlying assumptions are incorrect
or unrealistic. This is the case even if the mathematical treatment is free
of errors and elegant. As pointed out earlier, to be a science, an economic
theory must be consistent with reality. That is, it must be able to explain
historical stylized facts and predict future economic phenomena.

How to check a theory or model empirically? Or how to validate an
economic theory? In practice, it is rather difficult or even impossible to
check whether the underlying assumptions of an economic theory or model
are correct. Nevertheless, one can confront the implications of an economic
theory with the observed data to check if they are consistent. In the early
stage of economics, empirical validation was often conducted by case studies
or indirect verifications. For example, in his well-known Wealth of Nations,
Adam Smith (1776) explained the advantage of specialization using a case
study example. Such a method is still useful nowadays, but is no longer
sufficient for modern economic analysis, because economic phenomena are
much more complicated while data may be limited. For rigorous empirical
analysis, we need to use econometrics. Econometrics is the field of eco-
nomics that concerns itself with the application of mathematical statistics
and the tools of statistical inference to the empirical measurement of rela-
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tionships postulated by economic theory. It was founded as a scientific dis-
cipline around 1930 as marked by the founding of the Econometric Society
and the creation of the most influential economic journal—FEconometrica
in 1933.

Econometrics has witnessed a rather rapid development in the past sev-
eral decades, for a number of reasons. First, there is a need for empirical
verification of economic theory, for forecasts using economic models, and for
quantitative evaluation of economic policies and programs. Second, there
are more and more high-quality economic data available. Third, advance
in computing technology has made the cost of computation cheaper and
cheaper over time. In the 1950s and 1960s, economists used electromechan-
ical desk calculators to calculate regressions. Before 1970, it sometimes
took up to 24 hours to receive the result from one regression, but now we
do it in less than a second. The speed of computing grows faster than the
speed of data accumulation.

Although not explicitly stated in most of the econometric literature,
modern econometrics is essentially built upon the following fundamental
axioms:

e Any economy can be viewed as a stochastic process governed by
some probability law.

e Any economic phenomenon, as often summarized in form of data,
can be reviewed as a realization of this stochastic Data Generating
Process (DGP).

There is no way to verify these axioms. They are the philosophic views of
econometricians toward an economy. Not every economist or even econo-
metrician agrees with this view. For example, some economists view an
economy as a deterministic chaotic process which can generate seemingly
random numbers. However, most economists and econometricians (e.g.,
Granger and Terésvirta 1993, Lucas 1977) view that there are a lot of un-
certainty in an economy, and they are best described by stochastic factors
rather than deterministic systems. For instance, the multiplier-accelerator
model of Samuelson (1939) is characterized by a deterministic second-order
difference equation for aggregate output. Over a certain range of parame-
ters, this equation produces deterministic cycles with a constant period of
business cycles. Without doubt this model sheds deep insight into macroe-
conomic fluctuations. Nevertheless, a stochastic framework will provide a
more realistic basis for analysis of periodicity in economics, because the
observed periods of business cycles never occur evenly in any economy.
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Frisch (1933) demonstrates that a structural propagation mechanism can
convert uncorrelated stochastic impulses into cyclical outputs with uneven,
stochastic periodicity. Indeed, although not all uncertainties can be well
characterized by probability theory, probability is the best quantitative an-
alytic tool to describe uncertainties. The probability law of this stochastic
economic system, which characterizes the evolution of the economy, can
be viewed as the “law of economic motions.” Accordingly, the tools and
methods of mathematical statistics will provide the operating principles.

One important implication of the fundamental axioms is that one should
not hope to determine precise, and deterministic economic relationships, as
do the models of demand, production, and aggregate consumption in stan-
dard micro- and macro-economic textbooks. No model could encompass the
myriad essentially random aspects of economic life (i.e., no precise point
forecast is possible, using a statistical terminology). Instead, one can only
postulate some stochastic economic relationships. The purpose of econo-
metrics is to infer the probability law of the economic system using observed
data. Economic theory usually takes a form of imposing certain restrictions
on the probability law. Thus, one can test economic theories or hypotheses
by checking the validity of these restrictions.

It should be emphasized that the role of mathematics is different from
the role of econometrics. The main task of mathematical economics is to
express economic theory in the mathematical form of equations (or models)
without regard to measurability or empirical verification of economic the-
ory. Mathematics can check whether the reasoning process of an economic
theory is correct and sometime can give surprising results and conclusions.
However, it cannot check whether an economic theory can explain reality.
To check whether a theory is consistent with reality, one needs economet-
rics. Econometrics is a fundamental methodology in the process of economic
analysis. Like the development of a natural science, the development of
economic theory is a process of refuting the existing theories which cannot
explain newly arising empirical stylized facts and developing new theories
which can explain them. Econometrics rather than mathematics plays a
crucial role in this process. There is no absolutely correct or universally
applicable economic theory. Any economic theory can only explain the re-
ality at certain stage, and therefore, is a “relative truth” in the sense that
it is consistent with historical data available at that time. An economic
theory may not be rejected due to limited data information. It is possible
that more than one economic theory or model coexist simultaneously, be-
cause data does not contain sufficient information to distinguish the true
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one (if any) from false ones. When new data becomes available, a theory
that can explain the historical data well may not explain the new data well
and thus will be refuted. In many cases, new econometric methods can lead
to new discovery and call for new development of economic theory.

Econometrics is not simply an application of a general theory of mathe-
matical statistics to economic data. Although mathematical statistics pro-
vides many of the operating tools used in econometrics, econometrics often
needs special methods because of the unique nature of economic data, and
the unique nature of economic problems at hand. One example is the gen-
eralized method of moment estimation (Hansen 1982), which was proposed
by econometricians aiming to estimate rational expectations models which
only impose certain conditional moment restrictions characterized by the
Euler equation and the conditional distribution of economic processes is un-
known (thus, the classical maximum likelihood estimation cannot be used).
The development of unit root and cointegration (e.g., Engle and Granger
1987, Phillips 1987), which is a core in modern time series econometrics, has
been mainly motivated from Nelson and Plosser’s (1982) empirical docu-
mentation that most macroeconomic time series display unit root behaviors.
Thus, it is necessary to provide an econometric theory for unit root and
cointegrated systems because the standard statistical inference theory is
no longer applicable. The emergence of financial econometrics is also due
to the fact that financial time series display some unique features such as
persistent volatility clustering, heavy tails, infrequent but large jumps, and
serially uncorrelated but not independent asset returns. Financial applica-
tions, such as financial risk management, hedging and derivatives pricing,
often call for modeling for volatilities and the entire conditional probabil-
ity distributions of asset returns. The features of financial data and the
objectives of financial applications make the use of standard time series
analysis quite limited, and therefore, call for the development of finan-
cial econometrics. Labor economics is another example which shows how
labor economics and econometrics have benefited from each other. La-
bor economics has advanced quickly over the last few decades because of
availability of high-quality labor data and rigorous empirical verification
of hypotheses and theories on labor economics. On the other hand, mi-
croeconometrics, particularly panel data econometrics, has also advanced
quickly due to the increasing availability of microeconomic data and the
need to develop econometric theory to accommodate the features of mi-
croeconomic data (e.g., censoring and endogeneity).
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In the first issue of Econometrica, the founder of the Econometric So-
ciety, Fisher (1933), nicely summarizes the objective of the Econometric
Society and main features of econometrics: “Its main object shall be to
promote studies that aim at a unification of the theoretical-quantitative
and the empirical-quantitative approach to economic problems and that
are penetrated by constructive and rigorous thinking similar to that which
has come to dominate the natural sciences.

But there are several aspects of the quantitative approach to economics,
and no single one of these aspects, taken by itself, should be confounded
with econometrics. Thus, econometrics is by no means the same as eco-
nomic statistics. Nor is it identical with what we call general economic
theory, although a considerable portion of this theory has a definitely quan-
titative character. Nor should econometrics be taken as synonomous [sic|
with the application of mathematics to economics. Experience has shown
that each of these three view-points, that of statistics, economic theory, and
mathematics, is a necessary, but not by itself a sufficient, condition for a
real understanding of the quantitative relations in modern economic life. It
is the unification of all three that is powerful. And it is this unification that
constitutes econometrics.” Like advanced calculus, probability and statis-
tics are indispensable mathematical tools in econometrics and economics.

1.5 Illustrative Examples
Specifically, econometrics can play the following roles in economics:

e Examine how well an economic theory can explain historical eco-
nomic data (particularly the important stylized facts);

e Test validity of economic theories and hypotheses;

e Predict the future evolution of the economys;

e Conduct policy evaluation and make policy recommendations.

To appreciate the roles of modern econometrics in economic analysis,
we now discuss a number of illustrative econometric examples in various
fields of economics and finance.

Example 1.1. [Keynesian Model, Multiplier and Policy Recom-
mendation]: The simplest Keynesian model can be described by the
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system of equations

Y, =Ci+ I + Gy,
Ct:a—’_ﬂyi"_‘stv

where Y; is aggregate income, C is private consumption, I; is private in-
vestment, Gy is government spending, and e; is consumption shock. The
parameters o and § can have appealing economic interpretations: « is sur-
vival level consumption, and 3 is the marginal propensity to consume. The
multiplier of the income with respect to government spending is

Y; 1

G, 1-8’

which depends on the Marginal Propensity to Consume (MPC) .

To assess the effect of fiscal policies on the economy, it is important to
know the magnitude of 5. For example, suppose the Chinese government
wants to maintain a steady growth rate (e.g., an annual 8%) for its economy
by active fiscal policy. It has to figure out how many government bonds
to be issued each year. Insufficient government spending will jeopardize
the goal of achieving the desired growth rate, but excessive government
spending will cause budget deficit in the long run. The Chinese government
has to balance these conflicting effects and this crucially depends on the
knowledge of the value of 8. Economic theory can only suggest a positive
qualitative relationship between income and consumption. It never tells
exactly what 8 should be for a given economy. It is conceivable that 3
differs from country to country, because cultural factors may have impact on
the consumption behavior of an economy. It is also conceivable that 5 will
depend on the stage of economic development in an economy. Fortunately,
econometrics offers a feasible way to estimate 8 from observed data. In
fact, economic theory even does not suggest a specific functional form for
the consumption function. The linear functional form for the consumption
is assumed for convenience, not implied by economic theory. Econometrics
can provide a consistent estimation procedure for the unknown consumption
function. This is called the nonparametric method (see, e.g., Hardle 1990,
Pagan and Ullah 1999).

Example 1.2. [Rational Expectations and Dynamic Asset Pricing
Models]: Suppose a representative agent has a constant relative risk aver-
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sion utility

_ - t C,) = . tCt’Yi]‘
U=> pu a-ZﬁT,
t=0 t=0

where S > 0 is the agent’s time discount factor, v > 0 is the risk aversion
parameter, u(-) is the agent’s utility function in each time period, and C;
is consumption during period t. Let the information available to the agent
at time t be represented by the o-algebra I;—in the sense that any variable
whose value is known at time ¢ is presumed to be I;-measurable, and let
R, = P,/P,_1 be the gross return to an asset acquired at time ¢ — 1 at a
price of P;_1. The agent’s optimization problem is to choose a sequence of
consumptions {C}} over time to

max E(U)
{C:}

subject to the intertemporal budget constraint
Ci + Pigr < Wi + Pygi—1,

where ¢; is the quantity of the asset purchased at time ¢ and W; is the
agent’s period ¢ income. Define the marginal rate of intertemporal substi-

tution
0u(Ct41) y—1
a0, C
MES:+1(0) = e :< gl> 7
aC; ¢

where model parameter vector § = (3,~)’. Then the First Order Condition
(FOCQ) of the agent’s optimization problem can be characterized by

E [BMRS41(0)Rys1|1,] = 1.

That is, the marginal rate of intertemporal substitution discounts gross
returns to unity. This FOC is usually called the Euler equation of the
economic system (see Hansen and Singleton 1982 for more discussion).

How to estimate this model? How to test validity of a rational expecta-
tions model? Here, the traditional popular maximum likelihood estimation
method cannot be used, because one does not know the conditional dis-
tribution of economic variables of interest. Nevertheless, econometricians
have developed a consistent estimation method based on the conditional
moment condition or the Euler equation, which does not require knowledge
of the conditional distribution of the data generating process. This method
is called the generalized method of moments (see Hansen 1982).
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In the empirical literature, it was documented that the empirical es-
timates of risk aversion parameter v are often too small to justify the
substantial difference between the observed returns on stock markets and
bond markets (e.g., Mehra and Prescott 1985). This is the well-known eq-
uity premium puzzle. To resolve this puzzle, effort has been devoted to the
development of new economic models with time-varying and large risk aver-
sion. An example is Campbell and Cochrance’s (1999) consumption-based
capital asset pricing model. This story confirms our earlier statement that
econometric analysis calls for new economic theory after documenting the
inadequacy of the existing model.

Example 1.3. [Production Function and Hypothesis of Constant
Return to Scale]: Suppose that for some industry, there are two inputs—
labor L; and capital stock K;, and one output Y;, where i is the index for
firm 4. The production function of firm 4 is a mapping from inputs (L;, K;)
to output Y;:

Y; = exp(&;)F(Ls, K;),

where ¢; is a stochastic factor (e.g., the uncertain weather condition if Y;
is an agricultural product). An important economic hypothesis is that the
production technology displays a Constant Return to Scale (CRS), which
is defined as follows:

AF(L;, K;) = F(AL;, AK;) for all A > 0.

CRS is a necessary condition for the existence of a long-run equilibrium
of a competitive market economy. If CRS does not hold for some indus-
try, and the technology displays the Increasing Return to Scale (IRS), the
industry will lead to natural monopoly. Government regulation is then nec-
essary to protect consumers’ welfare. Therefore, testing CRS versus IRS
has important policy implication, namely whether regulation is necessary.

A conventional approach to testing CRS is to assume that the produc-
tion function is a Cobb-Douglas function:

F(L;, K;) = Aexp(e;) LOK?.
Then CRS becomes a mathematical restriction on parameters (a, 5):
Hy:a+p8=1.

If a + 8 > 1, the production technology displays IRS.
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In statistics, a popular procedure to test one-dimensional parameter re-
striction is the classical Student’s ¢t-test. Unfortunately, this procedure is
not suitable for many cross-sectional economic data, which usually display
conditional heteroskedasticity (e.g., a larger firm has a larger output vari-
ation). One needs to use a robust and heteroskedasticity-consistent test
procedure, originally proposed in White (1980).

It should be emphasized that CRS is equivalent to the statistical hypoth-
esis Hp : a + 8 = 1 under the assumption that the production technology
is a Cobb-Douglas function. This additional condition is not part of the
CRS hypothesis and is called an auxiliary assumption. If the auxiliary as-
sumption is incorrect, the statistical hypothesis Hy : o + 8 = 1 will not
be equivalent to CRS. Correct model specification is essential for a valid
conclusion and interpretation for the econometric inference.

Example 1.4. [Effect of Economic Reforms in Transitional Econ-
omy]: We now consider an extended Cobb-Douglas production function
(after taking a logarithmic operation)

InY;; =InA;; + aln L + B1n K + vyBonus;; + dContract;; + €54,

where ¢ is the index for firm ¢ € {1,..., N}, and t is the index for year
t € {1,...,T}, Bonus;; is the proportion of bonus out of total wage bill,
and Contract;; is the proportion of workers who have signed a fixed-term
contract. This is an example of the so-called panel data model (see, e.g.,
Hsiao 2003).

Paying bonuses and signing fixed-term contracts were two innovative
incentive reforms in the Chinese state-owned enterprises in the 1980s, com-
pared to the fixed wage and life-time employment systems in the pre-reform
era. Economic theory predicts that the introduction of the bonus and con-
tract systems provides stronger incentives for workers to work harder, thus
increasing the productivity of a firm (see Groves, Hong, McMillan and
Naughton 1994).

To examine the effects of these incentive reforms, we consider the null
statistical hypothesis

HQZ ’)/1610

It appears that the classical t-tests or F-tests would serve our purpose here,
if we can assume conditional homoskedasticity. Unfortunately, this cannot
be used because there may well exist the other way of causation from Yj;
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to Bonus;; : a productive firm may pay its workers higher bonuses regard-
less of their efforts. This will cause correlation between the bonuses and
the error term w;¢, rendering the Ordinary Least Squares (OLS) estimator
inconsistent and invalidating the classical ¢-tests or F-tests. Fortunately,
econometricians have developed an important estimation procedure called
Instrumental Variables (IV) estimation, which can effectively filter out the
impact of the causation from output to bonus and obtain a consistent es-
timator for the bonus parameter. Related hypothesis test procedures can
be used to check whether bonus and contract reforms can increase firm
productivity. IV regression has been a popular methodology to identify
economic causal relationships based on nonexperimental observations.

In evaluating the effect of economic reforms, we have turned an economic
hypothesis—that introducing bonuses and contract systems has no effect
on productivity—into a statistical hypothesis Hy : § = v = 0. When the
hypothesis Hy : 6 =« = 0 is not rejected, we should not conclude that the
reforms have no effect. This is because the extended production function
model, where the reforms are specified additively, is only one of many ways
to check the effect of the reforms. For example, one could also specify
the model such that the reforms affect the marginal productivities of labor
and capital (i.e., the coefficients of labor and capital). Thus, when the
hypothesis Hy : 6 = v = 0 is not rejected, we can only say that we do
not find evidence against the economic hypothesis that the reforms have no
effect. We should not conclude that the reforms have no effect.

Example 1.5. [Efficient Market Hypothesis (EMH) and Predict-
ability of Financial Returns]: Let Y; be the stock return in period ¢,
and let I;_1 = {Y;—1, Y;_2, ...} be the information set containing the history
of past stock returns. The weak form of EMH states that it is impossible
to predict future stock returns using the history of past stock returns:

E(Yi|I;-1) = E(Y}).

The left hand side, the so-called conditional mean of Y; given I;_1, is the
expected return that can be obtained when one is fully using the informa-
tion available at time t — 1. The right hand side, the unconditional mean
of Y;, is the expected market average return in the long-run; it is the ex-
pected return of a buy-and-hold trading strategy. When EMH holds, the
past information of stock returns has no predictive power for future stock
returns. An important implication of EMH is that mutual fund managers
will have no informational advantage over layman investors.
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EMH is a model-free hypothesis. One simple way to test EMH is to
consider the following AutoRegressive (AR) model

p
Y =ap+ Zaj}/t—j + &¢,
j=1

where p is a pre-selected number of lags, and ¢; is a random disturbance.
This linear model is called an AR(p) model. EMH implies

HO:a1:a2:-~-:ap:O.

Any nonzero coefficient a;,1 < j < p, is evidence against EMH. Thus,
to test EMH, one can test whether the o; are jointly zero. The classical
F-test in a linear regression model can be used to test the hypothesis Hy
when var(g|I;_1) = 02, i.e., when there exists conditional homoskedastic-
ity. However, EMH may coexist with volatility clustering, which is one of
the most important empirical stylized facts of financial markets and which
implies that var(e¢|I;—1) is time-varying. Therefore, the standard F-test
statistic cannot be used here, even asymptotically. Similarly, the popular
Box and Pierce’s (1970) portmanteau @ test, which is based on the sum of
the first p squared sample autocorrelations, also cannot be used, because
its asymptotic x? distribution is invalid in presence of autoregressive con-
ditional heteroskedasticity. One has to use procedures that are robust to
conditional heteroskedasticity.

Like the discussion in Example 1.4, when one rejects the null hypoth-
esis Hy that the o; are jointly zero, we have evidence against EMH. Fur-
thermore, the linear AR(p) model has predictive ability for asset returns.
However, when one fails to reject the hypothesis Hy that the a; are jointly
zero, one can only conclude that we do not find evidence against EMH.
One cannot conclude that EMH holds. The reason is, again, that the linear
AR(p) model is one of many possibilities to check EMH (see, e.g., Hong
and Lee 2005, for more discussion).

Example 1.6. [Volatility Clustering and ARCH Model]: Since the
1970s, oil crisis, the floating foreign exchanges system, and the high interest
rate policy in the U.S. have stimulated a lot of uncertainty in the world
economy. Economic agents have to incorporate the uncertainty in their
decision-making. How to measure uncertainty has become an important
issue.



Introduction to Econometrics 17

In economics, volatility is a key instrument for measuring uncertainty
and risk in finance. This concept is important to investigate information
flows and volatility spillover, financial contagions between financial markets,
options pricing, and calculation of Value at Risk (VaR).

Volatility can be measured by the conditional variance of asset return
Y; given the information available at time ¢ — 1:

of =var(Yy|li—1) = E [(Y: — E(Yy|L;-1))*|1i-1] .

An example of the conditional variance is the AutoRegressive Conditional
Heteroskedasticity (ARCH) model, originally proposed by Engle (1982).
An ARCH(q) model assumes that

Yi = pu +er,

€t = OtZt,

Ht = E(Y;:‘It—l)a

of =a+3Y1 Bt a>0,>0,
{21} ~ 1ID(0, 1),

where IID stands for Independent and Identically Distributed. This model
can explain a well-known stylized fact in financial markets—volatility clus-
tering: a high volatility tends to be followed by another high volatility, and
a small volatility tends to be followed by another small volatility. It can
also explain the non-Gaussian heavy tail of asset returns. More sophisti-
cated volatility models, such as Bollerslev’s (1986) Generalized ARCH or
GARCH model, have been developed in time series econometrics.

In practice, an important issue is how to estimate a volatility model.
Here, the models for the conditional mean u; and the conditional variance
o? are assumed to be correctly specified, but the conditional distribution of
Y; is unknown, because the distribution of the standardized innovation {z;}
is unknown. Thus, the popular Maximum Likelihood Estimation (MLE)
method cannot be used. Nevertheless, one can assume that {z;} is IID
N(0,1) or follows other plausible distribution. Under this assumption, we
can obtain a conditional distribution of Y; given I; 1 and estimate model
parameters using the MLE procedure. Although {z;} is not necessarily IID
N(0,1) and we know this, the estimator obtained this way is still consistent
for the true model parameters. However, because the conditional distribu-
tion of z; given I; 1 is likely to be misspecified, the asymptotic variance of
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this estimator is generally larger than that of MLE (which is based on the
true distribution of {z;}). This is the cost one has to pay not knowing the
true distribution of {z;}. This method is called the Quasi-MLE, or QMLE
(see, e.g., White 1982 and 1994). Inference procedures based on QMLE are
different from those based on MLE. For example, the popular likelihood
ratio test cannot be used. The difference comes from the fact that the
asymptotic variance of QMLE is different from that of MLE, just like the
fact that the asymptotic variance of the OLS estimator under conditional
heteroskedasticity is different from that of the OLS estimator under con-
ditional homoskedasticity. Incorrect calculation of the asymptotic variance
estimator for QMLE will lead to misleading inference and conclusion (see
White 1982, 1994 for more discussion).

Example 1.7. [Modeling Economic Durations|: Suppose we are in-
terested in the time it takes for an unemployed person to find a job, the
time that elapses between two trades or two price changes, the time length
of a strike, the time length before a cancer patient dies, the time length
before a financial crisis (e.g., credit default risk) comes out, the time length
before a startup technology firm goes bankrupt, and the time length before
a family gets out of poverty. Such analysis is called duration analysis or
survival analysis.

In practice, the main interest often lies in the question of how long a
duration will continue, given that it has not finished yet. The so-called
hazard rate or hazard function measures the chance that the duration will
end now, given that it has not ended before. This hazard rate therefore can
be interpreted as the chance to find a job, to trade, to end a strike, etc.

Suppose random variable T; is the duration from a population distribu-
tion with Probability Density Function (PDF) f(¢) and Cumulative Distri-
bution Function (CDF) F(¢). Then the survival function is

S(t) = P(T; > t) = 1 — F(t),

and the hazard rate

L PU<T <t+8T,>t) (1)
At) = Jim, 5 ON

Intuitively, the hazard rate A(t) is the instantaneous probability that an
event of interest will end at time ¢ given that it has lasted for period t.
Note that the specification of A(t) is equivalent to a specification of the
PDF f(t). But A(t) is more interpretable from an economic point of view.
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The hazard rate may not be the same for all individuals. To control het-
erogeneity across individuals, we assume that the individual-specific hazard
rate depends on some individual characteristics X; via the form

Ai(t) = exp(X;B)A(t).

This is called the proportional hazard model, originally proposed by Cox
(1972). The parameter

0 1 0

8=

can be interpreted as the marginal relative effect of X; on the hazard rate
of individual 7. Inference of 8 will allow one to examine how individual
characteristics affect the duration of interest. For example, suppose T; is the
unemployment duration for individual ¢, then the inference of  will allow
us to examine how individual characteristics, such as age, education and
gender, can affect the unemployment duration. This will provide important
policy implication on labor markets.
Because one can obtain the conditional PDF of Y; given X;

where the survival function S;(t) = exp[— fo s)ds], we can estimate § by
the MLE method.

For an excellent survey on duration analysis in labor economics, see
Kiefer (1988), and for a complete and detailed account, see Lancaster
(1990). Duration analysis has been also widely used in credit risk mod-
eling in the recent financial literature.

The above examples, although not exhaustive, illustrate how economet-
ric models and tools can be used in economic analysis. As noted earlier, an
economy can be completely characterized by the probability law governing
the economy. In practice, which attributes (e.g., conditional moments) of
the probability law should be used depends on the nature of the economic
problem at hand. In other words, different economic problems will require
modeling different attributes of the probability law and thus require dif-
ferent econometric models and methods. In particular, it is not necessary
to specify a model for the entire conditional distribution function for all
economic applications. This can be seen clearly from the above examples.
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1.6 Limitations of Econometric Analysis

Although the general methodology of economic research is very similar to
that of natural science, in general, economics and finance have not reached
the mature stage that natural science (e.g., physics) has achieved. In par-
ticular, the prediction in economics and finance is not as precise as natural
science (see, e.g., Granger 2001, for an assessment of macroeconomic fore-
casting practice).

Why?

Like any other statistical analysis, econometrics is the analysis of the
“average behavior” of a large number of realizations, or the outcomes of
a large number of random experiments with the same or similar features.
However, economic data are not produced by a large number of repeated
random experiments, due to the fact that an economy is not a controlled
experiment. Most economic data are nonexperimental in their nature. This
imposes some limitations on econometric analysis.

First, as a simplification of reality, economic theory or model can only
capture the main or most important factors, but the observed data is the
joint outcome of many factors together, and some of them are unknown
and unaccounted for. These unknown factors are well presented but their
influences are ignored in economic modeling. This is unlike natural science,
where one can remove secondary factors via controlled experiments. In
the realm of economics, we are only passive observers; most data collected
in economics are nonexperimental in that the data collecting agency may
not have direct control over the data. As a result, it has been rather dif-
ficult, although not impossible, to identify the causal relationships among
economic variables. The recently emerging field of experimental economics
can help somehow, because it studies the behavior of economic agents un-
der controlled experiments (see, e.g., Samuelson 2005). In other words,
experimental economics controls the data generating process so that data
is produced by the factors under study. Nevertheless, the scope of experi-
mental economics is limited in many applications. One can hardly imagine
how an economy with 1.3 billion of people can be experimented. For ex-
ample, can we repeat the economic reforms in China and former Eastern
European Socialist countries?

Second, an economy is an irreversible or non-repeatable system. A
consequence of this is that data observed are a single realization of economic
variables. For example, we consider the annual Chinese GDP growth rate
{Y};} over the past two decades:
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Y1997 Y1998 Y1999 Y2000 Y2001 Y2002 Y2003 Y2004 Yo005 Yo00s Yooo7
9.2% 7.8% 7.7% 8.5% 8.3% 9.1% 10.0% 10.1% 11.4% 12.7% 14.2%

Yaoos Yaoos Ya010 Yaor1 Yaorz Yaors Yao1s Yaors Yaors Yaorr Yaors
9.7% 9.4% 10.6% 9.6% 7.9% 7.8% 7.3% 6.9% 6.7% 6.8% 6.6%

GDP growths in different years should be viewed as different random
variables, and each variable Y; only has one realization! There is no way
to conduct statistical analysis if one random variable only has a single
realization. As noted earlier, statistical analysis studies the “average” be-
havior of a large number of realizations from the same data generating
process. To conduct statistical analysis of economic data, economists and
econometricians often assume some time-invarying “common features” of
an economic system so as to use time series data or cross-sectional data of
different economic variables. These common features are usually termed as
“stationarity” or “homogeneity” of the economic system. With these as-
sumptions, one can consider that the observed data are generated from the
same population or populations with similar characters. Economists and
econometricians assume that the conditions needed to employ the tools of
statistical inference hold, but this is rather difficult, if not impossible, to
check in practice.

Third, economic relationships are often changing over time for an econ-
omy. Regime shifts and structural changes are rather a rule than an ex-
ception, due to technology shocks and changes in preferences, population
structure and institution arrangements. A well-known example is the so-
called Great Moderation of the U.S. macroeconomy, whose volatilities have
been declining since the 1980s (e.g., Bernanke 2004). Figures 1.1 and 1.2
are the time series plots of annual U.S. GDP growth rates and U.S. inflation
rates, from which one can see that volatilities of U.S. GDP growth rates
and inflation rates have been declining since mid-1980s. Indeed, similar
and perhaps more striking phenomena can also been observed for Chinese
GDP growth rates and inflation rates. Figures 1.3 and 1.4 show that the
volatilities of Chinese GDP growth rates and inflation rates have been de-
clining since the 1990s. An unstable economic relationship makes it dif-
ficult for out-of-sample forecasts and policy-making. With a structural
break, an economic model that was performing well in the past may not
forecast well in the future. Over the past several decades, econometri-
cians have made some progress to copy with the time-varying feature of an
economic system. Chow’s (1960) test, for example, can be used to check
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Figure 1.1 Time series plots of annual U.S. GDP growth rates.
Data source: http://data.worldbank.org
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Figure 1.2 Time series plots of annual U.S. inflation rates.

Data source: http://data.worldbank.org
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Figure 1.3 Time series plots of Chinese GDP growth rates.
Data source: http://data.worldbank.org

(%)
25

20

10

) ./-/ \ /'\__' / '/\ // l\..\_h‘/%_,_

0 \ /"'\_/ :

-,

1987 1990 1995 2000 2005 2010 2015

Figure 1.4 Time series plots of Chinese inflation rates.
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whether there exist structural breaks. Engle’s (1982) volatility model can
be used to forecast time-varying volatility using historical asset returns.
Nevertheless, the time-varying feature of an economic system always im-
poses a challenge for economic forecasts. This is quite different from natural
sciences, where the structure and relationships are more or less stable over
time.

Fourth, data quality. The success of any econometric study hinges on
the quantity as well as the quality of data. However, economic data may be
subject to various defects. The data may be badly measured or may corre-
spond only vaguely to the economic variables defined in the model. Some of
the economic variables may be inherently unmeasurable, and some relevant
variables may be missing from the model. Moreover, sample selection bias
will also cause a problem. In China, there may have been a tendency to
over-report or estimate the GDP growth rates given the existing institu-
tional promotion mechanism for local government officials. All these data
problems remain even in the current era of Big data, which consists of both
structured and unstructured data. The latter includes data in form of texts,
graphs, voices and videos. Of course, the advances in computer technology
and artificial intelligence, the development of statistical sampling theory
and practice can help improve the quality of economic data. For example,
the use of scanning machines makes every transaction data available.

The above features of economic data and economic systems together
unavoidably impose some limitations for econometrics to achieve the same
mature stage as the natural science.

1.7 Conclusion

In this chapter, we have discussed the philosophy and methodology of
econometrics in economic research, and the differences between economet-
rics and mathematical economics and mathematical statistics. We first
discussed two most important features of modern economics, namely math-
ematical modeling and empirical analysis. This is due to the effort of several
generations of economists to make economics a science. As the methodol-
ogy for empirical analysis in economics, econometrics is an interdisciplinary
field. It uses the insights from economic theory, uses statistics to develop
methods, and uses computers to estimate models. We then discussed the
roles of econometrics and its differences from mathematics, via a variety
of illustrative examples in economics and finance. Finally, we pointed out
some limitations of econometric analysis, due to the fact that any economy
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is not a controlled experiment and so most observed economic data are
nonexperimental in nature. It should be emphasized that these limitations
are not only the limitations of econometrics, but of economics as a whole.
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Exercise 1

1.1. Discuss the differences of the roles of mathematics and econometrics
in economic research.

1.2. What are the fundamental axioms of econometrics? Discuss their roles
and implications.

1.3. What are the limitations of econometric analysis? Discuss possible
ways to alleviate the impact of these limits.

1.4. How do you perceive the roles of econometrics in decision-making in
economics and business?



Chapter 2

General Regression Analysis

Abstract: This chapter introduces regression analysis, the most popular
statistical tool to explore the dependence of one variable (say Y') on oth-
ers (say X). The variable Y is called the dependent variable or response
variable, and X is called the independent variable or explanatory variable.
The regression relationship between X and Y can be used to study the
effect of X on Y or to predict Y using X. We motivate the importance of
the regression function from both the economic and statistical perspectives,
and characterize the condition for correct specification of a linear model for
the regression function, which is shown to be crucial for a valid economic
interpretation of model parameters.

Keywords: Conditional distribution, Conditional mean, Consumption
function, Correct model specification, Linear regression model, Marginal
Propensity to Consume (MPC), Model misspecification, Regression

2.1 Conditional Probability Distribution

Throughout this book, we use the following notational conventions: capital
letters (e.g., Y) denote random variables or random vectors, lower case
letters (e.g., y) denote realizations of random variables.

We assume that Z = (Y, X’)" is a random vector with E(Y?) < oo,
where Y is a scalar, X is a (k+ 1) x 1 vector of variables with its first
component being a constant, and X’ denotes the transpose of X. Given
this assumption, the conditional mean E(Y|X) exists and is well-defined.

Statistically speaking, the relationship between two random variables
or vectors X (e.g., oil price change) and Y (e.g., economic growth) can be
characterized by their joint distribution function. Suppose (X’,Y")’ are con-
tinuous random vectors, and the joint Probability Density Function (PDF)

27
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of (X',Y) is f(z,y). Then the marginal PDF of X is

i@ = [ " fa )y,

and the conditional PDF of Y given X =z is

fY|X(Z/\x) = ];f(’j)) )

provided fx(x) > 0. The conditional PDF fy|x(y|x) completely describes
how Y depends on X. In other words, it characterizes a predictive relation-
ship of Y using X. With this conditional PDF fy|x (y|z), we can compute
the following quantities:

e conditional mean
E(Y|x)= E(Y|X =2x)

= / yfyix (yl@)dy;

e conditional variance
var(Y|z) = var(Y|X = x)

- /Oo [y — E(Y|2)]* fyx (y|z)dy

— 0o

= B(Y?|z) - [E(Y]2)*;

e conditional skewness

E{[Y — E(Y]z)]|x}

SV) = mpr

e conditional kurtosis

E{YY — EQY o)},

K¥) = = e

e a-conditional quantile Q(x, ), which is determined by the follow-
ing equation:

PlY <Q(X,a)|X =z]=a€(0,1).
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Note that when a = %, Q(x, §) is the conditional median, which is
the cutoff point or threshold that divides the population into two
equal halves, conditional on X = z.

The class of conditional moments is a summary characterization of the con-
ditional distribution fy|x(y|z). A mathematical model (i.e., an assumed
functional form with a finite number of unknown parameters) for a condi-
tional moment is called an econometric model for that conditional moment.

Question: Which moment to model and use in practice?

It depends on economic applications. For some applications, we only
need to model the first conditional moment, namely the conditional mean.
For example, asset pricing aims at explaining excess asset returns by sys-
tematic risk factors. An asset pricing model is essentially a model for the
conditional mean of asset returns on risk factors. For others, we may have
to model higher order conditional moments and even the entire conditional
distribution. In econometric practice, the most popular models are the first
two conditional moments, namely the conditional mean and conditional
variance. There is no need to model the entire conditional distribution of
Y given X when only certain conditional moments are needed. For exam-
ple, when the conditional mean is of concern, there is no need to model the
conditional variance or impose restrictive conditions on it.

The conditional moments, and more generally the conditional probabil-
ity distribution of Y given X, are not the causal relationship from X to
Y. They are a predictive relationship from a statistical perspective. That
is, one can use the information on X to predict the distribution of Y or
its attributes. These probability concepts cannot tell whether the change
in Y is caused by the change in X. Such causal interpretation has to reply
on economic theory. Economic theory usually hypothesizes that a change
in Y is caused by a change in X, i.e., there exists a causal relationship
from X to Y. If such an economic causal relationship exists, we will find a
predictive relationship from X to Y. On the other hand, a documented pre-
dictive relationship from X to Y may not be caused by an economic causal
relationship from X to Y. For example, it is possible that both X and Y
are positively correlated due to their dependence on a common factor. As
a result, we will find a predictive relationship from X to Y, although they
do not have any causal relationship. In fact, it is well-known in economet-
rics that some economic variables that trend consistently upwards over time
are highly correlated even in the absence of any causal relationship between
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them. Such strong correlations are called spurious relationships. One of
the most important goals of econometric analysis is to identify economic
causal relationships using nonexperimental observations.

2.2 Conditional Mean and Regression Analysis

We now focus on the first conditional moment, E(Y|X), which is called the
regression function of Y on X, where Y is called the regressand, and X is
called the regressor vector. We note that the (k 4 1) x 1 regressor vector
X is usually constructed from a set of economic explanatory variables. For
example, X = (1,7, 72,...,Z%)", where Z is an economic variable such
as income or age. The term “regression” is used to signify a predictive
relationship between Y and X.

Definition 2.1. [Regression Function]: The conditional mean E(Y|X)
is called a regression function of Y on X.

Many economic theories can be characterized by the conditional mean
E(Y|X) of Y given X, provided X and Y are suitably defined. Most,
though not all, of dynamic economic theories and/or dynamic optimization
models, such as rational expectations, efficient market hypothesis (EMH),
expectations hypothesis, and optimal dynamic asset pricing, have impor-
tant implications on (and only on) the conditional mean of underlying eco-
nomic variables given the information available to economic agents (e.g.,
Cochrane 2001, Ljungqvist and Sargent 2002). For example, the classical
efficient market hypothesis states that the expected asset return given the
information available, is zero, or at most, is constant over time; the optimal
dynamic asset pricing theory implies that the expectation of the pricing er-
ror given the information available is zero for each asset (Cochrane 2001).
Although economic theory may suggest a nonlinear relationship, it does
not give a completely specified functional form for the conditional mean
of economic variables. It is therefore important to model the conditional
mean properly.

The term “regression” was coined by Galton (1877, 1885) in the nine-
teenth century to describe a biological phenomenon. The phenomenon was
that the heights of descendants of tall ancestors tend to regress down to-
wards a normal average, a phenomenon also known as regression toward the
mean. For Galton, regression had only this biological meaning, but his work
was later extended by Yule (1897) and Pearson (1903) to a more general
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statistical context. In the work of Yule and Pearson, the joint distribution
of the response and explanatory variables is assumed to be normal. This
assumption was weakened by Fisher (1922, 1925), who assumed that the
conditional distribution of the response variable is normal, but the joint
distribution need not be. In this respect, Fisher’s assumption is closer to
Gauss’ (1821) formulation.

Most commonly, regression analysis is concerned with the conditional
expectation of the dependent variable or response variable given the ex-
planatory variables, that is, the average value of the dependent variable
when the explanatory variables are fixed. Less commonly, the focus can
also be on a quantile, or other location parameter of the conditional distri-
bution of the dependent variable given the explanatory variables. For the
case of a conditional quantile, one usually calls it the quantile regression
function. In all cases, a function of the explanatory variables is loosely
called the regression function.

Conditional mean analysis or regression analysis is one of the most pop-
ular statistical methods in econometrics, and has wide applications in eco-
nomics. For example, it can be used to estimate economic relationships,
test economic hypotheses, predict the future evolution of the economy, and
conduct policy evaluation. Below are a few commonly seen examples.

Example 2.1. [Consumption Function]: Let Y be consumption, X be
disposable income. Then E(Y|X) = C(X) is called a consumption function,
which signifies how consumption depends on income. The first derivative
of the consumption function C(X) is called the Marginal Propensity to
Consume (MPC):

_dB(Y|X)

v
MPC = C'(X) %

MPC is a very important concept in Keynes’ multiplier effect analysis.
Furthermore, if Y denotes food consumption, then according to Engel’s
law, MPC is a decreasing function of X. Therefore, one can verify Engel’s
law by empirically testing whether C’(X) is a decreasing function of X.

Example 2.2. [Production Function]: Let Y be output, X be labor,
capital and raw materials. Then the regression function E(Y|X) = F(X) is
called a production function, which tells too much output can be produced
given the amount of inputs X. Most well-known examples of production
functions are the Cobb-Douglas and translog functions (see, Christiansen
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et al. 1971 and 1973). A production function can be used to test the
Constant Return to Scale (CRS) hypothesis. CRS is defined as follows:

AF(X) = F(AX) for all A > 0.

Example 2.3. [Cost Function]: Let Y be the production cost to pro-
duce output X. Then the regression function F(Y|X) = C(X) is called a
cost function. For a monopolistic firm or industry, its marginal cost is a
decreasing function of output X, namely,

dE(Y|X) ,
_— =

X C'(X) >0,
d’E(Y|X) o

This property implies that the cost function for a monopolistic firm is a
nonlinear function of output X. Therefore, a linear regression function of
X is inappropriate.

Before modeling F(Y'|X), we first discuss some probabilistic properties
of E(Y|X).

Lemma 2.1. E[E(Y|X)] = E(Y).

Proof: The result follows immediately from applying the law of iterated
expectations below.

Lemma 2.2. [Law of Iterated Expectations|: For any measurable
function G(X,Y),

E[GX,Y)] = E{E[G(X,Y)[X]},

provided the expectation E[G(X,Y)] exists.

Proof: We consider the case of the joint continuous distribution of
(Y, X') only. By the multiplication rule that the joint PDF f(x,y) =
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fyix (y|z) fx (), we have
G = [ [ Gl ey sy
[ Gl s sy
:[:UiGWthw@@jﬂﬂm

= [ BGOYIX = sl
— B{EIG(X,Y)|X]},

where the operator E(-|X) is the expectation with respect to fy|x(-|X),
and the operator E(-) is the expectation with respect to the marginal PDF
fx () of X. The law of iterated expectations is also called the law of total
expectations in probability theory. This completes the proof.

Question: How to interpret the law of iterated expectations from an eco-
nomic perspective?

We now provide some examples.

Example 2.4. Suppose Y is wage, and X is a gender dummy variable,
taking value 1 if an employee is female and value 0 if an employee is male.
Then

E(Y|X =1) = average wage of a female worker,

E(Y|X =0) = average wage of a male worker,
and the overall average wage

E(Y) = E[E(Y|X)]
=P(X =1)E(Y|X =1)+ P(X =0)E(Y|X =0),

where P(X = 1) is the proportion of female employees in the labor force,
and P(X = 0) is the proportion of the male employees in the labor force.
The use of the law of iterated expectations here thus provides some insight
into the income distribution between genders.
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Example 2.5. Suppose Y is an asset return and we have two information
sets: I and J, where I C J so that all information in I is contained in J
but J contains some extra information. Then we have a conditional version
of the law of iterated expectations says that

E(Y|I) = E[E(Y|J)]
or equivalently
E{lY — E(Y|)I]} =0,

where Y — E(Y'|J) is the prediction error using the superior information set
J. The conditional law of iterated expectations says that one cannot use a
limited information I to predict the prediction error one would make if one
had superior information J. In other words, the larger information set J
has superior forecasting power than the information set I. See Campbell,
Lo and MacKinlay (1997, p.23) for more discussion.

Question: Why is E(Y|X) important from a statistical perspective?

Suppose we are interested in predicting ¥ using some function g(X) of
X, and we use a so-called Mean Squared Error (MSE) criterion to evaluate
how well g(X) approximates Y. Then the optimal predictor under the MSE
criterion is the conditional mean, as will be shown below.

We first define the MSE criterion. Intuitively, MSE is the average of the
squared deviations between the predictor g(X) and the actual outcome Y.

Definition 2.2. [MSE]: Suppose function g(X) is used to predict Y. Then
the mean squared error of function g(X) is defined as

MSE(g) = E[Y — g(X)*,

provided the expectation exists.
The theorem below states that F(Y|X) minimizes MSE.

Theorem 2.1. [Optimality of E(Y|X)]: The regression function
E(Y|X) is the solution to the optimization problem
E(Y|X) = argmin MSE(g)
geF

= argmin E[Y — g(X)]?,
geF
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where F is the space of all measurable and square-integrable functions

F={s0: [ fofxon <o},

— 0o

Proof: We will use the variance and squared-bias decomposition technique.
Put

9o(X) = E(Y|X).
Then
MSE(g) = E[Y — g(X)]*
=E[Y — go(X) + go(X) — g(X)]?
=E[Y - go(X)* + E[go(X) — g(X)]”
+ 2E{[Y — go(X)] [90(X) — g(X)]}
= E[Y — go(X)]* + E [9o(X) — g(X)]*,

where the cross-product term

E{[Y = go(X)][90(X) — g(X)]} =0

by the law of iterated expectations and the fact that E{[Y —g,(X)]|X} =0
almost surely.

In the above MSE decomposition, the first term E[Y — g,(X)]? is the
quadratic variation of the prediction error of the regression function g,(X).
This does not depend on the choice of function g(X). The second term
Elgo(X) — g(X))? is the quadratic variation of the approximation error
of g(X) for g,(X). This term achieves its minimum of zero if and only
if one chooses g(X) = g,(X) a.s. Because the first term E[Y — g,(X)]?
does not depend on g(X), minimizing MSE(g) is equivalent to minimizing
the second term FE[g,(X) — g(X)]?. Therefore, the optimal solution for
minimizing MSE(g) is given by ¢*(X) = go(X). This completes the proof.

MSE is a popular statistical criterion for measuring precision of a pre-
dictor g(X) for Y. It has at least two advantages: first, it can be analyzed
conveniently, and second, it has a nice decomposition of a variance compo-
nent and a squared-bias component.

However, MSE is one of many possible criteria for measuring goodness of
the predictor g(X) for Y. In general, any increasing function of the absolute
value |Y —g(X)]| can be used to measure the goodness of fit for the predictor
g9(X). For example, the Mean Absolute Error (MAE)

MAE(g) = EJY - g(X)]

is also a reasonable statistical criterion.



36 Foundations of Modern Econometrics

It should be emphasized that different criteria have different optimizers.
For example, the optimizer for MAE(g) is the conditional median, rather
than the conditional mean. The conditional median, say m(z), is defined
as the solution to

m 1
[ fyx (ylz)dy = 3

In other words, m(x) divides the conditional population distribution into
two equal halves.

Example 2.6. Let the joint PDF fxy(z,y) = e ¥ for 0 < z < y < o0.
Find E(Y|X) and var(Y|X).

Solution: We first find the conditional PDF fy|x (y|z). The marginal PDF
of X

Fx(z) = /_ " (@ y)dy

= / e Ydy

=e P for 0 <z < o0.

Therefore,
fxy(z,y)
r=—
fY|X(y| ) fX(fC)
=e W for 0 <z <y < 0.
Then

Bl = | ¥ yhvix o)y

:/ ye~ W) dy

zer/ ye Ydy

= —ex/ yde ¥
xT

=1+

Thus, the regression function E(Y|X) is linear in X.
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To compute var(Y|X), we will use the formula

var(Y|X) = E(Y?|X) — [E(Y|X)]?.

Because
(oo}
B0l = [y frixlulady
— 00
= / yzef(yfz)dy
= e“"/ yle Vdy
= —e‘"”/ y2de Y where de™¥ = —e Ydy
= (=e?) <y26y|§2° -/ eydy2)
= (—e") (O R 2/ yeydy>
=22+ 26””/ ye Ydy
=224 2/ ye~ W) gy
=224+ 2(1 +2),
we have

var(Y|z) = E(Y?|2) — [E(Y|z)]?
=22 +2(1+2)— (1 +x)?
=1.

The conditional variance of Y given X does not depend on X. That is, X
has no effect on the conditional variance of Y.

The above example shows that while the conditional mean of Y given
X is a linear function of X, the conditional variance of Y may not depend
on X. This is essentially the assumption made in the classical linear regres-
sion model (see Chapter 3). Another example for which we have a linear
regression function with constant conditional variance is when X and Y are
jointly normally distributed.
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Example 2.7. Suppose X and Y follow a bivariate normal distribution,
denoted as BN (u1, ji2, 02,02, p), such that their joint PDF
1

2
1 17—#1)
T,Yy) = —""——/——8exp{ —
fxy(@y) 2wo1094/1 — p? { 2(1 - p?) ( o1

(5)(5) - (52) ]}

Show: (1) E(Y|X) = 2 + 2p(X — u1); (2) var(Y]X) = 03(1 - p?).

Solution: Left as an exercise. In fact, it can be shown that conditional
on X, Y follows a normal distribution with mean FE(Y|X) and variance
var(Y|X) given above.

Theorem 2.2. [Regression Identity]: Suppose E(Y|X) exists. Then we
can always write

Y =EY|X) +e¢,
where ¢ is called the regression disturbance and has the property that

E(e|X) = 0.

Proof: Put e =Y — E(Y|X). Then
Y = B(Y|X) +e,
where

E(e]X) = E{[Y — E(Y|X)]|X}
= E(Y|X) — E[g,(X)|X]
= B(Y|X) = go(X)
=0.

The regression function F(Y|X) can be used to predict the expected
value of Y using the information of X. In regression analysis, an important
issue is the direction of causation between Y and X. In practice, one often
hopes to check whether Y “depends” on or can be “explained” by X, with
help of economic theory. For this reason, Y is called the dependent variable,
and X is called the explanatory variable or vector. However, it should be
emphasized that the regression function E(Y|X) itself does not tell any
economic causal relationship between Y and X.
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The random variable ¢ represents the part of Y that is not captured by
E(Y|X). It is usually called a noise or a disturbance, because it “disturbs”
an otherwise stable or deterministic relationship between ¥ and X. On the
other hand, the regression function F(Y|X) is called a signal.

The property that E(e|X) = 0 implies that the regression disturbance
€ contains no systematic information of X that can be used to predict
the expected value of Y. In other words, all information of X that can be
used to predict the expectation of Y has been completely summarized by
E(Y|X). The condition E(e|X) = 0 is crucial for the validity of economic
interpretation of model parameters, as will be seen shortly.

The property that E(¢|X) = 0 implies that the unconditional mean of
¢ is zero:

E(e)=FE[E(X)] =0
and that ¢ is orthogonal to X:

E(Xe) = E[B(Xe|X))]
= E[XE(e]X)]
= E(X -0)
=0.

Since E(g) = 0, we have E(Xe) = cov(X,e). Thus, the orthogonality
condition F(Xe) = 0 means that X and ¢ are uncorrelated.

In fact, ¢ is orthogonal to any measurable function of X, i.e., E[eh(X)] =
0 for any measurable function A(-). This implies that we cannot predict the
mean of £ by using any possible model h(X), no matter it is linear or
nonlinear.

Question: Is E(e|X) = 0 equivalent to E[eh(X)] = 0 for all measurable
h(-)?

The answer is yes. See Exercise 2.15 at the end of this chapter for more
discussion on this challenging problem.

It is possible that E(e|X) = 0 but var(e|X) is a function of X. If
var(e|X) = 02 > 0, the conditional variance of ¢ does not depend on the
value of X, and we say that there exists conditional homoskedasticity for
€. This is also known as homogeneity of conditional variance. In this case,
X cannot be used to predict the (quadratic) variation of Y. On the other
hand, if var(e|X) # o2 for any constant o2 > 0, the conditional variance
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of € depends on the value of X, and we say that there exists conditional
heteroskedasticity. Figures 2.1 and 2.2 provide a data illustration of con-
ditional homoskedasticity and conditional heteroskedasticity respectively.
Conditional heteroskedasticity is a rule rather than an exception for most
economic data. Granger and Machina (2006) provide various interesting
examples to illustrate how conditional heteroskedasticity can arise in eco-
nomics. The existence of conditional heteroskedasticity has huge impact
on statistical inferences. In particular, econometric inference procedures of
regression analysis are usually different, depending on whether there exists
conditional heteroskedasticity. For example, the so-called classical t-test
and F-test are invalid under conditional heteroskedasticity (see Chapter 3
for the introduction of the t-test and F-test). This will be emphasized and
discussed in detail in subsequent chapters.

Example 2.8. Suppose
€= ﬂo + 51X27

where random variables X and n are independent, and E(n) = 0, var(n) =

1. Find E(¢]|X) and var(e|X).

Solution:

E(e|X) = E [1V/Bo + HiX2|X |
=/ Bo + L1 X2E(n|X)
=/ Bo + L1 X2E(n)
=+/fo+ 1 X2-0
= 0.

Next,
var(e|X) = E{[e — E(¢|X)]*| X}
= E(’|X)
= B[ (Bo + 1 X?)|X]
= (Bo + 51 X*)E(n*|X)
=(Bo+ p1X?) 1
= Bo + B X2

Although the conditional mean € given X is identically zero, the conditional
variance of € given X depends on X.
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Figure 2.1 Scatter plots of a linear regression with conditional homoskedasticity.

20

Figure 2.2 Scatter plots of a linear regression with conditional heteroskedasticity.

41
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Question: Why may there exist conditional heteroskedasticity?

Generally speaking, given that E(Y|X) depends on X, it is conceivable
that var(Y|X) and other higher order conditional moments may also de-
pend on X. In fact, conditional heteroskedasticity may arise from different
sources. For example, a larger firm may have a larger output variation.
Granger and Machina (2006) explain why economic variables may display
volatility clustering from an economic structural perspective.

The following example shows that conditional heteroskedasticity may
arise due to random coefficients in a data generating process.

Example 2.9. [Random Coefficient Process]: Suppose

Y =080+ (B1+ Ban) X + 1,

where X and 7 are independent, and E(n) = 0, var(n) = o;. Find the
conditional mean E(Y|X) and conditional variance var(Y|X).

Solution: (1)

E(Y|X) = Bo + E[(f1 + B2n) X |X] + E(n]X)
= fo + /1 X + B XE(n|X) + E(n|X)
= Bo+ /1 X + B XE(n) + E(n)
=Bo+ 1 X + X -0+0
= 0o+ /1 X.
(2)
var(Y|X) = E[(Y — E(Y]X))?|X]

= E{[Bo + (b1 + Ban) X + 1 — fo — /1 X]*| X}

= E [(B2Xn+ )% X]

= E[(BX +1)*°|X]

= (1+ B2 X)*E(1*|X)

= (1+ B X)’E(n?)

=(1+ /BQX)QO',?].

The random coefficient process has been used to explain why the condi-
tional variance may depend on the regressor X. We can write this process
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as
Y =05 +5/X+e,
where
e=(1+p2X)n.
Note that E(e|X) = 0 but var(e|X) = (1 4 n2X)?07.

2.3 Linear Regression Modeling

As we have known above, the conditional mean ¢,(X) = F(Y|X) is the
solution to the MSE optimization problem
in B[Y — g(X)]?
min BY — g(X)I%,
where F is a class of functions that includes all measurable and square-
integrable functions, i.e.,

F— {g;RkH SR ‘ /gz(x)fx(w)dac<oo}.

In general, the regression function E(Y|X) is an unknown functional form
of X. Economic theory usually suggests a qualitative relationship between
X and Y (e.g., the cost of production is an increasing function of output
X), but it never suggests a concrete functional form. One needs to use
some mathematical model to approximate g,(X).

Question: How to model the conditional mean E(Y|X) = ¢,(X)?

In econometrics, a most popular modeling strategy is the parametric
approach, which assumes a known functional form for g,(X), up to some
unknown parameters. In particular, one usually uses a class of linear func-
tions to approximate g,(z), which is simple and easy to interpret. This is
the approach we will take in most of this book.

We first introduce a class of affine functions.

Definition 2.3. [Affine Function]: Denote
1 Bo

X1 B1
X=1 .1 6=]".

Xk Br
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Then the class of affine functions is defined as

k
A= {g:RlH_l %RZQ(X):BO'FZBJ'XJ',B]' GR}

j=1
—{g: R SR g(x) =X}

Here, there is no restriction on the values of parameter vector . For this
class of functions, the functional form is known to be linear in both regressor
variables X and parameters (§; the unknown is the (k4 1) x 1 vector f.

From an econometric point of view, the key feature of A is that
g9(X) = X'f is linear in both regressor vector X and parameter vector
B. We emphasize that the regressor vector X are constructed from a set
of economic explanatory variables. The regressor vector X can be a vec-
tor of different economic explanatory variables; it can also be a vector of
economic explanatory variables and their nonlinear transformations. For
example, when k = 1, we can assume

9(X) = Bo + 1 X1+ B X7,

or

9(X) = Po+ f1In Xy,

where X7 is an economic explanatory variable (e.g., income). The cor-
responding regressor vectors in these cases are X = (1,X;, X?) and
X = (1,In X;)’ respectively. Obviously, the dependent variable Y is always
linear in regressor vector X but it may be nonlinear in economic variable
X7. Such models are called linear regression models. Conversely, a nonlin-
ear regression model for g,(X) means a known parametric functional form
g(X, B) which is nonlinear in regression vector X and parameter vector 3.
An example is the so-called logistic regression model

1
1+exp(—=X'B)

Nonlinear regression models can be handled using the analytic tools devel-

9(X,B) =

oped in Chapters 8 and 9. See more discussion there.
We now solve the constrained minimization problem

inE[Y —g(X)?= min E(Y — X'B)2%
min BY’ = g(X)]" = min  E( B)
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The solution
9" (X) = X'
is called the best linear least squares predictor for Y, and 8* is called the

best least squares approximation coefficient vector.

Theorem 2.3. [Best Linear Least Squares Prediction]: Suppose
E(Y?) < oo and the (k + 1) x (k + 1) matriz E(XX') is nonsingular.
Then the best linear least squares predictor that solves

nElY —g(X)]?= min E(Y — X'B8)?
min BY’ = g(X)]" = min  E( )

1s the linear function
g* (X) — X//B*,
where the optimizing coefficient vector

5" = [B(XX")] T E(XY).

Proof: First, noting that

nEY —g(X))?= min E(Y — X'B8)?
min B[Y — g(X)]" = min  E( B)%,

we first find the FOC:

d
%E(Y ~ X'B)?|p=p+ = 0.
The left hand side
d P I I
%E(Y - X'B)?=E {%(Y X 6)2]
— B2y - x5 2 (-x'9)
—2p {(Y - X’B);ﬁ(X’B)}
= 2E[X(Y — X'B)].

Therefore, FOC implies that

E[X(Y — X'8%)] =0
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or
E(XY)=E(XX")p"
Multiplying the inverse of F(X X’), we obtain
B* = [E(XX")] 'E(XY).
It remains to check the Second Order Condition (SOC): the Hessian matrix
d2
dpgdg’

is positive definite provided E(X X’) is nonsingular (why?). Therefore, 8*
is a global minimizer. This completes the proof.

B(Y - X'8)? =2E(XX')

The moment condition E(Y?) < co ensures that E(Y|X) exists and is
well-defined. When the (k4 1) x (k + 1) matrix

1 E(X1) E(Xz) -+ E(Xy)
E(X1) EBE(X}) E(Xi1Xy) - E(Xi1Xy)
B(XX') = E(Xs) E(X2X) E(X3)

E(Xk) E(Xle) E(X?)

is nonsingular and E(XY") exists, the best linear least squares approxima-
tion coefficient * is always well-defined, no matter whether E(Y|X) is
linear or nonlinear in X.

To gain insight into the nature of 8*, we consider a simple bivariate
linear regression model where 8 = (89, 51) and X = (1,X;)’. Then the
slope and intercept coeflicients are, respectively,

. cov(Y,Xy)
pr = var(X1)

Bo = E(Y) = b1 E(X1).

Thus, the best linear least squares approximation coefficient 85 is propor-
tional to cov(Y, X1). In other words, 57 captures the dependence between
Y and X; that is measurable by cov(Y, X7). It will miss the dependence be-
tween Y and X7 that cannot be measured by cov(Y, X1). Therefore, linear
regression analysis is essentially correlation analysis.
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On the other hand, White (1980) shows that if a Taylor series expan-
sion (up to certain order) is used to approximate F(Y|X), then the best
linear least squares approximation coefficients of the Taylor series expansion
model cannot identify the derivatives of E(Y|X), unless E(Y]X) is a linear
function of X. In other words, the best linear least squares approximation
coefficient 8* are not proportional to the derivatives of E(Y|X) in the Tay-
lor series expansion. For example, if E(Y|X) = 83 + 5{X + $5X?, then
the last two components of the best least squares approximation coefficient
vector §* are not proportional to the first two derivatives of E(Y|X).

In general, the best linear least squares predictor

g"(X) = X'8" # E(Y|X).

An important question is what happens if ¢*(X) = X'5* # E(Y|X)? In
particular, what is the interpretation of 5*?

We now discuss the relationship between the best linear least squares
prediction and a linear regression model.

Definition 2.4. [Linear Regression Model]: The specification
Y = X'B+4u, B€RF

is called a linear regression model, where w is the regression model distur-
bance or regression model error. If k = 1, it is called a bivariate linear
regression model or a straight line regression model. If k > 1, it is called a
multiple linear regression model.

The linear regression model is an artificial specification. Nothing ensures
that the regression function is linear, namely E(Y|X) = X’S° for some
£°. In other words, the linear model may not contain the true regression
function g,(X) = E(Y|X). However, even if g,(X) is not a linear function
of X, the linear regression model Y = X’3+u may still have some predictive
ability although it is a misspecified model for E(Y|X).

We first characterize the relationship between the best linear least
squares approximation and the linear regression model.

Theorem 2.4. Suppose the conditions of Theorem 2.3 hold. Let
Y = X'8 + u,
and let B* be the best linear least squares approrimation coefficient. Then

B=p"
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if and only if the following orthogonality condition holds:
E(Xu)=0.

Proof: From the linear regression model Y = X’ + u, we have u =
Y — X', and so

E(Xu) = B(XY) — E(XX")8.
(1) Necessity: If 5 = 8*, then

E(Xu) = E(XY) - E(XX")B*
=E(XY) - BE(XX")[E(XX")]'E(XY)
=0.

(2) Sufficiency: If E(Xu) = 0, then

E(Xu)=E(XY)—-E(XX")pB
=0.

From this and the fact that F(X X') is nonsingular, we have
§ = [B(XX)| " B(XY) = 5.

This completes the proof.

Theorem 2.4 implies that no matter whether E(Y|X) is linear or non-
linear in X, we can always write

Y=XB+u

for some 8 = * such that the orthogonality condition E(Xu) = 0 holds,
where u =Y — X'5*.

The orthogonality condition F(Xwu) = 0 is fundamentally linked with
the best least squares optimizer. If £ is the best linear least squares coef-
ficient 8*, then the disturbance u must be orthogonal to X. On the other
hand, if X is orthogonal to u, then S must be the least squares minimizer
(£*. Essentially the orthogonality between X and € is the FOC of the best
linear least squares problem! In other words, the orthogonality condition
E(Xu) = 0 will always hold as long as the MSE criterion is used to obtain
the best linear prediction. Note that when X contains an intercept, the
orthogonality condition E(Xwu) = 0 implies that E(u) = 0. In this case,
we have E(Xu) = cov(X,u). In other words, the orthogonality condition is
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equivalent to uncorrelatedness between X and w. This implies that u does
not contain any component that can be predicted by a linear function of
X.

The condition F(Xu) = 0 is fundamentally different from the condition
E(u]X) = 0. The latter implies the former but not vice versa. In other
words, E(u|X) = 0 implies E(Xu) = 0 but it is possible that E(Xu) =0
and E(u|X) # 0. This can be illustrated by the following example.

Example 2.10. Suppose u = (X2 —1)+¢, where X and ¢ are independent
N(0,1) random variables. Then

E(ulX)=X?-1+#0, but

E(Xu) = E[X(X? - 1)] + BE(X¢)
E(X?) — E(X)+ E(X)E(e)
0.

2.4 Correct Model Specification for Conditional Mean

Question: What is the characterization of correct model specification for
conditional mean?

Definition 2.5. [Correct Model Specification for Conditional
Mean]: The linear regression model

Y = X'B+u, feRL,
is said to be correctly specified for E(Y|X) if
E(Y|X) = X'j3° for some parameter value 3° € RF*1,
On the other hand, if
B(Y|X) # X'g for all § € RFF!,

then the linear regression model is said to be misspecified for E(Y|X).

The class of linear regression models contains an infinite number of linear
functions, each corresponding to a particular value of 5. When the linear
model is correctly specified, a linear function corresponding to some 3° will
coincide with g,(X). The coeflicient 5° is called the “true parameter value”
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or “true model parameter”, because now it has a meaningful economic
interpretation as the expected marginal effect of X on Y:

_ OE(Y|X)
- 0X
For example, when Y is consumption and X is income, ° is the MPC.

When $° is a vector, the component

o DE(Y|X)

/30

ox . 1sisk
is the partial expected marginal effect of regressor X; on Y when holding
all other regressor variables in X fixed. This is also called ceteris paribus
expected marginal effect of X; on Y. The term ceteris paribus means other
things being equal.

We emphasize that the distinction between regressors and explanatory
variables is important for the interpretation of parameter value §°. For
example, we consider a linear consumption model

Y:B(())_Fﬂfxl —|—U,

where Y is consumption, X is income, and F(u|X;) = 0. This is a linear
regression model where the consumption-income relationship is linear. The
expected MPC is given by

JE(Y|X))
9X;

Now suppose we have a quadratic consumption function

= pB5.

Y = B8+ 8K + BIXE +u.
This is still a linear regression model but the consumption-income relation-

ship is nonlinear. As a result, the expected MPC is given by

OE(Y|X1)

S =B 2B,

which depends on the income level.

Question: What is the interpretation of the intercept coefficient 3§ when
a linear regression model is correctly specified for g,(X)?

The intercept B3 corresponds to the intercept Xy = 1, which is always
uncorrelated with any other random variables. It captures the “average
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effect” on Y from all possible factors rather than the explanatory variables
in X;. For example, consider the standard Capital Asset Pricing Model
(CAPM)

E(Y[X) = 55 + 51 X1,

where Y is the excess portfolio return (i.e., the difference between a portfolio
return and a risk-free rate) and X is the excess market portfolio return
(i.e., the difference between the market portfolio return and a risk-free rate).
Here, (5§ represents the average pricing error. When CAPM holds, 5§ = 0.
Thus, if the DGP has 8§ > 0, CAPM underprices the portfolio. If 53 < 0,
CAPM overprices the portfolio.

No economic theory ensures that the functional form of F(Y|X) must
be linear in X. Nonlinear functional form in X is a generic possibility.
A linear regression model is misspecified for E(Y|X) when, for example,
E(Y|X) is a nonlinear function of X. Therefore, we must be very cautious
about the economic interpretation of linear coefficients.

By definition, a linear regression model Y = X’ S+ is correctly specified
for E(Y|X) if and only if there exists some parameter value ° such that

E(ulX) =0,

where v = Y — X’B. In Chapter 7, we shall introduce a popular model
specification test called Hausman’s (1978) test for F(u|X) = 0. Below we
examine the relationship between the regression model error v and the true
disturbance e =Y — E(Y|X).

Theorem 2.5. If the linear regression model
Y=XB+u

is correctly specified for E(Y|X), then
(1) Y = X'° + ¢ for some B° and e, where E(e|X) = 0;
(2) B* = p°.

Proof: (1) If the linear regression model is correctly specified for E(Y]X),
then E(Y|X) = X’'S3° for some parameter value 3°.

On the other hand, we always have the regression identity Y =
E(Y|X)+e¢, where E(¢]X) = 0. Combining these two equations gives result
(1) immediately.
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(2) From Part (1), we have
E(Xe) = E[XE(e|X)]
— E(X-0)
=0.

It follows that the orthogonality condition holds for Y = X’3° + €. There-
fore, we have 8* = ° by a previous theorem (which one?).

Theorem 2.5(1) implies E(Y|X) = X’$° under correct model specifica-
tion for E(Y'|X). This, together with Theorem 2.5(2), implies that when a
linear regression model is correctly specified, the conditional mean E(Y'|X)
will coincide with the best linear least squares predictor g*(X) = X'S*.

Under correct model specification, the best linear least squares approx-
imation coefficient 5* is equal to the true marginal effect parameter 5°. In
other words, £* can be interpreted as the true parameter value 8° when
(and only when) the linear regression model is correctly specified.

Question: What happens if the linear regression model

Y = X'8+ u,
where E(Xu) = 0, is misspecified for F(Y|X)? In other words, what hap-
pens if E(Xu) =0 but F(u|X) # 0?7

In this case, the regression function
E(Y|X)=X'B+ E(ulX)
#+ X'B.
There exists some neglected structure in u that can be exploited to improve
the prediction of Y using X. A misspecified model always yields suboptimal

predictions. A correctly specified model yields optimal predictions in terms
of MSE.

Example 2.11. Consider the following DGP

1 1
Y:1+§X1+Z(X12—1)+s,

where X7 and e are mutually independent N (0, 1).
(1) Find the conditional mean E(Y|X;) and d—;l(lE(Y|X1), the marginal
effect of X; on Y.
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Suppose now a linear regression model
Y =60+ 1 X1+ u
= X'B+u,

where X = (X, X1) = (1, X;)’, is specified to approximate this DGP.

(2) Find the best least squares approximation coefficient 8* and the
best linear least squares predictor gj (X) = X'5*.

(3) Let u =Y — X’5*. Show E(Xu) = 0.

(4) Check if the true marginal effect ﬁE(ﬂXl) is equal to B7, the
model-implied marginal effect.

Solution: (1) Given that X; and u are independent, we obtain
1 1
EY|X:)=1+ X1t Z(X12 -1,

d 1 1
—EY|X)) ==+ =X;.
dX, ¥x)=3+3%
(2) Using the best least squares approximation coefficient formula, we have
B* = [B(XX")] " BE(XY)
1

b 1] L)
=11

1
g (X)=X'p" =1+ §X1'

Hence, we have

(3) By definition and Part (2), we have

u=Y — X'B*
=Y — (B85 + BiX1)
1
:Z(Xf—1)+£.

It follows that
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although
1
E(u[Xy) = Z(X12 -1)#0.

(4) No, because

d 1 1 1
—FEY|X1)=z+=-X ==
X X)) =5+ 35X #01 =3
The marginal effect depends on the level of Xi, rather than only on a
constant. Therefore, the condition E(Xu) = 0 is not sufficient for the
validity of the economic interpretation for 87 as the marginal effect.

Any parametric regression model is subject to potential model misspec-
ification. This can occur due to the use of a misspecified functional form,
as well as the existence of omitted variables which are correlated with the
existing regressors, among other things. In econometrics, there exists a
modeling strategy which is free of model misspecification when a data set
is sufficiently large. This modeling strategy is called a nonparametric ap-
proach, which does not assume any functional form for E(Y|X) but let
data speak for the true relationship. We now introduce the basic idea of a
nonparametric approach.

Nonparametric modeling is a statistical method that can model the
unknown function arbitrarily well without having to know the functional
form of E(Y|X). To illustrate the basic idea of nonparametric modeling,
suppose g,(x) is a smooth function of . Then we can expand g,(z) using
a set of orthonormal “basis” functions {1;(z)}52,:

gol(x) = iﬂjwj (z) for x € support(X),
7=0
where the Fourier coeflicient
5= | alaois
and

. e
/_ %(ij(x)dx:aijz{é ;fz{;f

The function ¢;; is called the Kronecker delta.
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Example 2.12. Suppose g,(x) = 22 where z € [, 7). Then

w2 cos(2z)  cos(3x
go(x):3_4|:COb() 2(2)+ 3(2)_"'

2 oo

o 1cosym)
*3—42 :

Example 2.13. Suppose
-1 if —w<z<O,
go(z) = 0 if z=0,
1 if 0<zxz<m.

Then

4 [ . sin(3z)  sin(5z)
- {sm(x) + 3 + E +
4 K sin[(25 + 1)z]

%Z (25 +1)

j=

is square-integrable. We have

— o

Generally, suppose g,(x

| gttt - S5 [ et

jOkO

= ZZBjBkéﬂc by orthonormality of {¢;(-)}
j=0k=0
o0
=) B <oo,
j=0
Therefore, 8; — 0 as j — oo. That is, the Fourier coefficient 3; will
eventually vanish to zero as the order j goes to infinity. This motivates us
to use the following truncated approximation:

2) =) Bivi(e)
j=0

where p is the order of bases. The bias of g,(z) from g,(x) is
Byp() = go(x) — gp(2)

= Y Biv)

Jj=p+1
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The bias B, (x) vanishes to zero as the truncation order p increases. Figures
2.3 and 2.4 illustrate the biases with various choices of p for the functions
in Examples 2.12 and 2.13 respectively.

The coefficients {3;} are unknown in practice, so we have to estimate
them using an observed random sample {Y;, X;}7 ;, where n is the sample
size. We consider a linear regression

p
YtZZBﬂﬁj(Xt)-&-ut, t=1,..,n.

=0

Obviously, we need to let p = p(n) — oo as n — oo to ensure that the
bias B, (x) vanishes to zero as n — co. However, we should not let p grow
to infinity too fast, because otherwise there will be too much sampling
variation in parameter estimators due to too many unknown parameters.
This requires p/n — 0 as n — 0.

The nonparametric approach just described is called nonparametric se-
ries regression (see, e.g., Andrews 1991, Hong and White 1995, Pons 2019).
There are many nonparametric methods available in the literature. Another
popular nonparametric method is called kernel smoothing, which is based on
the idea of the Taylor series expansion in a local region. See Hardle (1990)

''''''' p=2 -Too p=4 G p=8 — g9l

Figure 2.3 Fourier series approximation to the quadratic function in Example 2.12.
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1.5

05
_1

_____ p=3 p=6 R p=9 —_— (%)

Figure 2.4 Fourier series approximation to the step function Example 2.13.

and Fan and Gijbels (1996) for more discussion on kernel smoothing and
local polynomial smoothing. The key feature of nonparametric modeling
is that it does not specify a concrete functional form or model but rather
estimates the unknown true function from data. As can be seen above,
nonparametric series regression is easy to use and understand, because it
is a natural extension of linear regression with the number of regressors
increasing with the sample size n.

The nonparametric approach is flexible and powerful, but it generally
requires a large data set for precise estimation because there are a large
number of unknown parameters. Moreover, there is little economic inter-
pretation for it (e.g., it is difficult to give economic interpretation for the
coefficients {$;}). Nonparametric analysis is usually treated in a separate
and more advanced econometric course (see more discussion in Chapter 10).

2.5 Conclusion

Most economic theories (e.g., rational expectations theory) have implica-
tions on and only on the conditional mean of the underlying economic vari-
able given some suitable information set. The conditional mean F(Y|X) is
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called the regression function of Y on X. In this chapter, we have shown
that the regression function E(Y|X) is the optimal solution to the MSE
minimization problem
. 2
%gﬂYmeﬂ,
where F is the space of measurable and square-integrable functions.

The regression function E(Y|X) is generally unknown, because eco-
nomic theory usually does not tell a concrete functional form. In practice,
one usually uses a parametric model for E(Y|X) that has a known func-
tional form but with a finite number of unknown parameters. When we
restrict g(X) to A = {g: RE = R | g(x) = 2’8}, a class of affine functions,
the optimal predictor that solves

inE[Y — g(X)]? = min E(Y — X'8)?
min B[ — ()] in ( B)

is g*(X) = X'5*, where
5 = [B(X X)L B(XY)

is called the best linear least squares approximation coefficient. The best
linear least squares predictor g% (X) = X'B* is always well-defined, no
matter whether E(Y]X) is linear in X.

Suppose we write

Y =X'8+u.
Then 8 = * if and only if
E(Xu)=0.

This orthogonality condition is actually the first order condition for the best
linear least squares minimization problem. It does not guarantee correct
specification of a linear regression model. A linear regression model is
correctly specified for E(Y|X) if E(Y|X) = X’3° for some parameter value
3°, which is equivalent to the condition that

E(ulX) =0,

where u = Y — X’3° That is, correct model specification for F(Y|X)
holds if and only if the conditional mean of the linear regression model
error is zero when evaluated at some parameter value 5°. For a correctly
specified linear regression model, Y is linear in regressor vector X and
parameter vector . If the regressor vector X is obtained from a set of
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economic explanatory variables and their nonlinear transformations, then
Y will have a nonlinear relationship with economic explanatory variables
despite its linear relationship with regressor vector X.

We note that E(u|X) = 0 is equivalent to the condition that E[uh(X)] =
0 for all measurable functions h(-). When E(Y|X) = X’3° for some pa-
rameter value 5°, we have §* = [°. That is, the best linear least squares
approximation coefficient 8* will coincide with the true model parameter
° and can be interpreted as the expected marginal effect of X on Y. The
condition E(u|X) = 0 fundamentally differs from E(Xwu) = 0. The former
is crucial for validity of economic interpretation of the coefficient 8* as the
true model parameter $°. The orthogonality condition F(Xwu) = 0 does not
guarantee this interpretation. Correct model specification is important for
economic interpretation of model coefficient and for optimal predictions.

An econometric model aims to provide a concise and reasonably accurate
reflection of the data generating process. By disregarding less relevant
aspects of the data, the model helps to obtain a better understanding of
the main aspects of the DGP. This implies that an econometric model will
never provide a completely accurate description of the DGP. Therefore, the
concept of a “true model” does not make much practical sense. It reflects
an idealized situation that allows us to obtain mathematically exact results.
The idea is that similar results hold approximately true if the model is a
reasonably accurate approximation of the DGP.

The main purpose of this chapter is to provide a general idea of regres-
sion analysis and to shed some light on the nature and limitation of linear
regression models, which have been popularly used in econometrics and will
be the subject of study in Chapters 3 to 7.
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Exercise 2
2.1. Put e =Y — E(Y|X). Show var(Y|X) = var(e| X).

2.2. Show var(Y) = var[E(Y | X)] +var[Y — E(Y|X)], and provide an inter-
pretation for this result.

2.3. Suppose X and Y follow a bivariate normal distribution with joint
PDF

1 1 T — W 2
Ixv(z,y) = —————F—=exp{ — < >
(z-9) 2wo1094/1 — p? 2(1 - p?) o1

() (5) (52)])

where —1 < p < 1, —00 < 1, e < 00,0 < 01,092 < 00. Find:
(1) E(Y]X).
(2) var(Y|X). [Hint: Use the change of variable method for integration

and the fact that [~ \/1276%302(1{5 =1]

2.4. Suppose Z = (Y, X') is a stochastic process such that the conditional
mean ¢,(X) = E(Y|X) exists, where X is a (k+ 1) x 1 random vector.
Suppose one uses a model (or a function) g(X) to predict Y. A popular
evaluation criterion for model g(X) is the mean squared error MSE(g) =
ElY — g(X)]*.

(1) Show that the optimal predictor g*(X) for Y that minimizes MSE(g)
is the conditional mean g,(X); namely, g*(X) = go(X).

(2) Put e =Y — go(X), which is called the true regression disturbance.
Show that E(¢|X) = 0 and interpret this result.

2.5. The choices of model g(X) in Exercise 2.4 are very general. Sup-
pose that we now restrict our choice of g(X) to a linear (or affine) models
{ga(X) = X'B}, where 8 is a (k+ 1) x 1 parameter. One can choose a
linear function ga(X) by choosing a value for parameter . Different values
of 8 give different linear functions ga(X). The best linear predictor ¢; that
minimizes the mean squared error criterion is defined as g;(X) = X'5*,
where

* . _ ! 2\2
= argﬁgﬁl&lE(Y X'B)

is called the optimal linear least squares approximation coefficient.
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(1) Show that
B* = [E(XX"| 'E(XY).
(2) Define u* = Y —X’*. Show that E(Xu*) = 0, where Ois a (k+1)x1

Zero vector.

(3) Suppose the conditional mean g,(X) = X’° for some parameter
value 8°. Then we say that the linear model ga (X) is correctly specified for
conditional mean ¢,(X), and 8° is the true model parameter of the DGP.
Show that g* = $° and E(u*|X) = 0.

(4) Suppose the conditional mean g,(X) # X’g for any value of 3.
Then we say that the linear model gs(X) is misspecified for conditional
mean g,(X). Check if F(u*|X) =0 and discuss its implication.

2.6. Suppose Y = 5 + 1 X1 + u, where Y and X; are scalars, and §* =
(85, 87) is the best linear least squares approximation coefficient.

(1) Show that 3} = cov(Y, X1)/0%, and 85 = E(Y) — f{ E(X), and the
mean squared error

BlY — (85 + B X1)* = 0% (1 = pX,v);

where 0% = var(Y) and px,y is the correlation coefficient between Y and
X;. This implies that linear regression modeling is essentially a correlation
analysis.

(2) Suppose in addition Y and X; follow a bivariate normal distribution.
Show E(Y|X1) = 85 + 87 X1 and var(Y|X1) = 03 (1 — p%,y)- That is, the
conditional mean of Y given X; coincides with the best linear least squares
predictor and the conditional variance of Y given X; is equal to the mean
squared error of the best linear least squares predictor.

2.7. Suppose a function g(X) is used to predict Y, and the evaluation crite-
rion is the Mean Absolute Error (MAE), defined as MSE(g) = E|Y —g(X)]|.
Show that the optimal solution to minimize MSE(g) is the conditional me-
dian of Y given X.

2.8. Suppose
Y = Bo+ /X1 + | Xile,

where E(X1) = 0, var(X1) = 0%, > 0, E(¢) = 0, var(¢) = 02 > 0, and ¢
and X, are independent. Both 5y and S, are scalar constants.
(1) Find E(Y|X3).
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(2) Find var(Y]X7).
(3) Show that 8; = 0 if and only if cov(X;,Y) = 0.

2.9. Suppose an aggregate consumption function is given by
1
Y = 1—|—O.5X1+1(X12—1)+5,

where X7 ~ N(0,1),e ~ N(0,1), and X; is independent of .
(1) Find the conditional mean g,(X) = E(Y|X), where X = (1, X;)'.
(2) Find the MPC 7%-g,(X).
(3) Suppose we use a linear model

Y=XB+u=po+ X1 +u

where 5 = (fo,51) to predict Y. Find the best linear least squares
approximation coefficient 8* and the best linear least squares predictor

gr(X) = X'p*.

(4) Compute the partial derivative of the linear model di)(l g5 (X), and
compare it with the MPC in Part (2). Discuss the results you obtain.
2.10. Put g,(X) = E(Y|X), where X = (1, X1)". Then we have

Y =g,(X)+e,

where E(e|X) = 0.
Consider a first order Taylor series expansion of g,(X) around p; =
E(Xl)l

9o(X) = go(p1) + go(p1) (X1 — pi1)
= [go(p1) = pg, (1)) + go(p1) X1

Suppose 8* = (55, 87) is the best linear least squares approximation
coefficient. That is, we consider the following linear regression model

Y =45 + 81X +u.

Is it true that 87 = g/ (u1)? Provide your reasoning.

2.11. Suppose a DGP is given by
Y = 08X1X2 + g,

where X; ~ N(0,1),X2 ~ N(0,1),e ~ N(0,1), and X;,X> and ¢ are
mutually independent. Put X = (1, X, X5)'.
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(1) Is Y predictable in mean using information X?
(2) Suppose we use a linear regression model

ga(X)=XB+u
= B0+ B X1+ B Xo+u

to predict Y. Does this linear regression model have any predicting power?
Explain.

2.12. Suppose we have
Y=a+bX+u,

where u is a random variable with E(u) = 0, var(u) = 02 > 0, and it is
orthogonal to X in the sense E(Xwu) = 0. This is called a linear regression
model. The random variable u can be viewed as a disturbance to an oth-
erwise perfect linear relationship ¥ = a + bX. Show that the correlation
coefficient between X and Y is

b
PXY = =R +03/0§<'

Note that magnitude of pxy depends on the ratio 02 /0%, which is usually
called the noise-to-signal ratio.

2.13. Suppose X and Y are random variables such that E(Y|X) =7—1X
and E(X|Y) =10 — Y. Determine the correlation between X and Y.

2.14. Show that E(u|X) = 0if and only if E[h(X)u] = 0 for any measurable
functions h(-).

2.15. Suppose E(u|X) exists, X is a bounded random variable, and h(X)
is an arbitrary measurable function. Put g(X) = E(¢|X) and assume that
Elg?(X)] < oo.

(1) Show that if g(X) = 0, then Eleh(X)] = 0.

(2) Show that if Eleh(X)] = 0, then E(¢|X) = 0. [Hint: Consider
h(X) = eX for t in a small neighborhood containing 0. Given that X is
bounded, we can expand

g(X)=>_ B;X7
§=0
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where B; = [*_g(x)a? fx(x)dx is the Fourier coefficient, where fx(x) is
the PDF of X. Then

[E(5|X)etX]
[9(X)et™]

for all t in a small neighborhood containing 0.]

2.16. Consider a general regression model
Y = g(X¢) + uy,

where ¢(X;) is a possibly nonlinear model for FE(Y;|X;). Show that
E(u|X¢) = 0 if and only if ¢(X;) = E(Y:| Xy).

2.17. Consider the following Nonlinear Least Squares (NLS) problem

. 2
ﬂé%ghl E [Y - g(Xaﬂ)} )

where ¢(X,[) is possibly a nonlinear function of . [An example is

a logistic regression model where g¢(X,f) m] Suppose

E[%Q(X,ﬂ)a%/g()(,ﬂ)} is a (k+ 1) x (k+ 1) bounded and nonsingular

matrix for all 8 € R**1, where O%,g(X, ) is the transpose of the (k+1)x 1

column vector % 9(X, B).

(1) Derive the FOC for the best NLS approximation coefficient 8* (say).

(2) Put Y = ¢(X,5) + u. Show that § = p* if and only if
E[u%g(X,ﬂ*)] = 0. Do we have E(Xu) = 0 when g(X, ) is nonlinear
in 87

(3) The nonlinear regression model g(X, ) is said to be correctly speci-
fied for E(Y'|X) if there exists some unknown parameter value 3° such that
E(Y|X) = g(X, 8°) with probability one. Here, 5° can be interpreted as a
true model parameter. Show that 5* = 8° if and only if the model g(X, )
is correctly specified for E(Y|X).

(4) Do we have E(u|X) = 0, where u = Y —g(X, 5°) for some parameter
value 3°, when the model g(X, ) is correctly specified?
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(5) If E(u|X) =0, where u =Y — g(X, 8°) for some parameter value
B°,1is g(X, B) correctly specified for E(Y|X)?

2.18. Consider the following causal nexus: Variable X; is directly affected
by variable X3 and unobserved variables vi,vs. Variable X5 is directly
affected by X7 and an unobserved variable vs, and it is indirectly affected by
X3 and the other unobserved variables vy, v via its link with X;. Variable
Y is directly affected by X; and X5, and it is indirectly affected by X3 and
the other unobserved variables v1,vs via its link with X;. Note that X;
has both direct and indirect effects on Y. (By a direct effect of a variable
on Y it is meant that a change in that variable will cause a change in Y
while holding all other variables affecting Y constant. In other words, if a
variable has a ceteris paribus effect on Y, it is called to have a direct effect
on Y.) Also, note that an unobserved disturbance u has a direct effect on
Y and it has no linkage at all to any of the other variables. Assume that
(Y, X1, X2, X3) are all observable, and their relationships, if any, will be
linear.
(1) Consider a linear regression model

Y = Bo + f1 X1 + foXo +u.

Is this model correctly specified for E(Y | X7, X2)? Explain.
(2) Derive the expression of E(Y|X7, X, X3). Does X3 have any addi-
tional explanatory power for Y given the presence of X; and X37 Explain.

2.19. Comment on the following statement: “All econometric models are
approximations of the economic system of interest and are therefore mis-
specified. Therefore, there is no need to check correct model specification
in practice.”
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Chapter 3

Classical Linear Regression Models

Abstract: In this chapter, we will introduce the classical linear regression
theory, including the classical model assumptions, the statistical properties
of the Ordinary Least Squares (OLS) estimator, the t-test and the F-test,
as well as the Generalized Least Squares (GLS) estimator and related sta-
tistical procedures. This chapter will serve as a starting point from which
we will develop modern econometric theory.

Keywords: Autocorrelation, Classical linear regression, Conditional het-
eroskedasticity, Conditional homoskedasticity, F-test, GLS, Hypothesis
testing, Mean Squared Error (MSE), Model selection criterion, Multi-
collinearity, Normal distribution, OLS, R?, t-test, Strict exogeneity

3.1 Framework and Assumptions

Suppose we have an observed random sample {Z;}}_; of size n, where Z; =
Yy, X])', Yy is a scalar, Xy = (1, X14, Xot, ..., Xit)' is a (k+ 1) x 1 vector,
t is an index (either cross-sectional unit or time period) for observations,
and n is the sample size. We are interested in making inference of the
conditional mean E(Y;|X;) using an observed realization (i.e., a data set)
of the random sample {Y;, X/}, t =1,...,n.

Throughout this book, we set K = k + 1, the number of regressors
which contains k£ economic variables and an intercept. The index t may
denote an individual unit (e.g., a firm, a household, and a country) for a
cross-sectional data, or denote a time period (e.g., day, week, month and
year) in a time series data.

We first provide and discuss the assumptions of the classical linear re-
gression theory.

67
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Assumption 3.1. [Linearity]: {Z;, = (Y}, X{)’'}{—; is an observable ran-
dom sample of size n, with

S/tZthﬂo—f—Et, t:l,...,n,

where 8° is a K x 1 unknown parameter vector, and &; is an unobservable
disturbance.

In Assumption 3.1, Y; is the dependent variable (or regressand), X; is
the vector of regressors (or independent variables), and 3° is the regression
coefficient vector. The unobserved disturbance ¢; captures all other factors
which influence the dependent variable Y; other than the regressors in Xj;.

When the linear model is correctly specified for the conditional mean
E(Yi|X:), i.e., when E(g¢|X;) = 0, the parameter

5= -4 E(v1X,)
dX,
can be interpreted as the expected marginal effect of X; on Y; and its
magnitude is called the true parameter value. We note that

i

= —FY;|X i=1,...,k
7 8th (t| t)? J 5 eeey Uy

is the expected marginal effect of X;; on Y;, holding all other regressors
constant. This is the so-called ceteris paribus expected marginal effect of
X on Yy

The key notion of linearity in the classical linear regression model is that
the regression model is linear in both regressor vector X; and parameter
vector 5°. We emphasize that the regressor vector X; can be a set of differ-
ent economic explanatory variables, or can be a set of economic explanatory
variables and their nonlinear transformations. The regressors themselves
in Xy can be nonlinear functions of the same underlying economic variable,
each one transformed differently. An example is a polynomial regression,
which uses linear regression to fit the response variable as an arbitrary poly-
nomial function of an economic variable. This makes linear regression an
extremely powerful inference method. The linearity of a regression model
is actually only a restriction on linearity of parameter vector °. It allows
nonlinear relationships between Y; and original economic variables.

Question: Does Assumption 3.1 imply a causal relationship from X; to
Y;?
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Not necessarily. As Kendall and Stuart (1961, Vol.2, Ch.26, p.279) point
out, “a statistical relationship, however strong and however suggestive, can
never establish causal connection. Our ideas of causation must come from
outside statistics ultimately, from some theory or other.” Assumption 3.1
only implies a predictive relationship: given X;, can we predict Y; linearly?

Denote

Y =(Yi,..Y,  axl,
e=(e1,.r6n), nx1,
X = (X1,.. X)), nxK.

where the t-th row of X is X] = (1, X4, ..., Xg¢). With these matrix nota-
tions, we have a compact expression for Assumption 3.1:

Y =XgB° +¢,
nxl=MnxK)(Kx1)+nxL

The second assumption is a strict exogeneity condition.

Assumption 3.2. [Strict Exogeneity]:
E(Et|X) = E(Et‘Xl, ...7Xt, ceey Xn) = 0, t= ]., ey N

The relationship between the disturbance &; and the regressors {X,}
is a crucial consideration in formulating a linear regression model. More
precisely, Assumption 3.2 may be called strict exogeneity in mean. It sug-
gests that the mean values of £; does not depend on the value of regressors
{X:}7 ;. If t is a time index, then Assumption 3.2 indicates that the mean
value of €; does not depend on the past, current and future values of the
regressors. Among other things, Assumption 3.2 implies correct model spec-
ification for E(Y:|X:). This is because Assumption 3.2 implies E(e¢|X;) =0
by conditional expectation. Therefore, we have E(e;) = 0 by the law of it-
erated expectations. The strict exogeneity condition implies that for each
observation, the value X; is determined by the factors outside the regression
model under study.

Under Assumption 3.2, we have F(Xe;) = 0 for any (¢, s), where ¢, s €
{1,...,n}. This follows because

E(Xs&‘t)

E[E(X,e:|X)]
E[XE(e]X)]
E(X,-0)
0.
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Given E(g;) = 0, E(Xser) = 0 implies cov(Xg,e,) = 0 for all ¢,s €
{1,...,n}.

Because X contains regressors { X} for both s < ¢ and s > t, Assump-
tion 3.2 essentially requires that the error £; do not depend on both the
past and future values of regressors if ¢ is a time index. This rules out
dynamic time series models for which €, may be correlated with the future
values of regressors (because the future values of regressors depend on the
current shocks), as is illustrated in the following example.

Example 3.1. [Autoregressive Model]: Consider a first order autore-
gressive model, denoted as AR(1),

Y: = Bo+ p1Yeo1 + &4, t=1,..,n,
= Xt//8+€t7
{et} ~ HD(O,UQ),

where X; = (1,Y;—1)’. This is a dynamic regression model because the term
(1Y;:_1 represents the “memory” or “feedback” of the past into the present
value of the process, which induces a correlation between Y; and the past.
The term autoregression refers to the regression of Y; on its own past values.
The parameter $; determines the amount of feedback, with a large absolute
value of 81 resulting in more feedback. The disturbance €; can be viewed
as representing the effect of “new information” that is revealed at time t.
Information that is truly new cannot be anticipated so that the effects of
today’s new information should be unrelated to the effects of yesterday’s
news in the sense that F(e;|X;) = 0. Here, we make a stronger assumption
that we can model the effect of new information as an IID(0, o%) sequence.

Obviously, E(Xier) = E(X)E(gr) = 0 but E(Xyy16¢) # 0. Thus, we
have E(g|X) # 0, and so Assumption 3.2 does not hold. Here, the lagged
dependent variable Y;_; in the regressor vector X; is called a predetermined
variable, since it is orthogonal to ; but depends on the past history of {e;}.

In Chapter 5, we will consider linear regression models with dependent
observations, which will include Example 3.1 as a special case. In fact,
the main reason of imposing Assumption 3.2 is to obtain a finite sample
distribution theory. For a large sample theory (i.e., an asymptotic theory
as n — 00), the strict exogeneity condition will not be needed.

In a time series context, strict exogeneity implies that the explanatory
variables in X; do not react to the shocks in the past, current and fu-
ture periods. Intuitively, the values of X; are completely determined by
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factors outside the regression model, and so they are called strictly exoge-
nous variables. In econometrics, there are various alternative definitions
of exogeneity. For example, one definition assumes that ¢, and X are in-
dependent. Another example is that X is nonstochastic. This rules out
conditional heteroskedasticity (i.e., var(e¢|X) depends on X). In Assump-
tion 3.2, we still allow for conditional heteroskedasticity, because we do not
assume that €; and X are independent. We only assume that the condi-
tional mean F(e:|X) does not depend on X. The case that ¢ and X are
independent or X is nonstochastic is called strong exogeneity.
Below we consider two special cases.

Case I: X Is Nonstochastic
Question: What happens to Assumption 3.2 if X is nonstochastic?

If X is nonstochastic, Assumption 3.2 becomes
E(Et‘X) = E(Et) =0.

An example of nonstochastic X is X; = (1,t,...,t*)’, where t is a time
variable. This corresponds to a time-trend regression model

Vi = X[8° +e

k
= B +ey
j=0

Case II: {Z; = (Y3, X{)'}?—, Is an IID Random Sample

Question: What happens to Assumption 3.2 if Z; = (Y3, X})" is an inde-
pendent random sample (i.e., Z; and Z; are independent whenever ¢ # s,
although Y; and X; may not be independent)?

When {Z,} is IID, Assumption 3.2 becomes

E(€t|X) = E(Et|X1,X27 ...Xt7 ,Xn)
= E(ee| X¢)
=0.
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In other words, when {Z;} is IID, E(e:|X) = 0 is equivalent to E(e¢|X;) =
0.

Assumption 3.3. [Nonsingularity]: (a) The minimum eigenvalue of
the K x K square matrix X'X = > | X, X/ is nonsingular, and (b) with
probability one,

Amin (X'X) — 00 as n — oo.

Assumption 3.3(a) rules out multicollinearity among the (k + 1) regres-
sors in X;. Multicollinearity refers to a situation in which two or more
explanatory variables in a multiple regression model are linearly related.
For example, we have exact or perfect multicollinearity if the correlation
between two explanatory variables is equal to 1 or —1. More specifically,
we say that there exists multicollinearity or perfect multicollinearity among
the X if for all t € {1,...,n}, the variable X, for some j € {0,1,...,k} is
a linear combination of the other K — 1 column variables {X;;,i # j}. In
this case, the matrix X’X is singular, and as a consequence, the true model
parameter 3° in Assumption 3.1 is not identifiable. Of course, perfect mul-
ticollinearity is rare in practice.

The nonsingularity of X’X implies that X must be of full rank of K =
k + 1. Thus, we need K < n. That is, the number of regressors cannot be
larger than the sample size. This is a necessary condition for identification
of the true parameter value 5°.

The eigenvalue A of a square matrix A is characterized by the system
of linear equations:

det(A — AI) =0,

where det(-) denotes the determinant of a square matrix, and I is an identity
matrix with the same dimension as A.

It is well-known that the eigenvalue A can be used to summarize in-
formation contained in a matrix (recall the popular principal component
analysis). Assumption 3.3 implies that new information must be available
as the sample size n — oo (i.e., X; should not only have same repeated
values as ¢ increases).

Intuitively, if there is no variation in the values of the X, it will be diffi-
cult to determine the relationship between Y; and X; (indeed, the purpose
of classical linear regression is to investigate how a change in X; causes a
change in Y;). Figures 3.1 and 3.2 show that it is easier to estimate the
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true parameter values when there are large variations in X; than there are
small variations in X;.

Figure 3.1 Scatter plots of a linear Figure 3.2 Scatter plots of a linear
regression with large changes in X;. regression with small changes in X;.

In certain sense, one may call X’X the “information matrix” of the
random sample X because it is a measure of the information contained in X.
The magnitude of X’X will affect the preciseness of parameter estimation
for 4°. Indeed, as will be shown below, the condition that Ay (X'X) — oo
as n — oo ensures that variance of the OLS estimator will vanish to zero
as n — oo. This rules out a possibility called near-multicollinearity that
there is an approximate linear relationship among two or more explanatory
variables such that although X’X is nonsingular, its minimum eigenvalue
Amin(X'X) does not grow with the sample size n. When A, (X'X) does
not grow with n, the OLS estimator is well-defined and has a well-behaved
finite sample distribution, but its variance never vanishes to zero as n — oco.
In other words, in the near-multicollinearity case where Apin (X'X) does not
grow with n, the OLS estimator will never converge to the true parameter
value 3°, although it will still have a well-defined finite sample distribution.

Question: Why can the eigenvalue A be used as a measure of the infor-
mation contained in X'X?

Assumption 3.4. [Spherical Error Variance]:
(a) [Conditional Homoskedasticity|:

E(2|X) =0 >0, t=1,..,n;
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(b) [Conditional Non-Autocorrelation]:
E(g5]X) =0, t#s,t,s€{l,..,n}
We can write Assumption 3.4 as
E(ci84]X) = 02644,

where §;s = 1 if t = s and §;5s = 0 otherwise. In mathematics, d;5 is called
the Kronecker delta function. Under this assumption, we have

var(e:|X) = E(e?|X) — [E(g:|X))?
~ BEX)

0_2

and

cov(eg, e5|X) = E(e1e4|X)
=0 for all t # s.

By the law of iterated expectations, Assumption 3.4(b) implies that
var(e;) = o2 for all t = 1,...,n, the so-called unconditional homoskedas-
ticity. Similarly, Assumption 3.4(a) implies cov(es,e5) = 0 for all ¢ # s.
Thus, there exists no serial correlation between €, and its lagged values
when ¢ is an index for time, or there exists no spatial correlation between
the disturbances associated with different cross-sectional units when ¢ is an
index for the cross-sectional unit (e.g., consumer, firm and household). In
either case, we say that there exists no autocorrelation in {g;}.

Assumption 3.4 does not imply that ¢, and X are independent. It allows
the possibility that the conditional higher order moments (e.g., skewness
and kurtosis) of €; depend on X.

We can write Assumptions 3.2 and 3.4 compactly as follows:

E(e|X) =0 and E(ce’|X) = o1,

where I = I, is an n X n identity matrix.

3.2 Ordinary Least Squares (OLS) Estimation

Question: How to estimate the true model parameter 8° using an observed
data set generated from the random sample {Z;}7,, where Z; = (Y3, X})'?
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Definition 3.1. [OLS Estimator]: Suppose Assumptions 3.1 and 3.3(a)
hold. Define the Sum of Squared Residuals (SSR) of the linear regression
model Y; = X[ + u; as

SSR(B) = (Y — XB)(Y — XB)

—ZY; XiB)%.

Then the OLS estimator B is the solution to

3 = arg min SSR(S).
BERK

Note that SSR(f) is the sum of squared model errors {u; = Y; — X8},
with equal weighting for each ¢.

Theorem 3.1. [Existence of the OLS Estimator]: Under Assumptions
3.1 and 8.8, the OLS estimator 8 exists and

B =(X'X)"'X'Y

n -1 n
- (Z XtXt’) > XY
t=1 t=1
1< e
= (nZXtX,g> EZXth.
t=1 t=1

The last expression will be useful for our asymptotic analysis in subse-
quent chapters.

Proof: Using the formula that for an K x 1 vector A and K x 1 vector f3,
the derivative

O(A'B)

o5 N
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we have
dSS'R d <
USSRO) _ 4 S v, i
t=1
_ 52 v — xip
_;aﬁ /
= Y 2% - X{B) (Y~ Xi)
t=1 6

n

= —22& Y, - Xi8)
= —2X’(Y —XB).

The OLS estimator must satisfy the FOC:

It follows that
(X'X)3 = X'Y.
By Assumption 3.3, X’X is nonsingular. Thus,
B =(X'X)"'X"Y.

Checking the SOC, we have the K x K Hessian matrix

P2SSR(B) = O /
“opop —22:: E)d [(Y: — X;8)Xi]

is positive definite given Apin(X’X) > 0. Thus, j is a global minimizer.
Note that for the existence of B, we only need that X’X is nonsingular,
which is implied by the condition that Apin(X'X) — oo as n — oo but
it does not require that Apin (X’X) — 0o as n — oo. This completes the
proof.
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Suppose Z; = {Y;, X[}, t = 1,...,n, is an IID random sample of size n.
Consider the SSR scaled by n=! :

SSR(B) 1 = ,
S =R - Xig)?

n

and its minimizer

1 & R

p- (3wx) Sxam
t=1 t=1
These are the sample analogs of the population MSE criterion
MSE(8) = E(Y; — X;5)?
and its minimizer
B* = [B(X,X])] " E(X/Y)).

That is, SSR(J3), after scaled by n~!, is the sample analogue of MSE(j),
and the OLS estimator B is the sample analogue of the best least squares
approximation coefficient 8*.

Put

Y, = X;B.
This is called the fitted value (or predicted value) for observation Yz, and
e =Y — Yt
is called the estimated residual (or prediction error) for observation Y;. Note
that
et =Y — Yt
= (X{B° +e) — X,
= — X{(B-8°),

where ¢; is the unavoidable true disturbance &;, and X{(ﬁA — f°) is an
estimation error, which is smaller when a larger data set is available (so B
becomes closer to 3°).

The FOC implies that the estimated residual e = Y — XB is orthogonal

to regressors X in the sense that

X/e = Z Xtet =0.
t=1
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This is the consequence of the very nature of the OLS estimation, as im-
plied by the FOC of minge gpx SSR(B). It always holds no matter whether
E(g]X) = 0 (note that we do not impose Assumption 3.2 in Theorem 3.1).
Note that if X, contains the intercept, then X'e = 0 implies Y ;" , e; = 0.

The earliest form of regression was the OLS method, which was intro-
duced by Legendre (1805) and Gauss (1809), who both applied the method
to the problem of determining, from astronomical observations, the orbits
of bodies about the Sun (mostly comets, but also later the then newly
discovered minor planets).

3.3 Goodness of Fit and Model Selection Criteria

Question: How well does the linear regression model fit the data? That
is, how well does a linear regression model explain the variations of the
observed data of {Y;}7,?

We need some criteria or some measures to characterize goodness of fit.
We first introduce two measures for goodness of fit. The first measure
is called the uncentered squared multi-correlation coefficient R2.

Definition 3.2. [Uncentered RZ]: The uncentered squared multi-
correlation coefficient is defined as

Y'Y _ ee
Y'Yy Y'Yy’
where the second equality follows from the FOC of the OLS estimation.

2 _
Ruc_

The measure R?_ has a nice interpretation: the proportion of the uncen-
tered sample quadratic variation in the dependent variables {Y;} that can
be attributed to the uncentered sample quadratic variation of the predicted
values {V;}. Note that we always have 0 < R2_ < 1.

Next, we define a closely related measure called centered R2.

Definition 3.3. [Centered R?: Coefficient of Determination]: The
coefficient of determination

R2 =1— Z?Zl et2_
2 (Y= Y)?

where Y =n~! 3" | Y; is the sample mean.
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When X; contains the intercept, we have the following orthogonal de-
composition:

SV =Y (Y 4 Y- V)’
t=1 t=1
n n
= Z(Yt Y)? Zet + 22 Y —
t=1 t=1
=3 -V
t=1 t=1

where we have made use of the facts that X’e = 0 and Y.} ; ¢, = 0 from
the FOC of the OLS estimation and the fact that X; contains the intercept
(i.e., Xot = 1). It follows that

YL (Y2
? (Ve — Y)? Zt 1€t
P (Y —Y)?
S (-2
Y (Y =Y)¥

and consequently we have

0< R><1.

Question: Can R? be negative?
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Yes, this is possible. If X; does not contain the intercept, then the
orthogonal decomposition identity

n n n
DV -YP=Y (VY)Y €
t=1 t=1 t=1

generally no longer holds. As a consequence, R? may be negative when
there is no intercept! This is because the cross-product term

2 Z(th ~Y)e,
t=1

may be negative.

When X; contains an intercept, the centered R? has a similar interpre-
tation to the uncentered R?_. That is, R? measures the proportion of the
sample variance of {Y;}; that can be explained by the linear predictor of
X;.

Example 3.2. [CAPM and Economic Interpretation of R?]: The
classical CAPM is characterized by the equation

Tit — T = 0 + Bi(Pemt — Tpe) + €it, t=1,..,n,

where r;; is the return on portfolio (or asset) 4, 7y is the return on a risk-
free asset, and ry,; is the return on the market portfolio. Here, r;; — 7t
is the risk premium of portfolio %, 7, — rg is the risk premium of the
market portfolio, which is the only systematic market risk factor, and e;;
is the idiosyncratic risk which can be eliminated by diversification if the
g4+ are uncorrelated across different assets (see Hong 2017, Example 6.6,
Chapter 6). In this model, R? has an interesting economic interpretation:
it is the proportion of the risk of portfolio i (as measured by the sample
variance of its risk premium r;; — ry;) that is attributed to the market
risk factor (rpy: — 7). In contrast, 1 — R? is the proportion of the risk of
portfolio ¢ that is contributed by idiosyncratic risk factor ;.

In fact, the centered R? is the squared sample correlation between
{Y;}7, and {Y;}}7,, as is shown below.

Theorem 3.2. R? = ﬁiy, where py¢ is the sample correlation between
{Yiis, and {Yi}i,.

Proof: Left as an exercise.
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Since the fitted value Y; = X{B = By + Z?Zl Bijt is a linear com-
bination of {X jt}g?:l, R may be viewed as a multiple sample correlation
between Y; and {X jt};?:l, and this is why R? is called the squared multiple
sample correlation coefficient.

For any given random sample {Y;, X;}',t = 1,...,n, R? is nondecreas-
ing in the number of explanatory variables X;. In other words, the more
explanatory variables are added in the linear regression, the higher R? is.
This is always true no matter whether X; has any true explanatory power

for Y;, as is stated below.

Theorem 3.3. Suppose {Yy, X1¢,..., X(hiq},t = 1,...,n, is a random
sample, and Assumptions 3.1 and 3.3(a) hold. Let R? be the centered R?
from the linear regression

}/t :Xt//8+ut7

where Xy = (1, X14, ..., Xt)', and B is a K x 1 parameter vector; also, R3
is the centered R? from the extended linear regression

Yrt = X{W""Utv

where Xy = (1, X1ty coey Xiots X (ki 1)t s X(hrg)t)sand v is a (K +q) x 1
parameter vector. Then

R3 > R}
Proof: By definition, we have
ee
Ri=1- =3
! 2 (Y —Y)?
RE—1- é'e

Y (Ve = Y)*
where e is the estimated residual vector from the regression of ¥ on X, and
¢ is the estimated residual vector from the regression of ¥ on X. It suffices
to show &'¢ < ¢’e. Because the OLS estimator 4 = (X’X)~'X'Y minimizes
SSR(y) for the extended model, we have
n n
(Y, — X/7)? for all v € RE+4,
=1

#e= Y- XA <
t=1 t

Now we choose
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where 3 = (X’X)~'X'Y is the OLS estimator from the first regression. It
follows that

n k R k+q 2
ZED O I SR SR
t=1 =0 j=k+1
n
= (v, - X{B)?
t=1
=€ e€.

Hence, we have R? < R3. This completes the proof.
Question: What is the implication of Theorem 3.37

The measure R? can be used to compare models with the same num-
ber of predictors, but it is not a useful criterion for comparing models of
different sizes because it is biased in favor of large models.

The measure R? is not a suitable criterion for correct model specifi-
cation. It is a measure for sampling variation rather than a measure of
population. A high value of R? does not necessarily imply correct model
specification, and correct model specification also does not necessarily im-
ply a high value of R2.

Strictly speaking, R? is a measure merely of statistical association with
nothing to say about causality. High values of R? are often very easy to
achieve when dealing with economic time series data, even when the causal
link between two variables is extremely tenuous or perhaps nonexistent. For
example, in the so-called spurious regression where the dependent variable
Y; and the regressors X; have no causal relationship but they display similar
trending behaviors over time, it is often found that R? is close to unity
(Granger and Newbold 1974, and Phillips 1986).

Finally, R? is a measure of the strength of linear association between
the dependent variable Y; and the regressors X; (see Exercise 3.2). It is
not a suitable measure for goodness of fit of a nonlinear regression model
where E(Y:|X:) is a nonlinear function of X;.

Question: How to interpret R? for the linear regression model
InY; = Bo+ B1In Ly + BoIn Ky + &4,

where Y; is output, L; is labor and K; is capital?
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The centered R? is the proportion of the total sample variations in In Y;
that can be attributed to the sample variations in In L; and In K. It is
not the proportion of the sample quadratic variations in Y; that can be
attributed to the sample variations of L; and K;. In other words, it is
inappropriate to compare the R? from the regression of Y; on L; and K
and the R? from the regression of InY; on In L, and In K.

Question: Does a high R? value imply a precise estimation for 3°?

The discussion above implies that R? is not a suitable criterion for model
selection. Often, a large number of potential predictors are available, but
we do not necessarily want to include all of them. There are two conflicting
factors to consider: on one hand, a larger model has less systematic bias
and it would give the best predictions if all parameters could be estimated
without error. On the other hand, when unknown parameters are replaced
by estimates, the prediction becomes less accurate, and this effect is worse
when there are more parameters to estimate. An important idea in statistics
is to use a simple model to capture essential information contained in data
as much as possible. This is often called the KISS principle, namely “Keep
It Sophisticatedly Simple”!

Below, we introduce three popular model selection criteria that reflect
such an idea.

(1) Akaike Information Criterion (AIC)

A linear regression model can be selected by minimizing the following
AIC criterion with a suitable choice of K:

AIC = In(s?) + 2K
n
where

s?=¢ée/(n—K),

is called the residual variance estimator for E(¢?) = 02, and K = k + 1 is
the number of regressors. The first term In s? is a measure for goodness of
fit, and the second term 2K /n is a measure for model complexity. AIC is
proposed by Akaike (1973).
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(2) Bayesian Information Criterion (BIC, Schwarz (1978))

A linear regression model can be selected by minimizing the following
criterion with a suitable choice of K:

Kln(n)

BIC =1n(s%) +
n

This is called the Bayesian Information Criterion (BIC), proposed by
Schwarz (1978).

Both AIC and BIC try to trade off the goodness of fit to data measured
by In(s?) with the desire to use as few parameters as possible. When
Inn > 2, which is the case when n > 7, BIC gives a heavier penalty for
model complexity than AIC, which is measured by the number of estimated
parameters (relative to the sample size n). As a consequence, BIC will
choose a more parsimonious linear regression model than AIC.

The difference between AIC and BIC is due to the way they are con-
structed. AIC is designed to select a model that will predict best and is
less concerned than BIC with having a few too many parameters. BIC is
designed to select the true value of K exactly. Under certain regularity
conditions, BIC is strongly consistent in the sense that it determines the
true model asymptotically (i.e., as n — o0), whereas for AIC an overparam-
eterized model will emerge no matter how large the sample is. Of course,
such properties are not necessarily guaranteed in finite samples. In prac-
tice, the best AIC model is usually close to the best BIC model and often
they deliver the same model.

(3) Adjusted R?

In addition to AIC and BIC, there are other criteria such as R2, the
so-called adjusted R? that can also be used to select a linear regression
model. The adjusted R?, denoted as R2, is defined as

52 _ 1 e'e/(n— K)
Bl Ve

This differs from




Classical Linear Regression Models 85

In R?, the adjustment is made according to the degrees of freedom, or the
number of regressors in X;. It may be shown that

n—1
1— R?).
Ff( )

RZ=1-

n —

We note that R? may take a negative value although there is an intercept
in X;. It does not have as straightforward an interpretation as R? does.

To gain insight into RZ?, let us look at the numerator of the ratio in
the definition of R?, because the denominator does not depend on K. The
numerator itself is a ratio. Adding a regressor to the regression will cause
both e’e and n— K to decrease. If €’e decreases proportionally more than n—
K decreases, the ratio in the numerator will decrease and so R? will increase.
By contrast, if e’e decreases proportionally less than n— K decreases, R? will
decrease. We note that the decrease in the number of degrees of freedom,
n — K, is linked to the “statistical cost” of adding another regressor to the
regression.

All aforementioned model criteria are structured in terms of the esti-
mated residual variance s? plus a penalty adjustment involving the number
of estimated parameters, and it is in the extent of this penalty that the
criteria differ. For more discussion about these and other selection criteria,
see Judge et al. (1985, Section 7.5).

Question: Why is it not a good practice to use a complicated model?

A complicated model contains many unknown parameters. Given a
fixed amount of data information, parameter estimation will become less
precise if more parameters have to be estimated. As a consequence, the
out-of-sample forecast for Y; may become less precise than the forecast
of a simpler model. The latter may have a larger bias but more precise
parameter estimates. Intuitively, a complicated model is too flexible in the
sense that it may capture not only systematic components but also some
features in the data which will not show up again. Thus, it cannot forecast
futures well.

In many applications especially with a relatively large number of re-
gressors, the matrix X’X may be close to a singular matrix when there
exists near-multicollinearity in regressors. As a result, the OLS estimator
B will not be stable, inducing a large variance in its MSE. One solution is
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to restrict the magnitude of 5 by considering the following estimator

B=(Y —-XB)(Y -XB)+ A3
= (X'X+ )XY

where ) is a tuning parameter which controls the weight on the magnitude
of 8 measured by the sum of its squared components. This is called a ridge
regression estimator. When A = 0, the ridge regression estimator becomes
the OLS estimator. The introduction of A makes the ridge regression esti-
mator B more stable than the OLS estimator. This reduces the variance of
B at a cost of bias. Overall, the MSE of the ridge regression estimator of B
will be smaller than that of the OLS estimator.

When there exists a high-dimensional set of regressors (particularly
when the number of regressors K may be larger than the sample size n),
many parameters in § may be zero or small enough to be negligible. This
is called sparsity of a high-dimensional linear regression. When K is larger
than the sample size n, the OLS estimation is simply impossible, because
X’X is singular. In this case, one can consider the following estimator

B = min(Y — XB) (Y — XB) + AlBl1,

where |8]; = Z?:o |8, is the Li-norm of . This is called the Least Ab-
solute Shrinkage and Selection Operator (LASSO) estimator, which, unlike
the ridge regression estimator, sets those small coefficients directly equal
to zero. The LASSO estimator substantially reduces the variance of B at a
cost of bias, which usually leads to a large reduction in the MSE of /3 when
there exists a high-dimensional vector of regressors. For more discussion,
interested readers are referred to Tibshirani (1996).

3.4 Consistency and Efficiency of the OLS Estimator

We now investigate the statistical properties of the OLS estimator B. We
are interested in addressing the following basic questions:

eIsfBa good estimator for 8° (consistency)?
o Is 3 the best estimator (efficiency)?
e What is the sampling distribution of 5 (normality)?

Note that the distribution of B is called the sampling distribution of B,
because 3 is a function of the random sample {Z;}?_,, where Z; = (Y;, X})'.
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The sampling distribution of 3 is useful for any statistical inference
involving B, such as confidence interval estimation and hypothesis testing.

To investigate the statistical properties of B, we first state some useful
lemmas.

Lemma 3.1. Under Assumptions 3.1 and 3.3(a), we have:

(1)

(2)
B—p°=(X'X)"'Xe.
(3) Define an n x n projection matriz
P =X(X'X)"'X'
and
M=I-P.

Then both matrices P and M are symmetric (i.e., P =P’ and M =
M’) and idempotent (i.e., P2 = P,M? = M), with

PX= X,
MX = 0.

(4)
SSR(B) = €'e = Y'MY = ¢'Me.

Proof: (1) The result follows immediately from the FOC of the OLS esti-
mator.

(2) Because § = (X'X)"'X'Y and Y = X° + ¢, we have

B— B =(X'X)"'X(XB° +¢) - B°
= (X'X)"'Xe.
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(3) P is idempotent because

P? = PP
= [X(X'X) ' X)[X(X'X) 1 X]
= X(X'X)"'x’
=P.

Similarly we can show M? = M.
(4) By the definition of M, we have

e=Y —-Xp
=Y - X(X'X)"'X'Y
=[I-XXX)"' XY
=MY
= M(XS° +¢)
= MXg° + Me
= Me

given MX = 0. It follows that

SSR(B) =¢€'e

where the last equality follows from M? = M.

We now investigate the statistical properties of B.

Theorem 3.4. Suppose Assumptions 3.1 to 3.3(a) and 3.4 hold. Then
(1) [Unbiasedness] E(3|X) = 8° and E(B) = 5°.
(2) [Vanishing Variance]
var(B1X) = B [(3 - EA)(3 - EBYIX]
=0} (X'X)"
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If in addition Assumption 3.3(b) holds, then for any K x 1 vector T such
that 7' = 1, we have

7 var(B|X)T = 0 as n — .
(3) [Orthogonality Between e and (]
cov(3,e[X) = E{[B — E(3|X)]¢/|X} = 0.
(4) [Gauss-Markov Theorem]
var(b|X) — var(B|X) is Positive Semi-Definite (PSD)

for any unbiased estimator b that is linear in Y with E(b|X) = £°.
(5) [Sample Residual Variance Estimator]

1 n
s?=¢ée/(n—K)= Ze%

n—K
t=1

is unbiased for 0® = E(e?). That is, E(s*|X) = o>
Proof: (1) Given 3 — 8° = (X'X) "' X', we have

E[(5 - 8°)X] = E[(X'X) "' X'e[X]
(X'X) "' X'E(e|X)

(X’X)"'X'0

0.

(2) Given  — 8° = (X'X)'X’e and E(ee'|X) = 021, we have

() = £ { [ - B3] [3- BG0] X

=B [(8-8)(3-5)IX]

= B[(X'X) ' Xee’X(X'X) 7 X]
= (X'X) ' X'E(ee/|X)X(X'X)
= (X'X)" ' X' IX(X'X) !

= (X'X)IX/X(X'X) !

= o?(X'X) 1.
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Note that Assumption 3.4 is crucial here to obtain the expression of
0?(X’'X)~! for var(f|X). Moreover, for any 7 € RX such that 7/7 = 1,
we have, with probability one,

var(B|X)r = o7 (X'X) "1
= 0" A (X'X)

— 0

given Apin(X’X) — o0 as m — oo. Note that the condition that
Amin (X/X) — 00 ensures that var(3]X) vanishes to zero as n — oc.

(3) Given  — ° = (X’X)™'1X'se, e = Y — X = MY = Me (since
MX = 0 by Lemma 3.1(3)), and E(e) = 0, we have

cov(B,e[X) = E{ |5~ BBIX)] [e — BlX)] X}
= E[(3-p)X]
= B[(X'X) ' X'ee'M|X]
= (X'X)"'X'E(ee’|X)M
= (X'X)"'X'0*IM
=3(X'X)"IX'M
=0.

Again, Assumption 3.4 plays a crucial role in ensuring zero correlation
between § and e.
(4) Consider a linear estimator

b=CY,

where C = C(X) is an n x K matrix depending on X. It is unbiased for 3°
regardless of the value of 8° if and only if

E(b|X) = C'X3° + C'E(e]X)
= C'Xp°
= °.
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This follows if and only if
C'X =1
Because

b=C'Y
= C/(XB° + )
=C'XpB°+C'e
= p3°+Cle,

the variance of the linear estimator b

var(b|X) = E {[z; — EGX))[b— E(6|X)]'|x}
= EB[(b- 85— 5)X]
= F[C'ee’C|X]
= C'E(eg'|X)C
= C's’IC
= g2C'C.

Using C'X =1, we now have

var(b|X) — var(8|X) = ¢2C'C — ¢(X'X) !
=o%[C'C - C'X(X'X)"'X'C]
=o2C'[I - X(X'X)"'X'|C
= o?C'MC
= ¢?C'MMC
= o’C'M'MC
= ¢?(MC) (MC)
=o’D'D,

which is PSD. Here we have used the fact that for any real-valued matrix
D, the squared matrix D'D is always PSD. (How to show this?)
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(5) Because €'e = ¢’Me and tr(AB) = tr(BA), where tr(-) denotes the
trace operator, we have

where

tr(M) = tr(I) — tr[X(X'X)"'X/]
= tr(I) — tr[X'X(X'X) 7]
=n—K,
using tr(AB) = tr(BA) again. It follows that
E(e'e|]X)
n—K
_ o?(n—K)
BRCEYS

= 0'2.

E(s*X) =

We note that the sample residual variance estimator s? can be viewed
as a generalization of the sample variance S2 = (n —1)"' 31" | (V; — Y,,)?
of random sample {Y;}?_;. This completes the proof.

The unbiasedness property of B for 8° in Theorem 3.4(1) follows from
the strict exogeneity condition in Assumption 3.2. In general, different
regressors are correlated with each other. As a result, to obtain an un-
biased estimator for any parameter of interest, 57 say, that is associated
with regressor X, it is important to include all other possible correlated
regressors {X;;,j = i}. All other regressors which we are not interested
in are called control regressors. For example, in labor economics we may
be interested in estimating the effect of the return on education (measured
by the number of schooling). Because education and experience are cor-
related, we need to control for experience in regression in order to obtain



Classical Linear Regression Models 93

an unbiased estimation for the effect of education. Intuitively, the observa-
tion for the dependent variable is the total effect from all regressors subject
to stochastic disturbances, we have to control for (i.e., take into account)
the effect of all other regressors in order to correctly estimate the ceteris
paribus effect of the variable of interest X;; on Y;.

Both Theorems 3.4(1) and (2) imply that the conditional MSE

MSE(BIX) = £ {[3 — EGIX)]6 - EBIX)]IX |
= E[(6-8°)(5 - 8°)X]
= var(j3|X) + Bias(5|X)Bias(5|X)’
= var(f|X)

— 0 asn — oo,

where we have used the fact that the bias

Bias(5|X) = E(8]X) — 8° = 0.

Recall that MSE measures how close an estimator B is to the target pa-
rameter 5°.

Theorem 3.4(4), which is usually called the Gauss-Markov theorem,
implies that /3 is the Best Linear Unbiased Estimator (BLUE) for 8° because
var(8|X) is the smallest among all unbiased linear estimators for 3°. Carl
F. Gauss is a well-known German mathematician and astronomer, who
published a seminal work on the theory of OLS estimation, including a
version of the Gauss—Markov theorem (Gauss 1921).

Formally, we can define a related concept for comparing two unbiased
estimators:

Definition 3.4. [Efficiency]: An unbiased estimator B of parameter (°
is more efficient than another unbiased estimator b of parameter 3¢ if

var(b|X) — var(3]X) is PSD.

When B is more efficient than IA), we have that for any 7 € R¥ such that
't =1,

' [Var(épq - Var(/3’|X)} > 0.
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Choosing 7 = (1,0, ..., 0)’, for example, we have

var(bg) — var(8y) > 0.

We note that the OLS estimator B is still BLUE even when there exists
near-multicollinearity, where Ay, (X'X) does not grow with the sample size
n, and var(3]X) does not vanish to zero as n — co. Near-multicollinearity
is essentially a sample or data problem which we cannot remedy when the
objective is to estimate the unknown parameter value 3°.

3.5 Sampling Distribution of the OLS Estimator

To obtain the finite sample sampling distribution of B, we impose the nor-
mality assumption on €.

Assumption 3.5. [Conditional Normality]: ¢|X ~ N(0,o%I).

Assumption 3.5 implies both Assumptions 3.2 (E(¢|X) = 0) and 3.4
(E(ee|X) = o2I). Moreover, under Assumption 3.5, the conditional PDF
of € given X is

EiX) = e (<55 ) = 16)

which does not depend on X, so the disturbance ¢ is independent of X.
Thus, every conditional moment of € given X does not depend on X.

The normal distribution is also called the Gaussian distribution named
after Gauss. It is assumed here so that we can derive the finite sample
distributions of B and related statistics, i.e., the distributions of B and
related statistics when the sample size n is a finite integer. This assumption
may be reasonable for observations that are computed as the averages of the
outcomes of many repeated experiments, due to the effect of the so-called
Central Limit Theorem (CLT). This may occur in physics, for example. In
economics, the normality assumption may not always be reasonable. For
example, many high-frequency financial time series usually display heavy
tails (with kurtosis larger than 3).

Question: What is the sampling distribution of B?
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From Lemma 3.1(2), we can write

Bb—p=(XX)"'Xe

= (X'X)! Z X,e,
t=1

n
= E Ct€t7
t=1

where the weighting vector
Cy = (X'X)"1Xx,

is called the leverage of observation X;. Conditional on X, B—3° is a linear
combination of €, and so it follows a normal distribution given Assumption
3.5.

Theorem 3.5. [Normality of the OLS Estimator]: Under Assump-
tions 3.1, 3.3(a) and 3.5,

(B - B°)X ~ N[0,0%(X'X)7"].

Proof: Conditional on X, 3 — 8° is a weighted sum of independent nor-
mal random variables {e;}, and so it is also normally distributed given
Assumption 3.5. This follows from the so-called reproductive property of
the normal distribution.

We note that the OLS estimator /3’ still has the conditional finite sam-
ple normal distribution N[3°,02(X’X)!] even when there exists near-
multicollinearity, where Apin (X’X) does not grow with the sample size n
and var(3|X) does not vanish to zero as n — oo.

A corollary follows immediately.

Corollary 3.1. [Normality of R(ﬁ — (3°)]: Suppose Assumptions 3.1,
3.8(a) and 3.5 hold. Then for any nonstochastic J x K matriz R, we have
R(3 — °)|X ~ N[0,0?R(X'X)"'R].

Proof: Conditional on X, 3—° is normally distributed. Therefore, condi-

tional on X, the linear combination R(B — B°) is also normally distributed,
with

E[R(B - 5°)|X] = RE[(B - 5°)|X] = R-0=0
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and
varlR( — 5)1X) = B{R(5 - 5)[R(5 - )] [X}
— E[R(3 - )8 - 5/ R'|X]
— RE|(3 - 8°)(3 - 8°)|X| R’
= Rvar(B|X)R’
=o’R(X'X)"'R.
It follows that

R(3 — B°)|X ~ N(0,0*R(X'X)"'R").

Question: What is the role of the J x K nonstochastic matrix R?

The J x K matrix R is a selection matrix. For example, when R =
(1,0,...,0), we then have R(5 — 8°) = Bo — 53-

Question: Why would we like to know the sampling distribution of R(B —
Be)?
This will be useful for confidence interval estimation and hypothesis

testing.

3.6 Variance Estimation for the OLS Estimator

Since var(e;) = o2 is unknown, var[R(3 — 8°)|X] = o2R(X'X)"'R’ is
unknown. We need to estimate o2. We can use the sample residual variance
estimator

s2=¢ée/(n— K).

In order to investigate the statistical properties of s2, we first provide a
lemma.

Lemma 3.2. [Quadratic Form of Normal Random Variables]: If
v~ N(0,I) and Q is an n X n nonstochastic symmetric idempotent matrix
with rank g < n, then the quadratic form

V'Qu ~ xg,

where Xg denotes a Chi-square distribution with q degrees of freedom.
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In our application, we set v = ¢/o ~ N(0,I), and Q = M. Since
rank(M) = n — K, it follows that
e'e

2
o2 X~ Xn—K-

Theorem 3.6. [Residual Variance Estimator]: Suppose Assumptions
3.1, 3.3(a) and 3.5 hold. Then we have for alln > K, (1)
ee

X=X~ X0k

(n — K)s?
2

g

(2) conditional on X, s? and B are independent.

Proof: (1) Because e = Mg, we have
/ ™ /
o (2 ()
o2 o2 o o
In addition, because ¢|X ~ N(0,02%I), and M is an idempotent matrix with
rank equal to n — K (as has been shown earlier), we have the quadratic
form
e &'Me

= 2

2= X ~x2
0_2 o n—K

by Lemma 3.2.

(2) Next, we show that s? and 3 are independent. Because s2 = ¢’e/(n—
K) is a function of e, it suffices to show that e and B are independent. This
follows immediately because conditional on X, both e and B are jointly
normally distributed and they are uncorrelated. It is well-known that for a
joint normal distribution, zero correlation is equivalent to independence.

It remains to show that e and B are jointly normally distributed. For
this purpose, we write

e _ Me
-] = lxx)xe
B M
- (X/X)—lxl €.
Because €|X ~ N(0,02I), the linear combination of

[(X’xl\flx} i
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is also normally distributed conditional on X. It follows that conditional
on X, e and § are independent given cov(f, e|X) = 0. This completes the
proof.

To discuss the implication of Theorem 3.6, we review the properties
of Xﬁ- Suppose ¢ is a positive integer, and {Z;}7_, is an IID sequence of
N(0,1) random variables. Then the random variable

f:$éﬁ
1=1

follows a xg distribution.

The Xﬁ distribution is nonsymmetric and has long right tails. It has
E(x2) = q and var(x;) = 2q respectively.

Based on these properties of a x? distribution, Theorem 3.6(1) implies

B [(H—K)SQ

o2

X} =n—K

or

(”;72K)E(S2\X) =n—K.

It follows that E(s?|X) = o2. Note that we have shown this result in
Theorem 3.4(5), with a more tedious approach but under a more general
condition.

Theorem 3.6(1) also implies

— K)s?
var [(712)5 X] =2(n— K).
o
It follows that
204

2

X =

var(s°|X) —

— 0 as n — oo.
Both Theorems 3.6(1) and (2) imply that the conditional MSE of s?
MSE(s*|X) = E [(s* — ¢*)*|X]
= var(s%|X) + [E(s*|X) — 0?]?
— 0 asn — oo.

Thus, s? is a good estimator for o2.
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The sample residual variance s?> = e’e/(n — K) is a generalization of
the sample variance S2 = (n—1)"' Y1 | (Y; — Y,,)? for the random sample
{Y:}7 ;. The factor n — K is called the number of the degrees of freedom of
the estimated residual sample {e;}? ;. To gain intuition why the number
of the degrees of freedom is equal to n — K, note that the original sample
{Z,}p_, = {(Ys, X})'},—, has n observations, which can be viewed to have
n degrees of freedom. Now when estimating o2, we have to use the esti-
mated residual sample {e;}7 ;. These n estimated residuals are not linearly
independent because they have to satisfy the FOC of the OLS estimation,
namely,

X'e =0,
(K xn)x(nx1)=(K x1).

The FOC imposes K restrictions on {e;}{;, conditional on X. These
K restrictions are needed in order to estimate K unknown parameters
B°. They can be used to obtain the remaining K estimated residuals
{er_K+1,...,er} from the first n — K estimated residuals {ey,...,e,_x}
if the latter have been available. Thus, the number of the remaining de-
grees of freedom of e is n — K. Note that the sample variance S? is the
residual variance estimator for Y; = 3 + €, a linear regression model with
an intercept only.

Question: Why are the sampling distributions of B and s? useful in
practice?

They are useful in confidence interval estimation and hypothesis test-
ing on model parameters. We note that conditional independence between
B and s? in Theorem 3.6(2) is crucial for deriving the sampling distribu-
tions of the popular t-test and F-test statistics, which will be introduced
shortly. The Student’s ¢t-distribution and F-distribution are very important
in confidence interval estimation and hypothesis testing. In this book, we
will mainly focus on hypothesis testing. Statistically speaking, confidence
interval estimation and hypothesis testing are the two sides of the same
coin.

3.7 Hypothesis Testing

We now use the sampling distributions of B and s2 to develop test proce-
dures for hypotheses of interest. We consider testing the following linear
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hypothesis in form of

HO . RBO =T,
(Jx K)(K x1)=Jx1,
where R is a J x K nonstochastic matrix called the selection matrix, and J
is the number of restrictions. We assume that R is of full rank and J < K.
It is important to emphasize that we will test Hy under correct model

specification for E(Y;|Xy).
We first provide a few motivating examples for hypothesis testing.

Example 3.3. [Reforms Have No Effect]: Consider the extended pro-
duction function

In(Y;) = Bo + B11In(Ly) + o In(Ky) + B3 AU + BaP Sy + &4,

where AU; is a dummy variable indicating whether a state-owned enter-
prise t is granted autonomy, and P.S; is the profit share of the state-owned
enterprise ¢ with the state.

Suppose we are interested in testing whether autonomy AU; has an
effect on productivity. Then we can write the null hypothesis

Hf : 55 =0.
This is equivalent to the choices of

B° = (Bo, B1, B2, B, Ba)'
R =1(0,0,0,1,0),
r=0.

If we are interested in testing whether profit sharing has an effect on
productivity, we can consider the null hypothesis

H} : 35 =0.

Alternatively, to test whether the production technology exhibits CRS,
we can write the null hypothesis as follows:

HS 5+ 58 = 1

This is equivalent to the choice of R = (0,1,1,0,0) and r = 1.
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Finally, if we are interested in examining the joint effect of both auton-
omy and profit sharing, we can test the hypothesis that neither autonomy
nor profit sharing has impact:

HY: B9 =55 =0.

This is equivalent to the choice of

Example 3.4. [Optimal Prediction for Future Spot Exchange
Rate]: Consider

St-‘rT :60+51Ft(7)+€t+7a t= ].7...771,

where Sy, is the spot exchange rate at period ¢ + 7, and Fy(7) is the
forward exchange rate, namely the period ¢’s price for the foreign currency
to be delivered at period t + 7. The null hypothesis of interest is that the
forward exchange rate F}(7) is an optimal predictor for the future spot rate
St4r in the sense that E(Si4.|It) = Fi(7), where I; is the information set
available at time ¢. This is actually called the expectations hypothesis in
economics and finance. Given the above specification, this hypothesis can
be written as

Hf:55=0,8 =1,

and E(g¢1.|I:) = 0. This is equivalent to the choice of

S

All examples considered above can be formulated with a suitable spec-
ification of R, where R is a J x K matrix in the null hypothesis

Hy: R5° =,

where r is a J x 1 vector.
We now introduce the basic idea of hypothesis testing. To test the null
hypothesis

H() : Rﬂo =7,
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we can consider the statistic
RB —r

and check if this difference is significantly different from zero.
Under Hg : R3° = r, we have

RB —r=RB— RB°
= R(3 - 5°)

—0asn— o

because B — (° — 0 as n — oo in terms of MSE.
Under the alternative to Hy, RB° # r, but we still have 5 — 8¢ — 0 in
terms of MSE. It follows that

RB—r =R(3—p°)+ RE° —r
— RB°—1r#0

as n — oo, where the convergence is in terms of MSE. In other words,
RB — r will converge to a nonzero limit, R3° — r.

The fact that the behavior of RB —r is different under Hy and under the
alternative hypothesis to Hy provides a basis to construct hypothesis tests.
In particular, we can test Hy by examining whether RB — r is significantly
different from zero.

Question: How large should the magnitude of the absolute value of the
difference RS — r be in order to claim that RS — r is significantly different
from zero?

For this purpose, we need a decision rule which specifies a threshold
value with which we can compare the (absolute) values of RS —r. Because
RB — r is a random variable and so it can take many (possibly an infinite
number of) values. Given a data set, we only obtain one realization of
RB — r. Whether a realization of R — r is close to zero should be judged
using the critical value of the sampling distribution of RB —r under the null
hypothesis Hp, which depends on the sample size n and the pre-selected
significance level a € (0,1).

Question: What is the sampling distribution of RB — r under Hy?

Because

R(B - B°)|X ~ N (0,0’ R(X'X) ' R),
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we have that conditional on X,

R3—r=R(3—8°)+RB" —r
~ N(RB° —r,0? R(X'X)"'R").

Corollary 3.2. Under Assumptions 3.1, 3.8 and 3.5, and Hy : R3° = r,
we have for each n > K,

(RB—7)|X ~ N(0,0°R(X'X)"'R).

The difference RB —r cannot be used as a test statistic for Hy, because

0?2 is unknown and thus there is no way to calculate the critical values of

the sampling distribution of RA —r.
Question: How to construct a feasible (i.e., computable) test statistic?

The form of test statistics will differ depending on whether we have
J=1or J>1. We first consider the case of J = 1.

Case I: t-Test
Recall that under Hy,
(RB —7)|X ~ N(0,0°R(X'X)"'R).
When J = 1, the conditional variance
var[(RB —r)|X] = 0?R(X'X) 'R’

is a scalar. It follows that conditional on X, we have

RB —-r _ RB -7
JarlRi—nx]  VORXXTE
~ N(0,1).

Question: What is the unconditional distribution of

RB —r 0
?R(X'X)-1R'

The unconditional distribution is also N (0, 1).
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2

However, ¢ is unknown, so we cannot use the ratio

RB -7
o?R(X'X)-1R/

as a test statistic. Instead, we have to replace o2 by s2, which is a good
estimator for 0. This gives a feasible (i.e., computable) test statistic
R,B —r
sR(X'X)" 1R

However, the test statistic 7" will be no longer normally distributed
under Hy. Instead,
R,@ —-r
SPR(X'X)~ IR/

RB—T
0?2R(X'X)~ 1R’

R k)
N(0,1)
X%—K/(n - K)

~tn—K,

where t,,_ i denotes a Student’s t-distribution with n — K degrees of free-
dom. Note that the numerator and denominator are mutually independent
conditional on X, because B and s2 are mutually independent conditional
on X. The feasible statistic T is called a t-test statistic because it follows
the Student’s ¢,,_ g distribution.

We now briefly review the properties of the Student’s ¢,-distribution.
Suppose Z ~ N(0,1) and V ~ x2, and both Z and V are independent.
Then the ratio

Z t
~Y q.
Vi
The t,-distribution is symmetric about 0 with heavier tails than the

N(0,1) distribution. The smaller number of the degrees of freedom, the
heavier tails it has. When ¢ — oo, t, — N(0,1). This implies that we have

RB —r
sS2R(X'X)~ 1R/

iN(O,l) as n — 0o,
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where % denotes convergence in distribution. This result has a very impor-
tant implication in practice: for a large sample size n, it makes no difference
to use either the critical values from ¢,k or from N(0, 1).

Question: What is convergence in distribution?

Definition 3.5. [Convergence in Distribution]: Suppose {Z,,n =
1,2,...} is a sequence of random variables/vectors with Cumulative Dis-
tribution Functions (CDFs) F,(z) = P(Z, < z), and Z is a random vari-
able/vector with CDF F(z) = P(Z < z). We say that Z,, converges to Z
in distribution if the distribution of Z,, converges to the distribution of Z
at all continuity points; namely,

lim F,(z) = F(z)

n—oo

or
F,.(z) = F(z) asn — o0

for any continuity point z (i.e., for any point at which F(z) is continuous).

We use the notation Z,, % Z. The distribution of Z is called the asymptotic
or limiting distribution of Z,.

In practice, Z,, is a test statistic or a parameter estimator, and often
its sampling distribution F,,(z) is either unknown or very complicated, but
F(z) is known or very simple. As long as Z, < 7, then we can use F(z) as
an approximation to F,(z). This gives a convenient procedure for statistical
inference. The potential cost is that the approximation of F,(z) to F(z)
may not be good enough in finite samples (i.e., when n is finite). How good
the approximation is will depend on the DGP and the sample size n.

With the obtained sampling distribution of the test statistic T, we now
provide a decision rule for testing Hy when J = 1.

(1) Decision Rule of the t-Test Based on Critical Values:

e Reject Hy : RB° = r at a prespecified significance level « € (0,1)
if

|T| > C;

n-K,g°
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where C; . is the so-called upper-tailed critical value of the
]
tn—x distribution at level 5, which is determined by

«
P (tn—K > Ctn—K,%) = 3

or equivalently

P (|tn—K| > Ctn—K,%) = .
e Do not reject Hy at the significance level « if
7| < C;

n—K,% °

Figure 3.3 illustrates the acceptance and rejection regions of a t-test
based on the Student’s t;o-distribution.

i Student's #;-distribution

Acceptange Region ———
Rejection Region Rejection Region
I | T T I |
-2.5 -1.5 -0.5 0.5 15 25

Figure 3.3 Acceptance and rejection regions of a t-test.

In testing Hy, there exist two types of errors, due to the limited in-
formation about the population in a given random sample {Z;}} ;. One
possibility is that Hy is true but we reject it. This is called the “Type I
error”. The significance level « is the probability of making the Type I
error. If

P(IT1>Cp_, ,IHy) =a,
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we say that the decision rule is a test with size . The reason that the Type
I error exists is that under Hg, the t-test statistic 7" follows the Student’s
tn—k distribution and so can take values larger than the critical value with
small probability.

On the other hand, the probability P(|T| > Ctn_x,% |Hj is false) is called
the power function of a size a test. When

P<|T\ >Cy . o|Hpis false) <1,
2

there exists a possibility that one may fail to reject Hy when it is false.
This is called the “Type II error”.

Ideally one would like to minimize both the Type I error and Type II
error, but this is impossible for any given finite sample. In practice, one
usually presets the level for Type I error, the so-called significance level,
and then minimizes the Type II error. Conventional choices for significance
level o are 10%, 5% and 1% respectively.

Next, we describe an alternative but equivalent decision rule for testing
H, when J = 1, using the so-called P-value of test statistic T

Given an observed data set 2" = {z; = (y, z})’ }71, which is a realiza-
tion of the random sample Z" = {Z; = (Y3, X})'},, we can compute a
realization (i.e., a number) for the ¢-test statistic 7', namely

RB—T

T(z") = ——.
(=") sS?R(x'x)" 1R/

Then the probability

p(z") = P[|T| > |T(z")| Ho]
= Plltn—x| > |T(=")]],

is called the P-value (i.e., probability value) of the test statistic T given
that z" = {z = (y,x})'}}_; is observed, where t,_k is a Student’s ¢
random variable with n — K degrees of freedom, and T'(z") is a realization
of the test statistic T = T(Z"™) given the observed data z™. Intuitively,
the P-value is the smallest value of significance level « for which the null
hypothesis is rejected. Here, it is the tail probability that the absolute value
of a Student’s t,,_ x random variable is larger than that of the test statistic
T(z"). If this probability is rather small relative to the significance level,
then it is unlikely that the test statistic T(Z™) will follow the Student’s
tn_§ distribution. As a result, the null hypothesis is likely to be false.
The above decision rule can be described equivalently as follows.
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(2) Decision Rule Based on the P-value:

e Reject Hy at the significance level « if p(2™) < a.
e Do not reject Hy at the significance level « if p(z") > a.

A small P-value is evidence against the null hypothesis. A large P-value
shows that the data are consistent with the null hypothesis.

Question: What are the advantages and disadvantages of using P-values
versus using critical values?

P-values are more informative than only rejecting/accepting the null
hypothesis at some significance level ae. A P-value is the smallest signifi-
cance level at which a null hypothesis can be rejected. It not only tells us
whether the null hypothesis should be accepted or rejected, but it also tells
us whether the decision to accept or reject the null hypothesis is a close
call.

Most statistical software reports P-values of parameter estimates. This
is much more convenient than asking the user to specify significance level
«a and then reporting whether the null hypothesis is accepted or rejected
for that a.

When we reject a null hypothesis, we often say there is a statistically
significant effect. This does not mean that there is an effect of practical
importance (i.e., an effect of economic importance). This is because when
large samples are used, small and practically unimportant effects are likely
to be statistically significant.

The t-test and associated procedures just introduced are valid even when
there exists near-multicollinearity, where Ay (X'X) does not grow with the
sample size n and V&I‘(B |X) does not vanish to zero as n — oo. However,
the degree of near-multicollinearity, as measured by sample correlations
between explanatory variables, will affect the precision of the OLS estimator
B. Other things being equal, the higher degree of near-multicollinearity, the
larger the variance of /3’ As a result, the t-statistic is often insignificant
even when the null hypothesis Hy is false.

We now provide some examples of ¢-tests.

Example 3.5. [Reforms Have No Effects (Continued)]: We first con-
sider testing the null hypothesis

H8:53:07
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where (3 is the coefficient of the autonomy AU; in the extended pro-
duction function regression model. This is equivalent to the selection of
R =1(0,0,0,1,0). In this case, we have

SRX'X)T'R = [$*(X'X)71]
_ Q2
=9,

(4,4)

which is the estimator of var(f3]X). The squared root of var(fs]X) is called
the standard error of estimator 3, and S 5, 18 called the estimated standard

error of Bg. The t-test statistic

_ RB —r
$S2R(X'X)- 1R/
b
2
V%,
~tn K.

Next, we consider testing the CRS hypothesis
H:61+62=1,
which corresponds to R = (0,1,1,0,0) and r = 1. In this case,
SRX'X)TIR =85 +5% + 2cov (B, B2)
= [S2(X,X)_1](2,2)
+ [SQ(X/X)fl](s,g)
+2 [$*(X'X) 7]

=52
_SﬁJrﬁz’

(2,3)

which is the estimator of var(8; + 32/X). Here, cov(j31, B2) is the estimator
for cov(f, 82]X), the covariance between 1 and S conditional on X.
The t-test statistic is

RB —-r
S2RX'X) R
_ Br+pBe—1
SBIJ’_BQ

~lnK.
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Case II: F-Testing
Question: How to construct a test statistic for Hq if J > 17
We first state a useful lemma.

Lemma 3.3. [Quadratic Form of Normal Random Variables]: If a
g X 1 random vector Z ~ N(0,V), where V = var(Z) is a nonsingular q X q
variance-covariance matrix, then

Z'VZ ~ 2
Proof: Because V is symmetric and positive definite, we can find a sym-
metric and invertible matrix V1/2 such that
V1/2vl/2 _ V,
and
V—l/Qv—l/Q — V_l.

Question: What is this decomposition called?

Now, define
Y =v-1?Z
Then we have E(Y) = 0, and
var(Y) = E{[Y — E(Y)][Y — E(Y)]'}

=E(YY’)
_ E(v—l/szlv—l/Q)
=V Y2E(ZZ" VY2
— V*l/vifl/Q
_ V71/2V1/2V1/2V71/2
= I7

where T is a ¢ x ¢ identity matrix. It follows that Y ~ N(0, I). Therefore,
we have

2
Y'Y ~ ;.
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Applying this lemma, and using the result that
(R —7)|X ~ N[0,0?R(X'X)"*R/]
under Hy, we have the quadratic form
(RB =) [0 RX'X) 'R (RB —r) ~ X7
conditional on X, or

(RS —r) [RXX)'R] ™ (RB—71) 2

o2
conditional on X.
Because X% does not depend on X, therefore, we also have

(RB—7r)[RX'X)'R|"Y(RB—71)
2 ~XJ

g

unconditionally.
Like in constructing a t-test statistic, we should replace o2 by s? in the
left hand side:

(BB —r) [R(X'X) 'R~ (RS — )
s2

The replacement of o2 by s? renders the distribution of the quadratic form
no longer Chi-squared. Instead, after proper scaling, the quadratic form will
follow a so-called F-distribution with degrees of freedom equal to (J,n—K).

To under this result, we first review the properties of the F-distribution.
Suppose U ~ X;Q; and V ~ Xﬁ, and both U and V are independent. Then
the ratio

Ufp

~F
Vig 7

is called to follow an F) , distribution with degrees of freedom (p,q). The
reason that this distribution is called an F-distribution is that it is named
after R. A. Fisher, a well-known statistician in the 20th century. It is similar
to the shape of a x? distribution with a long right tail. An F),, random
variable F' has the following properties:

(a) If F ~ F,,, then F7! ~ F, .
(b) t2 ~ Fi 4.
o (c) Given any fixed integer p, p- Fp 4 — Xf, as g — oo.
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Property (b) implies that when J = 1, using either the ¢-test or the
F-test will deliver the same conclusion. Property (c¢) implies that the con-
clusions based on F}, , and on p - F,, ; using the x> approximation will be
approximately the same when ¢ is sufficiently large.

Now, we can show that the quadratic form scaled by J, namely,

(RB—r)[R(X'X)"'R)"YRB —r)/J
82
(RB—T)’[R(X’)i)Q’lR’]’l(Rﬁ—r) 1

B (- K)

o2

F

~ FJ,n—Ka
where conditional on X, the numerator

(BB —r)[RX'X) 'R MRE—71)
2 ~ XJs

the denominator

(n — K)s? 2
0_2 anKv
and they are mutually independent. As a result, we obtain the Fj, g

distribution. The statistic F' is called the F-test statistic.

Theorem 3.7. [F-Test]: Suppose Assumptions 3.1, 8.3(a) and 3.5 hold.
Then under Hy : RB° = r, we have

(BB —r) [ROX'X) 'R (RE —1)/J

F= =2

~ FJ,n—K
for alln > K.

Figure 3.4 illustrates the acceptance and rejection regions of an F-test
based on the Fj 25 distribution.

A practical issue now is how to compute the F-statistic. One can of
course compute the F-test statistic using the above definition of the F-test
statistic. However, there is a very convenient alternative way to compute
the F-test statistic. We now introduce this method.
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F 45, distribution

Acceptance Region
T

Rejection Region
T

0 1 2 3 4

Figure 3.4 Acceptance and rejection regions of an F-test.

Theorem 3.8. Suppose Assumptions 3.1 and 3.3(a) hold. Let €'e be the
SSR from the unrestricted model

Y =Xg%+e.
Let €'¢ be the SSR from the restricted model
Y =Xg%+¢
subject to
RE° =,

where B is the restricted OLS estimator. Then under Hg, the F'-test statistic
can be written as

_ (ele—ee)/J 7
- ee/(n—K) Sk

Proof: Let 3 be the OLS estimator under Hy; that is,
G = in (Y - XB)' (Y - X
f = arg min ( B)( B)
subject to the constraint that RS = r. We first form the Lagrangian function
L(B.N) = (Y — XBY(Y — XB) + 2N (r — RB),

where A is a J x 1 vector called the Lagrange multiplier.
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We have the following FOCs:

8L(575‘) _ / n A
—o5 = 92X (Y - Xf3) —2R' A =
8L(/é75\) _ 2\

T =2(r — RB) = 0.

With the unconstrained OLS estimator 3 = (X’X)~!X'Y, and from the
first equation of FOC, we can obtain

—(6-8) = (X'X)T'RA,
R(X'X)"' R\ = —R(} - ).
Hence, the Lagrange multiplier
A =—[R(X'X)"'R"'R(B - B)
~[RX'X) T RN (RS — 1),
where we have made use of the constraint that RS = r. It follows that

B—B=XX)'"R[RX'X)"'R] R -r).

Now,
E=Y —Xj
=Y -XB+X(3-5)
=e+X(8-P).

It follows that
de=ce+ (8- B)X'X(- )
=¢e+ (RB—r)[RX'X)"'R|"Y RS — ).
We have
(RB—r)[R(X'X) 'R Y RB—r)=é¢— e
and

(BB —r)[ROX'X) 'R (R —r)/J

52

F =

_ (e'e—¢€e)/J
ee/(n—K)’

This completes the proof.
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Thus, the F-statistic is rather convenient to compute. One only needs
to compute SSRs in order to compute it Intuitively, the SSR of the un-
restricted regression model is always larger than or at least equal to that
of the restricted regression model. When the null hypothesis Hy is true
(i.e., when the parameter restriction is valid), the SSR of the restricted
model is more or less similar to that of the unrestricted model, subject
to the difference due to sampling variations. If the SSR of the restricted
model is sufficiently larger than that of the unrestricted, then there exists
evidence against Hy. How large a difference between them is considered
as sufficiently large to reject Hy is determined by the critical value of the
associated F-distribution.

Question: What is the interpretation for the Lagrange multiplier A?

Recall that we have obtained the relation that
A= —[RX'X)"'R]"'R(3 - B)
= ~[R(X'X)"'R"Y (RS ).
Thus, X is an indicator of the departure of RB from r. That is, the value of

A will indicate whether RB — r is significantly different from zero.

Question: What happens to the distribution of F' when n — oco?

Recall the important property of the F}, , distribution that p- F}, , S X;Q;
when g — co. Since our F-statistic for Hy follows an Fy,_ distribution,
it follows that under Hy, the quadratic form

(R —r) [ROX'X)"'R'] " (RS — )

52

J-F =
d 2
— X7 as n — o00.

This implies that the limiting distribution of J - F' is the same as that of
the quadratic form

(R —r) [ROX'X)"'R']"" (RS —1)

2 .

g

That is, replacing o2 by s? does not change the limiting distribution.
We formally state this result below.
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Theorem 3.9. [Wald Test]: Suppose Assumptions 3.1, 3.3(a) and 3.5
hold. Then under Hy, we have the Wald test statistic

(RB—r)[RX'X) RN (RB—7) 4 ,

W=J-F= 5 — X7

S

as n — oQ.

This result implies that when n is sufficiently large, using the F-statistic
and the exact Fj,,_k distribution and using the quadratic form W and the
simpler XQJ approximation will make no essential difference in statistical
inference. The Wald test is applicable only when n is large.

Figure 3.5 illustrates the acceptance and rejection regions of a Wald test
based on the x? distribution.

0.08
1

Chi-square X 15 distribution

0.04
1

. Rejection Region
Acceptance Region — " e~
T T T

T T T I T T
0 5 10 15 20 25 30 35 40 45 50

Figure 3.5 Acceptance and rejection regions of a Wald test.

It is important to note that in Theorem 3.9, the Wald test statistic
W is proportional to the F-test statistic. This holds under conditional
homoskedasticity. Under conditional heteroskedasticity, we can define a
robust Wald test statistic, but the relationship of W = J - F' will no longer
hold.
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3.8 Applications

We now consider some special but important cases often encountered in
economics and finance.

Case I: Testing for Joint Significance of Explanatory Variables

Consider a linear regression model
Y, = X{6° + &
k
=B+ B Xji+er
j=1
We are interested in testing the combined effect of all the regressors except
the intercept. The null hypothesis is
Hotﬁ;:Oforlgjﬁk,

which implies that none of the explanatory variables influences Y;.
The alternative hypothesis is

Hy: B8] # 0 at least for some 37, ji=1, ...k
One can use the F-test and
F~Fin(kt1)-
In fact, the restricted model under Hy is very simple:
Y: =50 +er
The restricted OLS estimator 3 = (Y,0,...,0)". It follows that
=Y -XB=Y-Y

Hence, we have

Recall the definition of R? :

RP=1-
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It follows that
_ (ee—=de)/k
eef/(n—k—1)
(1-&2)/k
ge/in—k—1)
R?/k
A-R)/n— k1)
Thus, it suffices to run one regression, namely the unrestricted model in

this case. We emphasize that this formula is valid only when one is testing
forHO:ﬁ;:Oforalllgjgk.

Example 3.6. [Testing EMH]: Suppose Y; is the exchange rate return in
period t, and I;_; is the information available at time t — 1. Then a classical
version of EMH can be stated as follows:

E(Yi|I;—1) = E(Y}).

To check whether exchange rate changes are unpredictable using the past
history of exchange rate changes, we specify a linear regression model

Yy = Xi8° + e,
where
Xi = (1, Y10, Yios) -
Under EMH, we have
Ho:pj=0forall j=1,.. k.
If the alternative
Hy : 87 # 0 at least for some j € {1,...,k}

holds, then exchange rate changes are predictable using the past informa-
tion.

Question: What is the appropriate interpretation if Hy is not rejected?

Note that there exists a gap between EMH and Hj, because the linear
regression model is just one of many ways to check EMH. It is possible
that exchange rate changes are not predictable using a linear autoregressive
model, but are predictable using a suitable nonlinear autoregressive model.
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Thus, when Hj is not rejected, at most we can only say that no evidence
against the efficiency hypothesis is found. We should not conclude that
EMH holds.

Strictly speaking, the current finite sample distribution theory (Assump-
tion 3.2: E(g:X) = 0) rules out this application, which is a dynamic time
series regression model. However, we will justify in Chapter 5 that

R2
1—R)/(n—k—1)

d 2
— Xk

k-F =

under conditional homoskedasticity even for a linear dynamic regression
model.
In fact, we can use a simpler version when n is large:

(n—k—1)R2 % 2.

This follows from Slutsky’s theorem because R2 2 0 under Hy. Although
Assumption 3.5 is not needed for this result, conditional homoskedasticity is
still needed, which rules out AutoRegressive Conditional Heteroskedasticity
(ARCH) in the time series context. There usually exist significant ARCH
effects in high-frequency financial time series data.

Below is a concrete numerical example.

Example 3.7. [Consumption Function and Wealth Effect]: Let Y;
denote consumption, X;; labor income, and Xo; liquidity asset wealth. A
regression estimation gives

Y; = 33.88 — 26.00X1; + 6.71 X5 + €4, R? =0.742,n = 25.
[1.77] [—0.74] [0.77]
where the numbers inside [-] are t-statistics.

Suppose we are interested in whether labor income or liquidity asset
wealth has impact on consumption. We can use the F-test statistic,

R2/2
(1= R?)/(n—3)
= (0.742/2)/[(1 — 0.742) /(25 — 3)]
= 31.636

~ Fy 0.

F =
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Comparing it with the critical value 4.38 of F» 99 at the 5% significance
level, we reject the null hypothesis that neither income nor liquidity asset
has impact on consumption at the 5% significance level.

Case II: Testing for Omitted Variables (or Testing for No Effect)

Suppose X = (XM, X)), where X is an n x (k; 4+ 1) matrix and
X @ is an n x ks matrix. A random vector Xt(2) has no explanatory power
for the conditional expectation of Y; if

E(YiXy) = BV X{V).

Alternatively, it has explanatory power for the conditional expectation of
Y; if

E(Yi|X,) # E(Y,|x)).

When Xt@) has explaining power for Y; but is not included in the regression,
we say that Xt(z) is an omitted random variable or vector. Note that the
omitted variables problem is model-free. In particular, it does not assume
that the conditional mean is a linear regression model.

We note that the vector Xt(Q) of omitted variables is our primary in-
terest. The set of variables, Xt(l), is not our direct interest, but they have
to be included in the regression because Xt(l) is generally correlated with
Xt(2). The random variables in Xt(l) are called control variables. In scien-
tific experimentation, a control variable is an experimental factor which is
held constant and unchanged throughout the course of the study. Control
variables could strongly influence experimental results, so they were not
held constant during the experiment in order to test the relationship of the
dependent and independent variables. In economics, due to the nonexperi-
mental nature of observed economic data, the variables in Xt(l) are allowed
to change during the sample period, but the inclusion of variables in Xt(l)
will help purge their impact of the dependent variable Y; so that one can
focus on examining the effect of the omitted variables in Xt(2). The variables
in Xt(l) are still called control variables.

)

uestion: How to test whether the variables in X (2 are omitted variables
t

in the linear regression context?

Consider the restricted linear regression model

Yy = Bo+ B X + -+ By Xkt + €4
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Suppose we have additional ky variables (X (x,41)t, -+» X (k) +k)t), and so we
consider the unrestricted linear regression model
Y= Bo+ B X1t + -+ Bry Xiye
+ Bl 1 X (kg 1)t + o & Blhoa ko) X (ke +ko)t + €t

The null hypothesis is that the additional variables have no effect on Y;. If
this is the case, then

Ho : Bri41 = Briv2 = = Bry+k, = 0.

The alternative is that at least one of the additional variables has effect on
Y;.
The F-test statistic is
(e'e —€e'e)/kq
S el Ty —ky 1) " Them—(hthat),

Question: Suppose we reject the null hypothesis. Then some important
explanatory variables are omitted, and they should be included in the re-
gression. On the other hand, if the F-test statistic does not reject the null
hypothesis Hp, can we say that there is no omitted variable?

No. There may exist a nonlinear relationship for the additional variables
which a linear regression specification cannot capture.

Suppose rejection occurs. Then there exists evidence against Hy. How-
ever, if no rejection occurs, then we can only say that we find no evidence
against Hy (which is not the same as the statement that reforms have no
effect). It is possible that the effect of Xt(Q) is of nonlinear form. In this case,
we may obtain a zero coefficient for Xt(Z), because the linear specification
may not be able to capture it.

Example 3.8. [Testing for Effect of Reforms]: Consider the extended
production function

Y: = Bo + B1In(Ly) + B2 In(Ky)
+ B3 AU, + BaPSy + BsC My + €4,
where AU; is the autonomy dummy, PS; is the profit sharing ratio, and

CM; is the dummy for change of manager. The null hypothesis of interest
here is that none of the three reforms has impact:
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Hy: 83 =p04=p05=0.
We can use the F-test, and F' ~ F3,_g under Hy.
Example 3.9. [Testing for Granger Causality]: Consider two time
series {Y;, Z;}, where t is the time index, I} | = {Y;_1,..., Y1} and IZ | =
{Zi-1,...,Z1}. For example, Y; is the GDP growth rate, and Z; is the

money supply growth rate. We say that Z; does not Granger-cause Y; in
conditional mean with respect to I;_1 = {It(yl), I } if

E v %)) = B vl

In other words, the lagged variables of Z; have no impact on the current
Y;.

In time series analysis, Granger causality is defined in terms of incremen-
tal predictability rather than the real cause-effect relationship. From an
econometric point of view, it is a test of omitted variables in a time series
context. It is first introduced by Granger (1969).

Question: How to test Granger causality?

Consider now a linear regression model
=Bo+p1Yi—1+-+BpYiyp
+ Bpr1Zi—1+ + BprqZi—q + Et-
Under non-Granger causality, we have
Ho: Bpt1 ="+ = Bpsq =0.

Granger (1969) proposes an F-test statistic

F~Fon —(p+q+1)-

The current econometric theory (Assumption 3.2: E(g|X) = 0) actually
rules out this application, because it is a dynamic regression model. How-
ever, we will justify in Chapter 5 that under Hy,

d 2
q-F =X

as n — oo under conditional homoskedasticity even for a linear dynamic
regression model.
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Example 3.10. [Testing for Structural Changes]: Consider a bivari-
ate regression model

Y, = Bo + B1X1¢ + &4,

where t is a time index, and {X:} and {e;} are mutually independent.
Suppose there exist changes after ¢t = ¢, i.e., there exist structural changes.
We can consider the extended regression model:

Y: = (Bo + coDy) + (b1 + a1 Dy) Xt + &4
= Bo + f1 X1t + a9 Dy + aq (D X14) + &4,

where D; = 1 if t > tg and D; = 0 otherwise. The variable D, is called
a time dummy variable, indicating whether it is a pre- or post-structural
break period.

The null hypothesis of no structural change is

Hy:ap=a; =0.
The alternative hypothesis that there exists a structural change is
Hi:ap#0o0r a; #0.
The F-test statistic
F~Fopy.

The idea of such a test is first proposed by Chow (1960).
Case III: Testing for Linear Restrictions

Example 3.11. [Testing for CRS]: Consider the extended production
function

In(Y;) = Bo + BrIn(Ls) 4 B2 In(Ky) 4 B3 AU + B4 P Sy + BsC My + €.
We will test the null hypothesis of CRS:
Ho: 1+ B2=1
The alternative hypothesis is
Ho: b1+ 52 # 1
What is the restricted model under Hy? It is given by
In(Y;) = Bo + B11In(Ly) + (1 — 1) In(Ky) + B3 AUy + BaP St + BsC M, + €4
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or equivalently
In(Y;/Ky) = Bo + B1In(Ly/Ky) + B3 AUy + BsCON; + B5C My + 4.
The F-test statistic
F~Fpe.
Because there is only one restriction, both ¢- and F- tests are applicable to

test CRS.

Example 3.12. [Wage Determination]: Consider the wage function
Wi = Bo+ B1P; + B2 Pr1 + B3Us
+ BaVi + BsWi1 + &,

where W, is wage, P; is price, U; is unemployment, and V; is the number
of unfilled vacancies.
We will test the null hypothesis

Ho:8,+B2=0,83+64=0, and 35 = 1.

Question: What is the economic interpretation of the null hypothesis Hy?

Under Hy, we have the restricted wage equation:
AWy = Bo + B1AP; + BaDy + &,

where AW, = W, — W;_, is the wage growth rate, AP, = P, — P,_1 is the
inflation rate, and Dy = V; — U; is an index for excess job supply. This
implies that the wage increase depends on the inflation rate and the excess
labor supply.

The F-test statistic for Hy is

F~Fs, 6.

3.9 Generalized Least Squares Estimation

Question: The classical linear regression theory crucially depends on the
assumption that ¢|X ~ N(0,0%I), or equivalently {¢;} ~ IID N(0,0?),
and {X;} and {e;} are mutually independent. What may happen if some
classical assumptions do not hold?

Question: Under what conditions, will the existing procedures and results
in the previous sections still be approximately true?
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Assumption 3.5 is crucial for us to derive the finite sample distributions
of the OLS estimator B and related test statistics, but it is unrealistic for
many economic and financial data. In particular, there may exist condi-
tional heteroskedasticity and/or autocorrelation in {e;}. Suppose Assump-
tion 3.5 is replaced by the following condition:

Assumption 3.6. ¢|X ~ N(0,0%V), where 0 < 0 < oo is unknown and
V = V(X) is a known n x n symmetric, finite and positive definite matrix.

Assumption 3.6 implies that

var(e|X) = E(ee’|X)
=0*V = 0?V(X)
is known up to constant o2. It allows for conditional heteroskedasticity of
known form.

It is also possible that V is not a diagonal matrix. Thus, cov(es, £5]|X)
may not be zero. In other words, Assumption 3.6 allows conditional au-
tocorrelation of known form. If ¢ is a time index, this implies that there
exists serial correlation of known form. If ¢ is an index for cross-sectional
units, this implies that there exists spatial correlation of known form.

However, the assumption that V is known is still restrictive from a
practical point of view. In practice, V usually has an unknown form.

Question: What is the statistical property of the OLS estimator B under
Assumption 3.67

Theorem 3.10. Suppose Assumptions 3.1, 3.3(a) and 3.6 hold. Then

(1) [Unbiasedness|:

B(B|X) = p° and B(B) = 5°.
(2) [Variance]:

var(B|X) = UQ(X/X)_IX’VX(X’X)—l
#o?(X'X) L

(3) [Normal Distribution]:

(B~ B7)|X ~ N(0,0*(X'X) ' X'VX(X'X) ).
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(4) [Non-Zero Correlation Between § and e]: Generally,
cov(B, e|X) # 0.
Proof: (1) Using 3 — 8° = (X'X)~'X’e, we have
E[(5 - 5°)|X] = (X'X) ' X'E(¢]X)
= (X’X)"'X'0
0.

var(81X) = E[(3 — 8°)(8 — 8°Y|X]
= B[(X'X) ' X'ee'X(X'X) 7 X]
= (X'X)'X'B(ee/| X)X(X'X)
=2(X'X)"IX'VX(X'X) "L
Note that we cannot further simplify the expression here because V # 1.
(3) Because

b = (X'X) X

n
= E Cie,
t=1

where the weighting vector
C, = (X'X)"1 Xy,

B — 8° follows a normal distribution given X, because it is a sum of normal
random variables. As a result, conditional on X,

B—B°~N(O0,c*X'X) ' X'VX(X'X)™).
(4)
cov(B3,e|X) = E[(3 — B°)e'|X]
= E[(X'X) ' X'ee' M|X]
= (X'X)"'X'E(ee'| X)M
=} (X'X)"IX'VM
#0

because X’VM # 0. We can see that it is conditional heteroskedasticity
and/or autocorrelation in {e,} that cause 3 to be correlated with e.
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The OLS estimator B is still unbiased and one can show that its variance
goes to zero as n — 0o. Thus, it converges to ¢ in the sense of MSE.

However, the variance of the OLS estimator 5’ does no longer have the
simple expression of ¢(X’X)~! under Assumption 3.6. As a consequence,
the classical t- and F'-test statistics are invalid because they are based on
an incorrect variance-covariance matrix of B That is, they use an incor-
rect expression of o2(X'X)~
o2(X'X)IX'VX(X'X)" L,

Theorem 3.10(4) implies that even if we can obtain a consistent esti-
mator for o2(X'X)"1X’'VX(X’X)~! and use it to construct tests, we can
no longer obtain the Student’s t-distribution and F-distribution, because

I rather than the correct variance formula of

the numerator and the denominator in defining the classical ¢- and F-test
statistics are no longer independent.

To solve the aforementioned problems, we now introduce a new estima-
tion method called the Generalized Least Squares (GLS) estimation. We
first state a useful lemma.

Lemma 3.4. [Cholesky’s Decomposition]: For any n X n symmetric
positive definite matriz V, we can always write

v-l=cCC,
v=clc)H)!

where C is an n X n nonsingular matriz.

This is called Cholesky’s factorization. Note that C may not be sym-
metric.

Consider the original linear regression model:

Y =Xp%+e.

If we multiply the equation by C, we obtain the transformed regression
model

CY = (CX)B° + Ce, or
Y* = X*Bo +5*,

where Y* = CY,X* = CX and ¢* = Ce. Then the OLS estimator of this
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transformed model
B* — (X*/X*)—lx*ly*
= (X'C’'CX)"{(X'C'CY)
= (X'V'X)"'X'V'ly
is called the GLS estimator.

Question: What is the nature of the GLS estimator?

Observe that
E(e*X) = E(Ce|X)
= CE(e|X)
=C-0
=0.
Also, note that
var(e*|X) = Ele*e"|X]
= E[Cee'C'|X]
= CE(e£'|X)C
=o2CcVvC/
— U2C[C_1(C/)_1]Cl
S
It follows from Assumption 3.6 that
£*|X ~ N(0,5°T).

The transformation makes the new error €* conditionally homoskedastic
and serially uncorrelated, while maintaining the normality distribution.
Suppose that for ¢, &; has a large variance o2. The transformation e = Ce;
will discount e; by dividing it by its conditional standard deviation so that
e; becomes conditionally homoskedastic. In addition, the transformation
also removes possible correlation between ¢; and €5, t # s. As a consequence,
the GLS estimator becomes BLUE for £° in term of the Gauss-Markov
theorem.

To appreciate how the transformation by matrix C removes conditional
heteroskedasticity and eliminates serial correlation, we now consider two
examples.
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Example 3.13. [Removing Heteroskedasticity]: Suppose

o2 0 - 0
0 o2 .. 0
V = 2
0
0 o2
Then
ort 0 0
0 oy 0
C= 2
0
0 ot

where 07 = 02(X),i = 1,...,n, and

/
€1 €2 3

8=Ce=|—,—=,--, 2] .
g1 02 On

The transformed regression model is

Y= X,"8°+¢;, t=1,..,n,

where
}/;5* = }/t/o—tv
X: = Xt/gtv
e} =e¢/ot.
Example 3.14. [Eliminating Serial Correlation]:
M 1 p p2 pn72
P 1 P pr?
2 1 n—4
vo| ” p p
pn—2 pn—3 pn—4 1
_pn—l pn—2 pn—3 P

Suppose

129

This matrix actually arises from the following linear regression model Y; =
X|{B°+ey, where e, = pey_1 4y, and {v;} is an IID sequence with E(v;) =0
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and var(v;) = 0. Then we have

[ 1 —p 0 0 0 ]
v-i_|0 —p  1+pr o ptt 0
0 0 0 1+p* —p
0 0 0 - 1
and
[V1=p2 0 0 0 0]
—p 1 0 0
c_ 0 —p 1 0 0
0 0 0 1
0 0 0 —p 1]
It follows that
e* =Ce
V1= per
_ €2 — pPE1
En =~ PEn-—1

The transformed regression model is
Y =X+, t=1,..,n,
where
Vi =\1=p2Y1, Y/ =Y, —pY1,t=2 ..n,
Xi=1-p2X1, X/ =X,—pX,_1,t=2,..,n,
ef = /1 —p2ey, gf =& —pet_1,t =2,...,m.

The /1 — p? transformation for ¢ = 1 is called the Prais-Winsten transfor-
mation.

Theorem 3.11. [GLS Estimation]: Under Assumptions 3.1, 3.3(a) and
3.6, and n > K, we have
(1) [Unbiasedness]: E(5*|X) = ° and E(B*) = B°.
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(2) [Variance]: var(f*|X) = 02(X¥X*)~! = ¢2(X'V1X)" L.

(3) [Orthogonality]: cou(3*,e*|X) = 0, where e* = Y* — X**.

(4) [Gauss-Markov]: 3* is BLUE.

(5) [Residual Variance Estimator]: E(s*?|X) = o2, where s*? =
e*e*/(n — K).

Proof: Results in Parts (1) to (3) follow because the GLS estimator is the
OLS estimator of the transformed model.

(4) The transformed model satisfies Assumptions 3.1, 3.3 and 3.5 of the
classical regression assumptions with ¢*|X* ~ N (0, o2I). It follows that the
GLS estimator is BLUE by the Gauss-Markov theorem. Result in Part (5)
also follows immediately. This completes the proof.

Because B* is the OLS estimator of the transformed regression model
with IID N(0,0°I) errors, the t-test and F-test statistics are applicable,
and these test statistics are defined as follows:

T _ RB* —-r
\/S*QR(X*’X*)*lR’
~ tn—K;

(RB* — r)/[RX*X*)LR]"Y(RB* — 1)/ ]

2

F* =

8*

~Fjn_k.

It is very important to note that we still have to estimate the propor-
tionality o2 in spite of the fact that V = V(X)) is known.

Because the GLS estimator B* is BLUE and the OLS estimator B differs
from B * namely,

B* — (X*/X*)—lx*ly*
— (X'VIX)IX'VlY
#(X'X)7IX'Y = 8,

it follows that the OLS estimator B cannot be BLUE.

In fact, the most important message of GLS estimation is the insight
it provides into the impact of conditional heteroskedasticity and serial cor-
relation on the estimation and inference of the linear regression model. In
practice, the GLS estimator is generally not feasible, because the n x n
matrix V is of unknown form, where var(g|X) = o2 V.
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Question: What are feasible solutions?

There are at least two approaches to dealing with this problem. We
now provide some brief discussions.

(1) Approach I: Adaptive Feasible GLS Estimation

In some cases with additional assumptions, we can use a nonparametric
estimator V to replace the unknown V, we obtain an adaptive feasible GLS
estimator

B = (X'VIX)IX'Vly,
where V is an estimator for V. Because V is an n x n unknown matrix
and we only have n data points, it is impossible to estimate V consistently
using a sample of size n if we do not impose any restriction on the form of

V. In other words, we have to impose some restrictions on V in order to
estimate it consistently. For example, suppose we assume

0?V = diag{o?(X), ...,02(X)}

n

= diag{c?(X1), ..., 0% (Xn)},

where diag{-} is an n x n diagonal matrix and o%(X;) = FE(?|X})
is unknown. The fact that ¢2V is a diagonal matrix can arise when
cov(eieg|X) = 0 for all ¢ # s, i.e., when there is no serial correlation.
Then we can use a nonparametric kernel estimator

L Zt 1 EIK(E be)
5 i K (55)
£>02(x),

62(x) =

where e; is the estimated OLS residual, and K (-) is a kernel function which
is a specified symmetric density function (e.g., K (u) = (2m) "1/ exp(—3u?)
if x is a scalar, and b = b(n) is a bandwidth such that b — 0,nb — oo
as n — 00. The finite sample distribution of B; will be different from the
finite sample distribution of B* which assumes that V was known. This
is because the samphng errors of the estimator V have some 1mpact on
the estimator ﬁ* However, under some suitable conditions on v, ﬁ* will
share the same asymptotic property as the infeasible GLS estimator 5*
(i.e., the MSE of B; is approximately equal to the MSE of B*) In other
words, the first stage estimation of 0?(-) has no impact on the asymptotic
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distribution of B; For more discussion, see Robinson (1988) and White and
Stinchcombe (1991).

(2) Approach II: Heteroskedasticity and Autocorrelation Consis-
tent (HAC) Variance-Covariance Matrix Estimation

The second approach is to continue to use the OLS estimator B and
obtain a consistent estimator for

var(B|X) = o?(X'X) ' X' VX(X'X) L.

The classical definitions of ¢- and F-test statistics cannot be used, because
they are based on an incorrect formula for var(3|X). However, some mod-
ified tests can be obtained by using a consistent estimator for the correct
formula for var(3|X). The trick is to estimate 02X’VX, which is a K x K
unknown matrix, rather than to estimate V, which is an n x n unknown
matrix, where K is much smaller than the sample size n. However, only
asymptotic distributions can be used in this case.
Suppose now we have

E(ed'|X) = 0*V
= diag{a%(X), ey UZ(X)}
As pointed out earlier, this essentially assumes E(g,£4|X) = 0 for all ¢ # s.
That is, there is no serial correlation in {e;} conditional on X. Instead of

attempting to estimate o7(X), one can estimate the K x K matrix 02X'VX
directly.

Question: How to estimate
F?X'VX = X X[op(X)?
t=1

We can use the following variance estimator
X'D(e)D(e) X = > X; X/,
t=1

where D(e) = diag(ey, ..., €,) is an nxn diagonal matrix with all off-diagonal
elements being zero. This is called White’s (1980) heteroskedasticity-
consistent variance-covariance matrix estimator. See more discussion in
Chapter 4.
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Question: For J =1, do we have

RB —-r
\/R(X’X)*1X’D(e)D(e)/X(X’X)*1R’

~tpok?

For J > 1, do we have
(RB — ) [R(X'X) "' X'D(e)D(e) X(X'X) " R] " (RG 1)/
~Fyn_k?

No. Although we have standardized both test statistics by the correct
variance estimators, we still have cov(3,e|X) # 0 under Assumption 3.6.
This implies that 3 and e are not independent, and therefore, we no longer
have a t-distribution or an F-distribution in finite samples.

However, when n — oo, we have

e Case I: When J =1,
RB —7r
\/R(X/X)*1X’D(6)D(e)’X(X’X)*1R’

4 N(0,1).

This can be called a robust t-test.
e Case II: When J > 1,

(RB—r) [R(X'X)"'X'D(e)D(e) X(X'X) 'R (RB—1) % \3.
This is called a robust Wald test statistic.

The above two feasible solutions are based on the assumption that
E(etes|X) =0 for all ¢t # s.

In fact, we can also consistently estimate the limit of X’VX when there
exists conditional heteroskedasticity and autocorrelation simultaneously.
This is called Heteroskedasticity and Autocorrelation Consistent (HAC)
variance-covariance matrix estimation. When there exists serial correlation
of unknown form, an alternative solution should be provided. This is dis-
cussed in Chapter 6. See also Andrews (1991) and Newey and West (1987,
1994).

3.10 Conclusion

In this chapter, we have presented the econometric theory for the classical
linear regression models. We first provide and discuss a set of assumptions



Classical Linear Regression Models 135

on which the classical linear regression model is built. This set of regularity
conditions will serve as the starting points from which we will develop
modern econometric theory for linear regression models.

We derive the statistical properties of the OLS estimator. In particular,
we point out that R? is not a suitable model selection criterion, because it
is always nondecreasing with the dimension of regressors. Suitable model
selection criteria, such as AIC and BIC, are discussed. We show that con-
ditional on the regressor matrix X, the OLS estimator B is unbiased, has
a vanishing variance, and is BLUE. Under the additional conditional nor-
mality assumption, we derive the finite sample normal distribution for B,
the Chi-squared distribution for (n — K)s?/0?, as well as the independence
between B and s2.

Many hypotheses encountered in economics can be formulated as linear
restrictions on model parameters. Depending on the number of parameter
restrictions, we construct the t-test and the F-test statistics. In the special
case of testing the hypothesis that all slope coefficients are jointly zero, we
also construct an asymptotically Chi-squared test statistic based on RZ2.

When there exist(s) conditional heteroskedasticity and/or autocorre-
lation, the OLS estimator is still unbiased and has a vanishing variance,
but it is no longer BLUE, and B and s2 are no longer mutually indepen-
dent. Under the assumption of a known variance-covariance matrix up to
some scale parameter, one can transform the linear regression model by
correcting conditional heteroskedasticity and eliminating autocorrelation,
so that the transformed regression model has conditionally homoskedastic
and uncorrelated errors. The OLS estimator of this transformed linear re-
gression model is called the GLS estimator, which is BLUE. The t-test and
F-test statistics are applicable. When the variance-covariance structure is
unknown, the GLS estimator becomes infeasible. However, if the error in
the original linear regression model is serially uncorrelated (as is the case
with independent observations across t), there are two feasible solutions.
The first is to use a nonparametric method to obtain a consistent estimator
for the conditional variance var(e;|X;), and then obtain a feasible plug-in
GLS estimator. The second is to use White’s (1980) heteroskedasticity-
consistent variance-covariance matrix estimator for the OLS estimator B
Both of these two methods are built on the asymptotic theory. When
the error of the original linear regression model is serially correlated, a
feasible solution to estimate the variance-covariance matrix is provided
in Chapter 6.



136 Foundations of Modern Econometrics

This chapter is the foundation of modern econometrics. We will re-
lax the most classical assumptions of this chapter and develop modern
econometric theory in subsequent chapters. As we will see, existence of
heteroskedasticity and/or autocorrelation, endogeneity and model misspec-
ification will significantly change econometric inference procedures and ex-
tend the scope of application of econometric methods and models.

It may be noted that most materials in this chapter overlap with Chap-
ter 10 of Probability and Statistics for Economists by Hong (2017).
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Exercise 3

3.1. Suppose Y = X3 + ¢, X'X is nonsingular. Let 3 = (X’X)"1X'Y be
the OLS estimator and e =Y — XB be the n x 1 estimated residual vector.
Define an n x n projection matrix P = X(X'X) !X’ and M = I - P, where
Iis an n x n identity matrix. Show:

(1) X'e=0.

(2) B— B = (X'X) "1 Xz,

(3) P and M are symmetric and idempotent (i.e., P? = P,M? = M),
PX =X, and MX = 0.

(4) SSR(B) =e'e=Y'MY =¢c'Me.

3.2. Consider a bivariate linear regression model
Y, = X[B° + &4, t=1,..,n,

where X; = (Xo, X1¢)' = (1, X14)', and ¢; is a regression disturbance.
(1) Let 8 = (Bo, f1)" be the OLS estimator. Show that By =Y — 51 X1,
and
5, = =X - X))y —Y)
Dot (X1 — X1)?

_ 2 (X = X))
Dt (Xe — Xy)?

=> Gy,
t=1

where Cy = (X1: — X1)/ D1, (X1 — X1)2

(2) Suppose X = (X11, ..., X1,) and € = (g1, ...,e,)" are independent.
Show that var(5;|X) = 2 /[(n — 1)S%,], where S% is the sample variance
of {X1;}7; and o2 is the variance of &;. Thus, the more variations in {X1,},
the more accurate estimation for 3.

(3) Let p denote the sample correlation between Y; and X;;; namely,

> (X — X)(¥: - Y)
Vi (X = X2 i, (Y - V)2
Show that R? = p%. Thus, the squared sample correlation between Y and
X is the fraction of the sample variation in Y that can be predicted using

the linear predictor of X;. This result also implies that R? is a measure of
the strength of sample linear association between Y; and Xy;.

ﬁ:
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3.3. For the OLS estimation of the linear regression model Y; = X/3° + ¢,
where X; is a K x 1 vector, show R? = ﬁf/?, the squared sample correlation

between Y; and }Aft

3.4. Does a high value of R? imply a precise OLS estimation for the true
parameter value 3° in a linear regression model Y; = X/3° + ;7 Explain.

3.5. You devise a clever economic theory leading to a simple regression,
which you fit: Y; = & —l—,@Xt +e;. Your fit is good, with a high R? (denoted
as R?) and a large t-statistic (denoted as t;). Later that evening you
have a flash of inspiration: perhaps economics is all wrong, agents are
irrational, equilibria do not exist, etc. Perhaps you also have some doubts
about whether you derived your equation correctly. Consequently, you fit
X, = G + Y + ear, again finding satisfactory results (a high R3 and
a large t-statistic ¢2) and confirming your doubts. The next morning you
think this through. What are the relationships between the followings:

(1) R? and R%? Give your reasoning.

(2) B and B,? Give your reasoning.

(3) t1 and t2? Give your reasoning.

3.6. Suppose X; = @ for all t > m, where m is a fixed integer, and @ is a
K x 1 constant vector. Do we have Ayin (X'X) — 0o as n — oo? Explain.

3.7. The adjusted R?, denoted as R2, is defined as follows:
e'e/(n—K)

Bl v -ve-1
Show
RP=1- {:_1 (1 —RQ)}

3.8. [Effect of Multicollinearity]: Consider a regression model
Y = Bo + B1 X1t + B2 Xy + &4

Suppose Assumptions 3.1 to 3.4 hold. Let 8 = (30,31, Bz)’ be the OLS

estimator. Show
2

R ag
var(f1|X) = (1—72) 30 (X1 — X1)?'
V&I’(B2|X) = ~

(1 —72) 34 (X — Xp)?
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where X1 =n"!>1 | X1, Xo =n~ 1 Y7 | Xot, and

e[S (X = X (Xar — X))
Do (X — X1)2 370 (Ko — Xo)?

3.9. Consider the linear regression model

Yz-f = X{ﬁo + €,

where X; = (1, X1, ..., X;)'. Suppose Assumptions 3.1 to 3.3 hold. Let R?
is the coefficient of determination of regressing variable X;; on all the other
explanatory variables {X;;,0 <i <k, i # j}. Show

0.2

(1= R3) 37 (X — X;)%

where X; =n~' 37" | Xj;. The factor 1/(1— R}) is called the Variance In-
flation Factor (VIF), which is used to measure the degree of multicollinear-
ity among explanatory variables in X;.

var(f;]X) =

3.10. Suppose Assumptions 3.1, 3.2, 3.3(a), and 3.5 hold, and there exists
near-multicollinearity such that A, (X'X) is nonzero but does not go to
infinity as n — oc.

(1) Is the OLS estimator 3 unbiased for 4°? Give your reasoning.

(2) Is the OLS estimator 3 consistent for 3° as n — o00? Give your
reasoning.

(3) Are the t-test and F-test statistics still valid for testing the null
hypothesis that R3’® = r? Give your reasoning.

3.11. Consider the following estimation results for three separate regres-
sions based on the same data set with n = 25. The first is a regression of
consumption on income:

Y, = 36.74 4+ 0.832X1; + e1y, R? =0.735,
[1.98][7.98]

the second is a regression of consumption on wealth:

Y;: = 36.61 4+ 0.208 X9; + eo4, R? =0.735,
[1.97][7.99]
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and the third is a regression of consumption on both income and wealth:

Y = 33.88 — 26.00X1; + 6.71 X0 + e, R? = 0.742.
[1.77][—0.74][0.77]

(1) In the first two separate regressions, we observe significant t-test
statistics for income and wealth respectively, but in the third joint regres-
sion, both income and wealth are insignificant. What are possible reasons
for the apparently conflicting results? Can we conclude that income and
wealth have impact on consumption? Explain.

(2) To test neither income nor wealth has impact on consumption, we
can use the F-test. Can you reach a decisive conclusion at the 5% signifi-
cance level? Explain.

3.12. For the regression model Y; = a+ X; +¢; with X; € {0,1} a binary
variable, P(e; = —1) = 2/3, P(e; =2) = 1/3 and E(g;e;) =0 for i # j.
(1) Is the OLS estimator unbiased?
(2) Is the OLS estimator BLUE?
(3) Give a better estimator.
For Parts (1) to (3), explain briefly but intelligently.

3.13. Consider the following linear regression model
Y: = X{B° + uy, t=1,..,n, (A.3.1)

where u; = o(X;)eq, where {X;} is a nonstochastic process, and o(X;) is a
positive function of X; such that

o2(Xy) 0 0 . 0
0 0'2(X2) 0 0
Q=| o 0  o%Xs) .. 0 |=002,
0 0 0 o2(X,)
with

o(X1) 0 0 0
0 o(Xy) 0 0
Q§ = 0 0 O'(Xg) O
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Assume that {&;} is IID N(0,1). Then {u,} is IID N(0,02(X;)). This differs
from Assumption 3.5 of the classical linear regression analysis, because now
{u;} exhibits conditional heteroskedasticity.

Let B denote the OLS estimator for 5°.

(1) Is 3 unbiased for 5°7

(2) Show that var(f) = (X’X) "' X'QX(X'X)"!

Now consider an alternative estimator

B = (X’Q—IX)—lx’Q—IY
lZo (X, XtX] Za (X)X, Vs

(3) Is 3 unbiased for 5°7

(4) Show that var(ﬁ) (X'Q71X)"1!

(5) Is var(B 3)—var(3) PSD? Which estimator, 3 or /3, is more efficient?

(6) Is 3 BLUE for 3°? [Hint: There are several approaches to this ques-
tion. A simple one is to consider the transformed model

Y= XJB e, t=1,.m, (A3.2)

where Y =Y /0(Xe), X; = X /o(Xt). This model is obtained from model
(A.3.1) after dividing by o(Xy). In matriz notation, model (A.3.2) can be
written as

Y* :X*BO+€,

where the n x 1 vector Y* = Q~2Y and the n x k matriz X* = Q" 2X.]

(7) Construct two test statistics for the null hypothesis of interest Hy :
83 = 0. One test is based on B, and the other test is based on B What are
the finite sample distributions of your test statistics under Hy? Can you
tell which test is better?

(8) Construct two test statistics for the null hypothesis of interest Hy :
RpB° = r, where R is a J X k matrix with J > 1. One test is based on B,
and the other test is based on B What are the finite sample distributions
of your test statistics under Hy?

3.14. Consider the classical regression model

Y, = X{B° + .
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Suppose that we are interested in testing the null hypothesis

HO . Rﬁo =T,
where R is a J X K matrix, and r is a J X 1 vector. The F-test statistic is
defined as

(RB—r)[R(X'X)" 'R YRS — r)/J.

F= 3

S
Show that
_ (Fe—¢e))d
ee/(n—k—1)
where €’e is the SSR from the unrestricted model, and €'¢ is the SSR from
the restricted regression model subject to the restriction RS = r.

3.15. The F-test statistic is defined as follows:
(RB = r)[RX'X)" 'R~V (RB —1)/]

F = -
Show that
F = Z?_1(Yts2_ ﬁ)2/‘]
Gy XXG P
52 ’

where Y; = X{@ Y, = X{/S’, and B and f are the unrestricted and restricted
OLS estimators respectively.

3.16. Show that the F-test statistic is equivalent to a quadratic form in A,
where ) is the Lagrange multiplier in the constrained OLS estimation for
the linear regression Y = Xf3° 4 ¢. This result implies that the F-test is
equivalent to a Lagrange multiplier test.

3.17. Consider the following classical regression model
Y, = X%+ &
k
=B+ BXjite,  t=1,..n (A.3.3)
j=1

Suppose that we are interested in testing the null hypothesis
Ho:p7=p3=---=p.=0.
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Then the F-statistic can be written as
_ (fe—de)/k
ee/(n—k—1)

where €’e is the SSR from the unrestricted model (A.3.3), and é'¢ is the
SSR from the restricted model (A.3.4)

Y: = B + . (A.3.4)
(1) Show that under Assumptions 3.1 and 3.3,

Rk

B - y ey v

where R? is the coefficient of determination of the unrestricted model
(A.3.3).
(2) Suppose in addition Assumption 3.5 holds. Show that under Hy,

(n—k—1)R% % 2.
3.18. The F-test statistic is defined as follows:

(RS — 1) [RX'X) 'R (RG — 1)/

F= =2

Show that

po WD 0¥ _ (B=BYX'X(B-A)T

where Y; = X/3,Y; = X/f3, and 3 and j are the unrestricted and restricted
OLS estimators respectively.

3.19. [Structural Change/: Suppose Assumptions 3.1 and 3.3 hold. Con-
sider the following model on the whole sample:

Y;f = Xi{ﬂo + (DtXt)lao +5t7t = 1; ey Ty

where the time dummy variable D, = 0 if t < ny and Dy = 1 if t > n;.
This model can be written as two separate models:

th = X;BO + stat = ]-7 ey TV
and

Y, =X,(B°+a%)+ent=n1+1,...,n.



144 Foundations of Modern Econometrics

Let SSR,, SSRy, and SSRy denote the SSRs of the above three re-
gression models via OLS estimation. Show

SSR, =SSRy + SSRa.

This identity implies that estimating the first regression model with time
dummy variable D; via the OLS estimation is equivalent to estimating two
separate regression models over two subsample periods respectively.

3.20. A quadratic polynomial regression model
Y = Bo 4 f1Xs + B2 X7 + &

is fit to data. Suppose the P-value for the OLS estimator of 3; was 0.67
and for B was 0.84. Can we accept the hypothesis that $; and £ are both
07 Explain.

3.21. Suppose X'X is a K x K matrix, and V is an n x n matrix, and both
X’'X and V are symmetric and nonsingular, with the minimum eigenvalue
Amin(X'X) = oo asn — 0o and 0 < ¢ < Apax (V) < C < oo. Show that for
any 7 € R such that 7/7 =1,

mvar(B|X)r = o7 (X'X) I X'VX(X'X) 1 = 0
as n — oo. Thus, Var(B |X) vanishes to zero as n — oo under conditional
heteroskedasticity.

3.22. Suppose the conditions in Exercise 3.13 hold. It can be shown that the
variances of the OLS estimator § and the GLS estimator 5* are respectively:
var(B|X) = o2 (X'X) ' X' VX(X'X) !,

var(B*|X) =2(X'VIX)~L
Show that var(3|X)— var(3*|X) is PSD.

3.23. Suppose a DGP is given by
Yy = BY X1 + B9 Xo + &0 = X{ 5% + &4,

where X; = (X1, Xot)', E(X,X[) is nonsingular, and E(e¢|X;) = 0. For
simplicity, we further assume that E(Xs;) = 0 and E(X1;X2:) # 0.
Now consider the bivariate linear regression model

Y, = B X + we.
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(1) Show that if 89 # 0, then E(Yi|X,) = X!B° # E(Y1;|X1). That
is, there exists an omitted variable (i.e., Xo;) in the bivariate regression
model.

(2) Show that E(Y;|X1:) # $1X1 for all 1. That is, the bivariate linear
regression model is misspecified for E(Y;|X1¢).

(3) Is the best linear least squares approximation coefficient 87 in the
bivariate linear regression model equal to 377

3.24. Suppose a DGP is given by
Yy = BY X1 + B9 Xo + 60 = X[ 5% + &4,

where X; = (X1, Xo:)', and Assumptions 3.1 to 3.4 hold. (For simplicity,
we have assumed no intercept.) Denote the OLS estimator by 5 = (51, 82)".
If 59 = 0 and we know it, then we can consider a simpler regression

Y, = 87X + €.

Denote the OLS estimator of this simpler regression as Bl.
Compare the relative efficiency between 7 and ;. That is, which esti-
mator is better for 89?7 Give your reasoning.

3.25. Consider a linear regression model Y = Xj3° + &, where ¢|X ~
N(0,0%V), V = V(X) is a known n x n nonsingular matrix, and 0 < 02 <
oo is unknown. The GLS estimator B* is defined as the OLS estimator of
the transformed model

Y* :X*BO+€*’

where Y* = CY,X* =CX,e* = Cg, and C is an n X n nonsingular matrix
from the factorization V~! =CC’. Is the coefficient of determination R?
for the transformed model always positive? Explain.

3.26. Suppose Assumption 3.6 is replaced by the following assumption:

Assumption 3.6": €|X ~ N(0,V), where V. = V(X) is a known n x n

symmetriz, finite and positive definite matriz.

Compared to Assumption 3.6, Assumption 3.6" assumes that var(¢|X) =
V is completely known and there is no unknown proportionality o2. Define
the GLS estimator £* = (X'V~1X)"1X'V~1Y.

(1) Is f* BLUE?
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(2) Put X* = CX and s*2 = e¢¥e*/(n — K), where ¢* = Y — X*3*,
C’C = V1. Do the usual t-test and F-test statistics defined as
T = RS — 7 , for J =1,
\/S*zR(X*/X*)—lR/
(RB* _ T)/[R(X*/X*)_lRI]_l(RB* _ T)/J

*2 ?

F* =

S

follow the t,,_x and Fj,_x distributions respectively under the null hy-
pothesis that RS = r? Explain.
(3) Construct two new test statistics:
T* = R —r , for J =1,
R(X*/X*)flR/

Q" = (R — ) [R(X¥X*)'R"H(RB" — 1), for J > 1.

What sampling distributions will these test statistics follow under the null
hypothesis that RS = r? Explain.

(4) Which set of tests, (T, F™*) or (T*,Q*), is more powerful at the same
significance level? Explain. [Hint: A Student’s t-distribution has a heavier
tail than N(0,1) and so has a larger critical value at a given significance
level.]

3.27. Consider a linear regression model Y; = X[3° 4 ¢;, where X; contains
an intercept (i.e., Xos = 1). Assume that all conditions for GLS estima-
tion hold. We are interested in testing whether all coefficients except the
intercept in the linear regression model are jointly zero.

(1) Do we still have

R*Q/k
(1-R2)/(n—k-1)
Here R*? and F* are the centered R? and the F-test statistic obtained from
the GLS estimation. Give your reasoning.

(2) Do we have (n— K)R*2 % X3 as n — oo under the null hypothesis?
Give your reasoning.

F* =

3.28. Consider a linear regression model
Y; = X{B° + &4, t=1,2,...,n,

where ¢, = o(X;)vy, Xt is a K x 1 nonstochastic vector, and o(X;) is a
positive function of X, and {v;} is IID N(0,1).
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Let 3 = (X’X)~1X'Y denote the OLS estimator for 3°, where X is an
n X K matrix whose t-th row is X;, and Y is an n x 1 vector whose t-th
component is Y;.

(1) Is 3 unbiased for 5°7

(2) Find var(3) = E[(8 — EB)(8 — EB)]. You may find the following
notation useful: Q = diag{0?(X1),0%(X2),...,0%(X,,)}, i.e., Qisann x n
diagonal matrix with the t-th diagonal component equal to o?(X;) and all
off-diagonal components equal to zero.

Now consider the transformed regression model

1 1
o(X) T o)

Xéﬁo + (%7
or
Y;* = Xt*,BO +'Ut,

where Y, = 07 1(X})Y; and X} = 07 1(X;) Xy )

Denote the OLS estimator of this transformed model as (.

(3) Show = (X'Q71X)"1X'Q Y.

(4) Is 3 unbiased for 3°?

(5) Find var(3).

(6) Which estimator, B or B3, is more efficient in terms of the MSE
criterion? Give your reasoning.

(7) Use the difference RB — 7 to construct a test statistic for the null
hypothesis of interest Hy : R3° = r, where R is a J x K matrix, r is K x 1,
and J > 1. What is the finite sample distribution of your test statistic
under Hy?

3.29. Consider a linear regression model
Y—t:Xgﬂo""sta t:]-v"'vna

where X} is a p x 1 regressor vector, 8° is a p X 1 unknown vector, and {e;}
follows an AR(g) process, namely,

q
€t = E Qj€¢—j + Vg,
=1

{v;} ~TID(0, 02).
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We assume that the autoregressive coefficients {«; }?:1 are known but o2 is
unknown. Further assume that {X;} and {v;} are mutually independent.

(1) Find a BLUE estimator for 8°. Explain.

(2) Construct a test statistic for the null hypothesis Hy: RB° = r
and derive its sampling distribution under Hy, where R is a known J X p
nonstochastic matrix and r is a known J x 1 nonstochastic vector. Discuss
the cases of J =1 and J > 1 respectively.



Chapter 4

Linear Regression Models with
Independent Observations

Abstract: When the conditional normality assumption on the regression
disturbance does not hold, the OLS estimator no longer has the finite sam-
ple normal distribution, and the t-test and F-test statistics no longer fol-
low the Student’s t¢-distribution and F-distribution in finite samples re-
spectively. In this chapter, we show that under the assumption of IID
observations with conditional homoskedasticity, the classical ¢t-test and F-
test are approximately applicable in large samples. However, under con-
ditional heteroskedasticity, the t-test and F-test statistics are not appli-
cable even when the sample size goes to infinity. Instead, White’s (1980)
heteroskedasticity-consistent variance-covariance matrix estimator should
be used, which yields asymptotically valid confidence interval estimation
and hypothesis test procedures. A direct test for conditional heteroskedas-
ticity due to White (1980) is presented. To facilitate asymptotic analysis in
this and subsequent chapters, we introduce some basic tools for asymptotic
analysis in this chapter.

Keywords: Almost sure convergence, Asymptotic analysis, Asymptotic
normality, Central Limit Theorem (CLT), Conditional heteroskedasticity,
Conditional homoskedasticity, Consistency, Convergence in distribution,
Convergence in probability, Convergence in quadratic mean, IID, Law
of Large Numbers (LLN), Slutsky’s theorem, White’s heteroskedasticity-
consistent variance-covariance matrix estimator

4.1 Introduction to Asymptotic Theory

The assumptions of classical linear regression models are rather strong and
one may have a hard time finding practical applications where all these
assumptions hold exactly. For example, the conditional normality condition

149
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on the disturbance € is crucial to obtain the finite sample distributions of
the OLS estimator, the GLS estimator and related test statistics, but it has
been documented that most economic and financial data have heavy tails,
and so they are not normally distributed. Figures 4.1 plots the histograms
of time series data on the U.S. quarterly GDP growth rates, U.S. monthly
inflation rates, and U.S. daily 10-year Treasury Bill rates respectively, which
indicate that they do not follow a normal distribution.

An interesting question is whether the parameter estimators and test
statistics which are based on the same principles as before still make sense
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Figure 4.1 (a) Histograms of U.S. quarterly GDP growth rates from 1947-2018.

Data source: https://www.macrotrends.net
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Figure 4.1 (b) Histograms of U.S. monthly inflation rates from 1914-2019.

Data source: http://inflationdata.com
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Figure 4.1 (c) Histograms of U.S. daily 10-year Treasury Bill rates from 1990-2019.

Data source: https://www.treasury.gov

in this more general setting. In particular, what happens to the OLS esti-
mator, and the t- and F-tests if any of the following assumptions fails:

e strict exogeneity E(g¢]X) = 0;

e conditional normality €)X ~ N(0,021);

e conditional homoskedasticity var(e¢|X) = o?;

e auto uncorrelatedness cov(es,e5|X) = 0 for ¢ # s.

When classical assumptions are violated, we generally do not know the
finite sample statistical properties of the parameter estimators and test
statistics anymore. A useful tool to obtain the understanding of the sta-
tistical properties of parameter estimators and test statistics in this more
general setting is to pretend that we can obtain a limitless number of ob-
servations. We can then pose the question how the parameter estimators
and test statistics would behave when the number of observations increases
without limit. This is called asymptotic analysis. In practice, the sam-
ple size is always finite. However, the asymptotic properties translate into
results that hold true approximately in finite samples, provided that the
sample size is large enough. We now need to introduce some basic analytic
tools for asymptotic theory. For more systematic introduction of asymp-
totic theory, see, for example, White (1994, 2001) and Davidson (1994).

To assess how close the OLS estimator B is to the true parameter value
B° and to derive its asymptotic distribution (after suitable normalization),
we briefly review some important convergence concepts and limit theorems.
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Most of the materials in this section are borrowed from Hong (2017, Chap-
ter 7). We first introduce the concept of convergence in mean squares (or
quadratic mean), which is a distance measure of a sequence of random
variables from a random variable.

Definition 4.1. [Convergence in Mean Squares or Quadratic
Mean]: A sequence of random variables/vectors/matrices Z,,,n = 1,2, ...,
is said to converge to Z in mean squares (or quadratic mean) as n — oo if

E||Z, - Z||* = 0 as n — oo,

where || - || is the sum of the absolute value of each component in Z,, — Z.

When Z, is a vector or a matrix, convergence can be understood as
convergence in each element of Z,,. When Z,, — Z is an [ X m matrix, where
[ and m are fixed positive integers, we can also define the squared norm as

m

||Z _Z||2 ZZ ts)

t=1 s=1

Note that Z,, converges to Z in mean squares if and only if each compo-
nent of Z,, converges to the corresponding component of Z in mean squares.

Example 4.1. Suppose {Z;} is IID(u,0?), and Z,, =n~* Y7 | Z;. Then

S5 g.m.

Zn = .

Solution: Because F(Z,) = p, we have

BE(Z, — p)* = var(Z,)

I
ol
[

g

=
—
)
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It follows that
_ 0'2
E(Z, —p)?*=— —=0asn— occ.
n

Next, we introduce the concept of convergence in probability that is
another popular distance measure between a sequence of random variables
and a random variable.

Definition 4.2. [Convergence in Probability]: Z, converges to Z in
probability if for any given constant € > 0,

Pr(||Z, — Z|| > €] >0 asn — o
or

Pr[||Z, — Z|| < €] = 1 as n — oc.

For convergence in probability, we can also write
Zn—Z 5 00r Z, — Z =0p(1).

The notation op(1) means that Z,, — Z vanishes to zero in probability.
When Z = b is a constant, we can write Z,, Bband b= plim Z,, is called
the probability limit of Z,.

Convergence in probability is also called weak convergence or conver-
gence with probability approaching one. When 7, 2 7. the probability
that the difference ||Z,, — Z|| exceeds any given small constant € is rather
small for all n sufficiently large. In other words, Z,, will be arbitrarily close
to Z with very high probability when the sample size n is sufficiently large.

To gain more intuition of the convergence in probability, we define the
event

An(e) = {w € Q1 | Zn(w) — Z(w)| > €},

where w is a basic outcome in sample space 2. Then convergence in proba-
bility says that the probability of event A, (¢) may be nonzero for any finite
n, but such a probability will eventually vanish to zero as n — oco. Intu-
itively, € can be viewed as a pre-specified tolerance level such that one can
view that the difference between Z,, and Z,, is small when |Z,, — Z| < ¢, and
the difference is large when |Z,, — Z| > e. Thus, when Z, 2 Z. it becomes
less and less likely that the difference |Z,, — Z| is larger than a prespecified
constant € > 0. In other words, we have more and more confidence that the
difference |Z,, — Z| will be smaller than e as n — oc.
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Lemma 4.1. [Weak Law of Large Numbers (WLLN) for an
IID Random Sample]: Suppose {Z;} is IID(ui,0?), and define Z, =
n Y Zin=1,2,... Then

Zn S 1 oasn — oco.

Proof: For any given constant € > 0, we have by Chebyshev’s inequality

E(Zy — p)?

Pr(|Z, — | > €) < =

€
2

o
:—2—>0asn—>oo.
ne

Hence,
5 D
Zp — |4 as n — 00.

This is the so-called Weak Law of Large Numbers (WLLN). In fact, we
can weaken the moment condition.

We now provide an economic interpretation of WLLN using an example.

Example 4.2. [Buy and Hold Trading Strategy and Economic In-
terpretation of WLLN]: In finance, there is a popular trading strategy
called buy-and-hold trading strategy. An investor buys a stock at some day
and then hold it for a long time period before he sells it out. This is called
a buy-and-hold trading strategy. How is the average return of this trading
strategy?

Suppose Z; is the return of the stock in period ¢, and the returns over
different time periods are IID(yu,0?). Also assume the investor holds the
stock for a total of n periods. Then the average return in each time period
is the sample mean

I
Z==> 7.
i
When the number n of holding periods is large, we have

Z&M:E(Zt)

as n — oo. Thus, the average return of the buy-and-hold trading strategy
is approximately equal to p when n is sufficiently large.
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In fact, we can relax the moment condition in Lemma 4.1.

Lemma 4.2. [WLLN for an IID Random Sample]: Suppose {Z:} is
IID with E(Z;) = p and E|Z;| < co. Define Z, =n=t> "1 Z;. Then

Zn B poasn — .
Question: Why do we need the moment condition E|Z;| < co?

We can consider a counter example: suppose {Z;} is a sequence of 11D
Cauchy(0,1) random variables whose moments do not exist. Then Z,, ~
Cauchy(0, 1) for all n > 1, and so it does not converge in probability to any
constant as n — oo.

In a similar manner, we can define convergence in probability with order
n®, where a can be a positive or negative constant:

e The sequence of random variables {Z,,,n = 1,2, ...} is said to be of
order smaller than n® in probability if Z,,/n® % 0 as n — oc. This
is denoted as Z,, = op(n®).

e The sequence of random variables {Z,,n = 1,2,...} is said to be
at most of order n® in probability if for any given § > 0, there
exist a constant C' = C(4) < oo and a finite integer N = N(J),
such that P(|Z,/n% > C) < ¢ for all n > N. This is denoted as
Zn = Op(na).

Intuitively, for Z,, = Op(n®) with « > 0, the order n® is the fastest
growth rate at which Z,, goes to infinity with probability approaching one.
When a < 0, the order n® is the slowest convergence rate at which Z,
vanishes to 0 with probability approaching one. In fact, the definition of
Zy, = Op(n®) delivers as a special case the concept of boundedness in
probability.

Definition 4.3. [Boundedness in Probability]: A sequence of random
variables/vectors/matrices {Z,,} is bounded in probability if for any small
constant § > 0, there exists a constant C' < co such that

P(||Zn]] > C) <6
as n — 0o. We denote

Z, = 0p(1).
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Intuitively, when Z, = Op(1), the probability that ||Z,|| exceeds a very
large constant C' is arbitrarily small as n — oo. Or, equivalently, ||Z,]| is
smaller than C' with probability approaching one as n — oco.
Example 4.3. Suppose Z, ~ N(u,c?) for all n > 1. Then
Z, = O0p(1).

Solution: For any 6 > 0, we always have a sufficiently large constant
C = C(6) > 0 such that

P(|Z,|>C)=1-P(-C< Z,<()

:1_P[—C—u§2n—u§0—u}
ag ag g
:1_¢(H>+q><_0+“>

g g
<49,

where ®(z) = P(Z < z) is the CDF of N (0, 1). (We can choose C such that
O[(C —p)/o) 21— 36 and @[—(C + p)/0] < 36.)

Question: What is the value of C' if Z,, ~ N(0,1)?
In this case,

P(|Z,) > C) =1 - &(C) + B(~C)
= 2[1 — &(C)].

Suppose we set

201 — &(C)] = 4,

5
_ 51 7
C=0 (1 2),

where ®~1(-) is the inverse function of ®(-). Then we have

P(|Z,| > C)=6.

that is, we set

The following lemma provides a convenient way to verify convergence in
probability.

Lemma 4.3. If Z, — Z "0, then Z, — Z 2 0.
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Proof: By Chebyshev’s inequality, we have

E[Z, — Z)?

P(|Zy — Z] > €) < .

— 0
€

for any given € > 0 as n — oo. This completes the proof.

Example 4.4. Suppose Assumptions 3.1 to 3.4 hold. Does the OLS esti-
mator [ converge in probability to 8°7

Solution: From Theorem 3.5, we have
P B3~ B ~ ) X]r = 0?7 (X'X) '
< A (X'X)

— 0

for any 7 € RX,7/7 = 1 as n — oo with probability one. It follows that
E||B - B°||> = E[E(]|3 — 8°||*|X)] — 0 as n — oo. Therefore, by Lemma
4.3, we have 3 5 ge.

Example 4.5. Suppose Assumptions 3.1, 3.3 and 3.5 hold. Does the resid-
ual variance estimator s2 converge in probability to o2?

Solution: Under the given assumptions and conditional on X,

(n—K)s?
T e

and so we have E(s?) = o2 and var(s?) = % It follows that
E(s* —0%)? =20"/(n— K) = 0.

2

qg.m. P . .
Therefore, s> "= ¢2 and so s> = o2 because convergence in quadratic

mean implies convergence in probability.

While convergence in mean squares implies convergence in probability,
the converse is not true. We now give an example.

Example 4.6. Suppose
0, with prob 1 — %,
Zy =

n, with prob %

Then Z,, % 0 as n — oo but E(Z, — 0)2 = n — occ. Please verify it.
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Solution:
(1) For any given 0 < € < 1, we have

1
P(|Z"_O|>E):P(Zn:n):ﬁ—>0.

(2)
E(Zy =0 = > (20— 0)*f(zn)

zn€{0,n}
=0-07 (1-n")+(n-0)72-n""
=n — OQ.

Next, we provide another convergence concept called almost sure con-
vergence.

Definition 4.4. [Almost Sure Convergence]: {Z,} converges to Z al-
most surely as n — oo if for any given € > 0,

P [ lim [|Z, — Z|| < e} —1.
n— 00

We denote Z,, —Z “3 0. Almost sure convergence is also called convergence
in probability one.

To gain intuition for the concept of almost sure convergence, recall the
definition of a random variable: any random variable is a mapping from
the sample space €2 to the real line, namely Z : 0 — R. Let w be a basic
outcome in the sample space (). Define a subset in (2 :

A° = {w €Q: lim Z,(w) = Z(w)}.

n—oo

That is, A is the set of basic outcomes on which the sequence of {Z,,(-)}
converges to Z(-) as n — oo. Then almost sure convergence can be stated
as

P(A%) =1

In other words, the convergent set A has probability one to occur.
Similarly, we can define almost sure convergence with order n®, where
« can be a positive or negative constant:

e The sequence of random variables {Z,,n = 1,2,...} is said to be
of order smaller than n® with probability one if Z,/n* “3 0 as
n — oo. This is denoted as Z,, = 04.5.(n%).
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e The sequence of random variables {Z,,,n = 1,2,...} is said to be
at most of order n® with probability one if there exists some large
constant C' < oo such that P(|Z,/n%| > C as n — oo) = 0. This
is denoted as Z,, = O, 5. (n%).

In particular, when o = 0, Z,, = O, s.(1) implies that with probability
one, Z, is bounded by some large constant for all n sufficiently large.

Example 4.7. Let w be uniformly distributed on [0, 1], and define
Z(w) = w for all w € [0,1]
and
Zp(w) =w~+w" for w e [0,1].

Is Z, — Z “3 07

Solution: Consider

AC = {w €Q: lim [Zn(w) — Z(w)| = o}.

n—oo

Because for any given w € [0,1), we always have
Jim |7, (w) = Z(w)] = lim [(w+ ") = o
= lim w™ =0.

n—roo

In contrast, for w = 1, we have

nh_)rr;o |Z,(1)— Z(1)|=1"=1#0.
Thus, A°=10,1) and P(A¢) = 1. We also have P(4) = P(w=1) = 0.
In probability theory, almost sure convergence is closely related to point-
wise convergence (almost everywhere). It is also called strong convergence.
With almost sure convergence, we can now introduce the Strong Law of
Large Numbers (SLLN).

Lemma 4.4. [SLLN for an IID Random Sample]: Suppose {Z;} is
IID with E(Z;) = p and E|Z;| < co. Then

a.s.
Zp = 1 as n — 00.
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Almost sure convergence implies convergence in probability, but not
vice versa. For simplicity, we will mainly use the concept of convergence in
probability in this book.

a.s

Lemma 4.5. If Z, — Z “3 0, then Z, — Z 5 0.
Question: If s2 5 ¢2, do we have s = o?

Yes, it follows from the following continuity lemma with the choice of

g(s*) = Vs? =s.

Lemma 4.6. [Continuity/: (1) Suppose a, 2a and b, 2 b, where a and
b are constants, and g(-) and h(-) are continuous functions. Then

glan) + h(bn) B g(a) + h(b),
and
g(an)h(bn) 2 g(a)h(b).

(2) Similar results hold for almost sure convergence.
Proof: Left as an exercise.

Continuity implies that converge in probability and almost sure conver-
gence carry over to any continuous linear and nonlinear transformation.

In Chapter 3, we have also introduced a concept of convergence in dis-
tribution. A sequence of random variables {Z,,} converges in distribution
to random variable Z if the CDF F,,(z) of random variable Z,, converges to
the CDF F(z) of random variable Z at all continuity points (where F'(z) is
continuous) when n — oo. Convergence in distribution implies that one can
obtain an asymptotic approximation to the exact distribution of Z, that
depends on the positive integer n and the underlying population distribu-
tion. In practice, the distribution of Z,, is often rather complicated and
even unknown for a finite n. However, if we know the unknown distribution
F, () converges to a known distribution F(-) as n — oo, we can use F(+) to
approximate F,(+) in finite samples, and the resulting approximation errors
will be arbitrarily small for n sufficiently large. This provides convenient
statistical inferences in practice.

We emphasize that convergence in mean squares, convergence in prob-
ability and almost sure convergence all measure the closeness between the
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random variable Z, and the random variable Z as n — oo. This differs
from the concept of convergence in distribution, which is defined in terms
of the closeness of the CDF F,(z) of Z, to the CDF F(z) of Z, not be-
tween the closeness of the random variable Z,, to the random variable Z.
As a result, for convergence in mean squares, convergence in probability
and almost sure convergence, Z, converges to Z if and only if the con-
vergence of Z, to Z occurs element by element (that is, each element of
Z,, converges to the corresponding element of Z). For the convergence in
distribution of Z,, to Z, however, element by element convergence does not
imply the convergence in distribution of Z,, to Z, because element-wise con-
vergence in distribution ignores the relationships among the components of
Zy. Nevertheless, 7, L 7 does imply element by element convergence in
distribution. That is, convergence in joint distribution implies convergence
in marginal distributions.

The main purpose of asymptotic analysis is to derive the large sample
distributions of estimators or statistics of interest and use them as approx-
imations in statistical inference. For this purpose, we need to make use of
an important limit theorem, namely the Central Limit Theorem (CLT). We
now state and prove CLT for an IID random sample, a fundamental limit
theorem in probability theory.

Lemma 4.7. [CLT for an IID Random Sample]: Suppose {Z} is
IID(p,0?), and Z,, =n~' Y | Zy. Then as n — oo,

Zn—B(Zy)  Zn—pn

var(Z,) B «/02{71

Proof: Put

and
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Then

The characteristic function of /nY,,

¢n(u) = Elexp(iuy/nYy,)],  i=v-1

e

H [exp ( \/>Y}>] by independence

[ ( )} by identical distribution

1, u? "
ot

0=

(1 - 211) +o(1)

u2
— exp (—2) as n — oo,

where the third equality follows from independence, the fourth equality
follows from identical distribution, the fifth equality follows from the Taylor
series expansion, and ¢(0) = 1, ¢'(0) = 0, ¢”(0) = —1. Note that o(1)
means a reminder term that vanishes to zero as n — oo, and we have also

made use of the fact that (1 + %)n — e® as n — oo.
More rigorously, we can show

In ¢ (1) = nln dy (\;‘ﬁ)

_mor (35)

nfl
¢ SEAR
oy (u
= g Jim SEOT

L i By (/) — (64 (/T

2 n—oo &% (u/v/n)
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It follows that

lim ¢, (u) = ez’

n—roo

This is the characteristic function of N(0,1). By the uniqueness property
of the characteristic function, the asymptotic distribution of

\/H(Zn - :U')

is N(0,1). This completes the proof.

Lemma 4.8. [Cramer-Wold Device]: A p x 1 random vector Z, 4z
if and only if for any nonzero A € RP such that X'\ = 1, we have

NZ, N7,
This lemma is useful for obtaining asymptotic multivariate distributions.

Lemma 4.9. [Slutsky’s Theorem]: Let Z, KA Z, an 5 a and b, b,
where a and b are constants. Then

an+ann$a+bZ as n — oo.

Example 4.8. Suppose (X1, ..., X,,) is an IID sequence with mean p and
variance 02 < co. Then by CLT for an IID random sample,

g

as n — oQ.

Since S,, & o, we have from Slutsky’s theorem that

\/H(Xn —

5 miN(O,l)asn—)oo.

In other words, the replacement of o by .S,, does not change the asymp-
totic distribution.

Question: If X, % X and Y, 3 Y, does X,, + Y, % X +V?

No. We consider two counter examples.
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Example 4.9. X,, and Y}, are independent N (0, 1). Then

X, +Y, % N(0,2).
Example 4.10. X,, =Y, ~ N(0,1) for all n > 1. Then
X, +Y,=2X, ~N(0,4).
Example 4.11. Suppose Assumptions 3.1, 3.3(a) and 3.5, and the hypoth-
esis Hp : R3° = r hold, where R is a J x K nonstochastic matrix with rank

J, ris a J x 1 nonstochastic vector, and J < K. Then conditional on X,
the quadratic form

(RB—r)[RX'X) 'R Y (RB—71)
) ~XJ-

g

Suppose now we replace o2 by the residual variance estimator s2. What is
the asymptotic distribution of the quadratic form

(BB —r) [R(X'X) 'R (RG — )

2
5 !

S

Finally, we introduce a lemma which is very useful in deriving the
asymptotic distributions of nonlinear statistics (i.e., nonlinear functions
of the random sample).

Lemma 4.10. [Delta Method]: Suppose \/n(Z, — p)/o 4 N(0,1), and
g(+) is continuously differentiable with g'(1) # 0. Then as n — oo,

Vitlg(Zn) = g(u)] > N(O,[g'(1))0®).
Proof: First, because v/n(Z, — p)/o 4 N(0,1) implies \/n(Z,, — u)/o =

Op(1), we have Z,, — u = Op(n~'/2) = op(1).
Next, by the mean value theorem, we have

Yo = 9(Zn) = g(1) + ¢ (Bin) (Zn — ),
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where fi,, = A\t + (1 — \)Z, for A € [0,1]. Tt follows by Slutsky’s theorem
that

\/ﬁg(zn); g(,u) :g/('an)\/ﬁzn;ﬂ
LN, [g (W],

where ¢/ (fin) = g'(11) given fin, = p1.
By Slutsky’s theorem again, we have

ValYs = g(w)] % N(0,02[¢ (1))

This completes the proof.

The Delta method is a first order Taylor series approximation in a statis-
tical context. It linearizes a smooth (i.e., differentiable) nonlinear statistic
so that CLT can be applied to the linearized statistic. Therefore, it can
be viewed as a generalization of CLT from a sample average to a nonlinear
statistic. This method is very useful when more than one parameter makes
up the function to be estimated and more than one random variable is used
in the estimator.

Example 4.12. Suppose \/n(Z, —u)/o A N(,1)and p #0and 0 < 0 <
co. Find the limiting distribution of \/n(Z,; ! — u~1).

Solution: Put g(Z,) = Z; . Because u # 0, g(-) is continuous at p. By
the mean value theorem, we have
Q(Zn) =g(p) + gl(ﬁn)(zn — ),

or

Zyt =t = (i) (2 — ),
where fi, = A+ (1 =N Z, 5 p given Z,, % pand X € [0,1]. Tt follows
that
_ 7 _
2o o
4 N(0,0%/ut).

Taylor series expansions, various convergence concepts, LLN, CLT, and
Slutsky’s theorem constitute a tool kit of asymptotic analysis. For compre-
hensive coverage of asymptotic analysis, the readers are referred to White
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(1984, 2001) and Davidson (1994). We now use these asymptotic tools
to investigate the large sample behavior of the OLS estimator and related
statistics in subsequent chapters.

4.2 Framework and Assumptions

We first state the assumptions under which we will establish the asymptotic
theory for linear regression models.

Assumption 4.1. [IID Random Sample]: {Y;, X/}}_, is an observable
IID random sample.

Assumption 4.2. [Linearity]:
Y—t:Xgﬂo""sta t:]-v"'vna

for some unknown K x 1 parameter value 8° and some unobservable dis-
turbance &;.

Assumption 4.3. [Correct Model Specification]: E(e:|X;) = 0 with
E(e?) = 0? < c0.

Assumption 4.4. [Nonsingularity]: The K x K matrix
Q=E (XtXt/)

is nonsingular and finite.

Assumption 4.5. The K x K matrix V = var(X:e;) = E(X; X/e?) is
symmetric, finite and positive definite.

The IID observations assumption in Assumption 4.1 implies that the
asymptotic theory developed in this chapter will be applicable to cross-
sectional data, but not to time series data. The observations of the later are
usually correlated and will be considered in Chapter 5. Put Z; = (Y3, X{)’.
Then the IID assumption implies that Z; and Z; are independent when
t # s, and the {Z;} have the same distribution for all ¢. The identical dis-
tribution means that the observations are generated from the same DGP,
and independence means that different observations contain new informa-
tion about the DGP.
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Assumptions 4.1 and 4.3 imply that the strict exogeneity condition (As-
sumption 3.2) holds, because we have

E(€t|X) = E(Et‘XLXQ, ...Xt, Xn)
= E(e]Xy)
=0.

As one of the most important features of Assumptions 4.1 to 4.5 to-
gether, we allow for conditional heteroskedasticity (i.e., var(e;|X;) # 02),
and in particular, we do not assume normality for the conditional distribu-
tion of &¢| X. It is possible that var(e;|X;) may be correlated with X;. For
example, the variation of the output of a firm may depend on the size of
the firm, and the variation of a household may depend on its income level.
In economics and finance, conditional heteroskedasticity is more likely to
occur in cross-sectional observations than in time series observations, and
for time series observations, conditional heteroskedasticity is more likely to
occur for high-frequency data than low-frequency data. In this chapter,
we will consider the effect of conditional heteroskedasticity in cross-section
observations. The effect of conditional heteroskedasticity in time series
observations will be considered in Chapter 5.

On the other hand, relaxation of the normality assumption is more
realistic for economic and financial data. For example, it has been well
documented (Mandelbrot 1963, Fama 1965) that returns on financial as-
sets are not normally distributed. However, the IID assumption on the
random sample {Y;, X{}}; implies that cov(es,es) = 0 for all ¢ # s. That
is, there exists no serial correlation in the regression disturbance, although
conditional heteroskedasticity is allowed. We will relax the independence
assumptions and consider time series observations in subsequent chapters.

Among other things, Assumption 4.4 implies E(Xft) <oofor0<j<k.
By SLLN for an IID random sample, we have

X'X

1 & as
== =3 XX BE(X, X)) =Q
n nt*l

as n — oo. Hence, with probability one, the matrix X’X behaves approx-
imately like n@ when n is sufficiently large, whose minimum eigenvalue
Amin (NQ) = nAmin(Q) — oo at the rate of n. Thus, Assumption 4.4 implies
Assumption 3.3.

When X, contains the intercept, that is, when Xy, = 1, Assumption 4.5
implies E(e7) < oco. If E(e7|X;) = 0% < o0 , i.e., there exists conditional
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homoskedasticity, then Assumption 4.5 can be ensured by Assumption 4.4.
More generally, there exists conditional heteroskedasticity, the moment con-
dition in Assumption 4.5 can be ensured by the moment conditions that
E(e}) < oo and E(X;-lt) < oo for 0 < j < k, because by repeatedly using
the Cauchy-Schwarz inequality twice, we have

|B(ef X e Xu)| < [E(e))] P IB(XG X))
< [BE]PIEXG)EX)]Y,

where 0 < j, [ <kand 1 <t <n.
We now address the following questions:

Consistency of the OLS estimator?
Asymptotic normality?
Asymptotic efficiency?

Confidence interval estimation?
Hypothesis testing?

In particular, we are interested in knowing whether the statistical prop-
erties of the OLS estimator B and related test statistics derived under the
classical linear regression framework are still valid under the current setup,
at least when n is large.

4.3 Consistency of the OLS Estimator

Suppose we have an observable random sample {Y;, X{}7 ;. Recall that the
OLS estimator

B

(X'X)"'X'Y
XX\ ' X'y
n

n

= Q_ln_l Z Xt}/tv
t=1

where

Q=n"1> X X].
t=1
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Substituting Y; = X;5° + &, we obtain
n
B=p"+Q 'n! ZXt€t-
t=1

We will consider the consistency of B directly.

Theorem 4.1. [Consistency of the OLS Estimator]: Under Assump-
tions 4.1 to 4.4, as n — o0,

B L B° or f— pB°=op(1).

Proof: Let C > 0 be some bounded constant. Also, recall X; =
(Xot, X1ty ., Xpt)'. First, the moment condition holds: for all 0 < j < k,
E|Xjied] < (EXJZt)%(Eaf)% by the Cauchy-Schwarz inequality
< Q20
<,
where E(X7%) < C by Assumption 4.4, and E(e7) < C by Assumption 4.3.
It follows from WLLN for an IID random sample (with Z, = X;&;) that

n_l ZXtEt ﬂ) E(Xt€t) = 0,

t=1

where

E(Xt€t)

E[E(Xe¢| X)) by the law of iterated expectations
E[X E(e] Xy)]
E(X,-0)
0.

Applying WLLN again (with Z; = X;X}) and noting that
E|X;Xu| < [B(X3)E(XR): <C

by the Cauchy-Schwarz inequality for all pairs (j,), where 0 < j, | < k,
we have

Q5 E(X,X])=Q.
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Hence, we have Q= & Q1 by continuity. It follows that

=Q 'nt ZXtEf
t=1
5Q7-0=0

This completes the proof.

From the proof, it can be seen that the correct model specification
condition F(e¢|X;) = 0 ensures consistency of 5.

4.4 Asymptotic Normality of the OLS Estimator

Next, we derive the asymptotic distribution of the OLS estimator 3. We
first provide a multivariate CLT for an IID random sample.

Lemma 4.11. [Multivariate CLT for an IID Random Sample]:

Suppose {Z} is a sequence of IID random wvectors with E(Z;) = 0 and
var(Zy) = E(Z:Z]) =V is finite and positive definite. Define

Zn=n""! i .
t=1
Then as n — oo,
VnZ, % N©,V)
or
VoivnZ, % N0, I).

Question: What is the variance-covariance matrix of v/nZ,?

Lemma 4.11 shows that V = var(Z;) is the asymptotic variance of
\V/nZ,, that is, the variance of the asymptotic distribution of \/nZ,. In
fact, under the IID condition on {Z;}? ;, V is also the variance of \/nZ,, :
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noting E(Z;) = 0, we have

/N
BI
ol
1M 1M
N
SN—
VR
3I
[N
NE
N
~
| IS

=n"'> > E(ZZ))
t=1 s=1

=n""Y_ E(Z.7])
t=1

= E(Z,7))
=V
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In other words, the variance of \/nZ, is identical to the variance of each

individual random vector Z;.

Theorem 4.2. [Asymptotic Normality of the OLS Estimator]: Un-

der Assumptions 4.1 to 4.5, we have

Vil = 5°) 5 N,V
as n — oo, where V. = var(X;e;) = E(X; X[e?).

Proof: Recall that
V(B -5 =Q 'nT1 Y Xz,
t=1

First, we consider the second term

n

_1
n 2 E Xt€t~
t=1

Noting that E(X;e) = 0 by Assumption 4.3, and var(X;e;)

E(X;X/e?) = V, which is finite and positive definite by Assumption 4.5.



172 Foundations of Modern Econometrics

Then, by CLT for an IID random sequence {Z; = X;e;}, we have

’I’L_% ZXtEt = \/ﬁ (n_l ZXt8t>
t=1 t=1
4 7 ~ N(O,V).
On the other hand, as shown earlier, we have
Q5 Q,
and so
Q—l £> Q—l

given that @ is nonsingular so that the inverse function is continuous and
well defined. It follows by Slutsky’s theorem that

\/E(B - p°) = Qflﬂf% ZXtEt
=1

SQTZ~NO.QTVQT.

This completes the proof.

Theorem 4.2 implies that the asymptotic mean of /n(3 — 5°) is equal

to 0. That is, the mean of the asymptotic distribution of /n(8 — 8°) is

0 when n — co. It also implies that the asymptotic variance of v/n(8 —
£°) is @7V QL. That is, the variance of the asymptotic distribution of
Vi(B—p3°)is Q 'V Q™! when n — oco. Because the asymptotic variance is a
different concept from the variance of \/77(3 —[°), we denote the asymptotic

variance of v/n(3 — 3°) as
avar(vnf) = Q'VQ .

We now consider a special case under which we can simplify the expres-

sion of avar(y/n3).
Assumption 4.6. [Conditional Homoskedasticity]: F(c7|X;) = o2.

Theorem 4.3. Suppose Assumptions 4.1 to 4.6 hold. Then as n — oo,
Vi(B - 8%) 5 N(0,0°Q7).
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Proof: Under Assumption 4.6, we can simplify
V = B(X;X/e?)
= FE[E(X:X,e?|X;)] by the law of iterated expectations
= B[X,X[{E(}|Xy)]
= o’B(X,X]})
=02Q.

The results follow immediately because
Qfvafl _ Q7102QQ71 _ O_QQfl.
Under conditional homoskedasticity, the asymptotic variance of v/n( /3’ —
Be) is
avar(v/nf) = 02Q L.

Question: Is the OLS estimator B BLUE asymptotically (i.e., when n —
00)?

4.5 Asymptotic Variance Estimation

To construct confidence interval estimators or hypothesis test statistics, we
need to estimate the asymptotic variance of v/n(8 — 8°), avar(y/nf). Be-
cause the expression of avar(,/nf3) differs under conditional homoskedastic-
ity and conditional heteroskedasticity respectively, we consider consistent
estimators for avar(,/nf) under these two cases separately.

Case I: Conditional Homoskedasticity

In this case, the asymptotic variance of v/n(3 — 3°) is
avar(v/nB) = Q~'VQ ! = os2Q .

Question: How to estimate Q7

Lemma 4.12. Suppose Assumptions 4.1, 4.2 and 4.4 hold. Then

Q=n""> X, X| 5 Q.
t=1
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Question: How to estimate 2?

Recalling that 02 = E(£7), we use the sample residual variance estima-
tor

1 - 1 2\2
Theorem 4.4. [Consistent Estimation of o2]: Under Assumptions
4.1 to 4.4, as n — o0,
52 5 o2
Proof: Given that s> = ¢’e/(n — K) and
- Xip
=&+ X/8°— X,
=& — X{(B -5,

we have

52 — . X/ B ﬁo)]
w2k

)

+ (3-8 [(n - K)™ Z)@X{] (B-5°)

t=1

(5 6 -1 Ztht

£>1-0'2+O~Q~0—2~0-0
as n — 0o, given that K is a fixed number (i.e., K does not grow with
the sample size n), where we have made use of WLLN in three places
respectively.
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We can then consistently estimate 02Q~! by s2Q1.
Theorem 4.5. [Asymptotic Variance Estimator of +/n(8 — 3°)]:
Under Assumptions 4.1 to 4.4, we have, as n — 00,
2071 B 5201

The asymptotic variance estimator of \/ﬁ(B —f°) is

-1
201 g2 (X/x) |

n

This is equivalent to saying that the variance estimator of B — [° is approx-
imately equal to

SQQfl/n = s2(X'X)7!

when for a large n. Thus, when n — oo and there exists conditional ho-
moskedasticity, the asymptotic variance estimator formula of B — [3° coin-
cides with the form of the variance estimator for 3 — 8 in the classical
regression case. Because of this, as will be seen below, the conventional
t-test and F-test statistics are still approximately valid for large samples
under conditional homoskedasticity.

Case II: Conditional Heteroskedasticity

In this case,
avar(v/nf) = Q7'VQ ™,

which cannot be simplified.

Question: We can still use Q to estimate Q. How to estimate the K x K
matrix V = E(X; X/e?)?

We can use its sample analog

. " X'D(e)D(e)'X
V=n! ZXtXéef = —(e)n (e) ,
t=1

where

D(e) = diag(eq, €2, ..., €4)
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is an n xn diagonal matrix with diagonal elements equal to e; fort =1, ....n
To ensure consistency of V to V, we impose the following additional moment
conditions.

Assumption 4.7. (a) E(X},) < oo for all 0 < j <k; and (b) E(e}) < oo.

Lemma 4.13. Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then as
n — oo,

Vv

Proof: Because e; =&, — (8 — 3°)' Xy, we have
V = n_l ZXtXéth
t=1
nt Y X X8 8°) X X[(B — 5°))
t=1

n~! Z X Xi[er X{ 5 B°)]
LV +0-2-0,
where for the first term, we have
AZ&X 5 EBX X)) =V

by WLLN and Assumption 4.7, which implies
E|XuXjie| < [B(X5X5)E(e))])*.

For the second term, we have, as n — oo,

1ZXnXﬂ B — B X, X)(B ~ )

t=

k k n
Z Z —Bn) (nl Z XithtXltth>
1=

=0 t=1

0

\L*u
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given B —B° 250, and

Y X X XXy 2 E (X X0 X1 Xomt) = O(1)
t=1
by WLLN and Assumption 4.7.
Similarly, for the last term, we have

n! Z XithtEtXt/(B - 5°)

=1
k n
= Z(Bl - 067) (nl ZXithtXlt5t>

=0 t=1

0

1=

given B —B° 250, and
Y XX Xuee B E (XX Xne) =0
t=1

by WLLN and Assumption 4.7. This completes the proof.

We now construct a consistent estimator for avar(\/ﬁ[é) under condi-
tional heteroskedasticity.

Theorem 4.6. [Asymptotic Variance Estimator for \/n(3 — 8°)]:
Under Assumptions 4.1 to 4.5 and 4.7, we have
QTVQT B QTIVQT

The form Q~'V Q™1 is the so-called White’s (1980) heteroskedasticity-
consistent variance-covariance matrix of the estimator v/n(8—3°). It follows
that when there exists conditional heteroskedasticity, the estimator for the

variance of B is
Q'VQ  (X'X/n)"'V(X'X/n)"!
n n

= (X’X)"'X'D(e)D(e) X(X'X) !,

which differs from the variance estimator s2(X’X)~! of 3 in the case of

conditional homoskedasticity.
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Question: What happens if we use 32Q*1 as an estimator for avar[y/n(8—
B°)] while there exists conditional heteroskedasticity?

Observe that

V = BE(X; X[e?)
=0%Q + cov(X, X}, €?)
=0%Q + cov[X; X}, 0% (X)),

where 02 = E(e), 0?(X;) = E(¢?|X;), and the last equality follows from
the law of iterated expectations. Thus, if 02(X;) is positively correlated
with X; X7, 02Q will underestimate the true variance-covariance matrix
E(X;X/e?) in the sense that V — 2@ is a positive definite matrix. Con-
sequently, the standard ¢-test and F-test will overreject the correct null
hypothesis at any given significance level, and so are not valid for applica-
tions. There will exist substantially larger Type I errors.

Question: What happens if one uses the asymptotic variance estimator
Q7 'V Q™! but there exists conditional homoskedasticity?

The asymptotic variance estimator Q‘1VQ_1 is valid in large samples,
but it will not perform as well as the estimator SQQ_l in finite samples,
because the latter exploits the information of conditional homoskedasticity.
It is expected to cause a larger distorted Type I error in finite samples,
although it will become asymptotically valid when n is large. For small
and finite samples, s2Q~! is a more efficient variance estimator of \/n/3
under conditional homoskedasticity.

4.6 Hypothesis Testing

Question: How to construct a test statistic for the null hypothesis
HQ : Rﬁo =T,
where R is a J x K constant matrix, r is a J x 1 constant vector, and

J < K?

We first consider

RB —r=R(3 - B°) + RB° —r.
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It follows that under Hg : R3° = r, we have
Vi(RB — 1) % N(0,RQ™'VQ'R)).

The test procedures will differ depending on whether there exists con-
ditional heteroskedasticity. We first consider the case of conditional ho-
moskedasticity.

Case I: Conditional Homoskedasticity

Under conditional homoskedasticity, we have V = ¢2Q and so
Vi(RB —1) % N(0,02RQ™'R)

when Hy holds.
When J = 1, we can use the conventional t-test statistic for large sample
inference.

Theorem 4.7. [t-Test]: Suppose Assumptions 4.1 to 4.4 and 4.6 hold.
Then under Hy with J =1,
T = RO —r 4 N(0,1)
s2R(X'X)~1R!

as n — Q.

Proof: Give R\/ﬁ(ﬁ - B°) “ N(0,0?°RQ~'R’), R3° = r under Hy, and
J =1, we have

Vi(RB—r) _ Ryn(B—5°) 4

= N .

Vo?RQR  \/o’RQ 'R’ - NGO

By Q = X'X/n % Q, s> 2 62 as n — oo, and Slutsky’s theorem, we
obtain

Vn(RB — 1)

\ /SQRQ—lR/

This ratio is the conventional ¢-test statistic introduced in Chapter 3,
namely:

4 N(0,1).

VA(RG—r)  RB-r
\/32 RO-1R VSRXX)TIR
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For J > 1, we use a quadratic form test statistic.

Theorem 4.8. [Wald Test]: Suppose Assumptions 4.1 to 4.4 and 4.6
hold. Then under Hy, as n — oo,

W= (RB—r) [*R(X'X)"'R'| "' (RB—r)
—J.F

d 2
— X7

Proof: Under Hy : RB° =, \/E(RB —r) A N(0,02RQ™'R') as n — oo.
It follows that the quadratic form

Vi(RB =) (6*RQT'R') ™ v/n(RB — 1) 5 x3.
Also, s2Q~1 % 62Q 1, so we have by Slutsky’s theorem
W= Vi(RE —r) (SBQTR) T Va(RE 1) 43,
or equivalently

(RS —r) [ROX'X) "' R~ (RB —1)/J

W=J- °

=J-F
d
= X7
where F' is the F-test statistic introduced in Chapter 3.

When {&;} is not IID N(0,0?) conditional on X, we cannot use the F-
distribution, but we can still compute the F-statistic and the appropriate
test statistic is J times the F-statistic, which is asymptotically x?% under
the null hypothesis. That is,

(e'e —€e)

T = =K

& X% as n — oo.

Because J - Fy,_x converges to X% as n — 0o, we may interpret Theo-

rem 4.8 in the following way: the classical results for the F-test are still

approximately valid under conditional homoskedasticity when n is large.
When the null hypothesis is that all slope coefficients except the inter-

cept are jointly zero, we can use a test statistic based on R2.
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Theorem 4.9. [(n — K)R? Test]: Suppose Assumption 4.1 to 4.6 hold,
and we are interested in testing the null hypothesis that

HO.IB?:/BSZ.ZBZZO’
where {B;’} are the regression coefficients from
Y =80+ B X1 + -+ B Xt + &4

Let R? be the coefficient of determination from the unrestricted regression
model

Y, = X{B° + e

Then under Hy,

as n — oo, where K =k + 1.

Proof: First, recall that in this special case we have
R?/k
(1-R?)/(n—k—-1)
R?/k
(1-R?)/(n—-K)

F =

By Theorem 4.8 and noting J = k, we have

(n—K)R*> 4 ,

as n — oo under Hy. This implies that k- F' is bounded in probability; that
is,

(n — K)R?

e = Or(L).

Consequently, given that & is a fixed integer,

R2

1—7R2 = Op(n_l) = Op(l)

or

R* 5.
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Therefore, 1 — R? % 1. By Slutsky’s theorem, we have

(n—K)R%k.i("zfgg LI
= (k- F)(1-R?)
5

as n — 0o, or asymptotically equivalently,
(n— K)R? A X:

as n — o0o. This completes the proof.
Question: Do we have nR? A X327

Yes, it follows from Slutsky’s theorem and the facts that
n

nR? =

e (n— KR and ﬁ—u.

Question: Which test statistic, (n — K)R? or nR?, should be used?

Case II: Conditional Heteroskedasticity

Recall that under Hy : R3° = r,
V(R —r) = Ryn(B — B°) + V/n(RB* —r)
= Ry/n(B - 6°)
4 N(0,RQ'VQ 'R,
where
V = B(X:X,e?).
Therefore, when J = 1, we have
V(RS — 1)
VEQTVQTR

Given Q % Q and V 5 V, where V = X'D(e)D(e)'X /n, and Slutsky’s
theorem, we can define a robust ¢-test statistic

V(RB —r)

\ /RQ—1VQ—1R/

i)N(O,l) as n — 00.

T, =

iN(O,l) as n — 0o
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when Hg holds, where the subscript r in 7, indicates robustness. By
robustness, we mean that 7T, is asymptotically valid no matter whether
there exists conditional heteroskedasticity.

Theorem 4.10. [Robust t-Test Under Conditional Heteroskedas-
ticity]: Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then under Hy
with J =1, as n — 00, the robust t-test statistic

r V(BB —r)
\ /RQ71VQA71R/

When J > 1, we have the quadratic form

W = Va(RB —r) (RQT'VQ'R) ™ Va(RS — 1)

d 2
— XJ

4 N(0,1).

under Hy. Given Q 5 Q and V 5 V, the robust Wald test statistic

A A A -1 A
W, =va(R3 1) (RQ'VQ'R)  Va(RS 1)
d
X3
by Slutsky’s theorem.
We can write W,. equivalently as follows:

W, = (RB — r)'[R(X'X)"'X'D(e)D(e) X(X'X) 'R " (R3 — 1),

where we have used the fact that

where D(e)= diag(eq, ea, ..., ey).
Theorem 4.11. [Robust Wald Test Under Conditional Hetero-

skedasticity]: Suppose Assumptions 4.1 to 4.5 and 4.7 hold. Then under
Hy, asn — oo,

« INEPIPNIA -1 A d
W =n(RG—r) (RQIVQR)  (RE—1) 45,
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It is important to emphasize that under conditional heteroskedasticity,
the test statistics J - F and (n — K)R? cannot be used.

Question: What happens if there exists conditional heteroskedasticity but
J - F or (n— K)R? is used in practice?

There will exist substantial distorted Type I errors because J- F or (n—
K)R? will be no longer asymptotically y2-distributed under Hy. Therefore,
it would deliver misleading conclusions if J - F' is used in this case.

Although the general form W, of the Wald test statistic developed
here is asymptotically valid no matter whether there exists conditional
homoskedasticity or conditional heteroskedasticity, this general form W,
of test statistic may perform poorly in small samples in the sense that
the asymptotic distribution will provide a poor approximation to its finite
sample distribution, causing a distorted Type I error in small and finite
samples. Thus, if one has information that the disturbance &; is condi-
tionally homoskedastic, one should use the test statistics (e.g., J - F and
(n— K)R?) derived under conditional homoskedasticity, which will perform
better in small sample sizes in the sense that its finite sample distribution
will be closer to the asymptotic distribution. Because of this reason, it is
important to test whether conditional homoskedasticity holds.

4.7 Testing for Conditional Homoskedasticity

Question: How to test conditional homoskedasticity for {e;} in a linear
regression model?

There have been many tests for conditional homoskedasticity. Here, we
introduce a popular test proposed by White (1980).
Consider the null hypothesis

H, : E(e}|X,) = 0%,
where g; is the regression disturbance in the linear regression model
)/t = Xt/ﬁo —+ Et.

If the null hypothesis Hy is false, then E(c?|X;) will be a nonnegative
function of Xj;.
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First, suppose €; were observed, and we consider the auxiliary regression

k
& ="+ Z%’th + Z Vi X: Xig + vy
j=1 1<5<i<k

= v'vech(X; X{) + vt

= ’Y/Ut + Ut,
where vech(X;X]) is the so-called vech (vector half) operator stacks all
lower triangular elements of the symmetric matrix X;X] into a w x 1
column vector. For example, when X; = (1, X4, Xo;)', we have

vech(X; X7) = (1, X1s, Xot, X14, X1: Xor, X3,)'.

For the auxiliary regression, there is a total of w regressors in Uy;.

This is essentially regressing €2 on the intercept, X;, and the quadratic
terms and cross-product terms of X;. Under Hy, all coeflicients except the
intercept are jointly zero. Any nonzero coefficients except the intercept
will indicate the existence of conditional heteroskedasticity. Thus, we can
test Hy by checking whether all coefficients except the intercept are jointly
zero. Assuming that E(e}|X;) = pu4 (which implies E(v?|X;) = 02 under
Hj), we can run an OLS regression and construct a R2-based test statistic.
Under Hy, we can obtain

(n—J— 1)]?2 gx%,

K(KTH) — 1 is the number of the regressors except the intercept.

where J =
Unfortunately, €; is not observable in practice. However, we can replace ¢
with e; = Y; — X[, which is a consistent estimator for ;. Thus, we run

the following feasible auxiliary regression

k
€ =+ Z%’th + Z Vi1 X e X + 0y
i=1 1<j<I<k

= ’}/Vech(XtX£) + ﬁt.
Under Hy : E(7|X;) = 02, the resulting test statistic
(n—J—l)RQiU&

as n — 0o. It can be shown that the replacement of €2 by e? has no impact
on the asymptotic X% distribution of (n — J — 1) R2. The proof, however, is
rather tedious. For the details of the proof, see White (1980). Below, we
provide some heuristics.
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Question: Why does the use of e? in place of €2 not affect the asymptotic
distribution of (n — J — 1)R??

To explain this, we put U; = vech(X;X/) and consider the infeasible
auxiliary regression

€2 =UN° + vy

We have /n(y —~°) A N(0,02Qgy), where Quu = E(U;U}), and 7 is the
OLS estimator for v°. Under Hy : Ry° = 0, where R is a J x J diagonal
matrix with the first diagonal element being 0 and other diagonal elements
being 1, we have

VnRy % N(0,62RQLR),

where 02 = E(v?). This implies R¥ = Op(n~'/?), which vanishes to zero
in probability at rate n='/2. Tt is this term that yields the asymptotic X%
distribution for (n — J — 1)R?, which is asymptotically equivalent to the

test statistic
Vi(R7) [s; RQuu R VnR3,
where s2 is the residual variance estimator for o2.

Now suppose we replace €7 with e?, and consider the feasible auxiliary
regression

e? = Ujy° + 0.

Denote the OLS estimator by 4 in this feasible auxiliary regression. To
examine the impact of replacing €2 by e?, we decompose

ef = [Et - X;(8 - 50)}2
=& + (B = B°) Xi X{(B = B°) — 2(B = B°) Xseu
=v'Us + 0.
Thus, the OLS estimator 4 can be written as follows:
¥ =740+,

where 7 is the OLS estimator of 7° in the infeasible auxiliary regression, §
is the effect of the second term, and 7 is the effect of the third term. For
the third term, X;e; is uncorrelated with U, given E(e4|X;) = 0. Therefore,
this term, after further scaled by the factor B — (° that itself vanishes to
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zero in probability at the rate n~'/2, will vanish to zero in probability at a
rate n~ !, that is, 7 = Op(n~1). This is expected to have negligible impact
on the asymptotic distribution of the test statistic (n — J — 1)R2. For the
second term, X;X] is perfectly correlated with U;. However, it is scaled
by a factor of ||3 — °||2 rather than by ||3 — °||. As a consequence, the
regression coefficient of (3 — 3°)' X, X/(3— °) on U, will also vanish to zero
at rate n~!, that is, 6= Op(n~1). Therefore, it also has negligible impact
on the asymptotic distribution of (n — J — 1)R%.

Question: How to test conditional homoskedasticity if E(e}|X;) is not
a constant (i.e., E(e}|X¢) # pa for any constant uy under Hp)? This
corresponds to the case when v; displays conditional heteroskedasticity.

Question: Suppose White’s (1980) test rejects the null hypothesis of con-
ditional homoskedasticity. Then one can conclude that there exists evidence
of conditional heteroskedasticity. What conclusion can one reach if White’s
test fails to reject Ho : E(e?|X;) = 02?

Because White (1980) considers a quadratic alternative to Hy, White’s
(1980) test may have no power against some conditional heteroskedastic
alternatives for which E(£7|X;) does not depend on the quadratic form of
X but depends on cubic or higher order polynomials of X;. Thus, when
White’s test fails to reject Hg, one can only say that we find no evidence
against Hp.

However, when White’s test fails to reject Hy, we have

E(E2X X)) = 0’ B(X,X]) = 0°Q

even if Hy is false. Therefore, one can use the conventional variance-
covariance matrix estimator s2(X'X)~! for /n3. Indeed, the main moti-
vation for White’s (1980) test for conditional heteroskedasticity is whether
the heteroskedasticity-consistent variance-covariance matrix of \/ﬁB has to
be used, not really whether conditional heteroskedasticity exists. For this
purpose, it suffices to regress €2 or €? on the quadratic form of X;. This
can be seen from the decomposition

V = B(X,X}e?) = 0°Q + cov(X X/, €2),

which indicates that V = 02Q if and only if €7 is uncorrelated with X;X].
The validity of White’s test and associated interpretation is built upon
the assumption that the linear regression model is correctly specified for
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the conditional mean E(Y:|X;). Suppose the linear regression model is not
correctly specified, i.e., F(Y;|X:) # X|8 for all 5. Then the OLS estimator
B will converge to

B* = [E(X: X)) " E(X:Yh),

the best linear least squares approximation coefficient, and FE(Y:|X:) #
X{B*. In this case, the estimated residual

e =Y, — X/
=0 + [B(Y|Xe) — X[8"] + X[(5" = B),
where ¢, = Yy — E(Y;|X¢) is the true disturbance with E(e¢|X;) = 0, the

estimation error X;(8* — B) vanishes to 0 as n — 0o, but the approximation
error E(Y;|X;) — X[B* never disappears. In other words, when the linear
regression model is misspecified for E(Y;|X;), the estimated residual e; will
contain not only the true disturbance but also the approximation error
which is a function of X;. This will result in a spurious conditional het-
eroskedasticity when White’s test is used. Therefore, before using White’s
test or any other tests for conditional heteroskedasticity, it is important to
first check whether the linear regression model is correctly specified. For
tests of correct specification of a linear regression model, see Hausman’s
test in Chapter 7 and other specification tests mentioned there.

4.8 Conclusion

In this chapter, within the context of IID observations, we have relaxed
some key assumptions of the classical linear regression model. In particular,
we do not assume conditional normality for the regression disturbance &
and allow for conditional heteroskedasticity. Because the exact finite sam-
ple distribution of the OLS estimator is generally unknown, we have relied
on asymptotic analysis. It is found that for large samples, the results of
the OLS estimator B and related test statistics (e.g., the ¢-test and F-test
statistics) are still applicable under conditional homoskedasticity. Under
conditional heteroskedasticity, however, the statistical properties of B are
different from those of B under conditional homoskedasticity, and as a con-
sequence, the conventional t-test and F-test statistics are invalid even when
the sample size n — co. One has to use White’s (1980) heteroskedasticity-
consistent variance-covariance matrix estimator for the OLS estimator B
and use it to construct robust test statistics. A direct test for conditional
heteroskedasticity, due to White (1980), is described.
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The asymptotic theory provides convenient inference procedures in prac-
tice. However, the finite sample distribution of 3 may be different from its
asymptotic distribution. How well the approximation of the asymptotic dis-
tribution for the unknown finite sample distribution depends on the DGP
and the sample size of the data. In econometrics, simulation studies have
been used to examine how well asymptotic theory can approximate the
finite sample distributions of econometric estimators or related statistics.
They are the nearest approach that econometricians can make to the lab-
oratory experiments of the physical sciences and are a very useful way of
reinforcing or checking the theoretical results. Alternatively, resampling
methods called bootstrap have been proposed in econometrics to approx-
imate the finite sample distributions of econometric estimators or related
statistics by simulating data on a computer (see, e.g., Hall 1992). In this
book, we focus on the use of asymptotic theory.



190 Foundations of Modern Econometrics

Exercise 4

4.1. Suppose Assumptions 3.1, 3.3 and 3.5 hold. Show (1) the sample

residual variance estimator s? converges in probability to o2, and (2) s

converges in probability to o.

4.2. Let Z3, ..., Z, be a random sample from a population with mean p and
variance o2. Show that

p| VI 0 and var | YVHE )

g g

4.3. Suppose a sequence of random variables {Z,,,n = 1,2, ...} is defined as
Zn
Py

1 n
1 -

(1) Does Z,, converge in mean squares to 07 Give your reasoning clearly.
(2) Does Z,, converge in probability to 07 Give your reasoning clearly.

4.4. Let the sample space Q be the closed interval [0,1] with the uniform
probability distribution. Define Z(w) = w for all w € [0,1]. Also, for
n = 1,2, ..., define a sequence of random variables

w+w' if wel0,1-n"1],
Zn(s) =
w+1l if we(l—-n"11]

(1) Does Z,, converge in quadratic mean to Z?
(2) Does Z,, converge in probability to Z7
(3) Does Z,, converge almost surely to Z7

4.5. Suppose g(+) is a real-valued continuous function, and {Z,,,n = 1,2, ...}
is a sequence of real-valued random variables which converges in probability
to random variable Z. Show ¢(Z,) 2 g(Z) as n — oc.

4.6. Suppose g(+) is a real-valued continuous function, and {Z,,,n = 1,2, ...}
is a sequence of real-valued random variables which converges almost surely

a.s.

to random variable Z as n — co. Show g(Z,,) = ¢(Z).

4.7. Suppose X" = (X1,Xs,...,X,) is an IID random sample from an
N(0,1) population. Define the sample mean X,, =n~'>"1" | X;.
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(1) What is the sampling distribution of the sample mean X,,?

(2) Suppose F,(-) is the cumulative distribution function of X,,. What
is the limit of F},(z)?

(3) Find the asymptotic distribution of X,.

(4) Is the asymptotic distribution of X,, the same as lim,, o, Fj,(2)?
Explain.

4.8. Define Z,, = X,, +Y,,, where {X,,} is an IID sequence from an N(0,1)
population, {Y;,} is a sequence of binary random variables with P(Y, =
%) =1- % and P(Y,, =n) = %, and X, and Y,, are mutually independent.

(1) Find the limiting distribution (also called asymptotic distribution)
of Z,.

(2) The mean and variance of the asymptotic distribution are
called the asymptotic mean and asymptotic variance respectively. Find
lim,, o E(Z,) and lim,,_,var(Z,). Are they the same as the asymptotic
mean and asymptotic variance of Z,, respectively? Show your reasoning.

4.9. Suppose /n(X,, — u)/o 4 N(0,1) as n — oo, and function g(-) is
twice continuously differentiable such that ¢'(u) = 0 and ¢”’ (1) # 0. Then
show that as n — oo,

n [9(Xn) — g(u)]

4 g//,u
5 §>Xf.

g

4.10. Suppose n(X, — u)/o 4 N(0,1) as n — oo, where —oo < pu < 00
and 0 < 0 < co. Find a nondegenerate asymptotic distribution of a suitably
normalized version of the following statistics:

(1) Y, = exp(—X,,).
(2) Y,, = X2, where p = 0 in this case.
Give your reasoning.

4.11. Suppose a stochastic process {Y:, X}, satisfies the following as-
sumptions:

Assumption 1 [Linearity]: {Y:, X;}7, is an IID random sample with
Y, = XI3°+e,  t=1,..n,

for some unknown parameter 5° and some unobservable disturbance &;.
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Assumption 2 [IID]: The K x K matrix E(X;X/) = Q is nonsingular and
finite.

Assumption 3 [Conditional heteroskedasticity/:
(a) E(Xey) = 0.
() B(IX,) # 02,
(¢c) E(X},) < Cforall 0 <j <k, and E(c}) < C for some C' < oo.

(1) Show 3 % 52 as n — .

(2) Show /n(3 — °) 4 N(0,9) as n — oo, where Q = Q~'VQ~!, and
V = B(X; X]e?).

(3) Show that the asymptotic variance estimator

Q:Q_1VQ_1 K Qasn— oo,

where Q = n~ '3 X, X, and V = n~' 37, X, X/e?. This is called
White’s (1980) heteroskedasticity-consistent variance-covariance matrix
estimator.

(4) Consider a test for hypothesis Hy : R3° = r. Does J - F' 4 X%, where

(BB —r) [ROX'X) 'R~ (RB —1)/J

F= =2

is the usual F-test statistic? If it does, give the reasoning. If it does not,
could you provide an alternative test statistic that converges in distribution
to x% as n — 00?

4.12. Put Q = E(X:X]),V = E(e?X;X,) and 0? = E(¢?). Suppose there
exists conditional heteroskedasticity, and cov(e?, X; X[) = V —02(Q is PSD,

i.e., 02(X;) is positively correlated with X;X/. Show that Q=1VQ~! —
o2Q~! is PSD.

4.13. Suppose the following assumptions hold:

Assumption 1: {Yy, X[}, is an IID random sample with
Y, = X;ﬁo + €t,

for some unknown parameter 5° and unobservable random disturbance &;.

Assumption 2: E(e|X;) = 0.
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Assumption 3:
(a) Wy = W(X,) is a positive function of X;.
(b) The K x K matrix E (X;W;X[) = Qw is finite and nonsingular.
(¢) E(WP) < C < o0, B(X},) < C < oo forall 0 < j < Fk, and
E(e}) < C.

Assumption 4: Viy = E(W2X, X/e?) is finite and nonsingular.

We consider the so-called Weighted Least Squares (WLS) estimator for
8o

n -1 n
By = <n—1 thwtxg> nt ZXtWth.
t=1

t=1

(1) Show that Bw is the solution to the following problem
min > Wi(Y: - X[B)%.
t=1

(2) Show that By is consistent for 5°.

(3) Show that/n(Bw — 5°) <4 N(0,Qw) for some K x K finite and pos-
itive definite matrix Q. Obtain the expressions of Qy under (i) condi-
tional homoskedasticity E(¢?|X;) = o2 and (ii) conditional heteroskedas-
ticity E(e?|X;) # o2 respectively.

(4) Propose an estimator QW for Oy, and show that ), is consistent for
Q,, under conditional homoskedasticity and conditional heteroskedasticity
respectively.

(5) Construct a test statistic for Hy : RS° = r, where R is a J x K
matrix and r is a J x 1 vector under conditional homoskedasticity and
under conditional heteroskedasticity respectively. Derive the asymptotic
distribution of the test statistic under Hy in each case.

(6) Suppose E(e?|X;) = o%(X;) is known, and we set W; = o 1(Xy).
Construct a test statistic for Hg : R3° = r, where R is a J x K matrix and
ris a J x 1 vector. Derive the asymptotic distribution of the test statistic
under Hy.

4.14. Consider the problem of testing conditional homoskedasticity (Hy :
E(e?|X;) = 0?) for a linear regression model

}/t = thﬁo + Et,
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where X; is a K x 1 vector consisting of an intercept and explanatory
variables. To test conditional homoskedasticity, we consider the auxiliary
regression

e2 = vech(X; X[)'y + vy
= Ut/'y + vg.

Show that under Hg : E(c?|X;) = 02, we have (1) E(v|X;) = 0; and
(2) E(v?|X;) = o2 if and only if E(e}|X;) = 4 for some constant juy.

4.15. Consider testing conditional homoskedasticity (Hg : E(c?|X;) = 0?)
for a linear regression model

Y;S = X;ﬁo + &,

where X; is a K x 1 vector consisting of an intercept and explanatory
variables. To test conditional homoskedasticity, we consider the auxiliary
regression

e? = vech(X; X[)'y + vy
= Ut/’y + V¢,

where Uy = vech(X;X]) is a J x 1 vector, with J = K (K + 1)/2. Suppose
Assumptions 4.1, 4.2, 4.3, 4.4 and 4.7 in Chapter 4 hold, and E(c}|X;) =
pa. Assume that {e;} is an observable sequence, and denote R* be the
coefficient of determination of the auxiliary regression. Show that the test
statistic (n — J — 1)R? 4 x% under the null hypothesis of conditional
homoskedasticity for {e;}. Give your reasoning.

4.16. In Exercise 4.15, the assumption that {e;} is observable is not realis-
tic. In practice, we need to replace ¢; by e; = Y; — Xt’B, the estimated OLS
residual. Provide a heuristic explanation why the replacement of €; by e;
has no impact on the asymptotic distribution of the proposed test statistic
for conditional homoskedasticity in Exercise 4.15.

4.17. Consider the problem of testing conditional homoskedasticity (Hy :
E(e?|X;) = 0?) for a linear regression model

}/t = X{ﬂo + Ety

where X; is a K x 1 vector consisting of an intercept and explanatory
variables. To test conditional homoskedasticity, we consider the auxiliary
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regression
e? = vech(X; X[)'y + vy
= U}y + vt

Suppose Assumptions 4.1, 4.2, 4.3, 4.4 and 4.7 of Chapter 4 hold, and
E(e}|Xy) # pa. That is, E(e}|X}) is a function of X;.

(1) Show var(v|X:) # o2 under Hy. That is, the disturbance v; in the
auxiliary regression model displays conditional heteroskedasticity.

(2) Suppose & is directly observable. Construct an asymptotically valid
test for the null hypothesis Hy of conditional homoskedasticity of ;. Derive
the asymptotic distribution of the proposed test statistic and provide your
reasoning.

4.18. In Exercise 4.17, the assumption that {e;} is observable is not realis-
tic. In practice, we need to replace €, by e; = Y; — X{B, the estimated OLS
residual. Provide a heuristic explanation why the replacement of €; by e;
has no impact on the asymptotic distribution of the proposed robust test
statistic for conditional homoskedasticity in Exercise 4.17.

4.19. Suppose {Y;, X/}, is an IID random sample. Consider a nonlinear
regression model

}/t = g(Xhﬁo) +€t7

where 3° is an unknown K x 1 parameter vector, E(g|X;) = 0, E(7|X;) =
02, and 02 is an unknown constant. Assume that g(X;,-) is twice contin-
uously differentiable with respect to 8 with the K x K matrices A(8) =

E[%ﬁ“ﬁ) %&,B)] and B(B) = E[%] finite, nonsingular and contin-

uous for all 8 € O, where O is a compact set. We further assume that as
n — 0o,

ﬂe@

1 —9g(Xy, ) 09(Xy, B) _ P
8 g Xt7 p
n21 o~ B B0

The Nonlinear Least Squares (NLS) estimator 3 is defined to solve the
minimization of the SSR problem, i.e.,

B—argmlnz Y; — g(Xy, B)]2.
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The FOC is
- 0 Xtv 3 A
> %{Yt —9(X,, B)] =0,
t=1

where %Q(Xt,ﬁ) is a K x 1 vector.

Generally, there exists no closed form expression for B, but it can be
shown that B % B° as n — oo and this can be used in answering the
questions below. We assume that all necessary regularity conditions hold.

(1) Derive the asymptotic distribution of \/n(3 — 8°). Give your rea-
soning.

(2) Construct a Wald-type test for the hypothesis of interest Hy:
R(B°) = r, where R() is a J x 1 continuously differentiable vector-valued
function, r is a J x 1 known constant vector, and J > 1. Derive the asymp-
totic distribution of the test statistic under Hy. Give your reasoning. [Hint:
The derivative R'(B) = L R(B) is a J x K matriz.]

T g
4.20. Suppose we do not impose the conditional homoskedasticity condi-
tion, i.e., we do not assume E(g?|X;) = o2. Resolve the questions in

Exercise 4.19.



Chapter 5

Linear Regression Models with
Dependent Observations

Abstract: In this chapter, we will show that the asymptotic theory for
linear regression models with IID observations carries over to ergodic sta-
tionary linear time series regression models with Martingale Difference Se-
quence (MDS) disturbances. Some basic concepts in time series analysis
are introduced, and some tests for serial correlation are described.

Keywords: AutoRegressive Conditional Heteroskedasticity (ARCH), Con-
ditional heteroskedasticity, Difference-stationary process, Dynamic regres-
sion model, Ergodicity, Martingale, MDS, Random walk, Serial correlation,
Static regression model, Stationarity, Time series, Trend-stationary process,
Unit root, White Noise (WN)

5.1 Introduction to Time Series Analysis

The asymptotic theory developed in Chapter 4 is applicable to cross-
sectional data (due to the IID random sample assumption). What happens
if we have time series data? Could the asymptotic theory for linear regres-
sion models with IID observations be applicable to linear regression models
with time series observations?

Consider a simple regression model

Y, = X%+ e
= Bo + P1Yi-1 + &,
{e¢} ~TIDN(0,0?),

where X; = (1,Y;_1)". This is called a first order AutoRegressive model,
denoted as AR(1), which violates the IID assumption for {Y;, X/} ; in

197
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Chapter 4. Here, we have
E(€t|Xt) =0
but no longer have

E(e4|X) = E(e| X1, Xo, ..., X3)
=0

because X;; contains e, when j > 0. Hence, Assumption 3.2 (strict exo-
geneity) fails.

In general, the IID assumption for {Y;, X/}, in Chapter 4 rules out
time series data. Most economic and financial data are time series obser-
vations.

Question: Under what conditions will the asymptotic theory developed in
Chapter 4 carry over to linear regression models with dependent observa-
tions?

To establish asymptotic theory for linear regression models with time
series observations, we need to introduce some basic concepts in time series.

Question: What is a time series process?

A time series process can be stochastic or deterministic. For example,
in chaos theory, a logistic map

Zy =42 (1 = Z4—)

is a deterministic time series process, which can generate a seemingly un-
correlated sequence. In this book, we only consider stochastic time series
processes, which are consistent with the fundamental axiom of modern
econometrics discussed in Chapter 1.

Definition 5.1. [Stochastic Time Series Process]: A stochastic time
series {Z,} is a sequence of random variables or random vectors indexed
by time ¢t € {...,0,1,2,...} and governed by some probability law (Q, F, P),
where € is the sample space, F' is a o-field, and P is a probability measure,
with P: F' — [0, 1].

More precisely, we can write Z; = Z(t, -), and its realization z; = Z(t,w),
where w € 2 is a basic outcome in sample space €.

For each w, we can obtain a sample path z; = Z(¢,w) of the process
{Z;} as a deterministic function of time ¢. Different w’s will give different
sample paths.
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The dynamics of {Z;} is completely determined by the transition prob-
ability of Z;, i.e., the conditional probability of Z; given its past history
It—l = {Zt—h Zt_g, }

Based on a time series process, we can define a time series random
sample. Consider a segment of a time series process {Z;} for t = 1,...,n.
This is called a time series random sample of size n, denoted as

Zn =2y, 2 ).

Any realization of this random sample is called a time series data set,
denoted as

2" ={z1,...,2n} .

This corresponds to the occurrence of some specific outcome w € §2. In the-
ory, a random sample Z" can generate many data sets, each corresponding
to a specific w € Q. In reality, however, one only observes a data set for
any random sample of an economic time series process, due to the nonex-
perimental nature of the economic system.

Question: How to characterize the dynamics of the time series process
{Z,}, namely, how it evolves over time?

Consider the random sample Z™ where Z; follows a continuous proba-
bility distribution. It is well-known from basic statistics courses that the
joint Probability Density Function (PDF) of the random sample Z",

fzn(2") = fz2,, 25,2, (21,22, .., Zn), z" € R",

completely captures all the sample information contained in Z™. With
fzn(2™), we can, in theory, obtain the sampling distribution of any statistic
(e.g., the sample mean estimator, the sample variance estimator, and the
(1 — @)100% confidence interval estimator) that is a function of Z™.

Now, by sequential partition (repeating the multiplication rule P(A N
B) = P(A|B)P(B) for any events A and B), we can write

fZ” (zn) = H th|It71 (Zt|It—1)’
t=1
where by convention, for ¢t = 1, f(z1|ly) = f(21), the marginal PDF of Z;.
Thus, the conditional PDF f, |, ,(2[l;—1) completely describes the joint
probability distribution of the random sample Z". Note that I,_;=7Z!"".
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Example 5.1. Let Z; be the U.S. GDP in quarter ¢. Then the quarterly
records of the U.S. GDP from the second quarter of 1947 to the last quarter
of 2017 constitute a time series data set, denoted as z"™ = (z1, ..., 2,)’, with
n = 284.
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Figure 5.1 Quarterly data of U.S. GDP.
Data source: https://www.macrotrends.net
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Figure 5.2 Quarterly data of U.S. GDP growth rates.

Data source: https://www.macrotrends.net
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Example 5.2. Let Z; be the Standard and Poor 500 (S&P 500) closing
price index at day t. Then the daily records of the S&P 500 index from
January 2, 1970 to December 29, 2017 constitute a time series data set,
denoted as z" = (21, ..., z,)/, with n = 12110.
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Figure 5.3 Daily data of S&P 500 price index.

Data source: Datastream
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Figure 5.4 Daily data on S&P 500 returns.

Data source: Datastream
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Here is a fundamental feature of an economic time series: each random
variable Z; only has one observed realization z; in practice. It is impossi-
ble to obtain more realizations for each economic variable Z;, due to the
nonexperimental nature of the economic system. In order to “aggregate”
realizations from different random variables {Z;}}_,, we need to impose a
stationarity assumption, a concept of stability for certain aspects of the
probability law fz, 7, , (2¢//;—1). For example, we may need to make the
following assumptions:

e The marginal PDF of each Z; shares some common features (e.g.,
the same mean, and the same variance).

e The relationship (joint distribution) between Z; and I;_; is time-
invariant in certain aspects (e.g., cov(Z;, Z;—;) = 7(j) does not
depend on time ¢; it only depends on the time distance j).

With these assumptions, observations from different random variables
{Z:} can be viewed to share some common features of the DGP, so that
one can conduct statistical inference by pooling them together. These ob-
servations over time constitute a time series data set.

We now introduce the concept of stationarity. A stochastic time series
{Z,} can be stationary or nonstationary. There are various notions for
stationarity. The first is strict stationarity.

Definition 5.2. [Strict Stationarity]: A stochastic time series process
{Z;} is strictly stationary if for any admissible t1,ts, ..., ,,, the joint prob-
ability distribution of {Zy, , Z4,, ..., Z,, } is the same as the joint distribution
of {Zt,4ks Ztytky s Zt,, +k } Tor all integers k. That is,

f20,2.,... 2, (21500 2m) = th1+k'Zt2+k'~»-Ztm+k (20505 Zm)-

If Z; is strictly stationary, the conditional probability distribution of Z;
given I;_; will have a time-invariant functional form. In other words, the
probabilistic structure of a completely stationary process is invariant under
a shift of the time origin.

Strict stationarity is also called “complete stationarity”, because it char-
acterizes the time-invariance property of the entire joint probability distri-
bution of the process {Z;}.

No moment condition on {Z,;} is needed when defining strict stationar-
ity. Thus, a strictly stationary process may not have finite moments (e.g.,
var(Z;) = oo). However, if moments (e.g., E(Z;)) and joint product mo-
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ments (e.g., E(Z,Z;_;)) of {Z,} exist, then they are time-invariant when
{Z,} is strictly stationary. Moreover, any measurable transformation of a
strictly stationary process is strictly stationary.

Strict stationarity implies identical distribution for each Z;. Thus, al-
though strictly stationary time series data are realizations from differ-
ent random variables, they can be viewed as realizations from the same
(marginal) population distribution.

Example 5.3. [IID Cauchy Sequence]: Suppose {Z;} is an IID Cauchy
(0,1) sequence with marginal PDF

1
= —00 < 2 < 00.
f(z) T+ ) 00 <z <00
Note that Z; has no moment. Consider {Z;,, ..., Z;, }. Because their joint

PDF

[z, 20, 2., (215 00y 2m) = H f(z)

j=1
is time-invariant, {Z;} is strictly stationary.

We now introduce another concept of stationarity based on the time-
invariance property of the joint product moments of {Z,, Zy,, ..., Zt,, }

Definition 5.3. [N-th Order Stationarity]: Let N be a positive integer.
The time series process{Z;} is said to be stationary up to order N if, for
any admissible t1,ts,...,tn, and any k, all the joint product moments up
to order N of {Z;,, Zy,,..., Zy,, } exist and are equal to the corresponding
joint product moments up to order N of {Z, 1x,..., Zt,,+k }- That is,

E[(Ze)"™ - (Ze,)" ] = El(Zey k)™ - (Ztyrw)"™ ]

for any k£ and all nonnegative integers ny, ..., n,, satisfying Z;nzl n; < N.
Setting no = ng = ... = n,,, = 0, we have
E[(Z)™] = E[(Zp)™] for all ¢.

On the other hand, for n; + ny < N, we have the pairwise joint product



204 Foundations of Modern Econometrics

moment
E[(Z)" (Zi-5)"] = E(Z0)" (Z-5)™]
= function of j,

where j is called a lag order.
We now consider a special case: N = 2. This yields a concept called
weak stationarity.

Definition 5.4. [Weak Stationarity]: A stochastic time series process
{Z;} is weakly stationary if

(1) E(Zy) = p for all ¢;
(2) var(Z;) = 0% < oo for all t;
(3) cov(Zy, Zi—j) = v(j) is only a function of lag order j for all .

Strict stationarity is defined in terms of the “time invariance” property
of the entire probability distribution of the time series process {Z;}, while
weak-stationarity is defined in terms of the “time-invariance” property in
the first two moments (means, variances and covariances) of the process
{Z}. Suppose all moments of {Z;} exist. Then it is possible that the
first two moments are time-invariant but the higher order moments are
time-varying. In other words, a process {Z;} can be weakly stationary but
not strictly stationary. However, Example 5.3 shows that a process can be
strictly stationary but not weakly stationary, because the first two moments
simply do not exist.

Weak stationarity is also called “covariance-stationarity”, or “second
order stationarity” because it is based on the time-invariance property of
the first two moments. It does not require identical distribution for each
Z;. The higher order moments of Z; can be different for different ¢’s. The
definitions from strict stationarity to N-th order stationarity to weak sta-
tionarity provide various concepts of stationarity. Hong, Wang and Wang
(2017) propose a test for strict stationary and a class of derivative tests for
N-th order stationarity including weak stationarity.

Question: Which, strict or weak stationarity, is more restrictive?

We consider two cases:

e Case I If E(Z?) < oo, then strict stationarity implies weak sta-
tionarity.
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e CaseII: If E(Z2) = oo, then strict stationarity does not imply weak
stationarity. In other words, a time series process can be strictly
stationary but not weakly stationary.

Example 5.4. An IID Cauchy(0, 1) process is strictly stationary but not
weakly stationary.

A special but important weakly stationary time series is a process with
zero autocorrelations.

Definition 5.5. [White Noise (WN)]: A weakly stationary time series
process {Z;} is a WN (or serially uncorrelated) process if

(1) E(Z) =0,
(2) var(Z;) = o2,
(3) cov(Zy, Zy—j) = v(j) = 0 for all j > 0.

Later we will explain why such a process is called a WN. The WN
assumption is a basic building block for linear time series modeling. Any
zero-mean weakly stationary time series process can be decomposed as a
linear combination of a WN sequence, and this is called Wold’s decomposi-
tion.

When a WN sequence {Z;} is a Gaussian process (i.e., any finite set
(Z4yy Ztyy ooy Zy,.) of {Z;} has a joint normal distribution), we call {Z;} is
a Gaussian WN. For a Gaussian WN process, {Z;} is an IID sequence.

Example 5.5. [AR(1)]: A first order AutoRegressive (AR) process, de-
noted as AR(1),

Zy = aZi_q + &,
{e:} ~ WN(0,5?),

is weakly stationary if [a] < 1 because Z;, = > 72, ale;_j, and

E(Zt) == 0,
2
ag
var(Z;) = a2
0.2
V() = Sobil i =0,41, 42,
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Here, €; may be interpreted as a random shock or an innovation that drives
the movement of the process {Z;} over time.

More generally, {Z;} is a p-th order AR process, denoted as AR(p), if

p
Zt = Qg + Zath_j + Et,

j=1
{€t} ~ WN(O, 0'2).

Example 5.6. [MA(q)]: {Z;} is a ¢g-th order Moving-Average (MA) pro-

cess, denoted as MA(q), if

q
Zt =g + E QjEL—j + &,
=1

(e} ~ WN(0, 02).

This is a weakly stationary process. For an MA(q) process, we have v(j) = 0
for all |j] > q.

Example 5.7. [ARMA(p, q)]: {Z:} is an AutoRegressive-Moving Aver-
age (ARMA) process of orders (p, ¢), denoted as ARMA(p, q), if

p q
Zy = ap + Zath_j + Zﬂjé’t_j + &,

j=1 j=1
{e;} ~ WN(0,0?).
ARMA models include AR and MA models as special cases. An esti-

mation method for ARMA models can be found in Chapter 9. In practice,
the orders of (p,q) can be selected according to the AIC or BIC criterion.

Under rather mild regularity conditions, a zero-mean weakly stationary
process can be represented by an MA(co) process

oo
ZtZ E QA E¢—j,
j=0

{Et} ~ WN(Oa 02)7
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where Z;’;l a? < oo. This is called Wold’s decomposition. The partial

derivative
0244

=a;,j=0,1,..
8€t @i+J

is called the impulse response function of the time series process {Z;} with
respect to a random shock e;. This function characterizes the impact of a
random shock &, on the immediate and subsequent observations {Z;;,j >
0}. For a weakly stationary process, the impact of any shock on a future
Zi+; will always diminish to zero as the lag order j — oo, because a; —
0. The ultimate cumulative impact of e; on the process {Z;} is the sum
Z;'io a;. For the example of a weakly stationary AR(1) process,

o0
7y = E ajet_j—i—at.
Jj=1

On the other hand, under a suitable condition, a zero-mean weakly sta-
tionary time series can also be represented as an AR(oco0) process. Such a
condition is called the invertibility condition, which allows one to repre-
sent the unobservable innovation &; as a linear combination of observable
observations {Z;;}52,. Invertibility is a crucial condition for time series
forecasts.

The function v(j) = cov(Z;, Z;—;) is called the autocovariance function
of the weakly stationary process {Z; }, where j is a lag order. It characterizes
the (linear) serial dependence of Z; on its own lagged variable Z;_;. Note
that v(j) = v(—7) for all integers j.

The normalized function p(j) = v(j)/~(0) is called the autocorrelation
function of {Z;}. It has the property that |p(j)| < 1. The plot of p(j) as a
function of j is called the autocorrelogram of the time series process {Z;}.
It can be used to judge which linear time series model (e.g., AR, MA, or
ARMA) should be used to fit a particular time series data set.

We now consider the Fourier transform of the autocovariance function

v(4)-

Definition 5.6. [Spectral Density Function]: The Fourier transform
of v(4)

hw) =5 32 A, weloml
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where i = y/—1, is called the power spectral density function or spectral
density function of a weakly stationary time series process {Z;}.
The normalized version
h(w) 1 &

f(w) = W = Ej;oo p(j)e_ijwa w e [_7777(]7

is called the standardized spectral density function of {Z;}.
Question: What are the properties of f(w)?

It can be shown that (1) f(w) is real-valued, and f(w) > 0; (2)
ST f(w)dw =1; and (3) f(—w) = f(w) for w € [—m,m].

To gain insight into the special density function h(w), we now introduce
a frequency domain representation of a weakly stationary time series. Sup-
pose {Z;} is a zero-mean weakly stationary time series. Then there exists
a stochastic process W (w) such that

™
Zy :/ e dW (w), w € [—m, 7],
—T

where w is frequency, W(w) is an uncorrelated increment process with
E[dW (w)] = 0 for all w € [—m, 7], and cov[dW (w),dW (N\)] = E|dW (w)|?
if w = X\ and 0 otherwise. Intuitively, any weakly stationary time series
can be decomposed as the “sum” of periodic components of different fre-
quencies which are orthogonal to each other. The magnitude of the pe-
riodic components corresponding to frequencies from w to w + dw is the
incremental component dW (w). This is called Cramer’s representation in
time series analysis. Under regularity conditions, it can be shown that
E[dW (w)]? = h(w)dw. Therefore, the spectral density function h(w) char-
acterizes the distribution of the strength of various periodic components
over frequencies, the so-called spectral distribution of a weakly stationary
process {Z;}.

The spectral density function h(w) is widely used in economic analy-
sis. For example, it can be used to search for business cycles. Specifically,
a frequency wqg corresponding to a special peak is closely associated with
a business cycle with periodicity Ty = 27/wp. Intuitively, time series can
be decomposed as the sum of many cyclical components with different fre-
quencies w, and h(w) is the strength or magnitude of the component with
frequency w. When h(w) has a peak at wp, it means that the cyclical com-
ponent with frequency wy or periodicity Ty = 27 /wy dominates all other



Linear Regression Models with Dependent Observations 209

frequencies. Consequently, the whole time series behaves as mainly having
a cycle with periodicity Tj.

The functions h(w) and y(j) are the Fourier transforms of each other.
Thus, they contain the same information on serial dependence in {Z;}. In
time series analysis, the use of () is called the time domain analysis, and
the use of h(w) is called the frequency domain analysis. Which tool to use
depends on the convenience of the user. In some applications, the use of v(j)
is simpler and more intuitive, while in other applications, the use of h(w)
is more enlightening. This is exactly the same as the case that it is more
convenient to speak Chinese in China, while it is more convenient to speak
English in the United States. Because of the importance of spectral analysis
in macroeconomics, Sargent (1987) devotes one chapter on introduction to
spectral analysis in his Macroeconomic Theory, 2nd Edition.

Example 5.8. [Hamilton (1994, Section 6.4)]: Business cycles and
seasonalities of the U.S. industrial production can be identified respectively
by the estimated spectral density function based on monthly data of U.S.
industrial production index in the post World War II period.

Example 5.9. [Bizer and Durlauf (1990)]: Based on the historical
annual data on the U.S. income tax rates, it is documented that there exists
an 8-year cycle in the U.S. income tax rate changes, which is significantly
linked to the party (the Republican or the Democrat) status of the U.S.
presidents.

For a serially uncorrelated or WN sequence, the spectral density function
h(w) is flat as a function of frequency w :

1

h(w) = 5-7(0)

1
= 502 for all w € [—m, 7).

This is analogous to the power (or energy) spectral density function of
a physical white color light. It is for this reason that we call a serially
uncorrelated time series a WN process.

Intuitively, a white color light can be decomposed via a lens as the sum
of equal magnitude components of different frequencies. That is, a white
color light has a flat physical spectral density function.

It is important to point out that a WN may not be IID, as is illustrated
by the following example.
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Example 5.10. [Engle’s (1982) ARCH Model]: Consider a first order
AutoRegressive Conditional Heteroskedastic (ARCH) process, denoted as
ARCH(1):

Zy = €thtl/2,
hi = ag + 04th2_1,
{Et} ~ IID(OJ)

This is first proposed by Engle (1982) and it has been widely used to
model volatility in economics and finance. We have E(Z;|I;—1) = 0 and
var(Z|It—1) = hi, where Iy = {Z;_1,Zt_2,...} is the information set
containing all past history of Z;. It can be shown that

E(Zt) = 0)

cov(Zs, Zy—j) =0 for j >0,

o))

var(Zy) = g
When oy < 1, {Z;} is a stationary WN. But it is not weakly stationary
if a3 = 1, because var(Z;) = co. In both cases, {Z;} is strictly stationary
(e.g., Nelson 1990).

Although {Z;} is a WN, it is not an IID sequence because the correlation
in {Z7} is corr(Z2, Z¢ ;) = a‘ljl for j =0,1,2,.... In other words, an ARCH
process is uncorrelated in level but is autocorrelated in squares.

Question: What is the spectral density function h(w) of a weakly station-
ary ARCH(1) process?

Having introduced various concepts of stationarity, we can now discuss
nonstationary time series processes. Usually, we call {Z;} a nonstationary
time series when it is not covariance-stationary. In time series econometrics,
there have been two types of nonstationary processes that display similar
sample paths when the sample size is not large but have quite different im-
plications. We first discuss a nonstationary process called trend-stationary
process.

Example 5.11. [Trend-Stationary Process|: A time series {Z;} is
called a trend-stationary process if

Zy = ag + a1t + &y,
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where ¢; is a weakly stationary process with mean 0 and variance 2. To
see why {Z;} is not weakly stationary, we consider a simplest case where
{e;} is ID(0, ). Then

E(Zt) = ag + ait,

var(Z;) = o2,
COV(Zt7 thj) =0.

More generally, a trend-stationary time series process can be defined as
follows:

P
Zy=ao+ Zajtj +é,
j=1

where {e;} is a weakly stationary process. The reason that {Z;} is called
trend-stationary is that it will become weakly stationary after the deter-
ministic trend is removed.

Figures 5.5 to 5.7 plots simulated time series data for a linear trend-
stationary process with IID, ARCH(1) and AR(1) innovations respectively.
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Figure 5.5 A linear trend-stationary process with IID N(0,1) innovations.
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Figure 5.6 A linear trend-stationary process with ARCH(1) innovations.
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Figure 5.7 A linear trend-stationary process with AR(1) innovations.
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Next, we discuss the second type of nonstationary process called
difference-stationary process. Again, we start with a special case:

Example 5.12. [Random Walk]: {Z;} is a random walk with a drift if
Zy = o+ Zi_1 + ey,
where {¢;} is IID(0, 0?). For simplicity, we assume Zo = 0. Then
E(Z;) = aot,
var(Z;) = o°t,
cov(Zy, Zy—j) = o2 (t — j).
Note that for any given j,

o
corr(Zy, Zy—j) = T‘] — 1 ast— oo,

which implies that the impact of an infinite past shock on today’s behavior

never dies out. Indeed, this can be seen more clearly if we write

t—1
Zt = ZO + apt + Zé‘t_j.
j=0

Note that {Z;} has a deterministic linear time trend but with an increasing
variance over time. The impulse response function 0Z;4;/0e; = 1 for all
j > 0, which never dies off to zero as j — co.

There is another nonstationary process called martingale process which
is closely related to a random walk.

Definition 5.7. [Martingale]: A time series process {Z,} is a martingale
with drift if

Zy=0a+Zi1+ ey,
and {e;} satisfies
E(g|I;—1) =0,

where I;_; is the o-field generated by {e;_1,e¢—2,...}. We call that {&;} is
a Martingale Difference Sequence (MDS).
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Question: Why is ¢, called an MDS?

This is so because ¢; is the difference of a martingale process. That is,
&t = Zt — Zt—1~

Example 5.13. [Martingale and EMH]: Suppose an asset log-price
In P, follows a martingale process, i.e.,

InP,=InP,_1 + ¢y,

where E(g|I;_1) = 0. Then

b — P

€t:1HPt*1nPt_1% P
t—1

is the asset relative price change or asset return (if there is no dividend)
from time ¢t — 1 to time ¢, which can be viewed as the proxy for the new
information arrival from time ¢ — 1 to time ¢ that derives the asset price
change in the same period. For this reason, ¢; is also called an innovation
sequence. The MDS property of &; implies that the price change &; is
unpredictable using the past information available at time ¢ — 1, and the
market is called informationally efficient. Thus, the best predictor for the
asset price at time ¢ using the information available at time t — 1 is P,_1,
ie, E(PIi—1) = P_.

Question: What is the relationship between a random walk and a martin-
gale?

A random walk is a martingale because IID with zero mean implies
E(et|I:—1) = E(e¢) = 0. However, the converse is not true.

Example 5.14. Reconsider an ARCH(1) process
€t = hz/ta,
hy = ap + alaffl,
{z:} ~1ID(0,1),
where ag, a1 > 0. It follows that
E(et|I;-1) =0,

var(e¢|l;_1) = hy = ag + a1€?_,,
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where I;_; denotes the information available at time ¢ — 1. Clearly {e;} is
an MDS but not IID, because its conditional variance h; is time-varying
(depending on the past information set I;_1).

Since the only condition for MDS is E(e¢|I;—1) = 0, an MDS need not
be strictly stationary or weakly stationary. However, if it is assumed that
var(e;) = o

When the variance E(e7) exists, we have the following directional rela-

exists, then an MDS is weakly stationary.

tionships:

IID = MDS = WN.
Lemma 5.1. If {g;} is an MDS with E(¢?) = 0% < oo, then {e;} is a WN.

Proof: By the law of iterated expectations, we have
E(Et) = E[E(€t|_[t,1)] = 0,
and for any j > 0,

cov(es, e1—5) et€r—j) — E(er) E(er—j)

I
g

This implies that an MDS, together with var(e;) = o2, is a WN.

However, a WN does not imply an MDS, as can be seen from the ex-
ample below.

Example 5.15. [Nonlinear MA]: Suppose a nonlinear MA process is
give as

€t = azp—12t—2 + 2,
{z:} ~1ID(0, 1).

Then it can be shown that {e;} is a WN but not an MDS, because
cov(eg,e4—j) = 0 for all j > 0 but

E(e|li—1) = azg—12¢-2 # 0.

Thus, a non-MDS sequence can be a WN.
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Figures 5.8 to 5.10 plot simulated data for an IID sequence, a condi-
tionally heteroskedastic MDS, and a non-MDS WN process, respectively.
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Figure 5.8 Plot of a simulated IID N(0,1) sequence.
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<

Figure 5.9 Plot of a simulated time series for a conditionally homoskedastic MDS.
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Figure 5.10 Plot of a simulated time series for a non-MDS WN process.

Question: When will the concepts of IID, MDS and WN coincide?

When a stationary process {e:} is a stationary Gaussian process if
{€ty,Etys -, €1, } s multivariate normally distributed for any admissible set
of integers {t1, t2, ..., tm }. Unfortunately, an important stylized fact for most
economic and financial time series is that they are typically non-Gaussian.
Therefore, it is important to emphasize the difference among the concepts
of IID, MDS and WN in time series econometrics. They have different
probabilistic properties and different implications in economics.

When var(e;) exists, both random walk and martingale processes are
special cases of the so-called unit root process, which is defined below.

Definition 5.8. [Unit Root or Difference-Stationary Process]: {Z,;}
is a unit root process with drift if

Zy = og + Zi_1 + &,

where {g;} is covariance-stationary (0,0?) .

The process {Z;} is called a unit root process because its autoregressive
coefficient is unity. It is also called a difference-stationary process because
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its first difference,
AZt = Zt — Zt—l = QO + Ety

becomes weakly stationary. In fact, the first difference of a linear trend-
stationary process Z; = ag + agt + & is also weakly stationary:

AZt =] +Et —Et—1-

The inverse of differencing is “integrating”. For a difference-stationary
process {Z; }, we can write it as the integral of the weakly stationary process
{e+} in the sense that

t—1

Zt = aot + Zo + Zst_j,

j=0
where Zj is the starting value of the process {Z;}. This is analogous to dif-
ferentiation and integration in calculus which are inverses of each other. For
this reason, {Z,} is also called an Integrated process of order 1, denoted as
I(1). Obviously, a random walk and a martingale process are I(1) processes
if the variance of the innovation ¢; is finite. There are various popular tests
for unit roots, including those of Dicky and Fuller (1979), Phillips (1987)
and Phillips and Perron (1988).

Figures 5.11 to 5.13 plots simulated time series data for a unit root
process with IID, ARCH(1) and AR(1) innovations respectively.
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Figure 5.11 Plot of a simulated time series data for a unit root process with IID N(0,1)
innovations.
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Figure 5.12 Plot of a simulated time series data for a unit root process with ARCH(1)
innovations.
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Figure 5.13 Plot of a simulated time series data for a unit root process with AR(1)
innovations.

We will assume strict stationarity in most cases in the present and
subsequent chapters. This implies that some economic variables have to
be transformed before used in the linear regression model Y; = X/8° +
€. Otherwise, the asymptotic theory developed here cannot be applied.
Indeed, a different asymptotic theory should be developed for unit root



220 Foundations of Modern Econometrics

processes (see, e.g., Engle and Granger 1987, Phillips 1987, and Hamilton
1994).

In macroeconomics, it is important to check whether a nonstationary
macroeconomic time series is trend-stationary or difference-stationary. If
it is a unit root process, then a shock to the economy will never die out
to zero as time evolves. In contrast, a random shock to a trend-stationary
process will die out to zero eventually.

Question: Why has the unit root econometrics been popular in economet-
o
rics?

It was found in empirical studies (e.g., Nelson and Plosser 1982) that
most macroeconomic time series display unit root properties.

Next, we introduce a concept of asymptotic independence, which im-
poses certain restrictions on temporal dependence of a time series process.

Consider as an example the following time series

2" = (Z1, 22, Zn)
= (W, W,..,WY,

where W is a random variable that does not depend on time index t. Ob-
viously, the stationarity condition holds. However, any realization of this
random sample Z™ will be

i.e., it will contain the same realization w for all n observations (so no
new information as n increases). In order to avoid this, we need to im-
pose a condition called ergodicity that assumes that (Zi,..., Z;1x) and
(Zmtts ooy Zmtt+1) are asymptotically independent when their time dis-
tance m — oo.

Statistically speaking, independence or little correlation generates new
or more information as the sample size n increases. Recall that X and Y
are independent if and only if

for any measurable bounded functions f(-) and g(-). We now extend this
definition to define ergodicity.
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Definition 5.9. [Ergodicity]: A strictly stationary process {Z,} is said to
be ergodic if for any two bounded functions f : RF*1 — R and g : R'*1 —
R

)

lim |E [f(Zt; ceey Zt+k)g(Zm+ta ceey Zm+t+l)]|

m—oo

= |Ef(Zts o Zeai)ll - 1B [9(Zimtts oy Zimntesi)]| -

Clearly, ergodicity is a notion of asymptotic independence. A strictly
stationary process that is ergodic is called ergodic stationary. If {Z;} is er-
godic stationary, then { f(Z;)} is also ergodic stationary for any measurable
function f(-).

An important implication of ergodicity is that the statistical properties
(such as the population mean and variance) of the ergodic time series pro-
cess can be deduced from a single, sufficiently long sample (realizations) of
the process. We now introduce WLLN and CLT for an ergodic time series
process.

Theorem 5.1. [WLLN for an Ergodic Stationary Random Sam-
ple]: Let {Z:} be an ergodic stationary process with E(Z;) = p and
E|Z;| < oo. Then the sample mean

n
Zn:n_IZZtﬁut as n — o0o.
t=1

Question: Why do we need to assume ergodicity?

Consider a counter example which does not satisfy the ergodicity condi-
tion: Z, = W for all ¢t. Then the sample mean Z,, = W, a random variable
which will never converge to u as n — oo.

Next, we state a CLT for an ergodic stationary MDS random sample.

Theorem 5.2. [CLT for an Ergodic Stationary MDS Random
Sample]: Suppose {Z;} is an stationary MDS process, with var(Z;) =
E(Z:Z}) =V finite, symmetric and positive definite. Then as n — oo,

VinZy, =n"V?3" 7, 5 N0, V)

t=1

or equivalently,

VY2 nZ, % N, ).
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Question: Is avar(y/nZ,) = V = var(Z;)? That is, does the asymptotic
variance of \/nZ, coincide with the individual variance var(Z;)?
To check this, we have

var(yv/nZy) = E[N/nZ,\/nZ))
(rorfon) (es)
= n_l Zn: En: E(ZtZ;)

t=1 s=1
=n"'> E(Z2))
t=1

= E(2:Z;)
=V

=F

Here, the MDS property plays a crucial rule in simplifying the asymp-
totic variance of \/nZ, because it implies cov(Z;, Z,) = 0 for all t # s.
MDS is one of the most important concepts in modern economics, particu-
larly in macroeconomics, finance, and econometrics. For example, rational
expectations theory can be characterized by an expectational error being
an MDS.

The basic time series concepts introduced in this section are selective,
serving for the purpose of analysis of time series models introduced in this
book. For more comprehensive coverage of time series analysis, readers
are referred to, e.g., Brockwell and Davies (1991), Hamilton (1994), and
Priestley (1981).

5.2 Framework and Assumptions

With the basic time series concepts and analytic tools introduced above,
we can now develop an asymptotic theory for linear regression models with
time series observations. We first state the assumptions that allow for time
series observations.

Assumption 5.1. [Ergodic Stationarity]: The observable stochastic
process {Y;, X/}, is ergodic stationary, where Y; is a random variable
and X; is a K x 1 random vector.



Linear Regression Models with Dependent Observations 223

Assumption 5.2. [Linearity]:
}/t = X{ﬁo + Et,

where 3° is a K x 1 unknown parameter vector, and ¢; is the unobservable
disturbance.

Assumption 5.3. [Correct Model Specification]: F(e:|X;) = 0 with
E(e?) = 0? < c0.

Assumption 5.4. [Nonsingularity]: The K x K matrix
Q=FE (XtXt/)

is symmetric, finite and nonsingular.

Assumption 5.5. [MDS]: {X,e,} is an MDS process with respect to the
o-field generated by {Xse5, s < t} and the K x K matrix V = var(X;e;) =
E(X;X/e?) is finite and positive definite.

In Assumption 5.1, an ergodic stationary process is a stochastic process
which exhibits both stationarity and ergodicity. In essence this implies that
the random process will not change its statistical properties over time and
that its statistical properties of the process can be inferred from a single,
sufficiently long time series sample of the process. The ergodic stationary
process Zy = {Y;, X[}, in Assumption 5.1 can be independent or serially
dependent across different time periods. We thus allow for time series
observations from a stationary stochastic process.

Under Assumptions 5.1 and 5.2, the linear regression model allows that
the regressor vector X; includes lagged dependent variables and/or lagged
explanatory variables. When X, includes lagged dependent variables, we
call the linear regression model a dynamic regression model. When X,
includes lagged explanatory variables, we call the linear regression model
a distributional lag model. If X; does not include any lagged dependent
variables, we call the linear regression model a static regression model.

It is important to emphasize that the asymptotic theory to be developed
below and in subsequent chapters is not applicable to nonstationary time
series. A problem associated with nonstationary time series is the so-called
spurious regression or spurious correlation problem. If the dependent vari-
able Y; and the regressors X; display similar trending behaviors over time,
one is likely to obtain seemly highly “significant” regression coefficients and
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high values for R?, even if they do not have any causal relationship. Such
results are completely spurious. In fact, the OLS estimator for a nonsta-
tionary time series regression model does not follow the asymptotic theory
to be developed below. A different asymptotic theory for nonstationary
time series regression models has to be used (see, e.g., Engle and Granger
1986, Hamilton 1994, Phillips 1986, 1987). Using the correct asymptotic
theory, the seemingly highly “significant” regression coefficient estimators
would become insignificant in the spurious regression models.

Unlike the IID case, where E(g¢|X;) = 0 is equivalent to the strict
exogeneity condition that

E(5t|X) = E(Et|X1, '~'7Xta ,Xn) = O,

the correct model specification condition E(g]X;) = 0 is weaker than
E(4)X) = 0 in a time series context. In other words, it is possible that
E(g]X¢) = 0 but E(e4|X) # 0. Assumption 5.3 allows for the inclusion of
predetermined variables in X, the lagged dependent variables Y;_1,Y; o,
etc.

For example, suppose X; = (1,Y;—1)’. Then we obtain an AR(1) model

Y, = X{B° + e
= Bo + f1Yi—1 + &, t=2,..,n,
{e:} ~ MDS(0,0?).

Then E(e¢|X:) = 0 holds if E(e¢|l;—1) = 0, namely if {;} is an MDS, where
I;_1 is the sigma-field generated by {e;_1,¢—2,...}. However, we generally
have E(e¢|X) # 0 because E(g:X;41) # 0.

The MDS assumption for X;e; is a key condition in this chapter. When
X, contains an intercept, the MDS condition for X;e; in Assumption 5.5 im-
plies that E(e|I;—1) = 0; that is, e; is an MDS, where I,_1 = 41,642, ...

Question: When can an MDS disturbance ¢; arise in economics and fi-
nance?

Example 5.16. [Rational Expectations and MDS]: Recall the dy-
namic asset pricing model under a rational expectations framework in
Chapter 1. The behavior of the economic agent is characterized by the
Euler equation:

u'(Ct)

E {ﬁRt It_l} =1

u’(Ct,l)
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or
E(MiR|I;—1) =1,

where ( is the time discount factor of the representative economic agent,
C} is the consumption, R; is the asset gross return, and M; is the stochastic
discount factor defined as follows:

U/(Ct)
M, = p——FF—
t Bu/(Ct_l)
1
=0+ MA(} + higher order
U/(Ct—l)

~ risk discount factor.

Using the formula that cov(Xy,Yi|li—1) = E(XYi|lli—1) — E(Xi|1-1)
E(Y;|I;—1) and rearranging, we can write the Euler equation as

E(Mt|It_1)E(Rt|It_1) =+ COV(Mt,Rt‘It_l) =1.

It follows that

E(Ry|I,_1) = 1 cov(My, Ry|l;—1) —var(M;|l;—1)
t1de—1 E(M|I;—1) var(My|I;—1) E(M,|I,_1)
= o+ 5t)\t,

where oy = a(l;—1) is the risk-free interest rate, \y = A(l;—1) is the market
risk, and B; = B(I;—1) is the price of market risk, or the so-called beta
factor.

Equivalently, we can write a regression equation for the asset return

Ry = ay + Bl + &,
where €; is a stochastic pricing error satisfying
E(€t|1t—1) =0.

Note that the parameters a; and ; are generally time-varying. The stan-
dard CAPM usually assumes a1 = «, ; = 8 and uses some proxies for
At

As in Chapter 4, no normality assumption on {e;} is imposed. Further-
more, no conditional homoskedasticity condition is imposed. We now allow
that var(e¢|X;) is a function of X;. In particular, because X; may contain
lagged dependent variables Y;_1,Y; o, ..., var(e;|X;) can change over time
(e.g., volatility clustering). Volatility clustering is a well-known financial
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phenomenon where a large volatility today tends to be followed by another
large volatility tomorrow, and a small volatility today tends to be followed
by another small volatility tomorrow.

Although Assumptions 5.1 to 5.5 allow for temporal dependences be-
tween observations, we will still obtain the same asymptotic properties for
the OLS estimator and related test procedures as in the IID case. Put it
differently, all the large sample properties for the OLS estimator and related
tests established under the IID assumption in Chapter 4 remain applicable
to time series observations with the stationary MDS assumption for { X;e;},
and the MDS condition plays a crucial role here. We now show that this is
indeed the case in subsequent sections.

5.3 Consistency of the OLS Estimator

We first investigate the consistency of the OLS estimator 3. Recall the OLS
estimator

f=(X'X)"'X'Y
n
=Q 'n7t) X,
=1
where, as before,
Q=n"1> X X].
t=1
Substituting ¥; = X;5° + & from Assumption 5.2, we have

B_ B = Q_ln_l ZXt5t~

t=1

Theorem 5.3. [Consistency of the OLS FEstimator]: Suppose As-
sumptions 5.1 to 5.5 hold. Then

B—B°50asn— .

Proof: Because {X;} is ergodic stationary, {X;X}} is also ergodic station-
ary. Thus, given Assumption 5.4, which implies F|X;; X ;| < C < oo for
0 <4,j <k and for some constant C, we have

Q% BE(X,X))=Q
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by WLLN for an ergodic stationary process. Because Q! exists, by conti-
nuity we have

Qfl 5O tasn— oo
Next, we consider n='>"1" | X;e;. Because {Y;, X;}/ is ergodic sta-
tionary, e; = Y; — X3 is ergodic stationary, and so is X;&;. In addition,
1/2 .
E|Xje] < [E(X2)EE)]? <C<oofor 0<j <k

by the Cauchy-Schwarz inequality and Assumptions 5.3 and 5.4. It follows
that

n

TL71 Ztht £> E(XtEt) =0
t=1

by WLLN for an ergodic stationary process, where

E(Xt&g) E[E(Xt5t|Xt)]
[XiE(et| Xt)]

E
E(X,-0)
0

by the law of iterated expectations and Assumption 5.3. Therefore, we have

n

B_BO: Ailnilzxté} £>Qil'O=O.

t=1
This completes the proof.
5.4 Asymptotic Normality of the OLS Estimator

Next, we derive the asymptotic distribution of the OLS estimator B.

Theorem 5.4. [Asymptotic Normality of the OLS Estimator]: Sup-
pose Assumptions 5.1 to 5.5 hold. Then

V(B - ) 4 NO,Q7'VQ™) as n — oo.
Proof: Recall

\/E(B -B%) = Q_ln_% ZXtEto

t=1
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First, we consider the second term

n

_1
n 2 E tht-
t=1

Because {Y, X{}1-, is ergodic stationary, X:e; is also ergodic stationary.
Also, {X;e;} is an MDS with var(X;e;) = E(X;X/e7) = V being finite and
positive definite (Assumption 5.5). By CLT for an ergodic stationary MDS
process, we have

n
n= Y Xe 5 N(O, V).
t=1
Moreover, Q~1 5 @1, as shown earlier. It follows from Slutsky’s theorem
that
\/E(B - B%) = Qilni% ZXﬁt

t=1

This completes the proof.

The asymptotic distribution of 3 under Assumptions 5.1 to 5.5 is exactly
the same as that of 3 in Chapter 4. In particular, the asymptotic mean of
\/E(B — (°) is 0, and the asymptotic variance of \/ﬁ(B - B°)is QTIVQL;
we denote

avar(v/nf) = Q7'vQ ™.
The asymptotic variance of \/ﬁﬁA can be simplified if there exists condi-
tional homoskedasticity.

Assumption 5.6. E(?|X;) = o

This assumption rules out the possibility that the conditional variance
of &; changes with X;. For low-frequency macroeconomic time series, this
might be a reasonable assumption. For high-frequency financial time series,
however, this assumption will be rather restrictive.

Theorem 5.5. [Asymptotic Normality Under Conditional Homo-
skedasticity]: Suppose Assumptions 5.1 to 5.6 hold. Then

V(B - 8°) % N(0,0%Q7Y).
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Proof: Under Assumption 5.6, we can simplify

V = B(X:X,e})
= BIB(X:X(e7|Xy)]
= E[X, X, B(¢}|X,)]
=?B(X,X]})
=02Q.
The desired results follow immediately from the previous theorem. This

completes the proof.

Under conditional homoskedasticity, the asymptotic variance of \/E(B —
B°) is
avar(v/nf) = Q'VQ !
— 0_2@71.
This is rather convenient to estimate.

5.5 Asymptotic Variance Estimation for the OLS
Estimator

To construct confidence interval estimators or hypothesis test statistics, we
need to estimate the asymptotic variance of \/ﬁ(ﬁ —[°), namely avar(\/ﬁﬁ).
We consider consistent estimation for avar(\/ﬁﬁ) under conditional homo-
skedasticity and conditional heteroskedasticity respectively.

Case I: Conditional Homoskedasticity

Under this case, the asymptotic variance of \/ﬁ(ﬁ — [°) is
avar(vnf) = Q~'VQ ' = o2Q .
It suffices to have consistent estimators for o2 and @ respectively.

Question: How to estimate Q7

Lemma 5.2. Suppose Assumptions 5.1 and 5.3 hold. Then

Q5 Q asn— .
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Question: How to estimate 2?

To estimate 02, we use the sample residual variance estimator

!/
2 e'e

n—K’

Theorem 5.6. [Consistent Estimation for o?]: Under Assumptions
5.11t0 5.5, asn — oo,

Proof: The proof is analogous to the proof of Theorem 4.4 in Chapter 4.
We have

B6240-Q-0-2-0-0=0>
given that K is a fixed number, where we have made use of WLLN for an
ergodic stationary process in several places. This completes the proof.

We can then estimate avar(\/ﬁﬁ) = 02Q ! by s2Q L.

Theorem 5.7. [Asymptotic Variance Estimator of \/ﬁﬁ Under
Conditional Homoskedasticity]: Under Assumptions 5.1 to 5.4, we can
consistently estimate the asymptotic variance avar(y/nf) by

Q7 B o2Q
This implies that the variance estimator of 3 is calculated as

s2Q)

A—1
n

— 82(X/X)_1,

which is the same as in the classical linear regression case.
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Case II: Conditional Heteroskedasticity

In this case,

avar(v/nf) = Q'vQ ™!

cannot be further simplified.
Question: How to estimate Q'VQ~1?

Question: It is straightforward to estimate @ by Q. How to estimate
V = B(X; X[e?)?

We can use its sample analog
n
=n! Z X, X|e?
t=1

To ensure consistency of V for V, we impose the following moment condi-
tion:

Assumption 5.7. E(X},) < oo for 0 < j < k and E(e}) < oo.

Lemma 5.3. Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then

VEVasn— oo

Proof: The proof is analogous to the proof of Lemma 4.13 in Chapter 4.
Because e; = ¢, — (8 — 8°)' X¢, we have

=n"' Y X, X[e}
t=1
n~! Z X X[[(B — %) X X[(B - 5°)]
-t Z X X e X{( (8- B°)

BV4+0-2-0,

where for the first term, we have

' X X(e} B E(X,X[e}) =V
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by WLLN for an ergodic stationary process and Assumption 5.5. For the
second term, it suffices to show that for any combination (i, 7,1, m), where
0<1,4,l,m<k,

n! Z Xt Xt [( B - ﬂo)/XtXt/(B - B°)]

k k n
Z Z —Bm) (n‘l Z XithtXltth>
1=

0 m=0 t=1

\Lﬁ

0,

which follows from A — 8° & 0 and n~! Yo Xt X e X1t X LN
E(X4 X1 X3 Xm:) = O(1) by WLLN and Assumption 5.7.
For the last term, it suffices to show

n~t Z Xitht[EtXé(B - 50)]

t=1

k n
= Z(Bl —B) (”1 ZXithtXlt5t>
1=0

t=1

1=

0,

which follows from 3—3° 2 0, =1 Yory XX Xuer RN E(Xi Xt Xpner) =
0 by WLLN for an ergodic stationary process, the law of iterated expecta-
tions, and E(g¢|X;) = 0.

We have proved the following result.

Theorem 5.8. [Asymptotic Variance Estimator for \/EB Under
Conditional Heteroskedasticity]: Under Assumptions 5.1 to 5.5 and
5.7, we can consistently estimate avar(y/nf3) by

QTIVQT B QTVQT

The variance estimator Q*W/Q*l is the so-called White’s
heteroskedasticity-consistent variance-covariance matrix estimator of the
OLS estimator \/ﬁB in a linear time series regression model with MDS
disturbances.
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5.6 Hypothesis Testing

Question: How to construct a test for the null hypothesis
HO : RBO =T,

where R is a J x K constant matrix, and r is a J x 1 constant vector?

Because
V(B —5°) 5 N0,Q7VQT,
we have under Hy,
VIR(B — 8°) 5 N(O.RQ'VQ'R).
When E(2|X;) = 0? , we have V = 02Q, and so
RVi(5 ~ 5°) % N(0.0*RQ™'R').

The test statistics differ in two cases. We first construct a test under
conditional homoskedasticity.

Case I: Conditional Homoskedasticity

When J = 1, we can use the conventional ¢-test statistic for large sample
inference.

Theorem 5.9. [t-Test Under Conditional Homoskedasticity]: Sup-
pose Assumptions 5.1 to 5.6 hold. Then under Hy with J =1,
T = RO —r 4 N(0,1)
s2R(X'X)~1R/

as n — Q.

Proof: Given R\/H(B - °) L\ N(0,0?2RQ™'R"), R3° = r under Hyp, and
J =1, we have
V(RE 1) 4 N(0,1).
/02RQ71R/
By Slutsky’s theorem and Q = X'X/n, we obtain
V(RS —r) 4 N(0,1).

A /szRé?*lR’
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This ratio is the conventional t-test statistic we examined in Chapter 3,
namely:

ViRB—r)  RB-r
\/52 RO-'R  VERXX)TIR

For J > 1, we can consider an asymptotic x? test that is based on the
conventional F'-statistic.

Theorem 5.10. [Wald Test Under Conditional Homoskedasticity]:
Suppose Assumptions 5.1 to 5.6 hold. Then under Hy,

W=J-F%\2

as n — 0.

Proof: We write
RB—r=R(B - B°) +RpB° —r.
Under Hy : R3° = r, we have
Vi(RB —r) = Rv/n(B - B°)
4 N(0,02RQ'R)).
It follows that the quadratic form
Va(RB =) [0*RQT R Vn(RA — 1) 5 1.
Also, because SQQ_l L 52Q~1, we have the Wald test statistic
W = V(RS —r)'[s>RQ™ R Va(RS — 1)
53
by Slutsky’s theorem. This can be written equivalently as follows:

(RS —r)[RX'X) 'R (R —7) 4 »

W = 2 XJ7

S

namely
W=J-F%2

where F' is the conventional F-test statistic considered in Chapter 3.
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We cannot use the F-distribution for a finite sample size n, but we can
still compute the F-statistic and the appropriate test statistic is J times
the F-statistic, which is asymptotically x4 as n — oo. That is,

(e'é —€ee)
ee/(n—K)

(S

J F= —d>x

Put it differently, the classical F-test statistic is still approximately appli-
cable under Assumptions 5.1 to 5.6 for a large n.

We now give two examples that are not covered under the assumptions
of a classical linear regression model.

Example 5.17. [Testing for Granger Causality]° Consider a bivariate
tlme series {Y, X;}, where t is the time index, I( ={Y;-1,..,Y1} and

t 1 ={X;_1,..., X1}. For example, Y; is the GDP growth rate, and X, is
the money supply growth rate. We say that X; does not Granger-cause Y;
in conditional mean with respect to I;_1 = {I(Y (X)} if

B[ rh a2 = B [y |12

In other words, the lagged variables of X; have no impact on the current
Y;.

Granger causality is defined in terms of incremental predictability rather
than the real cause-effect relationship. From an econometric point of view,
it is a test of omitted variables in a time series context. It is first introduced
by Granger (1969).

Question: How to test Granger causality?

We consider two approaches to testing Granger causality. The first test
is proposed by Granger (1969). Consider a linear regression model

Yi=0B0+biYeo1+ -+ BpYip
+ Bpt1Xi—1 4+ BprqXi—gq &t

Under non-Granger causality, we have

H0:6p+1:"':ﬁp+q:0'

The F-test statistic

F~ Fone (p+q+1)-
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The classical regression theory of Chapter 3 (Assumption 3.2: E(g:|X) =
0) rules out this application, because it is a dynamic regression model.
However, we have justified in this chapter that under Hy,

d 2
q-F = x5

as n — oo under conditional homoskedasticity for a linear dynamic regres-
sion model.

There is another well-known test for Granger causality proposed by Sims
(1980), which is based on the fact that the future cannot cause the present
in any notion of causality. To test whether {X;} Granger-causes {Y;}, we
consider the following linear regression model

P J q
Xi =g+ Zant—j + Zﬁjyﬁj + Z’YjY;f—j + .

Jj=1 Jj=1 Jj=1

Here, the dependent variable is X; rather than Y;. If {X;} Granger-causes
{Y;}, we expect some relationship between the current X; and the future
values of Y;. Note that nonzero values for any of {£;}7_, cannot be inter-
preted as causality from the future values of Y; to the current X;, simply
because the future cannot cause the present. Nonzero values of any 3; must
imply that there exists causality from the current X, to the future values
of Y;. Therefore, we test the null hypothesis

H()B]:OfOI'lSjSJ
Let F be the associated F-test statistic. Then under Hy),
J-F4 XZJ

as n — oo under conditional homoskedasticity. However, it is generally
the case that the stochastic disturbance sequence {u;} is serially correlated
so that the test statistic J - F' cannot be used. Instead, a robustified test
statistic for Hy should be considered, using, e.g., a consistent long-run
variance-covariance matrix estimator to be introduced in Chapter 6.

The concept of Granger causality, introduced by Granger (1969), is de-
fined in terms of incremental periodicity of one time series for another in
conditional mean. Granger (1980) introduces a concept of general Granger
causality in terms of incremental predictability of one time series for an-
other in conditional distribution, and a concept of Granger causality in
conditional variance. Hong (2001) develops a test for Granger causality in
variance (or volatility spillover), and Wang and Hong (2018) propose a test
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for general Granger causality in distribution. Furthermore, Hong, Liu and
Wang (2009) introduce a concept of Granger causality in risk, and develop
a test.

Example 5.18. [Wage Determination]: Consider the wage function

Wi = Bo + B1 Py + BaPi—1 + 53U,
+ BaVi + Bs Wi + &4,

where W, is wage, P; is price, U; is unemployment, and V; is the number
of unfilled vacancies. We will test the null hypothesis

Hy: 31 +B2=0,83+84=0, and 35 = 1.

Question: What is the economic interpretation of the null hypothesis Hy?

Under Hy, we have the restricted wage model:
AW, = Bo + B1AP; + BaDy + &y,

where AW, = W, — W;_; is wage growth rate, AP, = P, — P;_1 is inflation
rate, and Dy = V; — Uy is an index for excess job supply. This implies that
wage increase depends on inflation rate and excess labor supply.

Under Hy, we have

3r % X3

We now consider a special case of testing for joint significance of all
economic variables. More specifically, we are interested in testing the null
hypothesis that all slope coefficients are jointly zero in a stationary time
series linear regression model

Y = X% + &

k
= + Zﬁ;th + ¢
=1

Theorem 5.11. [(n—K)R? Test]: Suppose Assumptions 5.1 to 5.6 hold,
and we are interested in testing the null hypothesis that

Ho:py =03 =-=06=0,
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where the 37, 1 < j < k, are the slope coefficients in the linear regression
model Yy = X[B° + e4.

Let R? be the coefficient of determination from the unrestricted regres-
sion model

}/t = Xt/ﬂo + &¢.

Then under Hp,

(n— K)R> % 2.

Proof: First, note that as shown earlier, we have in this case,

R2/k
(1-R?)/(n-K)

F =

Here, we have J = k, and under Hy,

(n—K)R* 4 ,

k . F - 1 — R2 — Xk?'
This implies that k - F' is bounded in probability; that is,
(n— K)R*
T - Op(1).

Consequently, given that k is fixed (i.e., k£ does not grow with the sample
size n), we have

R?/1-RH %0
or equivalently,
R* 5 0.
Therefore, 1 — R? 5 1. By Slutsky’s theorem, we have

- sy = I

d 2

(1-R?)

This completes the proof.

Example 5.19. [Testing EMH]: Suppose Y; is the exchange rate return
in period ¢, and I; i is the information available at time ¢ — 1. Then a
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classical version of EMH can be stated as follows:
E(Yi|li—1) = E(Y?).

To check whether exchange rate changes are unpredictable using the past
history of exchange rate changes, we specify a linear regression model

Y, = XiB° + e,
where
Xe=1,Y1,...Ys 1)
Under EMH, we have
Ho:pf=0forallj=1,.. k.
If the alternative
Hy : 8] # 0 at least for some j € {1,...,k}

holds, then exchange rate changes are predictable using the past informa-
tion.

What is the appropriate interpretation if Hy is not rejected? Note that
there exists a gap between EMH and Hj, because the linear regression
model is just one of many ways to check EMH. Thus, if Hy is not rejected,
at most we can only say that no evidence against EMH is found. We should
not conclude that EMH holds.

In using k - F or (n — K)R? statistic to test EMH, although the nor-
mality assumption is not needed for this result, we still require conditional
homoskedasticity, which rules out ARCH in the dynamic time series re-
gression framework. ARCH arises in high-frequency financial time series
processes. In such cases, (n — K)R? will not follow a Chi-square distribu-
tion asymptotically under the null hypothesis.

It may be further noted that the (n — K)R? test, or any other
autocorrelation-based tests, may fail to detect the alternatives which are
WN but not MDS. One example is the nonlinear MA process in Exam-
ple 5.10. In an empirical study, Hong and Lee (2003) document that the
changes of several major exchanges are serially uncorrelated but are not
MDS.
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Case II: Conditional Heteroskedasticity

Next, we construct hypothesis tests for Hy under conditional hetero-
skedasticity. Recall that under Hy,

VI(RB — 1) = Rv/n(B — 5°) + Vn(RB° 1)
= VnR(3 - £°)
% N0, RQTIVQTIR)),
where V = E(X; X/e?).
For J =1, we have
Vi(RB =)
/RQ-VQ R
Because Q 5 Q and V 2 V, where V = X'D(e)D(e)'X /n, we have by
Slutsky’s theorem that the robust ¢-test statistic
V(RS — 1)

A /R(a?*lVQ*lR'

Theorem 5.12. [Robust t-Test Under Conditional Heteroskedas-
ticity]: Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then under Hy
with J =1, as n — oo, the robust t-test statistic

iN(O,l) as n — oo.

T, = gN(O,l)asn—)oo.

7o YR 4 vy,
\VRQ-'VQR

For J > 1, the quadratic form
VA(RB — ) [RQTYWVQ IR Wn(RE — ) S X2

under Hy. Given Q 5 Q and V % V, where V = X'D(e)D(e)'X/n, we
have a robust Wald test statistic

W, =n(R6 —r)[RQ™'VQ™'R)"H RSB —r)

d
5 X7
by Slutsky’s theorem. We can equivalently write
W, = (RB — )/ [R(X'X)"'X'D(e)D(e) X(X'X) ' R'| "} (R — 1)

d 2
— X7
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Theorem 5.13. [Robust Wald Test Under Conditional Hetero-
skedasticity]: Suppose Assumptions 5.1 to 5.5 and 5.7 hold. Then under
Hy, as n — o0,

W =n(RB—1)(RO'WQ'R) " (RB—1) 5 2.

Under conditional heteroskedasticity, J-F and (n—K)R? can no longer
be used even when n — oo, because they do not converge to X% as n — oo.

On the other hand, although the general form of the test statistic W,
developed here can be used no matter whether there exists conditional ho-
moskedasticity, W, may perform poorly in small samples (i.e., the asymp-
totic X,2] approximation may be poor in small samples, or Type I errors
are large). Thus, if one has information that the disturbance term is con-
ditionally homoskedastic, one should use the test statistics derived under
conditional homoskedasticity, which will perform better in small sample
sizes. Because of this reason, it is important to test whether conditional
homoskedasticity holds in a time series context.

5.7 Testing for Conditional Heteroskedasticity and
Autoregressive Conditional Heteroskedasticity

In this section, we first consider testing conditional heteroskedasticity in a
time series regression context.

Question: Can we still use White’s (1980) test for conditional hetero-
skedasticity in a stationary time series linear regression context?

The answer is yes. Although White’s (1980) test is developed under
the independence assumption, it is also applicable to a time series linear
regression model when {X;e;} is an MDS process. Thus, the procedure to
implement White’s (1980) test as is discussed in Chapter 4 can be used
here. Specifically, to test the null hypothesis

Hy: E(e}|X;) = 02,

where ¢; is the regression disturbance in a stationary time series linear
regression model

}/t = thﬁo + Et,
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we consider the following feasible auxiliary regression

k
€ =+ Z%‘th + Z Y1 X: X + Uy
=1 1<j<i<k

= v'vech(X; X{) + 0y,

where e, = Y; — X/ is the estimated OLS residual, and vech(X;X]) is a
1K(K + 1) x 1 vector. Under Hy : E(¢7|X;) = 02 and E(e}) = pa < 00,
the test statistic

(n—J—l)R2i>XL2,asn—>oo,

where J = 1K (K +1).

In the time series econometrics, there is an alternative approach to test-
ing conditional heteroskedasticity in an autoregressive time series context.
This is Engle’s (1982) Lagrange Multiplier (LM) test for ARCH effects in
{et}.

Consider the regression model
! o
}/t = Xtﬁ + Ety
Et = Oz,

{z:} ~1ID(0, 1),

where 0, = o(l;—1) is a nonnegative function of information set I;_; =
{e1-1,€¢—2,...}. Here, to allow for a possibly time-varying conditional vari-
ance of the regression disturbance e¢; given I;_ 1, &; is formulated as the
product between a random shock z; and oy = o(I;—1). When the random
shock series {z;} is IID(0, 1), we have

Var(€t|It_1) = E(Z?O’ﬂ]t_l)
= 0} B(#|1;-1)

_ 2
=o0;.

That is, atz is the conditional variance of e; given I; 1. When Uf is a function
of I;_1, the conditional variance of €; will change over time, and this is called
ARCH.

Suppose there exists a constant o2 such that

Hy: E(e?1; 1) = o?

holds, then o? = ¢ will not change over time. This is called autoregressive
conditional homoskedasticity.
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To test the null hypothesis H of autoregressive conditional homoskedas-
ticity, we consider the following auxiliary regression for €7 :

q
sf =ap+ Zajeffj + v,
j=1
where F(v¢|l;—1) = 0. This is called an ARCH(q) model in Engle (1982).
ARCH models can capture a well-known empirical stylized fact called
volatility clustering in financial markets, i.e., a high volatility today tends
to be followed by another large volatility tomorrow, and a small volatil-
ity today tends to be followed by another small volatility tomorrow, and

such patterns alternate over time. To see this more clearly, we consider an
ARCH(1) model where

2 2
oy = oo+ o161,

where, to ensure nonnegativity of o2, both ag and a; are required to be
nonnegative parameters. Suppose 0 < a3 < 1. Then if ;7 is an unusually
large deviation from its expectation of 0 so that €7 ; is large, then the
conditional variance of ¢; is larger than usual. Therefore, €, is expected to
have an unusually large deviation from its mean of 0, with either direction.
Similarly, if €7_; is usually small, then o7 is small, and £7 is expected to be
small as well. Because of this behavior, volatility clustering arises.

In addition to volatility clustering, ARCH(1) can also generate heavy
tails for ; even when the random shock z; is IID N(0, 1). This can be seen
from its kurtosis

_ B

EEE

B - od)
(1 3a7)

>3

given a; > 0, where we have made use of the fact that E(z}) = 3 for
zt ~ N(0,1).

In an ARCH(q) framework, all autoregressive coefficients «j,1 < j < g,
are identically zero when Hg holds. Thus, we can test Hy by checking
whether all ;5,1 < j < ¢, are jointly zero. If o; # 0 for some 1 < j < g,
then there exists autocorrelation in {7} and Hy is false.

Observe that with e; = oy2; and {2} is IID(0,1), the disturbance v;
in the auxiliary autoregression model is an IID sequence under Hy, which
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implies that E(v?|I;_1) = o2, i.e., {v;} is conditionally homoskedastic.
Thus, when Hg holds, we have

~o d
(nqu 1)R2 - Xga

where R? is the centered R? from the auxiliary regression for {£?}.

The auxiliary regression for €2, unfortunately, is infeasible because ¢; is
not observable. However, we can replace €; by the estimated OLS residual
e; and consider the regression

q
2 _ o+ 2 45
€ = o aje;_; + U

Jj=1

Then we obtain Engle’s (1982) test for ARCH effects:
(n—q—1)R? LN X{QI.

Note that the replacement of £; by e; has no impact on the asymptotic
distribution of the test statistic, for the same reason as in White’s (1980)
test for conditional heteroskedasticity. See Chapter 4 for more discussion.

The existence of ARCH effects for {e;} does not automatically im-
ply that we have to use White’s heteroskedasticity-consistent variance-
covariance matrix Q 'V Q™! for the OLS estimator B. Suppose Y; =
X,B° + &, is a static time series model such that the two time series {X;}
and {e;} are independent of each other, and {e;} displays ARCH effects,
ie.,

q
var(eg|li—1) = ap + Z ajef_j
j=1
with at least some «; # 0,5 € {1,...,¢}. Then Assumption 5.6 still holds
because var(g;|X;) = var(e;) = o2 given the assumption that {X;} and
{et} are independent. In this case, we have

avar(v/nf) = a2Q .

Next, suppose Y; = X[ 3° +¢; is a dynamic time series regression model
such that X; contains some lagged dependent variables (say Y;_1). Then if
{e:} displays ARCH effects, Assumption 5.6 may fail because we may have
E(£?|X;) # 02, which generally occurs when X; and {5ffj,j =1,..,p} are
not independent. In this case, we have to use

avar(v/nf) = Q'VQ ™"
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5.8 Testing for Serial Correlation

Question: Why is it important to test serial correlation for {e;}?

We now provide some motivation for doing so. First, we examine the
impact of serial correlation in {e;} on the asymptotic variance of the OLS
estimator /nf. Recall that under Assumptions 5.1 to 5.5,

f(ﬁ BO = ZXtEt

4 NO,QT'VQ™Y,
where V' = var(X;e;). Among other things, this implies that the asymptotic
variance of n~1/2 Z?:l Xie; is the same as the variance of X;e;. This
follows from the MDS assumption for {X;e,} :

( ‘1/22Xt5t> =n

n

> E(XieX(e,)

t=1 s=1

This result will not generally hold if the MDS property for {X;e;} is vio-
lated.

Question: How to check E(X;e¢|l;—1) = 0, where I;_; is the o-field gen-
erated by {Xes, s < t}?

When X; contains the intercept, we have that {e;} is an MDS with
respect to the o-field generated by {es,s < ¢}, which implies that {e;} is
serially uncorrelated.

If {e:} is serially correlated, then {X;e;} will not be an MDS, and
consequently we will generally have var(n='/23°" | X;e;) # V. There-
fore, serial uncorrelatedness is a necessary condition for the validity of
avar(v/nf) = Q- 'VQ ! with V = E(X,X/e2).

On the other hand, let us revisit the correct model specification condi-
tion that

E(Et|Xt) =0



246 Foundations of Modern Econometrics

in a time series context. Note that this condition does not necessarily imply
that {e;} or {Xe;} is an MDS in a time series context.
To see this, consider the case when

Y, = X% + &

is a static regression model where {X;} and {e;} are mutually indepen-
dent, or at least when cov(Xy,e5) = 0 for all ¢,s. Then it is possible that
E(e|X:) = 0 but {e;} is serially correlated. An example is that {¢,} is an
AR(1) process but {&,} and {X,} are mutually independent. In this case,
serial dependence in {&;} does not cause inconsistency of the OLS estimator
B to 82, but we no longer have

var <n71/2 Z?letet) =V =var (X&) = B(X, X[e?).

In other words, the MDS property for {e;} is crucial for
var(n~Y2 31 | X4,) = V in a static regression model, although it is not
needed to ensure FE(g:|X:) = 0. For a static regression model, the regres-
sors in X are usually called exogenous variables. In particular, if {X;} and
{e:} are mutually independent, then X; is called strongly exogenous. If
Assumption 3.2 (E(g|X) = 0) holds, then X; is called strictly exogenous.

On the other hand, when Y; = X]3° + ¢, is a dynamic regression model
where X; includes lagged dependent variables such as {Y;_1, ..., Y;_x}, then
X, and ;4 are generally not independent for j > 0. In this case, the correct
model specification condition

E(Et|Xt) =0

holds when {e;} is an MDS, ie., E(g|l;—1) = 0, where Iy =
{et—1,€t—2,...}. If {1} is not an MDS, the condition that F(e¢|X;) = 0
generally does not hold. To see this, we consider, for example, an AR(1)
model

Yi =80 +B87Yi1 + e
= Xéﬁo + &¢.

Suppose {g;} is an MA(1) process, i.e., &, = avi_1 + vy, {v;} ~ I1ID(0,02).
Then FE(Xie;) # 0, and so E(e;|X;) # 0. This is in fact an ARMA(1,1)
process. When the DGP is an ARMA(1,1) process, the AR(1) model suf-
fers from dynamic misspecification. Thus, to ensure correct specification
(E(Y:|X:) = X[B° ) of a dynamic regression model in a time series context,
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it is important to check the MDS property for {e;}. In this case, tests for
MDS can be viewed as specification tests for dynamic regression models.

In time series econometrics such as rational expectations econometrics,
correct model specification usually requires that €; be an MDS:

E(5t|1t—1) = O,

where I;_; is the information set available to the economic agent at time
t — 1. In this content, X; is usually a subset of I;_;, namely X; € I;_;.
Thus both Assumptions 5.3 and 5.5 hold simultaneously:

E(e¢|X;) = E[E(e|[;—1)|X:] =0
and

E(Xiei|li—1) = XiE(g¢|li-1) =0
given that X; belongs to I;_1.

Question: How to check serial dependence in {e;}?

To check the MDS property of {e;}, one may check whether there exists
serial correlation in {e;}. Evidence of serial correlation in {e;} will indicate
that {e;} is not an MDS. The existence of serial correlation may be due
to various sources of model misspecification. For example, it may be that
in the linear regression model, important explanatory variables are missing
(omitted variables), or that the functional relationship is nonlinear (func-
tional form misspecification), or that lagged dependent variables or lagged
explanatory variables should have been included as regressors (neglected
dynamics or dynamic misspecification). Therefore, tests for serial correla-
tion can also be viewed as a model specification check in a dynamic time
series regression context.

We now introduce a number of tests for serial correlation of the distur-
bance {g;} in a linear regression model.

(1) Breusch-Godfrey Test

Consider the null hypothesis
Ho . E(f‘:tu’tfl) = 0,

where I;_1 = {e;—1,€1—2,...}, & is the regression disturbance in the sta-
tionary time series linear regression model

}/t = thﬂo + Ety
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We now introduce the Lagrange Multiplier (LM) test for serial corre-
lation originally proposed by Breusch (1978) and Godfrey (1978). Follow-
ing the vast literature, we will first assume autoregressive conditional ho-
moskedasticity (i.e., E(e?|I;_1) = 0?) in testing serial correlation for {g;}.
Thus, this method is not suitable for high-frequency financial time series,
where volatility clustering has been well-documented. Extensions to condi-
tional heteroskedasticity and ARCH will be discussed later.

First, suppose ¢; is observed, and we consider the auxiliary regression
model (an AR(p))

P
e = Zajst,j +u, t=p+1,..,n,
j=1
where {u;} is an MDS. Under Hy, we have a; = 0 for 1 < j < p. Thus, we
can test Hy by checking whether {«; }5-’:1 are jointly equal to 0. Given the
assumption that E(e?|l;—1) = o2, which implies E(uf|et_1,...,et—p) = 0>
under Hy, we can run an OLS auxiliary regression and obtain
nk2, %2,

where wa is the uncentered R? in the auxiliary AR(p) regression (noting
that there is no intercept), and p is the number of the regressors.
Unfortunately, €; is not observable. However, we can replace £; with the
estimated OLS residual e; = Y; — X{ﬂA When Y; = X[5° + & is a sta-
tionary dynamic linear regression model, unlike White’s (1980) test for
heteroskedasticity of unknown form, this replacement will generally change
the asymptotic x> distribution of nRZ_. This follows because the estima-
tion error X/(8 — 3°) contained in the estimated residual e, is correlated
with the regressors of the auxiliary AR(p) regression and so has nontrivial
impact on the asymptotic distribution of the test statistic. To remove the

impact of the estimation error X{(BA — (3°), we can modify the auxiliary
regression as follows:

K P
e = E v X e + E Qjer—j + Uy
Jj=1 Jj=1

p
=~'X; + Zajet,j +ue, t=p+1,..,n,
=1

where X; contains the intercept. The inclusion of the regressors X; in the
auxiliary regression will purge the impact of the estimation error X;(8—3°)
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of the test statistic, because X; and X{(B — (°) are perfectly correlated.
Therefore, the resulting statistic

d
nR2—>X}2,asn—>oo

under Hy : E(g|I;—1) = 0, where R? is the centered squared multi-
correlation coefficient in the feasible auxiliary regression model.

To further explain why X, has to be included in the auxiliary AR(p)
regression when Y; = X/(° + ; is a dynamic regression model, we assume
that X, contains some lagged dependent variables (say Y;_; for 1 < j < p).
When we replace ; by e; = &; —X{(B—ﬁ"), the estimation error X{(B—,BO)
will have nontrivial impact on the asymptotic distribution of a test statistic
for Hy, because X; may be correlated with ¢;,_; (and so with e,_; in the
augmented auxiliary AR(p) regression) at least for some lag order j > 0. To
remove the impact of Xt’(B —[3°), we can add the regressor vector X; in the
auxiliary regression, which is perfectly correlated with the estimation error
X (B —f3°), and so can purge its impact. This can be proven rigorously but
we do not attempt to do so here, because it would be tedious and offer no
more new insight than the above intuition. Below, we provide a heuristic
explanation.

First, we consider the infeasible auxiliary AR(p) autoregression e; =

?:1 ajei—j + ue. Under the null hypothesis of no serial correlation, the
OLS estimator

converges to an asymptotic normal distribution, which implies a@ =
Op(n~'/?) vanishes in probability at a rate of n=/2. The test statistic nR2,
is asymptotically equivalent to a quadratic form in y/n& which follows an
asymptotic X?) distribution. In other words, the asymptotic distribution of
néfw is determined by the asymptotic distribution of \/na.

Now, suppose we replace &; by e; = &; — (B — °)' X, and consider the
feasible auxiliary AR(p) autoregression

P
o
et = E ajet_j+vt.
j=1

Suppose the OLS estimator of this feasible auxiliary AR(p) regression
is @. We can then decompose

& =a&— 0+ reminder term,
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where &, as discussed above, is the OLS estimator of regressing e; on
€t—1, ..y Et—p, and 5 is the OLS estimator of regressing (B — (°)X; on
€¢—1,..-, Et—p. When the regressor vector X; contains lagged dependent vari-
ables so that E(X.e,—;) is likely not zero for some j € {1,...,p}, 6 will
converge to zero at the same rate as &, which is n=1/2. Because § 5 0 at
the same rate as &, § will have nontrivial impact on the asymptotic distri-
bution of nR?_, where R2_ is the uncentered R? in the feasible auxiliary
AR(p) autoregression. To remove the impact of 5, we need to include X
as additional regressors in the feasible auxiliary AR(p) regression.

Question: When do we not need to include X; in the auxiliary regression?

When we have a static regression model Y; = X,;3° + &;, where
cov(X¢,e5) = 0 for all t,s (so E(Xye4—;) = 0 for all j € {1,...,p}), the
estimation error X{(B — [°) in e; has no impact on the asymptotic dis-
tribution of nR2_. It follows that we do not need to include X; in the
feasible auxiliary AR(p) autoregression. In other words, we can test serial
correlation for {e;} by running the following auxiliary AR(p) model

P
er = g Qjerj + Ut
Jj=1

The resulting nR2, is asymptotically X;% under the null hypothesis of no
serial correlation.

Question: Suppose we have a static regression model, and we include X}
in the auxiliary regression in testing serial correlation of {e;}. What will
happen?

For a static regression model, whether the regressor vector X, is included
in the auxiliary regression has no impact on the asymptotic X127 distribution
of nR2, or nR? under the null hypothesis of no serial correlation in {g;}.
Thus, we will still obtain an asymptotic valid test statistic nR? under Hy.
In fact, the size performance of the test may be better in finite samples.
However, the test may be less powerful in finite samples than the test
without including X3, because X; may take away some serial correlation in
{e¢} under the alternative to Hy.



Linear Regression Models with Dependent Observations 251

Question: What happens if we include an intercept in the auxiliary re-
gression

p
e = oo + g Qjep—j + Uy,
Jj=1

where e; is the OLS residual from a static regression model?

With the inclusion of the intercept here, we can then use nR? to test
serial correlation in {e;}, which is more convenient to compute than nR2.

Most statistical software report R? but not RZ.. Under Hy, nR? 4 X
However, the inclusion of the intercept ay may have some adverse impact
on the power of the test in small samples, because there is an additional
parameter to estimate.

As discussed at the beginning of this section, a test for serial correlation
can be viewed as a specification test for a dynamic time series regression
model, because existence of serial correlation in the estimated model resid-
ual {e;} will generally indicate misspecification of a dynamic regression
model.

On the other hand, for a static time series regression model, it is possible
that the static regression model Y; = X 3° 4 &, is correctly specified in the
sense that E(e¢|X;) = 0 but {e;} displays serial correlation. In this case,
existence of serial correlation in {e;} does not affect the consistency of
the OLS estimator B but affects the asymptotic variance and therefore the
efficiency of the OLS estimator B

Question: What happens to a test for serial correlation in {g;} if a static
time series regression model Y; = X;3° + ¢, is misspecified?

Since g; is unobservable, one always has to use the estimated residual
e; in testing for serial correlation. Because the estimated residual
er =Y, — X{3
=&+ [B(Yi|X2) — X[8*] + X{(B" = B),

it contains the true disturbance e; = ¥; — E(Y;|X;) and model approxima-
tion error E(Y;|X:) — X 5*, where

B = [B(X: X)) E(X,Y))

is the best linear least squares approximation coefficient which the OLS esti-
mator 5 always converges to as n — oco. If the static linear regression model
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is misspecified for E(Y;|X:), then the approximation error E(Y;|X;)— X;8*
will never vanish to zero as n — oo and this term can cause serial correlation
in e; if X; is a time series process. Thus, when one finds that there exists
serial correlation in the estimated residuals {e;} of a static linear regression
model, there exist two possibilities: (a) {e;} is serially correlated while the
static linear regression model is correctly specified (i.e., E(e:|X:) = 0), and
(b) the static linear regression model is misspecified. In the latter case, the
OLS estimator B is generally not consistent for 5°. Therefore, one has to
first check correct specification of a static regression model in order to give
correct interpretation of any documented serial correlation in the estimated
residuals.

(2) Durbin-Watson Test

In the development of tests for serial correlation in regression distur-
bances, there have been two popular tests that have historical importance.
One is the Durbin-Watson test and the other is Durbin’s hA-test. The
Durbin-Watson test is the first formal procedure developed for testing first
order serial correlation

€t = PE¢—1 + Uy, {us} ~1ID (0, 02) )

using the OLS residuals {e;}} ; in a static linear regression model Y; =
X[B° + &;. Durbin and Watson (1950, 1951) propose a test statistic

g = 2=z (e~ ci-1)°
D1t '

They present tables of bounds at the 0.05, 0.025 and 0.01 significance
levels of the d statistic for static regressions with an intercept. Against
the one-sided alternative that p > 0, if d is less than the lower bound dy,
the null hypothesis that p = 0 is rejected; if d is greater than the upper
bound dy, the null hypothesis is accepted. Otherwise, the test is equivocal.
Against the one-sided alternative that p < 0, 4 — d can be used to replace
d in the above procedure.

The Durbin-Watson test has been extended to test for lag 4 autocorre-
lation by Wallis (1972) and for autocorrelation at any lag by Vinod (1973).

The Durbin-Watson d-test is not applicable to dynamic linear regression
models, because parameter estimation uncertainty in the OLS estimator B
will have nontrivial impact on the asymptotic distribution of d. Durbin
(1970) developed the so-called h-test for first-order autocorrelation in {e;}
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that takes into account parameter estimation uncertainty in B . Consider a
simple dynamic linear regression model

Y: = B0 + B7Yi-1 + B3 X + e,
where X is strictly exogenous. Durbin’s h statistic is defined as:

n ~

h=py|————=(5),

1—n-var

where \Ta\r(ﬁl) is an estimator for the variance of 5’1, p is the OLS estimator
from regressing e; on e;_; (in fact, p ~ 1 —d/2). Durbin (1970) shows that

h4 N(0,1) as n — oo under null hypothesis that p = 0. In fact, Durbin’s
h-test is asymptotically equivalent to the LM test (with p = 1) introduced
above.

(3) Box-Pierce Test

Define the sample autocovariance function
n
@) =n"" Y (e —e)(er—; —e),
t=j+1

where € = n~' Y1 | e, (this is zero when X; contains an intercept). The
Box and Pierce (1970) portmanteau test statistic is defined as

P
Q) =n > 2*0),
j=1
where the sample autocorrelation function
pd) = 4(5)/4(0).
When {e;} is a directly observed data or is the estimated residual from
a static regression model, we can show

Qp) 42

under the null hypothesis of no serial correlation.
On the other hand, when e, is an estimated residual from an ARMA(r, s)
model

Vi=ao+ Y a;Yij+ Y Bieij+er

j=1 j=1
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then
d
Q(p) — X?)_(T-_s_s) as n — 0o,

where p > r+s, where the model parameters are estimated by the Maximum
Likelihood Estimation (MLE) method. See Box and Pierce (1970) for more
details.

To improve small sample performance of the Q(p) test, Ljung and Box
(1978) propose a modified Q(p) test statistic:

Q" (p) =n(n+2)Y_(n =) () % X} s

The modification matches the first two moments of Q*(p) with those of
the x? distribution. This improves the size of the test in small samples,
although not the power of the test.

When {e;} is an estimated residual from a dynamic regression model
with regressors including both lagged dependent variables and exogenous
variables, then the asymptotic distribution of Q(p) becomes generally un-
known (Breusch and Pagan 1980). One solution is to modify the Q(p) test
statistic as follows:

~ 2y_1 d
Qp) =np'(I —@)~'p = xj as n — o0,

where p = [p(1),..., p(p)]’, and d captures the impact caused by nonzero
correlation between {X,;} and {e;_;,1 < j < p}. See Hayashi (2000, Section
2.10) for more discussion and the expression of d.

Like the nR? test, the Q(p) test also assumes conditional homoskedas-
ticity and autoregressive conditional homoskedasticity. In fact, it can be
shown to be asymptotically equivalent to the nR? test statistic when e, is
the estimated residual of a static regression model.

Hong (1996) proposes a class of consistent tests for serial correlation of
unknown form for the disturbance in a stationary linear regression model.
Of them, one test can be viewed as a generalized Box-Pierce portmanteau
test when p grows with sample size n (i.e., p = p(n) — oo as n — o0), where
a downward weighting function is introduced to discount higher order lags,
and there exists an optimal weighting function to maximize certain power
criterion. Interestingly, replacing {e;} by the estimated residual {e;} does
not affect the asymptotic normal distribution under the null hypothesis of
MDS, even in a linear dynamic regression model. Intuitively, parameter
estimation uncertainty contained in the estimated residual {e;} produces a



Linear Regression Models with Dependent Observations 255

correction term of a finite order, which becomes asymptotically negligible
as p — 0.

5.9 Conclusion

In this chapter, we first introduce some basic concepts in time series anal-
ysis, and then show that the asymptotic theory established under the IID
assumption in Chapter 4 carries over to ergodic stationary linear time se-
ries regression models with MDS disturbances. The MDS assumption for
the regression disturbances plays a key role. For a static linear regression
model, the MDS assumption is crucial for the validity of White’s (1980)
heteroskedasticity-consistent variance-covariance matrix estimator. For a
dynamic linear regression model, the MDS assumption is crucial for correct
model specification for the conditional mean E(Y;|I;—1).

To check the validity of the MDS assumption, one can test serial correla-
tion in the regression disturbance. We introduce a number of popular tests
for serial correlation and discuss the difference in testing serial correlation
between a static regression model and a dynamic regression model.

As in Chapter 4, the form of the asymptotic variance of the OLS esti-
mator depends on whether there exists conditional heteroskedasticity with
respect to the regressors of the linear time series regression model. We
further discuss how to test conditional heteroskedasticity with respect to
explanatory variables and ARCH respectively, and exploit different impli-
cations of these two forms of conditional heteroskedasticity for static and
dynamic linear regression models respectively.
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Exercise 5

5.1. (1) Why is the concept of stationarity important for time series econo-
metrics?

(2) Why is the concept of ergodicity important for time series econo-
metrics? For each part, illustrate your points using concrete examples.

5.2. Suppose a time series {Z;} follows an AR(1) process
Zy = aZi1 + ey, {1} ~ WN(0,0?),
where |af < 1.
(1) Find E(Z:), var(Z;), cov(Zy, Zy—;) and corr(Zy, Zy—j;) for j =
0, %1, ...

(2) Is this process weakly stationary? Explain.
(3) If |a| > 1, is {Z;} weakly stationary? Explain.

5.3. Suppose a time series process {Z;} follows an MA(1) process
Zt = Q€¢_1 + €, {Et} ~ WN(O, 02).

(1) Find E(Z;), var(Z;), cov(Z;, Zy—j) and corr(Zy, Zs—j;) for j =
0, %1, ....

(2) Suppose « is a finite constant. Is {Z;} weakly stationary? Explain.

(3) Given an autocorrelation coefficient corr(Z;, Z;_1) = p (say), is it
possible that there exist two different values for a? Explain.

5.4. Suppose a time series {Z;} follows an ARMA(1, 1) process
Zy = aZi_1 + Ber—1 + e, {ee} ~ WN(0,0?),

where |a| < 1.
(1) Find E(Z;), var(Z;), cov(Zy, Zi—;) and corr(Zy, Zy—j;) for j =
0, %1, ....
(2) Is it weakly stationary? Explain.
(3) Express {Z;} as an AR(co) process.
(4) Suppose |5] < 1. Represent {Z;} as an MA(oc0) process.

5.5. A weakly stationary ARMA(1,1) process
Zy=aZi_ —a ' Z,_1 + e, where {g;} ~ IID(O,UQ), and |a| < 1,

is called an all-pass filter model. Find the autocorrelation function p(j) of

{24}
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5.6. Discuss whether the following relations are true or false. Give your
reasoning.

(1) A zero-mean IID sequence is an MDS.

(2) A zero-mean IID sequence is a WN process.

(3) An MDS is a WN process.

(4) A WN process may not be an IID sequence.

(5) A WN process may not be an MDS.

5.7. Suppose a time series { X; } is a Gaussian process, namely, for all integer
k, Zy = (X4, X¢—1, ..., Xy—x)' follows a joint normal distribution. Show that
for a zero-mean stationary Gaussian process {X;}, IID, MDS and WN are
equivalent to each other in the sense that given one, we can always derive
the other two. [Hint: Examine the PDF of a joint normal distribution.]

5.8. (1) Suppose that using some statistical test, one finds evidence that
there exists serial correlation in {¢;}. Can we conclude that {£,} is not an
MDS? Give your reasoning.

(2) Suppose one finds that there exists no serial correlation in {g;}. Can
we conclude that {e;} is an MDS? Give your reasoning. [Hint: Consider a
nonlinear MA process e, = z;_124—2 + 2, where z ~ 1ID(0,0?).]

5.9. Suppose {Z;} is a zero-mean weakly stationary time series process.
Then there exists a stochastic process W (w) such that

Z :/ AW (w), w € [—m, 7],

—T

where i = v/—1, w is frequency, W(w) is an uncorrelated increment pro-
cess with E[dW(w)] = 0 for all w € [—7, 7], and cov[dW (w),dW (N)] =
E|dW (w)]? if w = X\ and 0 otherwise.

(1) Show that the autocovariance function v(j) = cov(Z;, Z—;) =
J7_€¥|dW (w)|?. Note that for a zero-mean complex-valued process,
cov(Zy, Zij) = BE(Z 7). j = 0,41, %2....

(2) Show that v(j) = ["_eY“h(w)dw if in addition EldW (w)* =
h(w)dw. This implies that v(j) is the inverse Fourier transform of the spec-
tral density function h(w).

5.10. Suppose {Z;};~ is a random sample of size n from a weakly sta-
tionary zero-mean time series process {Z;}. Define the discrete Fourier
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transform

Dy, (w) = n~1/? ZZteit“7 w € [-m, 7,
t=1

where i = v/—1, w is called a frequency. Intuitively, the discrete Fourier
transform D,,(w) extracts the periodic component with frequency w from
the time series {Z;}. Define

() = 5 1Da(@)

Show that Eh,(w) — h(w) = %Z;’;_m v(j)e Y% as n — oo, where
V(J) = cov(Zy, Z—j).

5.11. Suppose {Z;} is a zero-mean weakly stationary process with spectral
density function h(w) and standardized spectral density function f(w) =
h(w)/~v(0). Show that:

(1) f(w) is real-valued for all w € [—m,7].

(2) f(w) is a symmetric function, i.e., f(—w) = f(w).

(3) J7, f(w)dw = 1.

(4) flw) > 0 for all w € [—m,7|. [Hint: Consider the limit of
En=Y23"1 | Ziel|?, the variance of the complez-valued random variable
N2 i)

5.12. Consider an ARCH(1) process in Section 5.1.

(1) Drive the condition(s) under which an ARCH(1) process is weakly
stationary.

(2) Drive the spectral density function of a weakly stationary ARCH(1)
process.

(3) Can the spectral density function h(w) distinguish an IID sequence
with a finite variance from a weakly stationary ARCH(1) process? Explain.

5.13. Consider testing the null hypothesis of conditional homoskedasticity
(Ho : E(2|X;) = 0?) for a stationary time series regression model

}/t = X{BO + €t,

where X; is a K x 1 vector consisting of an intercept and explanatory
variables.
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To test conditional homoskedasticity, we consider the auxiliary regres-
sion
e? = vech(X; X])'y + v
= Uy + v,
where U; = vech(X;X]) is a J x 1 vector, with J = K (K + 1)/2. Suppose
Assumptions 5.1 to 5.5 and 5.7 hold, and E(e}|X;) = pa.

(1) Assume that {e;} is observable, and denote R? be the coefficient
of determination of the auxiliary regression. Show that the test statistic
(n—J—-1)R? 4 x% under Hy. Give your reasoning.

(2) The assumption that {e;} is observable in Part (1) is not realistic.
Now we replace €; by e; =Y; — X{B, the estimated OLS residual. Provide
a heuristic explanation why the replacement of €; by e; does not affect the
asymptotic distribution of the proposed test statistic in Part (1).

5.14. Suppose a dynamic linear regression model
Y =80+ B7Yio1 + e
= Xt/ﬁo + Et,

where X; = (1,Y;_1), satisfies Assumptions 5.1, 5.2 and 5.4. Suppose
further that {e;} follows an MA(1) process

€t = PU¢—1 + Uy, {’Ut} ~ IID(0,0’E)
Thus, there exists first order serial correlation in {e;}.

Is the OLS estimator B consistent for 5°?7 Explain.

5.15. Suppose a time series linear regression model
Y, = X8+

satisfies Assumptions 5.1 to 5.3. This includes both static regression models
and dynamic regression models.

(1) Does the condition E(e;|X;) = 0 imply that {e;} is a WN? Explain.

(2) If {e:} is an MDS, does it imply F(e:|X;) = 0?7 Explain.

(3) If {e4} is serially correlated, does it necessarily imply E(e¢|X;) # 0,
i.e., the linear regression model is misspecified for F(Y;|X;)? Explain.

5.16. Suppose a static time series linear regression model

Y, = X;6° + &
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satisfies Assumptions 5.1 to 5.3, and {X;} and {&;} are mutually indepen-
dent.

(1) Derive the asymptotic variance of the OLS estimator /73 when
{e:} is an MDS. Give your reasoning.

(2) Is the OLS estimator 3 consistent for 4° when there exists serial
correlation in {e;}? Give your reasoning.

(3) Derive the asymptotic variance of the OLS estimator /nf when
there exists serial correlation in {e;}. Give your reasoning.

5.17. Suppose a linear regression model
Y = XiB° + e

satisfies Assumptions 5.1 to 5.6. We are interested in testing the null hy-
pothesis Hy that {e;} is an MDS. Assume that ¢; is observable.
(1) Consider the auxiliary autoregression

p
€ = Zajst,j +uv, t=p+1,...,n.
j=1

Let R2_ be the uncentered R? from the OLS estimation of this auxiliary

. 5 d
autoregression. Show nR,. — XI% as n — oo under Hy.
(2) Now consider an alternative auxiliary autoregression

P
€ = Qg + Zajet,j +u, t=p+1,..,n.
j=1

Let R? be the centered R? from this auxiliary autoregression. Show nRk? %
Xf, as n — oo under Hy.

(3) Which test statistic, nR?M or nR2, performs better in small and
finite samples? Give your heuristic reasoning.

5.18. The assumption that {e,} is observable in {e;} in Exercise 5.17 is not
realistic. In practice, one has to use the estimated OLS residual e; to replace
€. Provide a heuristic explanation for whether or not the replacement of
g by e; affects the asymptotic distribution of the test statistics under the
null hypothesis of MDS for {e;} in both Parts (1) and (2) of Exercise 5.17.
[Hint: You may need to consider static and dynamic regression models
respectively.]
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5.19. Suppose a linear regression model
= X% + &

satisfies Assumptions 5.1 to 5.5, and E(e7|X;) # 0?. We are interested in
testing the null hypothesis Hy that {e;} is an MDS. Assume that {e;} is
observable.

Consider the auxiliary autoregression

€t = Z()&j&‘t_j +v, t=p+1,...,n
j=1

(1) Construct an asymptotically valid test statistic for the null hypoth-
esis that {;} is an MDS. Give your reasoning.
(2) Can one use nR?, as a test statistic? Explain.

5.20. The assumption that {e,} is observable in {e;} in Exercise 5.19 is not
realistic. In practice, one has to use the estimated OLS residual e; to replace
g¢. Provide a heuristic explanation for whether or not the replacement of ¢,
by e; affects the asymptotic distribution of the test statistic under the null
hypothesis of MDS in Part (1) of Exercise 5.19. [Hint: You may consider
static and dynamic regression models respectively.]

5.21. Suppose ¢; follows an ARCH(1) process

Et = OtZt,
af =g + algg,l,
2 ~ 11D N(0,1).

(1) Show E(e¢|ly—1) = 0 and cov(es,e4—;) = 0 for all j > 0, where
Iy =
(2)
3)

{ Et—1,Et— 2,---}~
Show cov(e?,e? ;) = aj.
Show the kurtosis of &; is given by
E(ef) _ 3(1-—af)

K=Ea@Pr = 1322

Thus, K > 3 if a; > 0.
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5.22. An ergodic stationary time series linear regression model is given by

}/;5 = Xéﬁo + Ety
&t = Ot2t,
af:ao—i-alsf,l’ ag>0,0<ap <1,
{z} ~1ID N(0,1),
where {X;} and {z:} are mutually independent.
(1) Is the OLS estimator 8 consistent for 5°7 Explain.
(2) Is s2Q~! a consistent estimator for the asymptotic variance

avar(y/n3)? Does the existence of ARCH affect the structure of avar(y/n3)?
Explain.

5.23. Suppose a time series linear regression model
Y = X3+ e

satisfies Assumptions 5.1 to 5.5. Both static and dynamic regression models
are covered.
Suppose there exists ARCH for {e;}, namely,

q
E(E%‘Itfl) = o + Z OZngfj7

Jj=1

where I;_1 is the sigma-field generated by {e;_1,e1_2,...}. Does this im-
ply that one has to use the asymptotic variance formula Q~'VQ~! for
avar(y/nf3)? Explain. [Hint: Consider static and dynamic regression mod-
els respectively.]

5.24. Suppose a time series linear regression model
Y = X{B° + e

satisfies Assumptions 5.1 to 5.5, and the two time series {X;} and {e;} are
mutually independent.
Assume that there exists ARCH for {g;}, namely,

q
E(&‘%‘It_l) = g + Z Oéj&‘?_j,

j=1

where [;_; is the sigma-field generated by {e;_1,¢—2, ... }. What is the form
of avar(y/nf), where (5 is the OLS estimator? Give your reasoning,.
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5.25. Suppose a dynamic linear regression model
Y, = X{3° + e
=By +B1Yi-1+e

satisfies Assumptions 5.1 to 5.5, where X; = (1,Y;_1)’. Assume that there
exists ARCH for {g;} :

E(e?|Ii1) = ap + a1 Y2,
What is the form of avar(y/nf3)? Here § is the OLS estimator.

5.26. Suppose a time series linear regression model
V= X8+

satisfies Assumptions 5.1 to 5.5 and 5.7.

We are interested in testing the null hypothesis of autoregressive
conditional homoskedasticity Hy : E(e?|[;_1) = o2, where I, =
{&t—1,€t—2,...}. For this purpose, we assume

Et = OtZt, {Zt} ~ IID(0,0’?),

with E(z}) < oo. Consider an auxiliary ARCH(q) model

q
sf:ao—l—z%zsij—f—vt, t=q+1,..,n,
j=1
where E(v;) = 0. Under Hy, all slope coefficients in the auxiliary ARCH(q)
model should be jointly equal to zero.

(1) Show that E(vi|I;—1) = 0 and E(v}|I;—1) = ps under Hy.

(2) Assume that ¢, is observable. Let R? be the coefficient of determi-
nation in the auxiliary ARCH(q) regression. Show nR? A X2 as n — 00
under Hy. Give your reasoning.

(3) The assumption that e; is observable is not realistic. In practice,
one has to use e; to replace &; in the auxiliary ARCH(q) regression. Let
R? be the coefficient of determination in the feasible auxiliary ARCH(q)

regression. Show n.R? 4 x?, as n — oo under Hy. This implies that the
replacement of €; by e; does not affect the asymptotic distribution of the
test statistic.
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Chapter 6

Linear Regression Models Under
Conditional Heteroskedasticity and
Autocorrelation

Abstract: When the regression disturbance {e;} displays serial correla-
tion, the asymptotic results in Chapter 5 are no longer applicable, because
the asymptotic variance of the OLS estimator will depend on serial corre-
lation in {X:e:}. In this chapter, we introduce a method to estimate the
asymptotic variance of the OLS estimator in the presence of conditional
heteroskedasticity and autocorrelation, and then develop robust test pro-
cedures based on it.

Keywords: Cochrane-Orcutt procedure, Heteroskedasticity and Autocor-
relation Consistent (HAC) variance-covariance matrix, Kernel function,
Long-run variance-covariance matrix, Newey-West estimator, Nonparamet-
ric estimation, Spectral density matrix, Variance ratio test

6.1 Motivation

In Chapter 5, we assume that {X;e;} is an MDS. In many economic ap-
plications, there may exist serial correlation in the regression disturbance
{e+}. As a consequence, {X;e;} is generally no longer an MDS. We now
provide a few examples where {;} is serially correlated.

Example 6.1. [Testing a Zero Population Mean]: Suppose the daily
stock return {Y;} is an ergodic stationary process with E(Y;) = p. We are
interested in testing the null hypothesis

Hy: =0
versus the alternative hypothesis

HA:,U,#O.

265
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A test for Hy can be based on the sample mean

Y, =n"! zn:Yt
t=1

By a suitable CLT (see, e.g., White (1984, Theorem 5.15) or Lemma 6.1

below), the sampling distribution of the sample mean Y, scaled by v/n
VY, % N, V)

under Hy, where V is the asymptotic variance of the scaled sample mean:

V = avar (v/nY,,) .

Because

var(v/nY,,) = nflzvar (Y:)

n—1t—1

+ Qn—lzZCov(Yt,Ytﬂ')a

t=2j=1

serial correlation in {Y;} is expected to affect the asymptotic variance of
/nY,,. Thus, unlike in Chapter 5, avar(y/n Yn) is no longer equal to var(Y}).
Suppose there exists a variance estimator V such that V 5 V. Then, by
Slutsky’s theorem, we can construct a robust t-test statistic which is asymp-
totically N(0,1) under Hy :

Y,
Vit 4 o, 1).
N
This robust ¢-test statistic for Hy is asymptotically valid when there exists
serial correlation of unknown form in {Y;}.

Example 6.2. [Unbiasedness Hypothesis]: Consider the following lin-
ear regression model

St1r =+ BEU(T) + 4,

where S; . is the spot foreign exchange rate at time ¢ + 7, F;(7) is the for-
ward exchange rate (with maturity 7 > 0) at time ¢, and the disturbance
€t+r is not observable. Forward currency contracts are agreements to ex-
change, in the future, fixed amounts of two currencies at prices set today.
No money changes hand over until the contract expires or is offset.
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It has been a long-standing controversy on whether the current forward
rate Fy(7), as opposed to the current spot rate S, is a better predictor
for the future spot rate Siy.. The unbiasedness hypothesis states that the
forward exchange rate (with maturity 7) at time ¢ is the optimal predictor
for the spot exchange rate at time ¢ + 7, namely,

E(St4-|It) = Fi(7) ,
where I; is the information set available at time ¢. This implies
Hy:a=0,0=1,
and
E(eqr|I) =0 ,t=1,2,....

However, with 7 > 1, we generally do not have E(e;y;|I;) =0 for 1 < j <
7 — 1. Consequently, there exists serial correlation in {e;} up to 7 — 1 lags
under Hy. This will affect the asymptotic variance of the OLS estimator

Vnp.

Example 6.3. [Long Horizon Return Predictability]: There has been

much interest in regressions of asset returns, measured over various hori-

zons, on various forecasting variables. The latter include ratios of price

to dividends or earnings, various interest rate measures such as the yield

spread between long and short term rates, the quality yield spread between

low and high-grade corporate bonds, and the short term interest rate.
Consider a predictive regression

Yivnn = Bo+ Bire + Ba(de — D) + €t4hhs

where Y;qp 5 is the cumulative return over the holding period from time ¢
to time t + h, namely,

h
Yichn = E Ry,
j=1

where R;; is an asset return in period ¢ + j, r; is the short term interest
rate in time ¢, and d; — p; is the log dividend-price ratio, which is expected
to be a good proxy for market expectations of future stock returns, because
dy — p; is equal to the expectation of the sum of all discounted future
returns and dividend growth rates. In the empirical finance, there has been
an interest in investigating how the predictability of asset returns by various
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forecasting variables depends on time horizon h. For example, it is expected
that d; — p; is a better proxy for expectations of long horizon returns than
for expectations of short horizon returns. When monthly data is used and
h > 1, there exists an overlapping for observations on Y;4p . As a result,
the forecast error €445, is expected to display serial correlation up to lag
order h — 1.

Example 6.4. [Relationship Between GDP and Money Supply]:
Consider a linear macroeconomic regression model

wth:a<i>/8]\4-t+€ta

where Y; is GDP growth rate in time ¢, M, is money supply growth rate in
time ¢, and &; is an unobservable disturbance such that E(e;|/M;) = 0 but
there may exist persistent serial correlation of unknown form in {e;}.

Question: What happens to the OLS estimator B if the disturbance {e;}
displays conditional heteroskedasticity (i.e., F(¢?|X;) # % ) and/or auto-
correlation (i.e., cov(es,e4—;) # 0 at least for some j > 0)? In particular,
we would like to address the following important issues:

Is the OLS estimator B consistent for 5°7

Is B asymptotically most efficient?

Is B , after properly scaled, asymptotically normal?

Are the test statistics introduced in Chapter 5 applicable for large
sample inference?

6.2 Framework and Assumptions

We now state the set of assumptions which allow for conditional het-
eroskedasticity and serial correlation of unknown form.

Assumption 6.1. [Ergodic Stationarity]: {Y;, X/}, is an observable
ergodic stationary process.

Assumption 6.2. [Linearity]:
}/t = X{ﬁo + €ty

where 8° is a K x 1 unknown parameter vector and &; is the unobservable
disturbance.
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Assumption 6.3. [Correct Model Specification]: E(s|X;) = 0 al-
most surely.

Assumption 6.4. [Nonsingularity]: The K x K matrix
Q = E(X:X])

is symmetric, finite and nonsingular.

Assumption 6.5. [Long-Run Variance-Covariance Matrix]: (a) For
j=0,%£1,..., define the K x K autocovariance function of {X;e;}

I'(j) = cov(Xser, Xi—jer—j)
= E(thtft—th/_j)-

Then Y% |[T(5)]] < oo, where ||A|| = S35, S0 | A )| for any K x K
matrix, and the long-run variance-covariance matrix
V= > T0)
j=—00

is positive definite.
(b) The conditional expectation

q.m. .
E(Xie| Xt—jer—j, Xe—j_1€4—j—1,...) — 0as j — oo.

(¢) Z;’;O[E(ré-rj)]lﬂ < 00, where
7"j = E(Xt€t|Xt—j5t—ja Xt—j—lgt—j—la )
— E(Xe| Xy—jrg—j—1, Xi—j2gt—j—2,...).

Assumptions 6.1 to 6.4 have been assumed in Chapter 5 but Assumption
6.5 is new. Assumption 6.5(a) allows for both conditional heteroskedasticity
and autocorrelation of unknown form in {£;}, and no normality assumption
is imposed on {g;}.

We do not assume that {X;e;} is an MDS, although E(Xe;) = 0 as
implied by E(e¢|X;) = 0. Note that E(s|X;) = 0 does not necessarily imply
that {Xye;} is an MDS in a time series context. See the aforementioned
examples for which {X;e;} is not an MDS.
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Assumptions 6.5(b, ¢) imply that the serial dependence of X;&; on its
past history in term of mean and variance respectively vanishes to zero
as the lag order j — oo. Intuitively, Assumption 6.5(c) may be viewed
as the net effect of X;_je,_; on the conditional mean of X;e;. It implies
E(rir;) — 0 as j — oo.

6.3 Long-Run Variance-Covariance Matrix Estimation

Question: Why are we interested in the long-run variance-covariance ma-
trix V as defined in Assumption 6.57

Recall that for the OLS estimator B , we have
\/E(B -B%) = Q_1”_1/2 Z Xieg.
t=1

Suppose a suitable CLT holds for {X;e;} in the present context. That is,
suppose

’I'L_l/2 ZXtEt —d> N(O, V)
t=1

as n — 0o, where V' is an asymptotic variance-covariance matrix, namely

V = avar (n_1/2 ZXt5t> .
t=1

Then, by Slutsky’s theorem, we have

V(B - 8% % N©0,Q7 V)

under suitable regularity conditions.
Now we consider the expression of V. Put

gr = Xi&4.

Note that E(g:) = 0 given E(e¢|X;) = 0 and the law of iterated expecta-
tions. Because {g:} is not an MDS, it may be serially correlated. Thus,
the K x K autocovariance function I'(j) = cov(gs, g:—;) may not be zero at
least for some lag order j > 0.
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Now we consider the variance-covariance matrix

n n
var <n1/2 ZX,@) = var <n1/2 th>
t=1

t=1
n n !
(35 (5
t=1 s=1

=n"Y Y Elgl)
t=1 s=1

="' Egi;)
t=1

n t—1
Y Y E(gidlh)
t=2 s=1
12 Z (9195)
t=1 s=t+1

=n' " E(gi,)
t=1
n—1 n
+> 07t Y0 Elgy)
j=1

t=j+1
n+j

-1
+ Y. n' ) Blawi-)
j=—(n-1) =L

n—1

= > (1-lil/nry)

j=—(n—-1)

— Z I'(j) asn — o0

j=—o0

by dominated convergence. Therefore, we have V = >_°° oo L)
As a special case, when {g¢;} is an MDS, we have

V = avar ( —1/2 ZXt5t>
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When cov(gs, g;—7) is PSD for all j > 0, the difference >>72  T'(j) —
I'(0) is a PSD matrix. Intuitively, when T'(j) is PSD, a large deviation of
g; from its mean will tend to be followed by another large deviation. As a
result, V' —I'(0) is PSD.

Question: How to estimate the long-run variance-covariance matrix V7

It has been a long-standing problem for estimating a long run variance-
covariance matrix. An important approach to estimating V' is based on
the spectral density matrix of time series process {X:e:}. To explore the
link between the long-run variance-covariance matrix V and the spectral
density matrix of { X;e;}, we now extend the concept of the spectral density
function of a univariate time series to a multivariate time series context.

Definition 6.1. [Spectral Density Matrix]: Suppose {g: = Xt} is a
K x1 weakly stationary process with E(g;) = 0 and autocovariance function
L'(j) = cov(gs, 9i—5) = E(9tg;—;), which is a K x K matrix. Suppose

o0

> TG < oo

j=—o0

Then the Fourier transform of the autocovariance function I'(j) exists and
is given by

o

H(w) = % Z L(j)e %, w € [—-m, 7],

where i = v/—1. The K x K matrix-valued function H(w) is called the
spectral density matrix of the weakly stationary time series vector-valued

process {g;}.

The inverse Fourier transform of the spectral density matrix is

s
Iy = / e H (w)dw.
—T

Both H(w) and I'(j) are the Fourier transforms of each other. They contain
the same information on serial dependence of the process {g: = Xiet}.
The spectral density matrix H(w) is useful to identify business cycles (see
Sargent 1987, Dynamic Macroeconomics, 2nd Edition). For example, if g; is
the GDP growth rate at time ¢, then H(w) can be used to identify business
cycles of the economy.
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Given the definition of the spectral density matrix H(w), we have the
long-run variance-covariance matrix

o

V=2rH0)= Y T(j).

j=—oc0

That is, the long-run variance-covariance matrix V is 27 times the spec-
tral density matrix of the time series process {g:} at frequency zero. As
will be seen below, this link provides a basis for consistent nonparametric
estimation of V.

Question: What are the elements of the K x K autovariance function
I'(5)?

Recall that g; = (got,91¢, ---» git)’s where giz = Xppey for 0 <1 < k. Then
the (I 4+ 1,m + 1)-th element of I'(j) is
[F(j)](l+1,m+1) = Flm(j)
= cov|gut, gm(t—j)]
= COV[XltEta Xm(tfj)g(tfj)]a

which is the cross-covariance between Xje; and X,,—;)€(—;). We note
that

Flm(j) 3’{ Flm(fj)a
because g; is a vector, not a scalar. Instead, we have

which implies 'y, (j) = Tt (—7).
Question: What is the (I + 1,m + 1)-th element of H(w) when [ # m?

The function

oo
Hin() = 5= 3 Tim(j)e
Jj=—00
is called the cross-spectral density function between {g;;} and {gm:}. The
cross-spectrum is very useful in investigating comovements between differ-
ent economic time series. The popular concept of Granger causality was
first defined using the cross-spectrum (see Granger 1969). In general, the
cross-spectral density function Hj,,(w) is complex-valued.
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We first consider a naive estimation method for V. Given a random
sample {Y;, X/}, we can obtain the estimated OLS residual e; = Y;— X[
from the linear regression model Y; = X/3° + ;. Because

V=2rH(0)= > T(j),

j=—o0

we first consider a naive estimator
n—1
V=Y 1)
j=—(n-1)
where the sample autocovariance function

1 n -
n Zt:j+1 Xtetthfjet—jM] =0,1,....,.n—1,

I'(j) =

nTt Y X X e, i = —1,-2,..,—(n—1).

There is no need to subtract the same mean from X;e; and X;_je;_; be-
cause X'e = > | X;e; = 0. Also, note that the summation over lag orders
in V extends to the maximum lag order n—1 for the sample autocovariance
function T'(j). Unfortunately, although it can be proven that I'(j) is con-
sistent for I'(j) as n — oo for each given j, the long-run variance estimator
V is not consistent for V.

Question: Why?

There are too many estimated terms in the summation over lag orders
in V. In fact, there are n estimated parameters {f‘(]) ?;01 in V. It can be
shown that the asymptotic variance estimator V defined above is propor-
tional to the ratio of the number of the estimated autocovariance matrices
{T'(j)} to the sample size n, which will not vanish to zero if the number of
the estimated autocovariances is the same as or is close to the sample size
n.

The above explanation motivates us to consider the following truncated
sum
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where p is a positive integer. If p is fixed (i.e., p does not grow when the
sample size n increases), however, we expect

P
VS S T() #27H(0) =V,
Jj==p
because the resulting bias
P
Y TG -V==> T3
j=-p l71>p

will never vanish to zero as n — oo when p is fixed. Hence, we should let
p grow to infinity as n — oo; that is, let p = p(n) — co as n — oo. The
bias will then vanish to zero as n — oo. Note that the bias is negative when
I'(4) is PSD, i.e., when there exists positive autocorrelation in {X.e,}.

However, we cannot let p grow as fast as the sample size n. Otherwise,
the variance of V will never vanish to zero. Therefore, to ensure consistency
of V to V, we should balance the bias and the variance of V properly. This
suggests using a truncated variance estimator

Pn
V=3 TG,
Jj==Pn
where p,, — 00,pp/n — 0. An example p,, = n'/3. Here, p, is a smoothing
parameter and can be viewed as the maximum truncation lag order.
Although this variance estimator is consistent for V, it may not be PSD
for all n. To ensure that it is always PSD, we can use a weighted average

estimator
~ P A
V=Y k(/pn)T()
j=—pn
where the weighting function k(-) is called a kernel function. An example
is the Bartlett kernel

k(z) = (1= z)1(lz] < 1),

where 1(-) is the indicator function, which takes value 1 if the condition
inside holds, and takes value 0 if the condition inside does not hold. Newey
and West (1987, 1994) first used this kernel function to estimate V in
econometrics. The truncated variance estimator V can be viewed as a
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kernel-based estimator with the use of the truncated kernel k(z) = 1(|z| <
1), which assigns equal weighting to each of the first p, lags. However,
unlike the Bartlett kernel, the truncated kernel cannot ensure that V is
PSD.

In fact, we can consider a more general variance estimator for V:

Z (/pa)L (5

j=1-

where k(-) may have unbounded support. In fact, any kernel & : R — [—1, 1]
can be used as long as it is symmetric about 0, and is continuous at all points
except a finite number of points on R, with k(0) = 1 and [~ k*(2)dz < oo.
At the origin, k(-) attains the maximal value, and the fact that k(-) is
square-integrable implies k(z) — 0 as |z| — oo. This covers kernels with
bounded and unbounded supports. When a kernel with unbounded support
is used, p, is no longer a maximum truncation lag order, but it is still a
smoothing parameter p,,.

Most kernels are downward-weighting in the sense that k(z) — 0 as
|z| = oo. The use of a downward weighting kernel may enhance estimation
efficiency of V because we have I'(j) — 0 as j — oo when Y>7° ___|[T(j)]| <
00, and so it is more efficient to assign a larger weight to a lower order j and
a smaller weight to a higher order j. Intuitively, although the summation
over lag orders in V extends to the maximum lag order n—1, the lag orders
that are much larger than p,, are expected to have negligible contributions
to V, given that k(-) discounts higher order lags. As a result, we have
V5V asn— .

An example of k(-) that has unbounded support is the Quadratic-
Spectral kernel:

3 [sin(mz)

k(z) = —cos(mz)|, —o0o<z< 0.

(rz)? Tz

Andrews (1991) uses it to estimate V. This kernel also delivers a PSD ma-
trix. Andrews (1991) shows that the Quadratic-Spectral kernel minimizes
the asymptotic MSE of the long-run variance estimator V over a class of
kernel functions. Figure 6.1 plots the shapes of the truncated, Bartlett,
Daniell and Quadratic-Spectral kernels respectively.
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Figure 6.1 Shapes of the truncated, Bartlett, Daniell and Quadratic-Spectral kernels.

Under a set of regularity conditions on the random sample {Y;, X/} 4,
the kernel function k(-), and the lag order p, (Newey and West 1987,
Andrews 1991), we have

VAV
provided p, — oo,p,/n — 0. There are many rules to satisfy p, —
00, pn/n — 0. In practice, it is most important to determine an appropri-
ate smoothing parameter p,. Andrews (1991) and Newey and West (1994)
discuss data-driven methods to choose p,,.
For derivations of the asymptotic variance and asymptotic bias of the

long-run variance estimator V, see, e.g., Newey and West (1987, 1994) and
Andrews (1991).

6.4 Consistency of the OLS Estimator

When there exist conditional heteroskedasticity and autocorrelation of un-
known form in {e;}, it is very difficult, if not impossible, to use GLS es-
timation. Instead, the OLS estimator B is convenient to use in practice.
We now investigate the asymptotic properties of the OLS estimator /3 when
there exist conditional heteroskedasticity and autocorrelation of unknown
form.

Theorem 6.1. Suppose Assumptions 6.1 to 6.5(a) hold. Then

Bﬁﬁo as n — oo.
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Proof: Recall that we have

B-p"=Q 'n! ZXt5t~
t=1

By Assumptions 6.1, 6.2 and 6.4 and WLLN for an ergodic stationary
process, we have

Q5 Qand Q' B Q.
Similarly, by Assumptions 6.1 to 6.3 and 6.5(a), we have

n
Tl_l ZXtat ﬂ) E(Xt€t) =0
t=1

using WLLN for an ergodic stationary process, where E(Xe;) = 0 given
Assumption 6.2 (E(e¢|X;) = 0) and the law of iterated expectations.

6.5 Asymptotic Normality of the OLS Estimator

To derive the asymptotic distribution of \/H(B —3°), we first provide a CLT
for an ergodic stationary time series process.

Lemma 6.1. [CLT for a Zero Mean Ergodic Stationary Process
(White 1984, Theorem 5.15)]: Suppose {Z,} is an ergodic stationary
process with

(1) E(Z;) = 0;
(2) V. = Y2 T() is finite and nonsingular, where T'(j) =
E(Z:Z;;);

(3) E(Zt|Zt—j7Zt—j_1, ) qi;l. O, as ] — 00;
(4) Z;io[E(T;Tj)]lﬂ < 00, where

Ty = E(Zt|Zt,j, Zt7j717 ) - E(Zt|Zt,j,1, Zt,j,Q, )

Then as n — oo,

n2Z, =0 23" 2, % N (O, V).

t=1

Proof: See White (1984, Theorem 5.15).
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Theorem 6.2. [Asymptotic Normality]: Suppose Assumptions 6.1 to
6.5 hold. Then as n — o0,

V(B -8 % NO,QT'vQ™h,

where V =522 ___T(j) is as in Assumption 6.5.

j=—00

Proof: We now use Lemma 6.1 to derive the asymptotic distribution of

V(B — B°). Recall that
V(B —p°) =Q 'n"1/? Z Xier.
t=1

By Assumptions 6.1 to 6.3 and 6.5 and CLT for an ergodic stationary
process, we have

n 23" Xpee 5 N(0,V),
t=1

where V = 3% T(j) is as in Assumption 6.5. Also, Q % Q and Q~* &

j=—00

Q™! by Assumption 6.4 and WLLN for an ergodic stationary process. We
then have by Slutsky’s theorem

Vals - %) % N©0.QvQ .

6.6 Hypothesis Testing

We now consider testing the null hypothesis
Ho : Rﬂo =T,

where R is a nonstochastic J x K matrix with full rank, r is a J x 1
nonstochastic vector, and J < K.

When there exists autocorrelation in {X,e;}, there is no need (and in
fact there is no way) to consider the cases of conditional homoskedasticity
and conditional heteroskedasticity separately. (Why?)

Corollary 6.1. Suppose Assumptions 6.1 to 6.5 hold. Then under Hy, as
n — oo,

Vn(RB—r) % N(0,RQ'VQ'R).
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We directly assume a consistent estimator V for V.
Assumption 6.6. Vv

When there exists serial correlation of unknown form, we can estimate
V using a nonparametric kernel estimator V, as described in Section 6.3. In
some special scenarios (e.g., Examples 6.2 and 6.3), we may have I'(j) =0
for all 7 > pg, where pg is a fixed lag order. In these cases, we can use the
following variance estimator

V= 'Z ().

It can be shown that V 5 V in this case.
When J = 1, we define a robust t-test statistic

V(RS —r)

JRO-VO-1R

When J > 1, we define a robust Wald test statistic

T, =

W, = n(RB — ) [R(X'X/n)"'V(X'X/n) 'R (R —r)
d 2
— X7-
Both test statistics T, and W, have employed an asymptotic variance

estimator V that is robust to conditional heteroskedasticity and autocorre-
lation of unknown form.

Theorem 6.3. [Robust t-Test and Wald Test]: Under Assumptions
6.1 to 6.6 and Hy : R3° = r, we have as n — oo,

(1) when J =1,
T, % N(0,1);
(2) when J > 1,
W, 53

Proof: We shall only show Part (2). By Corollary 6.1, we have as n — oo,

Va(RB —r) % N0, RQ™'VQ'R')
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under Hy. It follows that the quadratic form
VARG =) (RQTWVQR) ™ Va(RB — 1) 5 x3.

By Slutsky’s theorem, Assumption 6.6, and Q % Q as n — 00, we have the
robust Wald test statistic

A NS -1 . d
W =n(RB—r) (RQVQTR)  (RE—1) 43,

Using the expression of Q = X'X/n, we have an equivalent expression for
W, :

W, = n(RB — ) [R(X'X/n) "'V (X'X/n) 'R Y (RE — ) % X2

This completes the proof.

The standard t-test and F-test statistics introduced in Chapter 3 cannot
be used when there exist conditional heteroskedasticity and autocorrelation
in {Xet}. Moreover, all test statistics introduced in Chapter 5 cannot be
used here, because in Chapter 5, it is assumed that {Xie;} is an MDS,
which implies that there is no serial correlation in {X;e;}.

Question: Can we use the robust ¢-test statistic 7, and robust Wald test
statistic W,. when I'(j) = 0 for all nonzero j?

Yes. However, they are not ideal test statistics because they may per-
form poorly in finite samples in the sense that their finite sample distribu-
tions may be quite different from the asymptotic distributions. In particu-
lar, they usually overreject the correct null hypothesis Hy in finite samples
even if I'(§) = 0 for all j # 0. This is due to the fact that such long-run vari-
ance estimators V as those of Andrews (1991) and Newey and West (1987,
1994) tend to underestimate the true variance in finite samples, as have
been documented by various simulation and empirical studies. Therefore,
when I'(j) = 0 for all j # 0, a better variance estimator is

(0)
= n_l Z XtetetXt/

t=

= X'D(e)D(e)' X /n.

V =

=
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This estimator has made use of the information that there is no serial
correlation in {Xye;}. It is essentially White’s heteroskedasticity consistent
variance-covariance matrix estimator (also see Chapter 5).

Question: Why do the robust t-test statistic 7, and robust Wald test
statistic W, tend to overreject a correct null hypothesis Hy in presence of
conditional heteroskedasticity and autocorrelation of unknown form?

We consider the robust ¢-test as an example. Recall V is an estimator
for the spectral density H(0) at frequency zero, up to a factor of 2r. When
there exists strong positive serial correlation in {e;}, as is the case for
many economic time series, H(w) will display a peak or mode at frequency
zero. The kernel estimator, which is a local averaging estimator, always
tends to underestimate H(0), because it has an asymptotic negative bias.
Consequently, the robust t-statistic tends to be a larger statistic value,
because it is the ratio of RB — r to the square root of a variance estimator
which tends to be smaller than the true variance. See Andrews (1991) and
Newey and West (1994) for more discussions and simulation studies.

6.7 Testing Whether Long-Run Variance-Covariance
Matrix Estimation Is Needed

Because of the notorious poor performance of the robust t-test and robust
W test even when I'(j) = 0 for all j # 0, it is very important to test whether
we really have to use a long-run variance estimator. This is similar to the
need for testing conditional heteroskedasticity in Chapters 4 and 5.

Question: How to test whether we need to use a long-run variance-
covariance matrix estimator? That is, how to test whether the null hy-
pothesis that

Hy:27H(0) = i I'(j) =T(0)?

j=—o00

The null hypothesis Hy can be equivalently written as follows:
Hy: Y T(j)=0.
j=1

It can arise from two cases:
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e Case I. T'(j) =0 for all j # 0.
o Case II: T(j) # 0 for some j # 0, but 3372 T'(j) = 0.

For simplicity, we will consider Case I only. Case II is pathological,
although it could occur in practice.

We now provide a test for Hy under Case I. Here, we assume that {X;e;}
is an MDS under Hy. The MDS assumption implies Hy but not vice versa.
This stronger condition greatly simplifies our analysis and the form of a
proposed test statistic. See Hong (1997) in a closely related univariate
context.

To test the null hypothesis that Z;il I'(j) = 0, we can use a consistent
estimator A (say) for > ;=1 T'(4) and then check whether Ais close to a zero
matrix. Any significant difference of A from zero will indicate the violation
of the null hypothesis, and thus a long-run variance estimator is needed.

To estimate oo ;=1 ['(j) consistently, we can use a nonparametric kernel
estimator

n—1

A= "k(j/pn)vech[T'(j)],

<.
Il

where k(-) is a kernel, and p,, = p(n) — oo at a suitable rate as n — oo. We
shall derive the asymptotic distribution of A (with suitable scaling) under
the assumption that {g; = X;e;} is an MDS, which implies the null hypoth-
esis Hp that Z;’il I'(j) = 0. First, we consider the case when {g; = X}
is autoregressively conditionally homoskedastic, namely, var(g;l;—1) =
var(g;), where I;_1 = {gt_1, gi—2, ... }. In this case, by applying the martin-
gale CLT, we can show that as n — oo,

o 12 “1/2 ~a d
{p/0 k2(z)dz} {vech[['(0)]vech[T"(0)]'} VA = N(0, Ik 41)/2)-
We then construct a test statistic
{ / k(2 dz] VA’ {vech[f‘(O)]vech[f(O)]’}71 VnA

—> XK(K+1)/2 as n — o0,

where the convergence in distribution holds under Hy.
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Next, we consider the case when {¢g; = X;e:} displays ARCH, namely
var(g¢|I;—1) # var(g;). In this case, the test statistic for Hy is

M = /nA'B~\/nA,

where

n—1ln—1

B =Y k(j/p)k(l/p)C (1),

j=1l=1
1 n—1
CED=— > vech(gigi_j)vech'(g:d; ),
t=14max(j,l)
with §; = Xie;. Under the assumption that {g; = Xie;} is an MDS, we
have

o d
M—>)£<(K+1)/2 as n — 0o.

This test is robust to ARCH of unknown form for {g; = X;&:}.

In fact, the test statistic just introduced is closely related to a variance
ratio test that is popular in financial econometrics. Cochrane (1988) and
Poterba and Summers (1988) use the variance ratio test to check the mar-
tingale hypothesis or measure persistence of macroeconomic time series.
Extending an idea of Cochrane (1988), Lo and MacKinlay (1988) first rig-
orously present an asymptotic theory for a variance ratio test, and apply it
to test the MDS hypothesis of asset returns {Y;}. Recall that 337_ Vi is
the cumulative asset return over a total of p periods. Then under the MDS
hypothesis, which implies v(j) = cov(Y;, Y;—;) = 0 for all j > 0, one has

var (S0, Vi) pa(0) + 2030, (1 — j/p)a()
p-var(Yy) py(0)
=1.

This unity property of the variance ratio can be used to test the MDS
hypothesis because any departure from unity is evidence against the MDS
hypothesis.

Under autoregressive conditional homoskedasticity, the variance ratio
test is based on the statistic

p
VR, =/n/pY (1-3/p)p
j=1

=% n/p{ ;ﬂ}
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where

p .
=533 (1-250
j=-p
is a kernel-based standardized spectral density estimator at frequency 0,
using the Bartlett kernel K(z) = (1 — |z])1(|z|] < 1) and a lag order equal
to p. Thus, the variance ratio test essentially checks whether the long-run
variance is equal to the individual variance y(0). Because VR, is based
on a spectral density estimator of frequency 0, and because of this, it is
particularly powerful against long memory processes, whose autocovariance
function decays to zero slowly as the lag order increases and so its spectral
density at frequency 0 is infinity (see Robinson 1994).
Under the MDS hypothesis with conditional homoskedasticity for {Y;},
Lo and MacKinlay (1988) show that for any fixed p,

VR, % N[0,2(2p—1)(p—1)/3p] as n — 0.

In a closely related context, Hong (1997) shows that when p = p, —
00, pn/n — 0 as n — oo, we have

{n/ooo 14:2(,2')dz]1/2 ”21 k(j/on)p(j %N(O,l).

j=1

This is the scalar version of the proposed test statistic M in a univariate
time series context. When the Bartlett kernel k(z) = (1 — |2])1(|z] < 1)
is used, Hong’s (1997) test statistic becomes the variance ratio test statis-
tic VR, when a large p, is used, with [ k*(z)dz = fol(l —2)%dz =
Compared to the variance ratio test, Hong’s (1997) test or the proposed M
test is applicable when p,, is large, and it employs a general kernel function
which usually discounts higher order lags, As a result, Hong’s (1997) test
or the proposed M test is expected to have good power against the alterna-
tives for which autocorrelation carries over a relatively long distributional
lag and the strength of autocorrelation decays to zero slowly as lag order j
increases.

When {Y;} displays conditional heteroskedasticity, Lo and MacKinlay
(1988) also consider a heteroskedasticity-consistent variance ratio test:

VR = MZ(l = 3/P)7G)/VA2(),
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where 92(j) is a consistent estimator for the asymptotic variance of 4(j)
under conditional heteroskedasticity. Lo and MacKinlay (1988) assume a
fourth order cumulant condition that

E[(Y, = p)?(Yeej —)(Yiei — )] =0, 4,1>0,5 #1.

Intuitively, this condition ensures that the sample autocovariances at differ-
ent lags are asymptotically uncorrelated; that is, cov[y/n¥(5), v/ny(1)] = 0
for all j # I. As a result, the heteroskedasticity-consistent variance ratio
test statistic VR has the same asymptotic distribution as VR,. However,
the condition in the above equation rules out many important volatility
processes, such as Nelson’s (1991) Exponential GARCH (EGARCH) and
Glosten et al.’s (1993) Threshold GARCH (TGARCH) models. Moreover,
the variance ratio test only exploits the implication of the MDS hypothe-
sis on the spectral density at frequency 0; it does not check the spectral
density at nonzero frequencies. As a result, it is not consistent (i.e., it has
no asymptotic unit power) against serial correlation of unknown form. See
Durlauf (1991) for more discussion.

6.8 Ornut-Cochrane Procedure

Long-run variance estimators are necessary for statistical inference of the
OLS estimation in a linear regression model when there exists serial cor-
relation of unknown form. If serial correlation in the regression distur-
bance has of a known form up to some unknown parameters, then simpler
statistical inference procedures are possible. One example is the classical
Ornut-Cochrane procedure. Consider a linear regression model with serially
correlated disturbances:

}/t = X{BO + Et,
where E(g¢|X:¢) = 0 but {e;} follows an AR(p) process
P
gy = Z()éjé‘t,j -+ Vt, {’Ut} ~ IID(O,U2),
j=1

where p is a known fixed order but the autoregressive coefficients {«; }§=1
are unknown.

The OLS estimator 3 is consistent for 3° given E(X,e,) = 0 but its
asymptotic variance depends on serial correlation in {e;}. We can consider
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the following transformed linear regression model

!

p p P
o
Y, — E Oz]‘Y;_j = | X:— E Oszt_j B°+ e — E QjE4—j
Jj=1 Jj=1 Jj=1
’

P
= Xt 7ZOéth_j /80+Ut.
=1

We can write it as follows:
}/;* — Xt*lﬁo +'Ut7
where

P
Y=Y — ) Vi,

=1

P
X=X, — Zajxt,j.
j=1
The OLS estimator § of this transformed regression will be consistent
for 5° and /n(f — B°) will be asymptotically normal:
= o d _
V(B —p°) = N(ngngix*)a

where Qx-x+ = E(X;X;’). The OLS estimator B is a GLS estimator
discussed in Chapter 3. It is asymptotically BLUE. However, the GLS
estimator 3 is infeasible, because (Y, X3 /) is not available due to the un-
known parameters {c;}2_;. As a solution, one can use an adaptive feasible
two-step GLS procedure:

e Step 1: Regress
Y, = X{ﬁo +tent=1,..,n,
namely, regress Y; on X; and obtain the estimated OLS residual
er = Y; — X{f. Then run an AR(p) model
P
e = Zozjet_j +o,t=p+1,...,n,
j=1

and obtain the OLS estimators {a;};_;.
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e Step 2: Regress the transformed model
Yt* :Xt*’ﬁo—l—vt*,t:p—l—l,...,n,
where Yt* and X;‘ are defined in the same way as Y;* and X;

respectively, with {&;}/_, replacing {a;}}_,. The resulting OLS

estimator is denoted as Ba.

It can be shown that the adaptive feasible GLS estimator Ba has the
same asymptotic properties as the infeasible GLS estimator B In other
words, the sampling error resulting from the first step estimation has no
impact on the asymptotic properties of the OLS estimator in the second
step. The asymptotic variance estimator of Ba is given by

22A-1
S’UQX*X*7

where

1 n

A2 ~%k2

Sy = n_KZUf. )

t=1

n

A _ 1 X*X*/

QX*X* - t t
nt—l

with 9, = Yt* — )A(;" fBa. The t-test statistic which is asymptotically N (0,1)
and the J - F-test statistic which is asymptotically x% from the last stage
regression are applicable when the sample size n is large.

The adaptive feasible GLS estimator 3, is asymptotically BLUE. This
approach is therefore asymptotically more efficient than the OLS-based
robust test procedures developed in Section 6.6 of the present chapter, but it
is based on the assumption that the AR(p) process for the disturbance {e;}
is known. The robust test procedures in Section 6.6 are applicable when
{e¢} has conditional heteroskedasticity and serial correlation of unknown
form.

6.9 Conclusion

In this chapter, we have first discussed some motivating economic examples
where a long-run variance-covariance matrix estimator is needed. Then we
discussed consistent estimation of a long-run variance-covariance matrix by
a nonparametric kernel method. The asymptotic properties of the OLS
estimator are investigated, which calls for the use of a new CLT because
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{Xie.} is no longer an MDS. Robust ¢-test statistic and robust Wald test
statistic that are asymptotically valid under conditional heteroskedasticity
and autocorrelation of unknown form are then constructed. When there
exists serial correlation of unknown form, there is no need (and no way)
to separate the cases of conditional homoskedasticity and conditional het-
eroskedasticity. Because the robust ¢- and Wald tests may have very poor
finite sample performances even if {X;e;} is an MDS, it is desirable to
first check whether we really need a long-run variance estimator. We pro-
vide such a test. We also introduce a classical estimation method called
Ornut-Ochrance procedure when it is known that the regression disturbance
follows an AR process with a known order.

Long-run variances have been also widely used in nonstationary time
series econometrics such as in the unit root and cointegration literature
(e.g., Engle and Granger 1986, Phillips 1987). Unfortunately, it is docu-
mented in both simulation studies and empirical applications that regres-
sion disturbances display relatively persistent serial dependence, various
kernel-based long-run variance estimators tend to underestimate the true
long-run variance even if the sample size is large. Intuitively, the spectral
density function of a time series process displays a sharp model at frequency
zero when there exists persistent serial dependence. Kernel estimators for
the spectral density are smoothed local averaging and so tend to suffer from
a substantial negative bias. Different approaches have been proposed in the
time series literature. For example, a so-called self-normalization technique
has been proposed, which, instead of attempting to consistently estimate
the long-run variance, replaces the kernel long-run variance estimators by a
recursive statistic which converges to a stochastic multiple of the long-run
variance. The resulting test statistic will be thus asymptotically free of the
long-run variance but a nonstandard distribution arises due to the stochas-
tic proportionality in the denominator. Such a test has substantially better
sizes in finite samples, although its power may suffer to certain extent due
to the relatively heavy tail of the nonstandard asymptotic distribution. For
self-normalization methods, see Shao (2010) for detailed discussion.
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Exercise 6

6.1. Suppose Assumptions 6.1 to 6.3 and 6.5(a) hold. Show

avar (n_1/2 E Xt5t> = lim var (n_1/2 E Xt5t>
n—oo
t=1

t=1

6.2. Suppose I'(j) = 0 for all j > pgy, where pg is a fixed lag order. An
example of this case is Example 6.2 in Section 6.1. In this case, the long-

run variance-covariance matrix V = ?027170 I'(j) and we can estimate it
by using the following estimator
A po A
V= > TG
J==—Po

where the sample autocovariance function I'(5) is defined as in Section 6.1.
Show that for each given lag order j, I'(j) & I'(j) as n — oco.

Given that pg is a fixed integer, an important implication that f‘(] ) LN
I'(j) for each given j as n — oo will ensure V 5 V as n — oc.

6.3. Suppose {Y:} is a stationary time series process with the following
spectral density function

Show that

P
var ZY}_]- — 27h(0) as p — oo.
j=1

6.4. Suppose {Y;} is a weakly stationary process with v(j) = cov(Yy, Yi—;).
(1) Find an example of {Y;} such that Z;’;l ~v(3) = 0 but there exists
at least one j > 0, such that v(j) # 0.
(2) Can the variance ratio test detect the autocorrelation structure of
the time series process in Part (1) when the sample size n is sufficiently
large?
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(3) The variance ratio test is often used to test the MDS hypothesis. If
the variance ratio test fails to reject the null hypothesis of MDS, can one
conclude that the MDS hypothesis holds? Explain.

6.5. Suppose {Y;} is a zero-mean ergodic stationary time series process with
a finite fourth moment, and let {Y;}7; be a random sample with size n.
Define the sample autocovariance function

PN B ,
’Y(J):E Z YiYi 5, j=0,1,....
t=j+1

Show cov[¥(5),5(1)] = 0 for 4,0 > 0,5 # 1 if

E(Y?)/t—j}/t—l) =0 for Jal > 0,7 7é L.

6.6. Suppose Assumptions 6.1 to 6.5 hold for Example 6.3 in Section 6.1,
where Xy = (1,7¢,d; — pt)’, and h > 1 is a fixed positive integer.

(1) What is the asymptotic variance of the OLS estimator /n3? Give
your reasoning.

(2) Construct an estimator for the asymptotic variance of \/nf and
show that it is consistent for the asymptotic variance of \/EB Give your
reasoning.

(3) Can we use a kernel-based long-run variance estimator for \/n3?
Which variance estimator, a kernel-based long-run variance estimator or the
variance estimator in Part (2), performs better in finite samples? Explain.

6.7. Suppose Assumptions 6.1 to 6.4 hold, and the disturbance {e;} follows
an AR(1) process

g = age_1 + vy, {v;} ~TID(0, 02),

where |a| < 1 and « is unknown. One can first estimate the linear regression
model Y; = X[8° + &,t = 1,...,n, and obtain the OLS estimator B
(1) Put e = Y; — X{B Then regress e; on e;_1 and obtain the OLS
estimator & for the autoregressive coefficient . Show & 5 v as n — .
(2) Construct a transformed linear regression model

Yfzf(f’,@o—l—v;‘, t=2,..,n,

where f/;* =Y;—aY;_1 and Xt* = X;—aX;_1, and obtain the OLS estimator
f3, for this regression. Show that 8, = 3° as n — occ.



292 Foundations of Modern Econometrics

(3) Show that the asymptotic variance of\/n (G —°) is 02Q %+ -, Where
Qx~x- = E(X;X}), with X} = X; — aX;_;1.

(4) Construct an asymptotic variance estimator for Ba and show that it
is consistent for the avar(y/nf,).

(5) Construct a t-test statistic for the null hypothesis Hy : R8° = r,
where R is a 1 x K nonstochastic vector, and r is a constant scalar. Derive
the asymptotic distribution of the proposed t-test statistic under Hy.

(6) Construct a Wald test statistic for the null hypothesis Hy : R3° = r,
where R is a J x K nonstochastic vector, and r is a J x 1 nonstochastic vec-
tor. Derive the asymptotic distribution of the proposed Wald test statistic
under Hj.

6.8. Consider the Cochrane-Orcutt procedure in Section 6.8. Suppose
Assumptions 6.1 to 6.4 hold, {e:} follows a stationary AR(p) process
er = Y i_y ajer—j + v, where {v;} ~ 1ID(0,07), 0 < 05 < oo, and the
autoregressive coefficients {a?};_, are known. Show:

(1) The Cochrane-Orcutt estimator [ is consistent for 5° as n — oo.
Give your reasoning.

(2) /n(B — °) follows an asymptotic normal distribution. Give your
reasoning.

6.9. Consider the Cochrane-Orcutt procedure in Section 6.8. Suppose
Assumptions 6.1 to 6.4 hold, {e;} follows a stationary AR(p) process
er = Y0 ajerj + vy, where {v;} ~ 1ID(0,07), 0 < 07 < oo, but the
autoregressive coefficients {a;? }§:1 are unknown. We consider the adaptive
feasible Cochrane-Orcutt estimator 3, described in Section 6.8.

(1) Show that S, is consistent for 8° as n — co. Give your reasoning.

(2) Derive the asymptotic distribution of \/n(8 — 8°). Give your rea-
soning.

(3) Does the first stage estimation of the autoregressive coefficients
{a2}?_, have any impact on the asymptotic distribution of V(B — B°)?
Explain.



Chapter 7

Instrumental Variables Regression

Abstract: In this chapter we first discuss possibilities that the orthogonal-
ity condition E(g¢|X:) = 0 may fail, which will generally render inconsis-
tent the OLS estimator for the true model parameter. We then introduce
a consistent Two-Stage Least Squares (2SLS) estimator, investigating its
statistical properties and providing intuitions for the nature of the 2SLS
estimator. Hypothesis tests are constructed. We consider various test pro-
cedures corresponding to the cases for which the regression disturbance is
an MDS with conditional homoskedasticity, an MDS with conditional het-
eroskedasticity, and a non-MDS process, respectively. The latter case will
require consistent estimation of a long-run variance-covariance matrix. It
is important to emphasize that the t-test and F-test statistics obtained
from the second stage regression estimation cannot be used even for large
samples. Finally, we conclude this chapter by presenting a summary of
econometric theory for linear regression models developed in Chapters 2
to 7.

Keywords: Endogeneity, Errors in variables, Hausman’s test, Instrumen-
tal Variables (IV), Measurement errors, Omitted variables, Orthogonality
condition, Simultaneous equations bias, 2S5LS

7.1 Motivation

In all previous chapters, we always assumed that E(e;|X;) = 0 holds even
when there exist conditional heteroskedasticity and autocorrelation. This
ensures consistency of the OLS estimator for the true parameter value 5°.

Questions: When may the condition E(e|X;) = 0 fail? And, what will
happen to the OLS estimator § if E(e;|X;) = 0 fails?

293
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There are at least three possibilities where E(¢¢|X;) = 0 may fail. The
first is model misspecification (e.g., functional form misspecification or ex-
istence of omitted variables). The second is the existence of measurement
errors in regressors (also called errors in variables). The third is the esti-
mation of a subset of a simultaneous equations system. We will consider
the last two possibilities in this chapter. For the first case (i.e., model mis-
specification), it may not be meaningful to discuss consistent estimation of
the parameters in a misspecified linear regression model except for some
special cases such as existence of omitted variables.

We first provide some examples in which E(e¢|X;) # 0.

Example 7.1. [Errors of Measurements or Errors in Variables]:
Often, economic data measure concepts that differ somewhat from those of
economic theory. It is therefore important to take into account errors of
measurements. This is usually called errors in variables in econometrics.
Consider a DGP

Vi =65+ BYXT + e, (7.1)

where X} is income, Y;* is consumption, and {u;} is IID(0,02) and is
independent of {X;}.

Suppose both X} and Y,* are not observable. The observed variables
X; and Y; contain measurement errors in the sense that

Xt = Xt* + Vt, (72)
Y} = Y;* + We,

where {v;} and {w:} are measurement errors independent of {X;} and
{Y;*}, such that {v;} ~ IID(0,02) and {w;} ~ 1ID(0,02). We assume that
the series {v¢}, {w:} and {u;} are all mutually independent of each other.

Because we only observe (X4, Y;), we are forced to estimate the following
regression model

Yy = B3 + B X + e, (7.4)

where ¢; is some unobservable disturbance.

Clearly, the disturbance ¢, is different from the original (true) distur-
bance u;. Although the linear regression model is correctly specified, we no
longer have E(e¢|X;) = 0 due to the existence of the measurement errors.
This is explained below.
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Question: If we use the OLS estimator B to estimate this model, is B
consistent for 5°7

From the general regression analysis in Chapter 2, we have known that
the key for the consistency of the OLS estimator § for 8° is to check if
E(X:e:) = 0. From Egs. (7.1) to (7.3), we have

Y =Y +w
= (8§ + BY X[ + ut) + wy,
Xt :X: +’Ut.

Therefore, from Eq. (7.4), we obtain
e =Y, —B5 — BiXe
= 60 + B1X + ws +wi] = 65 — BY(X] + i)
= U + W — 5?’1&.

The regression error €; contains the true disturbance u; and a linear com-
bination of measurement errors.
Now, the expectation

E(Xier) = E[(X] +vi)ed]
= E(X[et) + E(vie)
=0— BYE(v})
= B0}
£0.

The regressor vector X; is correlated with the error €;. Consequently, by
WLLN, the OLS estimator

n
B—pB°=Qy\n* ZXt&s
=1
P -1
— QXXE(tht)

= —Bo2Qyx # 0.

In other words, B is not consistent for 5° due to the existence of the mea-
surement errors in regressors {X;}.

Question: What is the effect of the measurement errors {w;} in the de-
pendent variable Y;?
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Example 7.2. [Errors of Measurements in Dependent Variable]:
Now we consider a DGP given by

Y =580+ BT XY + e,

where X} is income, Y;* is consumption, and {u;} is IID(0,02) and is
independent of {X;}.
Suppose X/ is now observed, and Y;* is still not observable, such that

X, = X7,
Y; = Y;* +wt7

where {w;} is 1ID(0,02) measurement errors independent of {X;} and
{Y;*}. We assume that the two series {w;} and {u;} are mutually indepen-
dent.

Because we only observe (X, Y;), we are forced to estimate the following
model

Y = B0 + B Xt + &t

Question: If we use the OLS estimator B to estimate this model, is 3
consistent for 5°7

The answer is yes! The measurement errors in Y; do not cause any
trouble for consistent estimation of 3°.

The measurement error in Y; can be regarded as part of the true regres-
sion disturbance. It increases the asymptotic variance of \/ﬁ(B — [3°), that
is, the existence of measurement errors in Y; renders the estimation of S°
less precise.

Example 7.3. [Errors in Expectations]: Consider a linear regression
model

Yy = Bo + B1X{ 4wy,

where X/ is the economic agent’s conditional expectation of X; at time
t — 1, and {u} is an IID(0, 02) sequence with E(u;|X;) = 0. The condi-
tional expectation X/ is a latent variable. Examples include the Phillips
(1958) curve’s based expected inflation rate models in macroeconomics and
Friedman’s (1957) permanent income hypothesis.

When the economic agent follows rational expectations, then X} =
E(X¢|I;—1) and we have

Xt :X: +Ut,
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where
E(vt‘It—l) = 0,

where I;_; is the information available to the economic agent at time ¢ — 1.
Assume that two error series {u;} and {v;} are mutually independent.
We can consider the following regression model

Y = B3 + Bi Xt + e,
where the error term
et = U — Pvs.
Since

E(Xyer) = EI(X] + ) (ug — Biog)]
— —pte?

£0

provided B¢ # 0, the OLS estimator is not consistent for 35.
It may be noted that some forecast variables obtained from survey data
have been used for X; in empirical studies in economics.

Example 7.4. [Market Microstructure Noises and Realized Vola-
tility]: Microstructure noise is a deviation from the fundamental value that
is induced by the characteristics of the market under consideration, such
as bid-ask bounce, discreteness of price change, latency, and asymmetric
information of traders. Originally, it comes from the bid-ask bounce, i.e.,
the fact that even if volatility is zero, there are buyers and sellers at different
prices and consequently we observe prices at bid or ask prices, and not at
mid-prices. As a result, if we use the classical quadratic variation estimator
for the squared volatility: even with an underlying volatility of zero, we
will measure a lot of times (P,sx — Pyia)?, where Pug and Py;g are the ask
and bid prices.

Assume that the unobserved mid-price between time 0 and time T
(where T is fixed) follows a discretized arithmetic Brownian motion

Pl = Pis + o (i6)Vvit1,

where § is the sampling interval over time, the square of o(id) is an in-
stantaneous volatility at time ¢d, and {v;} is a sequence of IID N(0,1)
innovations that derives the movements of the mid-price.
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On the other hand, the actual price observed at time 9 is
Pis = Pjs +¢cis5,

where ¢;5 is the market microstructure noise around half a bid-ask spread at
time point id, explaining why the traded price is not exactly the mid-price.
It is assumed that ;5 is independent of the mid-price Pj5. For simplicity,
we further assume that the market microstructure noises {e;5} are an IID
(0,02) sequence. (It is possible that {e;5} may become a serially correlated
sequence when the sampling interval 6 becomes small.)

Now suppose we are interested in estimating the integrated volatility

T
V:/ o?(t)dt,
0

when we have a discretized sample {P;s}"_; of size n over the time period
[0,T], with a sampling interval § = T'/n. A popular estimator is called the
realized volatility, defined as

A~ n 2
V= Z (Pis — Pi—1ys) " -
i=1
It can be shown that the estimation bias

. n 2
B(V) =V =Y B [(P5 = Ping) + (s —cvs)] —V
=1

n

+ Z E(eis — 5(i—1)5)2
i=1

> B(Pj5— P} 4y,)" -V
i=1
=2n02[1 + o(1)] as n — oc.

This implies that the estimator of the squared volatility increases lin-
early with the sampling frequency, and this comes only from the microstruc-
ture noise. Thus, the microstructure noise is a disturbance that may make
high frequency estimates of some parameters (e.g., the realized volatility)
inconsistent.

For an excellent account of market microstructure, readers are referred

to O’Hara (1995).

Example 7.5. [Omitted Variables]: Consider an earning equation

Y, = X{B° + vA: + uy,
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where Y; is earning, X; is a vector consisting of working experience and
schooling, and A; is ability which is unobservable, and the disturbance wu;
satisfies the condition that E(u:|X¢, A¢) = 0. Because one does not observe
ability Ay, one is forced to consider the regression model

Y, = X;8° + &

and is interested in knowing the value of parameter vector 8°, the marginal
effects of schooling and working experience. However, we have E(Xe;) # 0
because A; is usually correlated with X;. Obviously, this is a misspecified
model but one may be still interested in estimating the parameter value 5°,
particularly the rate of return to education.

Example 7.6. [Production-Bonus Causality]: Consider an extended
production function DGP

In(Y;) = 85 + 87 In(Le) + B3 n(Ky) + B3 By + €4,

where Y;, L; and K; are output, labor and capital stock respectively, B; is
the proportion of bonus out of total pay, and ¢ is a time index. Without
loss of generality, we assume that

0,
E[In(L)ey] = 0,
0.

Economic theory suggests that the use of bonus in addition to basic wage in
state-owned enterprises will provide a stronger incentive for workers to work
harder in a transitional economy. This theory can be tested by checking
whether 39 = 0. However, the test procedure is complicated because there
exists a possibility that when a state-owned enterprise is more productive,
it will pay more bonus to workers regardless of their effort. In this case,
the OLS estimator 33 is not consistent for 59 and so cannot be used to test
the null hypothesis.

Why?

To reflect the fact that a more productive state-owned enterprise pays
more bonus to its workers, we can assume a structural equation for bonus:

B, = af + af In(Y;) + wy, (7.5)

where a§ > 0, and {w,;} is an IID(0,02) sequence that is independent of
{Y;}. For simplicity, we assume that {w,} is independent of {e;}.
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Put X; = [1,1n(L¢), In(Ky), By)'. Now, from Eq. (7.5) and then Eq. (7.4),
we have

E(Bier) = E(af + of In(Y2) 4+ wy)ey]
= o E[In(Y}:)e)
= afﬂgE(Btst) + Oé‘le(éf?).

It follows that
af

E(B = —
o) = T agag”

240,

where o2

= var(e;). Consequently, the OLS estimator 53 is inconsistent for
B9 due to the existence of the reserved causality from productivity In(Y3)
to bonus B;. It is now clear why we say that there exists endogeneity if
E(e]X:) # 0. When there exists a reserved causality from productivity
to bonus, bonus is an endogenous variable because it is determined by
productivity. As a result, &, is correlated with bonus so that E(e¢|B;) # 0.
In contrast, if there is no reserved causality from productivity to bonus,
bonus will be an exogenous variable and E(g¢|B;) = 0.

The bias of the OLS estimator for 5§ in the above model is usually
called the simultaneous equation bias because it arises from the fact that
the productivity function is but one of the two equations that hold simulta-
neously. This is a common phenomenon in economics. It is the rule rather
than the exception for economic relationships to be embedded in a simul-
taneous system of equations. Below we consider two more examples with
simultaneous equations bias.

Example 7.7. [Simultaneous Equations Bias]: We consider the fol-
lowing simple model of national income determination:

Cy = By + 11 + &4, (7.6)
I; = Ciy + Dy, (7.7)

where I is income, C; is consumption expenditure, and D; is non-
consumption expenditure. The variables I; and Cy are called endogenous
variables, as they are determined by the two-equation model under study.
The variable Dy is called an exogenous variable, because it is determined
outside the model. We assume that {D,} and {&;} are mutually indepen-
dent, and {e;} is IID(0, o2).
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Question: If the OLS estimator B is applied to the first equation, is it
consistent for 5°7

To answer this question, we have from Eq. (7.7)

E(Iiey) = E[(Cy + Di)ed
= E(Cier) + E(Dier)
= BYE(Iie;) + E(?) + 0.

It follows that
1

E(Ité:t) = 17500'
et

2 £0.
Thus, B is not consistent for 5°.

In fact, this bias problem can also be seen from the so-called reduced
form model.

Question: What is the reduced form?

Solving for Egs. (7.6) and (7.7) simultaneously, we can obtain the
“reduced forms” that express endogenous variables in terms of exogenous
variables and disturbances:

86 BY 1

Cy = D

t 1*51O+1*5f t+175f5t7
0 1 1

Lo

= D .
[ T ey

Obviously, I; is positively correlated with e; (i.e., E(I;e¢) # 0). Thus,
the OLS estimator for the regression of C; on I; in Eq. (7.6) will not be
consistent for 57, the parameter for MPC. Generally speaking, the OLS
estimator for the reduced form is consistent for new parameters, which are
functions of original parameters.

Example 7.8. [Wage-Price Spiral Model]: Consider the system of
equations
Wi =86 + BT P + 85D + 4, (7.8)
Pt = 058 + Oé‘l)Wt + Vt, (79)

where Wy, P,, D, are wage, price, and excess demand in the labor market
respectively. Eq. (7.8) describes the mechanism of how wage is determined.
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In particular, wage depends on price and excess demand for labor. Eq. (7.9)
describes how price depends on wage (or income).

Suppose D; is an exogenous variable, with E(e;|D;) = 0. There are two
endogenous variables, W; and P, in the system of equations in (7.8) and
(7.9).

Question: Will W; be correlated with v;7 And, will P; be correlated with
5t?

To answer these questions, we first obtain the reduced form equations:

W :58+5f040 b7 D +5t+5fvt

" 1By T 1-pay " 1 Brag

P = ag afps D +Oéi)€t+11t
til_ 0,0 1 — Boq® t 1— Beq°"

Biaf piag BYog

Conditional on the exogenous variable D;, both W; and P; are correlated
with e; and vs. As a consequence, both the OLS estimator for 8¢ in Eq. (7.8)
and the OLS estimator for af in Eq. (7.9) will be inconsistent.

In this chapter, we will consider a method called Two-Stage Least
Squares (2SLS) estimation to obtain consistent estimators for the unknown
parameters in all above examples except for the parameter 35 in Eq. (7.8)
of Example 7.8. No method can deliver a consistent estimator for 59 in
Eq. (7.8) because it is not identifiable. This is the so-called identification
problem of simultaneous equations.

To see why there is no way to obtain a consistent estimator for £9 in
Eq. (7.8), from Eq. (7.9), we can write

o
1
Wy=- 4y —p - (7.10)
Qy Q

Let a and b be two arbitrary constants. We multiply Eq. (7.8) with a,
multiply Eq. (7.10) with b, and then add them together:

b b b
(a+ bYW, =af? — 2L ¢ <aﬂ§ + > P, + afSD; + <ast - vt> ,
(e %) (65 (6%}

or

afy bay 1 b
= —_ o _ P
Wi {a—&—b (a+b)a§]+a+b aﬁ2+ag ‘

afs 1 b
Dy + —— - — . 7.11
+a+b t+a+b<a€t agvt> ( )
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This new equation, (7.11), is a combination of the original wage equation
(7.8) and price equation (7.9). It is of the same statistical form as Eq. (7.8).
Since a and b are arbitrary, there is an infinite number of parameters that
can satisfy Eq. (7.11) and they are all indistinguishable from Eq. (7.8).
Consequently, if we use OLS to run regression of W; on P; and Dy, or more
generally, use any other method to estimate Eq. (7.8) or Eq. (7.11), there
is no way to know which model, either Eq. (7.8) or Eq. (7.11), is being
estimated. Therefore, there is no way to estimate 3. This is the so-called
identification problem for simultaneous equations models. To avoid such
identification problems in simultaneous equations, certain conditions are
required to make the system of simultaneous equations identifiable. For
example, if an extra variable, say money supply growth, is added in the
price equation in (7.9), we then obtain

Pt = 048 + Oé?Wt + Oéth + V¢, (712)

then the system of Eqgs. (7.8) and (7.12) becomes identifiable provided a§ #
0, and as a result, the parameters in Eqgs. (7.8) and (7.12) can be consistently
estimated.

Question: Check why the system of Egs. (7.8) and (7.12) is identifiable.

We note that for the system of Eqgs. (7.8) and (7.9), although Eq. (7.8)
cannot be consistently estimated by any method, Eq. (7.9) can be con-
sistently estimated using the method proposed below. For an identifiable
system of simultaneous equations with simultaneous equations bias, we can
use various methods to estimate them consistently, including 2SLS, the
Generalized Method of Moments (GMM) and the Quasi-Maximum Likeli-
hood Estimation (QMLE). These methods will be introduced below and in
subsequent chapters.

7.2 Framework and Assumptions

We now provide a set of regularity conditions for our formal analysis in this
chapter.

Assumption 7.1. [Ergodic Stationarity]: {Y;, X/, Z;}; is an observ-
able ergodic stationary stochastic process, where X; is a K x 1 vector, Z;
isan [ x 1 vector, and | > K.
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Assumption 7.2. [Linearity]:
Y;:Xt/50+5ta t=1,..,n,

for some unknown K x 1 parameter vector 5° and some unobservable dis-
turbance e;.

Assumption 7.3. [Nonsingularity]: The K x K matrix
Qxx = B(X:X})

is symmetric, finite and nonsingular.

Assumption 7.4. [Instrumental Variables (IV) Conditions]:
(a) B(el|X) £0:
(b) E(et|Z:) = 0;
(¢) The I x I matrix

Qzz = E(Z,Z;)
is finite and nonsingular, and the [ x K matrix
Qzx = E(Z:X])

is finite and of full rank.

Assumption 7.5. [CLT]: As n — oo, n” Y231 | Zigy 4 N(0,V)
for some K x K symmetric, finite and nonsingular matrix V =
avar(n~V2 301 Ziey).

Assumption 7.1 allows for IID observations and stationary time series
observations.

Assumption 7.5 directly assumes that CLT holds. This is called a
“high level assumption.” It covers three cases: IID, MDS and non-MDS
for {Xye:}, respectively. For an IID or MDS sequence {Z;e.}, we have
V = var(Ze) = FE(Z;ZJe?). For a non-MDS process {Z;ei}, V =

J‘?‘;foocov(Ztst, Zy_je—;) is a long-run variance-covariance matrix.

The random vector Z; that satisfies Assumption 7.4 is called the in-
strumental variables (IV) or simply instruments. The concept of IV was
first derived by Philip Wright, possibly in coauthorship with his son Sewall
Wright, in the context of simultaneous equations in his book The Tariff
on Animal and Vegetable Oils in 1928. In 1945, Olav Reiers¢l applied the
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same approach in the context of errors-in-variables models in his disserta-
tion, giving the method its name. For the history of IV regression, readers
are referred to Stock and Trebbi (2003).

When E(e|X:) # 0, we usually (but not always) have E(Xe;) # 0. As
a result, the OLS estimator is not consistent for 5°. Now suppose we have
an instrument vector Z; with F(e:|Z;) = 0, which implies E(Z;e;) = 0.
Then we can first project X; onto Z; and then run a regression of Y; on the
projection. This will deliver consistent estimation of 3°.

The IV method is often used to estimate causal relationships when con-
trolled experiments are not feasible or when a treatment cannot be suc-
cessfully delivered to every unit in a randomized or controlled experiment.
Intuitively, IV is used when an explanatory variable of interest is correlated
with the regression disturbance. A valid instrument induces changes in the
explanatory variable but has no effect on the dependent variable, allowing
a researcher to uncover the causal effect of the explanatory variable on the
dependent variable.

As we shall show, IV methods allow for consistent estimation when ex-
planatory variables are correlated with disturbances in a regression model.
Such correlation may occur when changes in the dependent variable change
the values of at least one of the explanatory variables (“reversed” causa-
tion), when there are omitted variables that affect both the dependent and
explanatory variables, or when explanatory variables are subject to mea-
surement errors. Explanatory variables which suffer from one or more of
these issues in the context of a regression are sometimes referred to as en-
dogenous variables. In this situation, the OLS method produces biased and
inconsistent estimates. However, if an instrument is available, consistent
estimates may still be obtained. An instrument is a variable that does
not itself belong to the set of explanatory variables but is correlated with
endogenous variables. For linear models, Assumptions 7.4(b) and 7.4(c)
are two main requirements for IVs. When Assumption 7.4(b) holds, the
instrument vector Z; is called to satisfy the exclusion restriction.

The condition that [ > K in Assumption 7.1 implies that the number of
instruments in Z; is larger than or at least equal to the number of regressors
in X;.

Question: Why is the condition of [ > K required?

Question: How to choose instruments Z; in practice?
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First of all, one should analyze which explanatory variables in X; are
endogenous or exogenous. If an explanatory variable is exogenous, then this
variable should be included in Z;, the set of instruments. For example, the
constant term should always be included, because a constant is uncorrelated
with any random variables. All other exogenous variables in X; should also
be included in Z;. If kg of the K regressors are endogenous, one should find
at least ky additional instruments.

Most importantly, we should choose an instrument vector Z; which is
closely related to X; as much as possible. As we will see below, the strength
of the correlation between Z; and X; affects the magnitude of the asymp-
totic variance of the 2SLS estimator for 8° which we will propose, although
it does not affect the consistency provided the correlation between Z; and
X; is a non-zero constant.

In time series regression models, it is often reasonable to assume that
lagged variables of X; are not correlated with ;. Therefore, we can use
lagged values of X;, for example, X; 1, as an IV. This IV is expected
to be highly correlated with X; if {X;} is a time series process. In light
of this, we can choose the set of instruments Z; = (1,In Ly, In K3, B;—1)’ in
estimating Eq. (7.4) in Example 7.1, choose Z; = (1, Dy, I;_1)’ in estimating
Eq. (7.6) in Example 7.7, choose Z; = (1, Dy, P,—1)’ in estimating Eq. (7.8)
in Example 7.8. For examples with measurement errors or expectational
errors, where F(X;e;) # 0 due to the presence of measurement errors or
expectational errors, we can choose Z; = X;_ if the measurement errors
or expectational errors in X; are serially uncorrelated. The expectational
errors in X; are MDS and so are serially uncorrelated in Example 7.3 when
the economic agent has rational expectations.

In empirical studies involving IV regressions, it is not rare to find that
the correlation between Z; and X; is low, that is, the instrument vector
Z; can only explain a small proportion of variations in the endogenous
vector X;. In this case, Z; is called a weak instrument. In econometrics,
this scenario is often modelled that the partial correlation between Z; and
Xt, as measured by F(Z;X]), vanishes to zero as the sample size n — oo,
namely, E(Z;X}) = n~Y/2C, where C is an | x K constant matrix. In this
case, IV regressions such as the 2SLS method to be introduced below will
not yield consistent estimation of 5°. See Staiger and Stock (1997) for more
discussion.
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7.3 Two-Stage Least Squares (2SLS) Estimation

Question: Because E(g;|X;) # 0, the OLS estimator 3 is not consistent
for the true parameter value 3°. How to obtain a consistent estimator for
(3° in situations similar to the examples described in Section 7.17

It should be pointed out that when E(e:X:) # 0, endogeneity arises
due to various reasons including model misspecification. However, it may
still make sense to find out the expected marginal effect of explanatory
variables X; on the dependent variable Y;, even if the linear regression
model is misspecified. For example, although Example 7.5 suffers from an
omitted variable problem, one may be still interested in knowing the rate
of return to education. This requires consistent estimation of 8°.

We now introduce the 2SLS procedure, which can consistently estimate
B° when E(e¢|X:) # 0. The 2SLS procedure can be described as follows:

Stage 1: Regress X; on Z; via OLS and save the predicted value X,. This
is the projection of X; on Z;.
Here, we consider an auxiliary linear regression model is
Xt :'y’Zt—l—vt, t= 1,...,7’L,

where v is an [ x K parameter matrix, and v; is a K x 1 regression error.
From Theorem 2.4 in Chapter 2, we have E(Z;v;) = 0 if and only if ~ is
the best least squares approximation coefficient, i.e., if and only if

v = B(Z.Z)| ' E(ZX)).
In matrix form, we can write
X =Zvy+ v,

where X is an n X K matrix, Z is an n X [ matrix, v is an [ x K matrix,
and v is an n X K matrix.
The OLS estimator for ~ is

4=(2'2)7'Z’X

n 1 n
- <n—1 ZZtZ£> 'y ZX].
t=1 t=1

The predicted value or the sample projection of X; on Z; is

Xy =42,
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or in matrix form
X =74=7Z(Z'2)"'7Z'X.

Stage 2: Use the predicted value X, as regressors for Y;. Regress Y; on
Xy, and the resulting OLS estimator is called the 2SLS estimator, denoted
as fBogrs. This is the regression of Y; on the projection in the first stage.

Question: Why use the fitted value X, = 4'Z; as regressors in the second
stage?

We first consider the auxiliary regression
Xe =72 + vy,

where v is the best linear least squares approximation coefficient, and so
vy is orthogonal to Z; in the sense E(Ziv;) = 0. Because E(Z;e) = 0, the
population projection v’ Z; is orthogonal to . In general, v; = X; — ' Z;,
which is orthogonal to Z;, is correlated with ;. In other words, the auxiliary
regression in the first stage decomposes X; into two components: +'Z; and
vy, where v’ Z; is orthogonal to €;, and v, is correlated with &;.

Since the best linear least squares approximation coefficient v is un-
known, we have to replace it with the estimator 4. The fitted value
Xt = 4'Z; is the (sample) projection X; onto Z;. The regression of X;
on Z; purges the component of X; that is correlated with e; so that the
projection X, is approximately orthogonal to ¢, given that Z; is orthogonal
to g;. The word “approximately” is used here because 4 is an estimator of
~ and thus contains some estimation error.

The regression model in the second stage can be written as

Y, = X{B° + i
or in matrix form
Y = X3° + .
Note that the disturbance u; is not &; because Xt is not Xj.

Using X = Z4 = Z(Z'Z) 'Z'X, we can write the second stage OLS
estimator, namely the 2SLS estimator as follows:
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(Z9)(ZA) 1 (23)'Y
={(2(2'2)"'Z’X)(2(Z'Z2)"'Z'X]} " [2(Z'Z)'Z'X]'Y
Z'7)'772(Z72) 2 X| ' X'Z(Z'Z) ' Z2'Y

Z'Z)—lZ’X]—lx’Z(z’Z)—lz’Y

[xz (zz\zx]  xz 7z 7Y

| n n n n n n

Using the expression Y = X3° + ¢ from Assumption 7.2, we have
-1

X'Z (ZZ\ ' ZX| XZ (ZZ\ ' Ze

n n n n n n

= (QXZQ}leZX) QxzQ5% Zn ;

-1

Bosrs — ° =

where

!

. Z .
Qzz==>=n 1ZZtZ£,

N X'Z
QRxz = =nt Z X7y,

/

Qzx = T =n! ZZtXt/ = Qxz-

Question: What are the statistical properties of Bgs Ls?

7.4 Consistency of the 2SLS Estimator
By WLLN for an ergodic stationary process, we have as n — oo,
QZZ £> QZZ7 I x la

Qxz 5 Qxz, K xI,
Z'e
n

L E(Zie)=0, Ix1.

Also, Qx ZQ}%Q zx is a K x K symmetric and nonsingular matrix because
Qxz is of full rank, @z is nonsingular, and [ > K. It follows from
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continuity that
A -1 B 1
(QXZQzleZX> 5 (QxzQ55Qzx) .
Consequently, we have

BasLs — B° (QXZQE}QZXY1 QxzQ,y - 0=0.

We now state this consistency result in the following theorem.

Theorem 7.1. [Consistency of 2SLS]: Under Assumptions 7.1 to 7.4,
as n — 0o,

A P,
Basrs = B°.

To provide intuition why the 2SLS estimator BQSLS is consistent for 3°,
we consider the linear regression model

Y;g = X{ﬁo + &¢.

The OLS estimator B is not consistent for §° because E(X;e;) # 0. Suppose
now we decompose the regressor X; into two components:

X = Xt‘f'vt,

where X, = ~'Z; is a projection of X; on Z; and so it is orthogonal to &;.
The other component, v; = X; — Xt, is generally correlated with ¢; but is
uncorrelated with X,. Thus, consistent estimation for 3° is possible if we
observe X; and run the following regression

Y = X[3°+ e
= X{6° + (vi8° + &1)
= X{BO + Ut,
where u; = v;3° + &, is the disturbance when regressing Y; on X,. Because
E(Xtut) = ’y’E(Ztut)

= E(Zw;)B° + ' E(Zey)
f— ()7

the OLS estimator of regressing V; on X; would be consistent for 3°.
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However, X; = +'Z, is not observable, so we need to use a proxy, i.e.,
X; = 4'Z;, where 4 is the OLS estimator of regressing X; on Z;. The
corresponding regression model becomes

Y, = Xtﬁo + .

This results in the 2SLS estimator @SLS. We note that where 4; # u; since
X; # X;. However, because ¥ — 7 as n — oo, we have

ﬁt = Ut — (Xt - Xt)/ﬁo = Ut — Z;(’? - V)BO
will coverage to u;. Therefore, the estimation error of 4 in the first stage

does not affect the consistency of the 2SLS estimator B.

Question: Is 2SLS BQSLS still consistent for g° if E(e4|Z:) # 0 but
E(Zt€t) =07

7.5 Asymptotic Normality of the 2SLS Estimator

We now derive the asymptotic distribution of BQSLS. Write
1 Z'e

Vn(Basrs — 5°) = (QXZQ}leZX)_l QXZQ}Z%

‘e

N

A.

Bl

where the K x [ matrix
- A A A -1 4 ~
A= (QXZQEleZX) QxzQzy
By the CLT assumption (Assumption 7.5), we have

ZIE 1 i d
—=n 2 E Zey —>N(O,V),
v =

where V is an [ X [ symmetric, finite and nonsingular matrix. By Slutsky’s
theorem, we have

Vn(Basrs — 5°) it (QXZQE}QZXY1 QxzQ5y  N(0,V)
~ N(0,AVA)
~ N(0,9Q),
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where A = (QxzQ,,Qzx) 'QxzQ is the probability limit of A. The
asymptotic variance of /nf2srs

avar(vnfasps) = Q
= AV A’

= [(QXZQ;ZQZX>71 QXZQE%:| |4 |:<QXZQ}12QZX>71 QXZQEIZ}

= <QXZQE12QZX> - Qx2Q,,VQ,5Qzx (QXZQEIZQZX>71 .

Theorem 7.2. [Asymptotic Normality of 2SLS]: Under Assumptions
7.1 to 7.5, as n — o0,

Vi(Basrs — 8°) 5 N(0,9).

The estimation of V' depends on whether {Z;e;} is an MDS. We first
consider the case where {Z;e,} is an MDS. In this case, V = E(Z,;Z}c?)
and so we need not estimate a long-run variance-covariance matrix.

Case I: {Z;e;} Is an Ergodic Stationary MDS

Assumption 7.6. [MDS]: (a) {Zie;} is an MDS; (b) var(Zie;) =
E(Z;Z}e?) is an | x | symmetric, finite and nonsingular matrix.

Corollary 7.1. Under Assumptions 7.1 to 7.4 and 7.6, we have as n — oo,

Vi(Bass — 5°) 5 N(0,9),
where Q is defined as above with V = E(Z;Z}e?).

There is no need to estimate a long-run variance-covariance matrix but
Q involves the heteroskedasticity-consistent variance-covariance matrix V.

When {Z,e,} is an MDS with a conditionally homoskedastic disturbance
¢, the asymptotic variance {2 can be greatly simplified.

Assumption 7.7. [Conditional Homoskedasticity]|: E(c?|Z;) = o2.



Instrumental Variables Regression 313

Note that the conditional expectation in Assumption 7.7 is conditional
on Z;, not on X;. Under this assumption, by the law of iterated expecta-
tions, we obtain

V = E(Z,Z]e?)
E[Z:Z,E(e}|Z1)]
o’E(Z:Z})

=0%Qzz.

It follows that

Q= (QxzQ75Q2x) 'Qx2Q,,0°Q22Q,,Q2x(Qx2Q,;Qzx) "
=0’ (QxzQ5,Qzx)".

Corollary 7.2. [Asymptotic Normality of 2SLS Under MDS with
Conditional Homoskedasticity]: Under Assumptions 7.1 to 7.4, 7.6
and 7.7, we have as n — 00,

Vi(Basrs — 8°) > N(0,9),

where
Q=0*(QxzQ,,Qzx)""

Case II: {Z,;¢,} Is an Ergodic Stationary Non-MDS

In this general case, we have

V = avar (’n_l/2§n:zt5t> = i I'(j)

t=1 j=—00

where I'(j) = cov(Ziet, Zi—jer—j). We need to use a consistent long-run
variance-covariance matrix estimator for V. When {Z;e;} is not an MDS,
there is no need (and in fact there is no way) to consider conditional ho-
moskedasticity and conditional heteroskedasticity separately.

7.6 Interpretation and Estimation of Asymptotic
Variance-Covariance Matrix of the 2SLS Estimator

The asymptotic variance-covariance matrix € of BQSLS is so complicated
that it will be highly desirable if we can find an interpretation to help
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understand its structure. What is the nature of BQS r.s? How to understand
the structure of Q7
Let us revisit the second stage regression model

Y, = X3° + i,
where the regressor
X =42
is the sample projection of X; on Z;, and the disturbance 4; = Y; — X{BO

Note that 4; # €; since X, # X;. Given Y; = X/° + &; from Assumption
7.2, we have

i =Y, - X5
=g+ (X¢ — Xt)lﬁo
=&t + ’Oéﬁoa
where ¢; is the true disturbance and v; = X; — Xt = X, —4'Z;. Since 9, is
the estimated residual from the first stage auxiliary OLS regression

X =Zvy+v,
we have the following FOC:
Z/(X-X)=2Z"0=0.

It follows that the 2SLS estimator

because X't = 4'Z'6 = 0 (why?). Therefore, the asymptotic properties of
Basrs are determined by

~

Bosrs — B° = (X'X)"1X/e

N =1
(XX X
a n n

In other words, the estimated residual v = X — X from the first stage
regression has no impact on the statistical properties of 82515, although it
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is a component of 4;. Thus, when analyzing the abymptotlc properties of
IBQSLS, we can proceed as if we were estimating ¥ = XB" + ¢ by OLS.
Next, recall that we have

X

(z Z) 1z'X
% ngQZX =7.

By WLLN, the sample projection X, converges in probability to the popu-
lation pI‘OJGCthH X, =~'Z, as n — co. That is, X, will become arbitrarily
close to X; as n — oo. In fact, the estimation error of 4 in the first stage
has no impact on the asymptotic properties of BQS LS-

Thus, for interpretational purpose, we can consider the following artifi-
cial regression model

S (7.13)
whose infeasible OLS estimator
G (X'%) XY,

As we will show below, the asymptotic properties of Bg srs are the same
as those of the infeasible OLS estimator B . This helps a lot in understanding
the asymptotic variance-covariance structure of \/’FLBQS rs- It is important to
emphasize that the equation in (7.13) is not derived from other equations.
It is just a convenient way to understand the nature of BQSLS.

We now show that the asymptotic properties of Bg srs are the same as
those of B For the asymptotic normality, observe that

Vi3 - 8 = QxS

d 1 e
S Q%% - NO,V) ~ N0,QL VALY
using the asymptotic theory in Chapters 5 and 6, where

Qxzx = E(Xi X)),

V = avar ( UQZ)QQ) .
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We first consider the case where {Z;e;} is an MDS with conditional
homoskedasticity.

Case I: MDS with Conditional Homoskedasticity

Suppose {X;e;} is an MDS, and E(¢?|X;) = 0. Then we have
V = E(X,X{e})
=0"Qxx
by the law of iterated expectations. It follows that
> oy d _
VB - 8% 5 N(0,0°Q7L).
Because Xy =7/ Z;, v = Q;ZQZX, we have
Qxx = B(X.X])
='E(ZZ)y
=7'Qzzv
=Qx2zQ,,Q22Q,,Qzx
= QXZQ}%QZ)«

Therefore,
_ _ —1
UQQX}X =0 (QXZQzleZX)

= O = avar(vnfasLs).

This implies that the asymptotic distribution of B is indeed the same as that
of Bagrs under the MDS disturbances with conditional homoskedasticity.
The asymptotic variance formula

avar(v/nfasrs) = 0° QL
=0*(vVQzz7)™!
indicates that the asymptotic variance of \/EBQS s will be large if the cor-
relation between Z; and X;, as measured by =, is weak. Thus, more precise

estimation of 8° will be obtained if one chooses the instrument vector Z;
such that Z; is highly correlated with Xj,.

Question: How to estimate 2 under the MDS disturbances with condi-
tional homoskedasticity?
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Consider the asymptotic variance estimator

“ -1
Q ZszQZX>

where 82 = &¢/(n — K), é = Y — XfasLs,

n
Qgg=n"" Zfﬁfftl,
t=1
and X, = 4'Z, is the sample projection of X; on Z;. Note that we have to
use Xt rather than X; because X; = ~'Z; is unknown.

It should be emphasized that é is not the estimated residual from the
second stage regression (i.e., not from the regression of Y on X ). This
implies that even under conditional homoskedasticity, the conventional ¢-
statistic in the second stage regression does not converge to N(0,1) in
distribution, and J - F' does not converge to x% where F'is the F-statistic
in the second stage regression.

To show Q 5 Q, we shall show: (a) Q)_(lx LS Q;(X, and (b) 82 5 62 as
n — OQ.

We first show (a). There are two methods for proving this.

Method 1: We shall show Q)_(lx LN Q}ZS{ as n — oo. Because X; = N Zy

and 4 2 ~, we have

Method 2: We shall show (QxzQ,5Qzx)"" & (QxzQ55Qzx)"" as
n — oo, which follows immediately from Qxz = Qxz and Qzz > Qzz
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by WLLN. This method is more straightforward but less intuitive than the
first method.
Next, we shall show (b) 52 % 02 as n — co. We decompose

Al A

A2 ee
S ThW-K
= _1 7 Z(Yt — X{Basis)’
= K Z et — X{(Pasws — B°))?
+ (BZSLS =B —— Z X X{(BasLs — 5°)

—2(BasLs — 50)/7 Z Xiey
n— K&

20?40 Que-0—2-0-E(Xey)

= 0'2.

Note that although E(Xie;) # 0 the last term still vanishes to zero in
probability, because ﬂgsLS —p° 50,
We have proved the following theorem.

Theorem 7.3. [Consistency of Q Under MDS with Conditional
Homoskedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.7, we have
as n — oo,

0=3Q.L 5 o=0Q =0 (Qx2Qz5Qzx)

Question: What happens if we replace 52 by the sample residual variance
estimator s2 = e’e/(n—K), where e = Y —X 32515 is the estimated residual
from the second stage regression? Do we still have s2 5 ¢2?

Case II: {Zie+} Is an MDS with Conditional Heteroskedasticity

When there exists conditional heteroskedasticity but {Z;e;} is still an
MDS, the infeasible OLS estimator g in the artificial regression

Y =XB%+¢
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has the following asymptotic distribution:

V(B = 8°) % N(0,Q7LVQTY).

where

Given X, = 7'Z;, v = Qz3Qzx, Qgx = YQzzy, and V. =
Y E(Z;Zle?)y = v V7, where V. = E(Z;Z]e?) under the MDS assump-
tion with conditional heteroskedasticity, we have

avar(vnf) = QL VQT%
— [B(X.X)] 7 B (XX} [B(GX)] !
= W E(ZeZ)N) W E(ZiZig Y E(Z 2
= (Qx2Q74Qzx) Qx2Q75VQ75Qzx (Qx2Q75Qzx) ™"
=0= avar(\/ﬁfézsw)-

This implies that the asymptotic distribution of the infeasible OLS esti-
mator [ is the same as that of Sy5rs under MDS with conditional het-
eroskedasticity. Therefore, the estimator for € is

Q= Q% Vex Qi

where
VXX =nt ZXtXéé?
= "A}// ( _1ZZt tet>

where 4 = (Z'Z)"'Z'X = Q;LQzx and & = Y; — X|fasrs. This is a
White’s (1980) heteroskedasticity-consistent variance-covariance matrix es-
timator for /BQSLS.

Now, put

V=nt Zztzg

Then

L 1L o 1
= (QXZQEleZX) 1QXZQEIZVQEIZQZX (QXZQEIZQZX) ,
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where (please check it!)

n
=n"'> Z7Z[&
t=1
BV = E(Z,Z[e)
under suitable regularity conditions.

Question: How to show Q@ % Q as n — oo under MDS with conditional
heteroskedasticity?

We first impose a moment condition:

Assumption 7.8. (a) E(Z};) < C for some constant C' < oo and for all
0<j <l and (b) E(e}) < 0.

Again, there are two methods to show Q 2 Q here.

Method 1: We shall show QXX LS Q5 and Vf(}? % V. The fact that
Q % 50 ¢ ¢ has been shown earlier in the case of conditional homoskedas-

ticity. To show VX % 5V, we write

AXA = 7IZXtXt6t

=7 <n1 > th;@%> gl
t=1
=4'V4.

Because 4 & ~, and following the consistency proof for

n~1 Y7 X;X/e? in Chapter 4, we can show that
nt Zztz' 5 B(2,7e?) =V,

under Assumption 7.8. (Please verify it!)
It follows that

Vix 2 E(ZeZie})y
=V.

This and QXX LN Q 5 ¢ imply Q5 a.
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Method 2: Given that
2 A A—1 A -1 A—1 Y7 A—1 A A A—1 A -1
Q= (QXZQZZQZX) QxzQ,,VQ,xQzx (QXZQZZQZX) ,
it suffices to show QXZ LN QXZvQZZ N Qzz and V & V. The first two
results immediately follow by WLLN. The last result follows by using a

similar reasoning of the consistency proof for n=! >°1" | X; X/e? in Chapter 4
or 5.

We now summarize the result derived above.

Theorem 7.4. [Consistency of Q Under MDS with Conditional
Heteroskedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.8, we have
as n — oo,

0= QgxVixQxx
5 0= QL VA
= (Qx2Q,7Qzx) 'QxzQ5,VQ,;Qzx(Qx2Q,,Qzx) ",
where V.= E(X,X[e2) and V = E(Z,Z|?).

Case III: {Z;e,} Is an Ergodic Stationary Non-MDS

Finally, we consider a general case where {Z;e;} is not an MDS, which
may arise as in the examples discussed in Chapter 6.

In this case, we have \/n(fas0s — 3°) 4 N(0,9Q) as n — oo, where
_ -1 -1
D=0 VQxx
= (Qx2Q,5Q2x) 'Qx2Q,,VQ,5,Q2x(Qx2Q,5Qzx)"",
with

V=Y T@G), T@G)= cov(Xier, Xijesy),

j=—o00

V=Y TG), T() = cov(Zi, Zijeiy).

j=—o0

On the other hand, we have
avar(v/nf) = Q}}VXXQ;X
= (YQxx7) V(¥ Qxx7)!
= Q = avar(vnfasrs).
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Thus, the asymptotic variance of /nfB24s is the same as that of \/nf
under this general case.
To estimate €2, we need to use a long-run variance-covariance matrix es-

timator for V or V. We directly assume that we have a consistent estimator
V for V.

Assumption 7.9. Vv &5 v = Y oo L(j), where I'(j) =
cov(Ziey, Zy—jei—j) for j > 0, and I'(j) = T'(—j5) for j < 0.
Since T'(j) = 7'T'(j)7, a consistent estimator for V = Z;’i_w ['(j) can

be given by
YVA BV asn — co.

Theorem 7.5. [Consistency of ! Under Non-MDS]: Under As-
sumptions 7.1 to 7.4, and 7.9, we have as n — o0,

A _ A-11r  A-1
=0 Vxxlsx
= (QxzQ75Qzx) ' Qx2Q,;VQ;;Qzx(Qx2zQ,5Qzx) "
P -1 Tr-1
= 0=V
where VXX = 4V4 and
Q= (QxzQ73Qzx) 'Qx2zQ75VQ;,Qzx(Qx2zQ,5Qzx) "
With a consistent estimator of €2, we can develop various confidence

interval estimators and various tests for the null hypothesis Hy : R3° = r.
We will consider the latter now.

7.7 Hypothesis Testing

Now, consider the null hypothesis of interest
Hy: R5° =,

where R is a J x K nonstochastic matrix with full rank, r is a J X 1 non-
stochastic vector, and J < K. The test statistics will differ depending on
whether {Z,e,} is an MDS, and whether {¢,} is conditionally homoskedas-
tic when {Z;e;} is an MDS. For sake of space, we do not present the results
on t-type test statistics here when J = 1.

Case I: {Z;e:} Is an MDS with Conditional Homoskedasticity
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Theorem 7.6. [Wald Test Under Conditional Homoskedasticity]:
Puté =Y —XBasrs. Then under Assumptions 7.1 to 7.4, 7.6 and 7.7, the
Wald test statistic

_ n(Rpasrs — 1) [RX'X) 'R (RBasrs — 1)

d 2
W= &e/(n— K) R

as n — oo, under Hy.

Proof: The result follows immediately from the asymptotic normality the-
orem (Corollary 7.2) for \/E(BQSLS —3°), Hy (which implies \/H(RBQSLS —
r) = R\/’FL(BQSLS — /3°)), the consistent asymptotic variance estimation
theorem (Theorem 7.5), and Slutsky’s theorem.

It is important to note that W/J is not the F-statistic from the second
stage regression, because € is not the estimated residual from the second
stage regression.

Therefore, W # J - F, where

_ (eper —€elen)/J

- eeyJ(n—K) '’
where e, and e, are estimated residuals from the restricted and unrestricted
regression models in the second stage regression respectively.

Case II: {Z;e;} Is an Ergodic Stationary MDS with Conditional
Heteroskedasticity

Theorem 7.7. [Robust Wald Test Under Conditional Hetero-
skedasticity]: Under Assumptions 7.1 to 7.4, 7.6 and 7.8, the Wald test

statistic

W, = n(RBasrs — 1) (RQ;XVXXQ;XR/) o (RfasLs — 1)

d 2
— X7

as n — oo under Hy, where Vg = n~ '3 Xy X/e? and & = Y, —
L
XiBasLs.

Question: Suppose there exists conditional homoskedasticity but we use
W,.. Is W,. an asymptotically valid procedure in this case?

The answer is yes. The robust Wald test statistic W, is asymptotically
valid and so applicable under conditional homoskedasticity. However, the
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finite sample performance of W,. will be generally less satisfactory than the
Wald test statistic W in Theorem 7.6, because the latter makes use of the
information of conditional homoskedasticity. In particular, W, is expected
to have a larger discounted Type I error in small and finite samples.

Case III: {Z,e,} Is an Ergodic Stationary Non-MDS

When {Z;e;} is a non-MDS, we can still construct a Wald test which
is robust to conditional heteroskedasticity and autocorrelation of unknown
form, as is stated below.

Theorem 7.8. [Robust Wald Test Under Conditional Hetero-
skedasticity and Autocorrelation]: Under Assumptions 7.1 to 7.5 and
7.9, the robust Wald test statistic

A . A N -1 ~
W, =n(Riasis — 1) (RO Vi x Q%R (Rbasis — 1)
d 2
— X7

under Hy, where VXX = V4,4 = (Z'Z)"Z'X and V is a consistent
long-run variance-covariance matriz estimator for V = Z;’;_m I'(j) with

I'(j) = cov(Ziey, Zy—jes—j) for j >0 and T'(j) =T'(—j) for j <O.

7.8 Hausman’s Test

When there exists endogeneity so that E(Xe;) # 0, the OLS estimator B
is inconsistent for S°. Instead, the 2SLS estimator BQS s should be used,
which involves the choice of the instrument vector Z; that in turn affects
the efficiency of BQSLS. In practice, it is not uncommon that practitioners
are not sure whether there exists endogeneity. In this section, we introduce
Hausman’s (1978) test for endogeneity. The null hypothesis of interest is:

HO : E(&tht) =0.

If this null hypothesis is rejected, one has to use the 2SLS estimator
,5’25,;5 provided that one can find a set of instruments for Z; that satisfies
Assumption 7.4.

For simplicity, we impose the following conditions.

Assumption 7.10. (a) {(X/, Z})e;} is an MDS; and (b) E(e?| Xy, Z;) =

a2
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Assumptions 7.10 is made for simplicity. They could be relaxed to
be a non-MDS process with conditional heteroskedasticity but Hausman’s
(1978) test statistic to be introduced below should be generalized.

Question: How to test the conditional homoskedasticity assumption that
E(€?|Xt7 Zt) = 0'2?

Put ¢, = Y, — Xt/BQSLS. Like White’s (1980) test for conditional
heteroskedasticity in Section 4.7 of Chapter 4, we can run an auxiliary
regression of é2 on vech(U]), where U, = (X/,Z])', a (K +1) x 1 vec-
tor. Under the condition that E(e}|X,, Z;) = p4 is a constant, we have
nR? % X% under the null hypothesis of conditional homoskedasticity, where
J=1(K+1)(K+1+1)—1. Note that X; and Z; may contain some com-
mon variables. In this case, some redundant variables in vech(U;U;) should
be eliminated so as to avoid multicollinearity. As a result, the number J
of degrees of freedom of the asymptotic Chi-square distribution has to be
adjusted.

The basic idea of Hausman’s test is under Hy : E(e|X;) = 0, both
the OLS estimator § = (X’X) " 'X’Y and the 2SLS estimator fagps are
consistent for 8°. They converge to the same limit 5° in probability but it
can be shown that B is an asymptotically efficient estimator while BQS Ls is
not. Under the alternatives to Hy, BQS s remains to be consistent for [3°
but B is generally not consistent for 8°. Hausman (1978) considers a test
for Hy based on the difference between the two estimators

BQSLS - Ba

which converges in probability to zero under Hy but generally to a nonzero
constant under the alternatives to Hy, giving the test its power against
H, when the sample size n is sufficiently large. How large the difference
52 SLS — B should be in order to be considered as significantly large will be
determined by the sampling distribution of v/7(B2s1s — /).

To construct Hausman’s (1978) test statistic, we need to derive the
asymptotic distribution of \/E(BQSLS - B) For this purpose, we first state
a lemma.

Lemma 7.1. Suppose A5 A and B = Op(1). Then (A — A)B 5 0.
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We first consider the OLS estimator B Note that
V(B - 5%) = Qxx *I/QZtht

where Q)_(lx EN Q;(lX and

n 23" Xpee 5 N(0,0%Qxx)
t=1

as n — oo by CLT for an ergodic stationary MDS (Theorem 5.2). It follows
that n=1/23°" | Xye; = Op(1), and by Lemma 7.1, we have

V(B —B°) = Qx\n™/? ZXt5t +op(1).

Similarly, we can obtain

Vi(Basrs — 8°) = An~1/? Z Zyey

t=1
= An~1/? Z Zer +op(1),
t=1

where

A= (QxzQ75Qzx) ' Qx2zQ7y
5 A= (QxzQ7,Qzx) ' Qx2Q7y
and n=YV2Y" | Ziey 4 N(0,02Qzz) as n — oo (see Corollary 7.2). Tt

follows by CLT for an ergodic stationary MDS and Assumption 7.10 that
as n — 0o,

Vi(Bass — B) =n~1/? Z [(QxzQ7;Qzx) 'QxzQ55Z — Qx xXi] &t
t=1

+op(1)
L N0,02(Qx2Q75Q2x) " — 0*Q3k).

Interestingly, the asymptotic variance of \/ﬁ(ﬁgs LS — B) is equal to the dif-

ference between avar(yv/nfasrs)=02(QxzQ5;5Qzx) " and avar(fﬂ)
2Q 4, x- This follows because the asymptotic covariance between /n, 525 LS
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and \/EB is equal to avar(\/ﬁﬁ) when B is an asymptotically efficient esti-

mator under Hy. Hausman (1978) provides an intuition. We note that such

a result no longer holds when {Z;&,;} is not an MDS and/or E(¢?|Z;) # o2.
We can now construct a quadratic form

n(ézsLS - B)’ (QXZQ}IZQZX)_l - Q}lx} B (B2SLS - 3)

52

d 2
— XK

where the convergence in distribution occurs as n — oo under the null
hypothesis Hy, and s> = e’e/n is the sample residual variance estimator
based on the estimated OLS residual e = Y — X /3’ . This is called Hausman’s
(1978) test statistic.

Question: Can we replace the sample residual variance estimator s2 by
52 = é’é/n, where é =Y — X fasrs? And if so, which estimator, s? or §2,

will give a better power in finite samples?

Theorem 7.9. [Hausman’s Test for Endogeneity]: Suppose Assump-
tions 7.1 to 7.4, 7.10 and Hy hold, and Qxx — QXZQ;ZQZX is strictly
positive definite. Then as n — oo,

4% X%«
We note that in Theorem 7.9,

avar[vn(fasrs — B)] = 02(Qx2Q55Qzx) "t — 02Q%
= avar(v/nfasrs) — avar(y/nf3).

This simple asymptotic variance-covariance matrix structure is made
possible under Assumption 7.10. Suppose there exists conditional het-
eroskedasticity (i.e., E(e7| Xy, Z;) # 02). Then we no longer have the above
simple variance-covariance matrix structure for avar[y/n(8 — fas15)]. How-
ever, we can construct a robust Hausman test statistic which will follow an
asymptotic x% distribution under Hy.

Question: How to modify Hausman’s test statistic so that it remains
asymptotically x% when there exists conditional heteroskedasticity (i.e.,
E(e7| Xy, Zy) # o) but {(X], Z})'e;} is still an MDS?
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The variance-covariance matrix (Qxz QEIZQZX )t - Q}lx may become
singular when its rank J < K. In this case, we have to modify Hausman’s
test statistic by using the generalized inverse of the variance-covariance
matrix estimator:
n(Basrs — B)' [(QXZQE%QZX)*1 - Qxx| (Baszs —B)

2

S

Note that now H % x% under Hy where J < K.
Question: What is the generalized inverse A~ of matrix A?

In fact, Hausman’s (1978) test is a general approach to testing model
specification, not merely whether endogeneity exists. For example, it can be
used to test whether a fixed effect panel data regression model or a random
effect panel data regression model should be used. In Hausman (1978),
two estimators are compared, one of which is asymptotically efficient under
the null hypothesis but inconsistent under the alternative, and the other
of which is asymptotically inefficient but consistent under the alternative
hypothesis. This approach was extended by White (1981) to compare any
two different estimators either of which need not be asymptotically most
efficient. The methods of Hausman and White were further generalized
by Newey (1985), Tauchen (1985) and White (1990) to construct moment-
based tests or m-tests for model specification.

By construction, Hausman’s (1978) test is designed to test the null
hypothesis Hy : E(e¢|X:) = 0. When E(e]X:) # 0 but E(Xer) = 0,
both Basrs and A still converge to the same probability limit, rendering
Hausman’s test to have no asymptotic unit power to reject Hog : E(e¢|X;) =
0. When a test cannot reject all alternatives to a null hypothesis, we say that
the test is not a consistent test. Using a nonparametric series regression,
Hong and White (1995) propose a consistent generalized F-test for the
null hypothesis Hy : E(e¢|X;) = 0 for a parametric regression model. See
also Fan and Li (2006) and Hong and Lee (2013) for consistent model
specification tests.

Hausman’s test is used to check whether E(e¢|X;) = 0. Suppose this
condition fails. Then one has to choose an instrument vector Z; that sat-
isfies Assumption 7.4. When we choose a set of variables for Z;, how can
we check the validity of Z; as instruments? In particular, how to check
whether F(g;|Z;) = 07 For this purpose, we will consider Sargan’s (1958)
test or the so-called overidentification test to be introduced in Chapter 8.



Instrumental Variables Regression 329

7.9 Conclusion

In this chapter, we discuss the possibilities that the orthogonality condi-
tion of F(e:|X:) = 0 may fail in practice, which will render inconsistent
the OLS estimator for the true model parameter. With the use of IV, we
introduce a consistent 2SLS estimator, which is one of the most popular
methods to identify economic causal relationships using non-experimental
observations. We investigate the statistical properties of the 2SLS estimator
and provide interpretations that can enhance deeper understanding of the
nature of the 2SLS estimator. We discuss how to construct consistent esti-
mators for the asymptotic variance-covariance matrix of the 2SLS estimator
under various scenarios, including MDS with conditional homoskedasticity,
MDS with conditional heteroskedasticity, and non-MDS possibly with con-
ditional heteroskedasticity. For the latter, consistent estimation for a long-
run variance-covariance matrix is needed. With these consistent asymptotic
variance estimators, various hypothesis test procedures are proposed. It is
important to emphasize that the conventional t-test and F-test statistics
cannot be used even for large samples. We also introduce Hausman’s (1978)
test to check whether E (g X:) = 0 holds.

In fact, the 2SLS procedure is one of several approaches to consistent
estimation of model parameters when the condition of F(e;|X;) = 0 fails.
There are alternative estimation procedures that also yield consistent esti-
mators. For example, suppose the correlation between X; and &; is caused
by the omitted variables problem, namely

er = g(We) + uy,

when E(uy| Xy, W) = 0 and W, is a set of omitted variables which are
correlated with X;. This delivers a partially linear regression model

Yy = X{6° + g(Wy) + us.
Because E(Y;|Wy) = E(X|Wy)'8° + g(Wy), we obtain
Y; — E(Yy|Wy) = [Xi — E(Xe|Wh)]'B° + we
or
Yy = X787 +

where V" = Vi —E(Y:|W,) and X = X, — E(X;|W;). Because E(X;uy) =0,
the OLS estimator 8* of regressing Y,* on X;* would be consistent for g°.
However, (Y;*, X;) are not observable, so 8* is infeasible. Nevertheless, one
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can first estimate E(Y;|W;) and E(X|W;) nonparametrically, and then ob-
tain a feasible OLS estimator which will be consistent for the true model
parameter (e.g., Robinson 1988). Specifically, let rivy (W;) and rax (W;) be
consistent nonparametric estimators for E(Yy|W;) and E(X;|W;) respec-
tively. Then we can obtain an adaptive feasible OLS estimator

n -1 n
5 (zfc:ff:’) ST,
t=1 t=1

where X7 = X, — ihx (W;) and Y;* = Y; — rioy (W;). It can be shown that
as n — oo, B;‘&ﬁo and

\/E(B; . 60) i N(O’Q*flv*Q*fl)’

where Q* = E(X;X;") and V* = avar(n™/23°"_ | X;u,). The first stage
nonparametric estimation has no impact on the asymptotic properties of
the adaptive feasible OLS estimator J,.

Another method to consistently estimate the true model parameter
value is to make use of panel data. A panel data is a collection of ob-
servations for a total of n cross-sectional units and each of these units has
T time series observations over the same time period. This is called a bal-
anced panel data. In contrast, an unbalanced panel data is a collection
of observations for a total of n cross-sectional units and each unit may
have different lengths of time series observations but with some common
overlapping time periods.

With a balanced panel data, we have

Yie = X[, 6° + i
= X},B° + ai + wir,

where «; is called an individual-specific effect and u;; is called an idiosyn-
cratic disturbance such that E(u;¢| X, ;) = 0. When «; is correlated with
Xit, which may be caused by omitted variables which do not change over
time, the panel data model is called a fixed effect panel data model. When
«; is uncorrelated with X;;, the panel data model is called a random effect
panel data model. Here, we consider a fixed effect panel data model with
strictly exogenous variables X;;. Because ¢; is correlated with Xj;, the
OLS estimator of regressing Y;; on X;; is not consistent for 5°. However,
one can consider the demeaned model

Vie — Vi = (Xie — X)) 8° + (eir — é4),
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where Y; =71 Zthl Y;; and similarly for XZ and &;. The demeaning
procedure removes the unobservable individual-specific effect and as a re-
sult, the OLS estimator for the demeaned model, which is called the within
estimator in the panel data literature, will be consistent for the true model
parameter $°. (It should be noted that for a dynamic panel data model
where X;; is not strictly exogenous, the within estimator is not consistent
for 5° when the number of the time periods T is fixed. Different estimation
methods have to be used.) See Hsiao (2002) for detailed discussion of panel
data econometric models.

Chapters 2 to 7 present a relatively comprehensive econometric theory
for linear regression models often encountered in economics and finance.
We start with a general regression analysis, discussing the interpretation
of a linear regression model, which depends on whether the linear regres-
sion model is correctly specified for conditional mean. After discussing
the classical linear regression model in Chapter 3, Chapters 4 to 7 discuss
various extensions and generalizations when some assumptions in the clas-
sical linear regression model are violated. In particular, we consider the
scenarios under which the results for classical linear regression models are
approximately applicable for large samples. The key conditions are condi-
tional homoskedasticity and serial uncorrelatedness in the disturbance of a
correctly specified linear regression model. When there exists conditional
heteroskedasticity or serial correlation in the regression disturbance, the
results for classical linear regression models are no longer applicable even
for large samples; we provide robust asymptotically valid procedures under
these scenarios. On the other hand, when linear regression model suffers
from endogeneity (i.e., E(e¢|X:) # 0), Chapter 7 shows that the 2SLS
method can be used for consistent estimation of and hypothesis testing on
parameters of interest.

The asymptotic theory developed for linear regression models in Chap-
ters 4 to 7 can be easily extended to more complicated, nonlinear models.
For example, consider a nonlinear regression model

}/;f = g(Xta Bo) + Et,

where E(e¢|X:) = 0. The Nonlinear Least Squares (NLS) estimator solves
the minimization of the SSR problem

B = argmﬁinz [Y; — Q(Xtvﬁ)]z'
t=1
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The FOC is

D(@ye =3 PELA [y gx,B)] ~o,

where D(3) is an n x K matrix, with the t-th row being dg(Xy, 5)/08.
Although one generally does not have a closed form expression for B, all
asymptotic theory and procedures in Chapters 4 to 7 are applicable to the
NLS estimator if one replaces X; by (9/98)g(X¢, 8) evaluated at the true
parameter value 3° or its consistent estimator B . See also the discussion in
Chapters 8 and 9.

The asymptotic theory in Chapters 4 to 7 however, cannot be directly
applied to some popular nonlinear models. Examples of such nonlinear

models include:

e Nonlinear regression model with endogeneity:
Yt = g(Xtaﬂo) + €t,

where E(e|X;) # 0;
e Rational expectations model:

E [m(Z;, 5°)] = 0;
e Conditional variance model:
}/t = g(Xt7 ﬁo) + O-(Xta ﬁo)uta

where g(Xy, 3) is a parametric model for E(Y;|X,),0?(X, B) is a
parametric model for var(Y;|X;), and {u;} is IID(0, 1);
e Conditional probability distribution model of Y; given X;:

These nonlinear models are not models for conditional mean; they model
other characteristics of the conditional distribution of Y; given X;. For these
models, we need to develop new estimation methods and new asymptotic
theory, which we will turn to in subsequent chapters.

One important subject that we do not discuss in detail in Chapters 2
to 7 is model specification testing. Chapter 2 emphasizes the importance
of correct model specification for the validity of economic interpretation
of model parameters. How to check whether a linear regression model is
correctly specified for conditional mean F(Y;|X;)? This is called model
specification testing. Some popular specification tests in econometrics are
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Hausman’s (1978) test and White’s (1981) test which compare two param-
eter estimators for the same model parameter. Also, see Hong and White’s
(1995) generalized F-test for model specification using a nonparametric
series regression.
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Exercise 7

7.1. Suppose Y; = X[(° + &;, where Y; and X are observable and &, is
not observable. If E(e;]X;) # 0, does this always imply that the linear
regression model is misspecified for E(Y;|X;)? In other word, in addition to
model misspecification for E(Y;|X}), are there any other possibilities which
may cause E(e¢|X;) # 0?7 Provide some examples to explain.

7.2. Consider Example 7.7 in Section 7.1, where {&;} is IID(0,02), {v;} is
IID(0,02), and {e;} and {v;} are mutually independent.

(1) Suppose Egs. (7.8) and (7.9) constitute a system of equations. Ex-
plain why the parameter 5§ is not identifiable.

(2) Suppose now Egs. (7.8) and (7.12) constitute a system of equations.
Explain why the parameter 39 becomes identifiable.

(3) Suppose now we have a system of equations: Wy = 59 + 5P +
B D¢ +er and Py = af +asWi+a Dy +v;. Is the parameter 39 identifiable?
Explain.

7.3. Consider a simple Keynesian national income model

Cr=p7+B5(Yy = T}) + &, (A.7.1)
Ty =7 +3Ye + o, (A.7.2)
Yrt = Ct + Gt7 (A73)

where Cy, Y;, T, and G; are consumption, income, tax, and government
spending respectively, and {&;} and {v;} are IID(0,02) and (0, 02) respec-
tively. Eq. (A.7.1) is a consumption function, Eq. (A.7.2) is a tax function,
and Eq. (A.7.3) is an income identity.

(1) Can the OLS estimator 3 of Eq. (A.7.1) give consistent estimation
for the MPC? Explain.

(2) Suppose G; is an exogenous variable (i.e., G; does not depend on
both C; and Y;). Can G; be used as a valid IV? If yes, describe a 2SLS
procedure. If not, explain.

(3) Suppose the government has to maintain a budget balance such that

Gt = Tt + Wt, (A74)

where {w;} is IID(0,02). Could G; be used as a valid IV? If yes, describe
a 2SLS procedure. If not, explain.
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7.4. Consider the DGP

Y, = X[3° + &4, (A.7.5)
where Xt = (17X1t)/7
X1t = v + uy, (A.7.6)
€t = Wy + Uy, (A

where {v;:}, {u:} and {w;} are all IID N(0, 1), and they are mutually inde-
pendent.

(1) Is the OLS estimator B consistent for 3°? Explain.

(2) Suppose Z1; = wy —er. Is Zy = (1, Z1¢)' a valid set of IVs? Explain.

(3) Find an instrument vector and the asymptotic distribution of BasiLs
using this instrument vector. [Hint: You need to find /n(Basrs — °) 4
N(0,V) for some V, where the expression of V should be given.]

(4) To test the hypothesis

Hy: R =,

where R is a J X 2 matrix, and r is a J X 1 vector. Suppose that F is the
F-statistic in the second stage regression of 25LS. Could we use J - F' as an
asymptotic x% test? Explain.

7.5. Consider the following demand-supply system:

Y}:ozg—&—o/fPt—i—ozgSt—i—st,
Y: = By + BYP; + B3C: + vy,

where the first equation is a model for the demand of certain good, where Y;
is the quantity demanded for the good, P; is the price of the good, S; is the
price of a substitute, and ¢, is a shock to the demand. The second equation
is a model for the supply of the good, where Y; is the quantity supplied,
C} is the cost of production, and v, is a shock to the supply. Suppose S;
and C; are exogenous variables, {¢;} is IID(0,02) and {v;} is IID(0,02),
and two series {e;} and {v;} are independent of each other. We have also
assumed that the market is always clear so the quantity demanded is equal
to the quantity supplied.

(1) Suppose a 2SLS estimator is used to estimate the demand model
with the instrument vector Z; = (1,S;, C;)’. Describe the 2SLS procedure.
Is the resulting 2SLS g4 consistent for a® = (af, af, o§)’? Explain.
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(2) Suppose a 2SLS estimator is used to estimate the supply equation
with instruments Z; = (1,5, Cy)’. Describe the 2SLS procedure. Is the
resulting 2SLS fasrs consistent for 3° = (88, 82, 83)"? Explain.

(3) Suppose {e;} and {v;} are contemporaneously correlated, namely,
E(g4v) # 0. This can occur when there is a common shock to both the
demand and supply of the good. Does this affect the conclusions in Parts
(1) and (2)7 Explain.

7.6. Show that under Assumptions 7.1 to 7.4, BQSLS LN B° as n — oo.

7.7. Suppose Assumptions 7.1 to 7.5 hold.
(1) Show that v/n(B2sLs — 4°) 4 N(0,9) as n — oo, where

Q= (QXZQ}IZQZX)_l QxzQ,,VQ,5,Q2x(Qx2Q,,Qzx)"",

and V is given as in Assumption 7.5.
(2) If in addition {Z;e,} is an ergodic stationary MDS with E(¢7|Z;) =
02, show that

Q=0%(QxzQ75Qzx)"".

7.8. The use of IV ensures consistency of the 2SLS estimator. Explain
why and how the choice of IV affects the efficiency of the 2SLS estimator.
Suppose Assumptions 7.1 to 7.5 hold.

7.9. Suppose Assumptions 7.1 to 7.4, 7.6 and 7.7 hold, and we are interested
in testing the null hypothesis Hy : R3° = r, where R is a 1 x K constant
vector and r is a constant. Construct a t-type test statistic and derive its
asymptotic distribution under Hy in each of the following cases:

(1) {Z&,} is an MDS, and E(£7|Z;) = o*. And does a standard t-test
statistic from the second stage regression of Y; on X, follow an asymptotic
N(0,1) distribution under Hy? Explain.

(2) {Z&;} is an MDS, and E(¢?|Z;) # 0.

(3) {Ztet} is a non-MDS.

7.10. Suppose Assumptions 7.1 to 7.4, 7.6 and 7.7 hold.
(1) Define

where é =Y — X f3o51,5. Show 52 B o2 = var(e¢) as n — oo.
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(2) Define

where e = Y — X BQSLS is the estimated residual from the second stage
regression of Y; on X; = 4'Z,;. Show that s? is not a consistent estimator
for o2.

7.11. [2SLS Hypothesis Testing/: Suppose Assumptions 7.1 to 7.5 hold.
Define a F-statistic
n(RBosrs — T)/(RQ;(}R/)_I(RBZSLS —r)/J
ee/(n— K) ’

where ¢; = Y; — Xt/BQSLS is the estimated residual from the second stage

regression of Y; on X,. Does J - F A X?} under the null hypothesis Hy :
RpB° = r? If yes, give your reasoning. If not, provide a modification so that
the modified test statistic converges to x% under Hy.

7.12. Let

V:

S|

> 7,7}é;,
t=1
where é; = Y; — Xt/BQSLS. Show V & V under Assumptions 7.1 to 7.8.

7.13. Suppose the following assumptions hold:

Assumption 1 [Linearity]: {Y;, X{}}_, is an ergodic stationary process with
Y;:XtI/BO+Eta t:]-v"'vna

for some unknown K x 1 parameter vector 5° and some unobservable dis-
turbance &;.

Assumption 2 [Nonsingularity]: The K x K matrix
Qxx = B(X:X})

is nonsingular and finite.

Assumption 3 [Orthogonality]:
(CL) E(€t|Xt) =0.
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(b) E(e¢|Z;) = 0, where Z; is an [ X 1 random vector, with [ > K.
(¢) The | x | matrix

Qzz = E(Z,:Z;)
is finite and nonsingular, and the [ x K matrix
Qxz = E(Z;X})

is finite and of full rank.
Assumption 4: {(X}, Z})'e+} is an MDS.
Assumption 5: E(e2| Xy, Z;) = o2.

Under these assumptions, both the OLS estimator
f=(X'X)"'X'Y
and the 2SLS estimator
Basrs = [(X'Z)(Z'Z) ' Z'X| ' X'Z(Z'Z) " Z'Y

are consistent for 5.

(1) Show that B is a special 2SLS estimator fBogg with some proper
choice of TV.

(2) Which estimator, B or BasLg, is more asymptotically efficient? [Hint:
If V(B — 8°) 3 N(0,) and n(Ba — 8°) 2 N(0,9), then By is
asymptotically more efficient than B if and only if Qo — Oy or Qfl — Q;l
is PSD.]

7.14. Consider the linear regression model
}/t = X{BO + €ty

where E(X;e¢) # 0. Our purpose is to find a consistent estimation proce-
dure for (°.
First, consider the artificial regression

X: =~'Z + vy,

where X; is the regressor vector, Z; is the instrument vector, v =
[E(Z:Z})|"'E(Z;X]) is the best linear least squares approximation coef-
ficient, and vy is the K x 1 regression error.
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Now, suppose instead of decomposing X;, we decompose the regression
error €; as follows:
N0
et = vpp? + U,

where p° = [E(vv])] "' E(ves) is the best linear least squares approxima-
tion coefficient.

Assuming that v; is observable, we consider the augmented linear re-
gression model

= XB° + vpp° + uy.

Show E[(X],v:)'u] = 0. One important implication of this orthogonal-
ity condition is that if v; is observable then the OLS estimator of regressing
Y; on X; and v; will be consistent for (8%, p®)’.

7.15. In practice, v; is unobservable in the first stage regression. However,
it can be estimated by the estimated OLS residual
= Xt - ’?/Zt = Xt - Xt.

We now consider the following feasible augmented linear regression

model
= X{B% + 0yp° + 1,

and we denote the resulting OLS estimator as & = (B’ ,0"), where B is the
OLS estimator for 5° and p is the OLS estimator for p°.

Show B = BQSLS. [Hint: The following decomposition may be useful:
Suppose

c D

B C’]

is a nonsingular square matriz, where B is k1 X k1,C is ko X k1 and D is
ko X ko. Then
A1 B Y(I+C'E~'CB7') -—-B~lC'E!
B —~E-'CB™! E-1 ’
where E =D — CB~!(C".]
7.16. Suppose Y is an n x 1 vector of the fitted values of regressing Y; on

Zy, and X is an n x K matrix of fitted values of regressmg X, on Z;. Show
that 525LS is equal to the OLS estimator of regressing Y on X.
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7.17. [Hausman’s Test]: Suppose Assumptions 1, 2, 3(b, ¢), 4 and 5 in
Exercise 7.13 hold. A test for the null hypothesis Hy : E(g¢|X;) = 0 can
be constructed by comparing B and fagrs, because they will converge in
probability to the same limit 8° under Hy and generally to different limits
under the alternatives to Hy. Assume that Hy holds.

(1) Show that

1 n
\/ﬁ(ﬂ - B%) - Q_l = Xie 50
or equivalently
R 1 &
V(B —B%) = Qxx— Xier +op(1),
Xxﬁ; P

where Qxx = E(X:X]}).
(2) Show that

Vn(Basrs — 8°) = XXT Z te¢ +op(1
where Q¢ ¢ = E(X; X}), Xy =+'Z; and v = [E(Z;Z})| ' E(Z: Xy).
(3) Show that

Vi(Basrs — \FZ{QXXXt Q ~Xt}€t+0p(1).

(4) The asymptotic distribution of v/n(B2srs — ) is determined by the
leading term only in Part (3). Find its asymptotic distribution.

(5) Construct an asymptotically x? test statistic. What is the number
of degrees of freedom of the asymptotic x? distribution? Assume that
Qxx — Q55 is strictly positive definite.

7.18. Suppose Assumptions 1, 2, 3(b, ¢) and 4 in Exercise 7.13 hold,
E(X},) <oofor1 <j< K, E(Zj;) <ooforl<j<I, and E(e}) < oo.
There may exist conditional heteroskedasticity. Construct a Hausman’s
type test statistic for Hy : E(e¢|X;) = 0 and derive its asymptotic distri-
bution under Hy.

7.19. In Theorem 7.9, Hausman’s test statistic for the null hypothesis Hy :
E(g¢]X+) = 0 is defined as

n(B2SLS - B)'[(sz@}é@zx)_l - Q}IX]_l(stLS - 5)

H= 22

)
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where 52 = ¢’e/(n — K), and e = Y — X3 is the estimated OLS residual.
Now we define an alternative Hausman’s test statistic, denoted as H , which
is the same as H, except that the sample residual variance estimator s is
replaced by 82 = &'¢/(n — K), where é =Y — X a5

(1) Show that H -% X3 as n — oo under Hy : F(g¢|X;) = 0. Give your
reasoning.

(2) Which test, H or H, will have a smaller Type II error in finite

samples when the null hypothesis Hy is false? Give your reasoning.

7.20. Hausman’s test checks the null hypothesis Hy that E(g,|X;) = 0. It is
based on the comparison between two estimators, the OLS estimator B and
the 2SLS estimator BQSLS. These two estimators converge in probability
to the same limit under Hy, and generally to different limits under the
alternative to Hy.

(1) Is it possible that Hy is false but B and B2g1s still converge to the
same limit? If yes, give a proof; if not, give an example.

(2) Suppose Hy is false but B and Bas1s converge to the same limit.
Does Hausman'’s test have asymptotic unit power to reject Hy as the sample
size n — oo?

7.21. [Hausman-White Test]: Suppose Assumptions 1, 3(b, ¢), 4 and 5 in
Exercise 7.13 hold. A test for the null hypothesis Hy : E(g¢|X;) = 0 can
be constructed by comparing /3 and BW, where BW is a Weighted Least
Squares (WLS) estimator defined as

n -1 n
Bw = <Z XthXt’> S Wy,
t=1

t=1

where W, = W(X;) is a weighting function of X;, and Qwxwx =
E(W2X,X]) is finite, symmetric and positive definite. The estimators B
and BW will converge in probability to the same limit 8° under Hy and
generally to different limits under the alternatives to Hy. Assume that Hy
holds.

(1) Show By — ° as n — oo under Hy.

(2) Show

\/E(BW -B%) = Qljlew)(% Z W Xier + op(1).
t=1
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Vi(Bw — B) = . Z Quixwx Wi — Qxx) Xeer +op(1).
t=1

Vn
(4) Derive the asymptotic distribution of \/n(Bw — 3).
(5) Construct a test statistic of Hy based on a quadratic form of
Vn(Bw — B), and derive its asymptotic distribution under Hy. You can
impose any necessary additional moment conditions.

(6) Explain why such a test generally has power when the null hypothesis
Hj is false.



Chapter 8

Generalized Method of Moments
Estimation

Abstract: Many economic theories and hypotheses have implications on
and only on a moment condition or a set of moment conditions. A popular
method to estimate model parameters contained in the moment condition
is the Generalized Method of Moments (GMM). In this chapter, we first
provide some economic examples for the moment condition, and define
the GMM estimator. We then establish the consistency and asymptotic
normality of the GMM estimator. Since the asymptotic variance-covariance
matrix of a GMM estimator depends on the choice of a weighting matrix,
we introduce an asymptotically optimal two-stage GMM estimator with a
suitable choice of a weighting matrix. With the construction of a consistent
asymptotic variance estimator, we then propose an asymptotically x? Wald
test statistic for the hypothesis of interest, and a model specification test
for the moment condition.

Keywords: CAPM, Dynamic CAPM, Exact identification, GMM, Instru-
ment, IV estimation, Linear IV estimator, Method of Moments Estimation
(MME), Model specification test, Moment condition, Moment matching,
Optimal estimation, Overidentification, Rational expectations, Sample mo-
ment, Sargan’s test, Two-stage GMM estimation, Weighting matrix

8.1 Introduction to Method of Moments Estimation

To motivate the GMM estimation, we first consider a traditional method
in statistics which is called the Method of Moments Estimation (MME).

Question: Suppose f(y,[3°) is the Probability Density Function (PDF)
or the Probability Mass Function (PMF) of a univariate random variable
Y;, where §° is an unknown true parameter value. How to estimate the

343
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unknown parameter value £° using a realization of the random sample
{Vitie?

The basic idea of MME is to match the sample moments with the popu-
lation moments obtained under the probability distribution model f(y, §).
For simplicity, below we consider the case of a continuous distribution for
Y:, so f(y,B) is a PDF model. Specificallyy, MME can be implemented as
follows:

Step 1: Compute population moments p(3°) = E(Y/}*) under the PDF
model f(y, 5°).

For example, for kK = 1,2, we have

E(Y;) = /OO yf(y, B%)dy = 11 (6°)

—00

B(Y?) = / V2 F(y, B°)dy

= (5 + )
where 02(/3°) is the variance of ;.

Step 2: Compute the sample moments from the random sample Y™ =
(Y1,...,Y,) of size n:

For example, for k£ = 1,2, we have
iy =Y, 5 1 (8°)
t=1
B E(Y?) = a*(8°) + 413 (8°),

where 0%(3°) = p2(B°) — p3(B°), and the weak convergence follows by
WLLN.

Step 3: Match the sample moments with the corresponding population
moments evaluated at some parameter value 3:

For example, for k = 1,2, we set

my = pu1(B),

g = n2(B) = 0% (B) + 13(5).
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Step 4: Solve for the system of equations. The solution B is called the
MME for °.

In general, if 8 is a K x 1 parameter vector, we need K equations of
matching moments. We have 1, = i (3) for each n. Since iy = 11z (3°)
as n — oo by WLLN, we expect B = Bn(Y") 5 Boas n — .

We now illustrate MME by two simple examples.

Example 8.1. Suppose the random sample {Y;}}; ~ IID EXP(A). Find
an estimator for A using MME.

Solution: In our application, 8 = \. Because the exponential PDF
1
Fy: A) = e/ for y > 0,
it can be shown that

u(N) = B(Y;) = / Ty Ny

001
_ 2o/
= y~e Ydy
/O )\

=\

On the other hand, the first sample moment is the sample mean:

my =Y,.

Matching the sample mean with the population mean evaluated at A

my = p(\) = A,

we obtain the MME

A=m; =

§<j |

Example 8.2. Suppose the random sample {Y;}? ; ~ IIDN(u,0?). Find
MME for 8° = (u,o?)’.
Solution: The first two population moments are

E(Y) = p,
B(Y?) = 0% + p*.
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The first two sample moments are

mlz}_/na
Thy = lzn:y?
n b

Matching the first two moments, we have

It follows that the MME
//:l, p—

6’2

S| £<\

SHE

n n
CEICED e A
t=1 t=1
It is well-known that i % p and 62 % 02 as n — co.

8.2 Generalized Method of Moments (GMM) Estimation

Suppose § is a K x 1 parameter vector, and there exists an [ X 1 moment
function my(8) such that

E[m(B°)] = 0 for some unknown parameter value 5,

where the sub-index t denotes that m(f) is a function of both § and some
random variables indexed by ¢, and [3° is the true parameter value. For
example, in the context of linear regression modelling, we may have

mt(ﬂ) = Xt(Yt - X;ﬂ)
in the OLS estimation, or
mt(ﬂ) = Zt(Yt - thﬂ)

in the 2SLS estimation, or more generally in the IV estimation, where Z;
is an [ x 1 instrument vector.

If | = K, that is, if the number of moment conditions is the same as
that of unknown parameters, the model E[m;(5°)] = 0 is called exactly
identified. If I > K, that is, if the number of moment conditions is more
than that of unknown parameters, the model is called overidentified.
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The moment condition E[m(5°)] = 0 may follow from economic and
financial theory (e.g., rational expectations and correct asset pricing). We
now illustrate this by the following example.

Example 8.3. [CAPM]: Define Y; as an L x 1 vector of excess returns for
L assets (or portfolios of assets) in period ¢. For these L assets, the excess
returns can be explained using the excess market portfolio return:

Y, = B3 + BT Rt + €4
= BO/Xt + Ety

where X; = (1, Ry,t)’ is a bivariate vector, R, is the excess market portfo-
lio return, B° is a 2 x L true parameter matrix, and &; is an L x 1 disturbance
representing idiosyncratic risk, with F(e¢|X;) = 0. This orthogonality con-
dition implies that there exists no systematic pricing bias in any time pe-
riod. This is the standard CAPM.

Define the [ x 1 moment function

my(B) = X; ® (Y — B'Xy),
where [ = 2L and ® denotes the Kronecker product. When CAPM holds,

we have

These | x 1 moment conditions form a basis to estimate and test CAPM.
In fact, for any measurable function h : R — R', CAPM implies

E[h(Xt)(Y;t - ﬁ/Xt)] =0.

This can also be used to estimate CAPM.
Question: How to choose the instruments h(X;)?

Example 8.4. [Dynamic CAPM (Hansen and Singleton 1982)]:
Suppose a representative economic agent has a constant relative risk aver-
sion utility over his lifetime

- t S tcgf]-
U= du(C) =) o—t—,
t=0 t=0 v

where u(-) is the time-invariant utility function of the economic agent in
each time period (we assume u(c) = (¢ — 1)/7), 0 is the agent’s time
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discount factor, v is the economic agent’s risk aversion parameter, and C
is the consumption during period t. Let the information available to the
agent at time ¢ — 1 be represented by the sigma-algebra I;_; in the sense
that any variable whose value is known at time ¢ — 1 is presumed to be
I;_1-measurable, and let

P, P, —P,_
o1yt t—1

R =
" P P

be the gross return to an asset acquired at time ¢t — 1 at the price of P,_;

(we assume no dividend on the asset). The agent’s optimization problem is

max E(U)
{C:}

subject to the intertemporal budget constraint
Ci+ Pigt = Yi + Pegr—1,

where ¢; is the quantity of the asset purchased at time ¢ and Y; is the agent’s
labor income during period ¢. Define the marginal rate of intertemporal

substitution
du(Cy) vl
oc,  _ (_C
MRS (v) = ou(Ciz1) (Ct—l) -
80,571

The FOC of the agent optimization problem is characterized by the
Euler equation:

E[6°MRS, (1) Ril 1] = 1 for some 57 = (5°,7°).

That is, the marginal rate of intertemporal substitution discounts gross
returns to unity in expectation. Any dynamic CAPM is equivalent to a
specification of MRS;(). For more discussion, see Hansen and Singleton
(1982) or Cochrane (2001).

We may write the Euler equation as follows:

E [{5OMRSt(’YO)Rt — 1}|It_1] =0.

Thus, one may view that {{MRS;(y)R: — 1} is a generalized model resid-
ual which has the MDS property when evaluated at the true structural
parameter value 3° = (6°,7°)".

Question: How to estimate the unknown parameter value 5° in a dynamic
CAPM?
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More generally, how to estimate $° from any linear or nonlinear econo-
metric model which can be formulated as a set of moment conditions? Note
that the joint distribution of the random sample is not given or implied by
economic theory; only a set of conditional moments is given.

From the Euler equation, we can induce the following unconditional
moment restrictions:

E [§°MRS;(v°)R, — 1] = 0,

E { gH [6°MRS; (v°)R; — 1]} =0,

t—2
E{Rtfl [éoMRSt<’70)Rt — ].]} = 0

Therefore, we can consider the 3 x 1 sample moments

. 1 n
m(B) = n th(ﬂ),
t=1
where
Ci1 '
m(B) = [(MRS;(v)R: — 1] { 1, OiaRtfl
t—2
can serve as the basis for estimation. The elements of the vector
C I
-1
Zy = (L CzQth—1>

are called IVs which are a subset of information set I;_.
We now define the GMM estimator.

Definition 8.1. [GMM Estimator]: The GMM estimator is

B = argminm(3)'W='in(8),

where
m(g) =n S mi(8)
t=1

is an [ x 1 sample moment vector, § is a K x 1 unknown parameter vector,
O is a K x 1 dimensional parameter space, and Wisanlxl symmetric
nonsingular matrix which is possibly data-dependent. Here, we assume
[ > K, i.e., the number of moments may be larger than or at least equal to
the number of unknown parameters.
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Question: Why do we require [ > K in GMM estimation?

Question: Why is the GMM estimator 3 not defined by setting the [ x 1
sample moments to zero jointly, namely

m(B) = 07

When [ > K, i.e., when the number of equations is larger than that
of unknown parameters, we generally cannot find a solution B such that
m(f3) = 0. However, we can find a solution 3 which makes 7(3) as close to
an [ X 1 zero vector as possible by minimizing the quadratic form

l
()1 (B) = Zm?<ﬂ>,

where m;(8) = nt Y mu(B), i = 1,...,1. Since each sample moment
component 1m;(f) has a different variance, and 7;(8) and 1;(8) may be
correlated, we can introduce a weighting matrix W and choose 8 to mini-

mize a weighted quadratic form in m(G), namely

m(B) Wi (B).
Question: What is the role of w?

When W = I, an identity matrix, each of the [ component sample mo-
ments is weighted equally. If 144 = I, then the [ sample moment components
are weighted differently. A suitable choice of weighting matrix W can im-
prove the efficiency of the resulting estimator. Here, a natural question is:
what is the optimal weighting function for the choice of W?

Intuitively, the sample moment components which have large sampling
variations should be discounted. This is an idea similar to the GLS esti-
mator, which discounts noisy observations by dividing by the conditional
standard deviation of the disturbance term and differencing out serial cor-
relations. As we will see soon, an asymptotically optimal weighting matrix
W should converge to the asymptotic variance-covariance matrix of the
sample moment 772(3°) up to some constant proportionality.

Question: Does the GMM estimator have a closed form expression?

In general, when the moment function m;(8) is nonlinear in parameter
3, there is no closed form solution for 5. However, there is an important
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special case where the GMM estimator B has a closed form. This is the case
of so-called linear IV estimation. Specifically, to estimate a linear regression
model

}/t = X{BO + €ty

where E(e|X:) # 0. Suppose there exists an instrument vector Z; such
that E(g,]Z;) = 0. We construct a moment function

mi(B) = Zi(Y: — X 8),

where Y; is a scalar, X; is a K x 1 vector, and Z; is an [ X 1 vector, with
{ > K. Then we have

E[Z(Y: — X{3°)] = 0 for some (3°.

In this case, the GMM estimator, or more precisely, the linear IV esti-
mator, (8, solves the following minimization problem:

Jnin an(8)' Wi (B) = n~* min (V - XB)ZWZ(Y - XB),

where
Z/(Y — Xp)
n

= 320 - Xip).

t=1

m(f) =

The FOC is given by

0 Ip1i7—1rp!
%[(Y—Xﬁ) ZW1Z/(Y — XB)
= 2X'ZWZ/ (Y — X}3)

=0.

B=8

It follows that
X'ZW'Z' X3 = X'ZW~'Z'Y.

When the K x [ matrix Qxz = E(X;Z]) is of full rank of K, the
K x K matrix Qx W ~1Qyzx is nonsingular. Therefore, X'ZW ~1Z’X is not
singular at least for large samples, and consequently the GMM estimator
B has the closed form expression:



352 Foundations of Modern Econometrics

B=XZWZ'X) ' X'ZWZY.

This is called a linear IV estimator because it estimates the parameter value
B° in a linear model Y; = X,3° + ¢;.

Theorem 8.1. [Linear IV Estimator]: Suppose m(B) = Z:(Y; — X{),
where Y; is a scalar variable, Z; is an | x 1 instrument vector, X; is a
K x 1 explanatory vector, B8 is a K x 1 parameter vector, with | > K. Also,
with probability one, the K x I matriz X'Z is of full rank K and the I X 1
wetghting matrix W s nonsingular. Then the resulting GMM estimator [3
is called a linear IV estimator and has the closed form expression

B=(X'ZW'Z'X) ' X'ZW'ZY.
When | = K, and Qxz is nonsingular,

B =(z'X)"'ZY.

The linear IV estimator B is used to estimate the unknown true param-
eter value 8° in a linear regression model Y; = X/3° +¢;. Note that the IV
estimator B generally depends on the choice of instrument vector Z; and
weighting matrix w.

Interestingly, the 2SLS estimator BQSLS considered in Chapter 7 is a
special case of the linear IV estimator by choosing

W =272,
or more generally, by choosing W = ¢(Z'Z) for any constant ¢ # 0.

Question: Is the choice of W =127 optimal? In other words, is the 2SLS
estimator fBogys asymptotically efficient in estimating £5°7

However, when [ = K, the exact identification case, the IV estimator B
does not depend on the choice of W. This is because in this case the FOC
that X'ZW ~1Z/(Y — X3) = 0 becomes

Z'(Y —XB) =0,
(Kxn)(nx1)=K x1,
given X'Z and W are nonsingular at least for large samples. This yields the

linear IV estimator B = (Z'X)71Z'Y regardless of the choice of weighting
matrix W.
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Obviously, the OLS estimator 3 = (X’X)~'X'Y is a special case of the
linear IV estimator by choosing Z; = X;.

8.3 Consistency of the GMM Estimator

Question: What are the statistical properties of the GMM estimator B?

To investigate the asymptotic properties of the GMM estimator B, we
first provide a set of regularity conditions.

Assumption 8.1. [Compactness]: The parameter space © is compact
(closed and bounded).

Assumption 8.2. [Uniform Convergence]: (a) The moment function
m¢(B) is an I X 1 measurable function of a random vector indexed by ¢
for each 8 € O, and given each t, m;(8) is continuous in 8 € © with
probability one; (b) {m:(5)} is an ergodic stationary process; (c) m(B)
converges uniformly over © to m(8) = E[m(8)] in probability in the sense
that

sup || (8) — m(B)|| = 0,
BEO

where || - || is an Euclidean norm; (d) m(8) is continuous in § € ©.

Assumption 8.3. [Identification]: There exists a unique parameter
value $° in © such that m(8°) = 0.

Assumption 8.4. [Weighting Matrix]: W & W, where W is a non-
stochastic [ x [ symmetric, finite and nonsingular matrix.

Assumption 8.3 is an identification condition. If the moment condition
m(8°) = 0 is implied by economic theory, 8° can be viewed as the true
model parameter value. Assumptions 8.1 and 8.3 imply that the true model
parameter value 3° lies inside the compact parameter space ©. Compactness
is sometimes restrictive, but it greatly simplifies asymptotic analysis and is
sometime necessary (as in the case of estimating GARCH models) where
some parameters must be restricted to ensure a positive conditional variance
estimator.
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In many applications such as Examples 8.3 and 8.4, the moment function
m¢(B) usually has the form

mi(B8) = hiee(B)

for some weighting function h; and some error or generalized error term
g¢(f). Assumption 8.2 allows but does not require such a multiplicative
form for m¢(5). Also, in Assumption 8.2, we impose a UWLLN for 7i(53)
over ©. Intuitively, uniform convergence implies that the largest (or worse)
deviation between m(5) and m(8) over © vanishes to 0 in probability as
n — o0o.

Question: How to ensure uniform convergence in probability?

This can be achieved by a suitable UWLLN. For example, when
{(Ys, X])'}1—, is IID, we have the following result:

Lemma 8.1. [USLLN for an IID Process]: Let {Z;,t = 1,2,...} be an
IID sequence of random d x 1 vectors, with common CDF F.

Let © be a compact subset of RX, and let ¢ : R* x © — R be a function
such that q(-, B) is measurable for each B € © and q(z,-) is continuous on
© for each z € R%.

Suppose there exists a measurable function D : R* — Rt such that
lg(z, 8)] < D(2) for all 3 € © and z € S, where S is the support of Z; and
E[D(Z,)] < o.

Then

(1) Q(B) = Elq(Z, B)] is continuous on ©;

(2) supgeo |Q(B) — Q(B)| — 0 almost surely as n — oo, where Q(B) =
n~! Ezzl Q(Zt7 B)

Proof: See Jennrich (1969, Theorem 2).
For an ergodic time series process, we can use the following USLLN.

Lemma 8.2. [USLLN for an Ergodic Stationary Process (Ranga
Rao 1962)]: Let (O, F, P) be a probability space, and let T : 2 — Q be a
one-to-one measure preserving transformation.

Let © be a compact subset of RX, and let ¢ : Q x © — R be a function
such that q(-, B) is measurable for each 0 € © and q(w,-) is continuous on
O for each w € Q.
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Suppose there exists a measurable function D : Q — RT such that
l¢(w,B)| < D(w) for all B € © and w € Q, and E(D) = [ DdP < .
If for each B € O, ¢:(0) = q(Ttw, B) is ergodic, then

(1) Q(8) = E[q:(B)] is continuous on ©;

(2) supgee |Q(B) — Q(B)| — 0 almost surely as n — oo, where Q(B) =
nt 3 a(B).

Proof: See Ranga Rao (1962).

We note that uniform almost sure convergence implies uniform conver-
gence in probability.

To show consistency of the GMM estimator /3 for B°, we need the fol-
lowing extremum estimator lemma.

Lemma 8.3. [Consistency of Extremum Estimator (White 1994)]:
Let Q(ﬁ) be a stochastic real-valued function of B € O, and Q(B) be a
nonstochastic real-valued continuous function of B, where © is a compact
parameter space. Suppose that for each [, Q(,B) is a measurable function
of the random sample with sample n, and for each n, Q() s continuous in
B € © with probability one. Also suppose Q(ﬂ) —Q(B) & 0 uniformly in

Beo.

Let B = arg maxgee Q(ﬁ), and B° = argmaxgee Q(B) is the unique
mazimizer. Then B —8°50asn— oco.

Proof: See White (1994, Theorem 3.4).

This lemma continues to hold if we change all convergences in proba-
bility to almost sure convergences. We now apply Lemma 8.3 to show the
consistency of the GMM estimator .

Theorem 8.2. [Consistency of GMM]: Suppose Assumptions 8.1 to
8.4 hold. Then as n — o0,

B 5B,
Proof: Put

Q(B) = —m(B)' W~ in(B)
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and

(B V1 =W m(B)|
It follows from Assumptions 8.1, 8.2 and 8.4 that

QB L Q(B)

uniformly over ©, and Q(-) = m(:)’W~=tm(-) is continuous in 3 over ©.
Moreover, Assumption 8.3 implies that 4° is the unique minimizer of Q(5)
over O. It follows that B B go by the extremum estimator lemma. Note
that the proof of the consistency theorem does not require the existence of
FOC. This is made possible by using the extremum estimator lemma. This
completes the proof of consistency.

8.4 Asymptotic Normality of the GMM Estimator

To derive the asymptotic distribution of the GMM estimator, we impose
two additional regularity conditions.

Assumption 8.5. [Interiorness]: 5° is an interior point of ©.

Assumption 8.6. [CLT]:
(a) For each t, m;(f) is continuously differentiable with respect to 5 € ©
with probability one.
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(b) As n — oo,

n
V(%) =723 mi(8%) 5 N(0, V),
t=1
where V,, = avar[y/nm((°)] is finite and positive definite.
(c) {%} obeys UWLLN, i.e.,

ot Z 3”“ D(B)

sup
BeO

where the [ x K matrix

is continuous in 8 € © and is of full rank K.
Question: Why do we need to assume that 5° is an interior point in ©7

This is because we will have to use a Taylor series expansion. We need
to make use of FOC for GMM in order to derive the asymptotic distribution
of fi

In Assumption 8.6, we assume both CLT and UWLLN directly. These
are called “high-level assumptions.” They can be ensured by imposing more
primitive conditions on the DGP (e.g., an IID or MDS random sample),
and the moment and smoothness conditions on m.(/3). For more discussion,
see White (1994).

We now establish the asymptotic normality of the GMM estimator B.

Theorem 8.3. [Asymptotic Normality of GMM]: Suppose Assump-
tions 8.1 to 8.6 hold. Then as n — oo,

Vi (B-67) % N(0,9),
where

Q= (D.W™ D) 'DWV,W D, (D,W~'D,) !

and D, = D(8°) = 3m(ﬂ5 ),



358 Foundations of Modern Econometrics

Proof: Because $° is an interior element in ©, and B B B as n — oo, we
have that /3 is an interior element of © with probability approaching one
as n — o0o.

For n sufficiently large, the FOC for the maximization of Q(ﬁ) =
—m(B) Win(B) is

or

Kx1=(KxIl)x({IxIl)x(lx1).

Note that W is not a function of B. Also, this FOC does not necessarily

imply m(3) = 0. Instead, it only says that a set (with dimension K < [) of
linear combinations of the [ components in m(,é) are jointly equal to zero.
Here, the | x K matrix dﬁ;g; ) is the gradient of the [ x 1 vector m(B3) with
respect to the K x 1 vector .

Using a Taylor series expansion around the true parameter value 3°, we

have

din(3)

dﬂ \/E(B_ﬁo)v

Vii(B) = V(%) +

where 8 = A3 + (1 — X\)B° lies between B and f°, with X € [0, 1]. Here,
for notational simplicity, we have abused the notation in the expression of
%ém. Precisely speaking, a different 3 is needed for each partial derivative
of m(-) with respect to each parameter 5;, where j € {1,..., K}.

The first term in the Taylor series expansion is contributed by the sam-
pling randomness of the sample average of the moment functions evaluated
at the true parameter value (8°, and the second term is contributed by
the randomness of the parameter estimator B — (°. These two terms will
jointly determine the asymptotic distribution of the scaled sample moment

V().
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It follows from FOC that

_din(B)

0 T@W_l\/ﬁm(ﬁ)
din(B) -
S L NED
div(B) o 1 dn(B) 0 o
g5 W g V(B = B°).
Now let us show that %(BB) 2 D, = D(B°). To show this, consider
din(3)
g D
dm(B) A A o
— |57 = D(B)+ D(G) - D(&)
dm(B) A A o
<| %5~ — D@ +[|p®) - D(s)
< sup | 52— o3| + D) - D)
peo|| db
20

by the triangle inequality, Assumption 8.6 (UWLLN, and continuity of
D(B)), and 3 — ° 5 0.
Similarly, because 3 = A3 + (1 — A\)3° for A € [0, 1], we have
18— 8l = IIAB = B < I8 = 8°Il & 0.
It follows that
din(B) »
——= 5 D,.
g e
Then the K x K matrix
DW~'D,

is nonsingular by Assumptions 8.4 and 8.6. Therefore, for n sufficiently
large, the inverse
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exists and converges in probability to (D,W~1D,)~!. Thus, when n is
sufficiently large, we have

V(B - p7) = - [di;g? ) Wldﬁ;éﬁ)] D )

— Avmm(6°),

where

« —.1-1 A
« dnB) s, dm(B) | din(B) 5y
A_—l E W a3 ] a5 WL

By Assumption 8.6(b), and CLT for {m.(5°)}, we have

Vaimn(5°) % N(0,V,),

where V, = avar[n=/2 3" | m,(3°)]. Moreover,

Wfl

B’ dB B’
L (DWW D) DLW = A,

A JEPEERE T SN
Ao ldm(ﬂ)wldmw)] diin(5)

It follows from Slutsky’s theorem that
A ° d
V(B = 8°) 5 A-N(0,V,) ~ N(0,9),
where
Q= AV, A
= (DW™'D,) 'DIW ' V,W D, (D.W~'D,)" .
This completes the proof.
We observe that the structure of avar(\/ﬁﬁ) is very similar to that of

avar(\/ﬁBQSLs). In fact, as pointed out earlier, 2SLS is a special case of the
GMM estimator with the choice of

my(B) = Z:(Yy — X{P),
W =E(ZZ}) = Qz.
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Similarly, the OLS estimator is a special case of the GMM estimator
with the choice of

mt(ﬁ) = Xt(Yt - thﬁ)a
W =E(X:X]) =Qxx.
Most econometric estimators can be viewed as a special case of GMM, at
least asymptotically. In other words, GMM provides a convenient unified

framework to view most econometric estimators. See White (1994) for more
discussion.

8.5 Asymptotic Efficiency of the GMM Estimator

Question: There are many possible choices of W. Is there any optimal
choice for W7 If so, what is the optimal choice of W7

The following theorem shows that the optimal choice of W is given by
W =V, = var[v/nn(5°)],

namely the optimal limit weighting matrix W is the asymptotic variance-
covariance matrix of /nm(3°), the /n-scaled sample moment function
evaluated at the true parameter value 5°.

Theorem 8.4. [Asymptotic Efficiency of GMM]: Suppose Assump-
tions 8.4 and 8.6 hold. Define Q, = (D.V,1D,)™L, which is obtained by
choosing the weighting matric W =V, = avar[\/nm(8°)]. Then

Q—Q, is PSD

where € is the asymptotic variance of GMM that corresponds to any finite,
symmetric and nonsingular matriz W.

Proof: Observe that Q — Q, is PSD if and only if Q! — Q=1 is PSD. We
therefore consider
Q;l _qo!
=DV, "D, — D)W 'Do(DLW'V,W™'D,) ' D,W ' D,
= DLV, V2 = V) PW D, (DLW TV, W T D) T Dy W V2V, 2D,
=D v \2qv;Y2D,,
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1/2 1/2 1/2

for some symmetric and nonsingular matrix V, ',

where V, =V,
and

G=I1-V'?*W'D, (DW= 'V,W~ D) 'D'w~1v}/2

is a symmetric idempotent matrix (i.e., G = G’ and G? = G). It follows
that we have

Q' - = (DL, V2G) GV, 2D,)
= (GV,Y2D,)(GV, 2 D,)
=B'B
~ PSD (why?),

where B = GVo_l/zDo is an [ x K matrix. This completes the proof.

The optimal choice of W = V,, is not unique. The choice of W = ¢V,
for any nonzero constant c is also optimal.

In practice, the asymptotic variance-covariance matrix V, is not avail-
able. However, we can use a feasible asymptotically optimal choice W=V,
a consistent estimator for V, = avar[y/nm(3°)].

Question: What is the intuition that W = V is an optimal weighting
matrix?

By UWLLN, we have W BV, as n — oo, where V, is the asymptotic
variance-covariance matrix of the scaled sample moment vector /nm(5°).
The use of W—1 & V71, therefore, downweighs the sample moments which
have large sampling variations and differences out correlations between dif-
ferent components y/ni;(5°) and \/nin,;(8°) for i # j, where i, j =1,..., K.
This is similar in spirit to the adaptive feasible GLS estimator in the linear
regression model.

As pointed out earlier, the 2SLS estimator ,@25 Ls is a special case of the
GMM estimator with

my(B) = Zy(Yy — thﬂ)
and the choice of weighting matrix

W =E(Z,Z}) = Qzz.
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Suppose {m;(8°)} is an MDS and FE(¢?|Z;) = o2, where &, = Y; — X, 5°.
Then

V, = avar[y/nm(3°)]
= E[my(8°)m¢(8°)']

=0%Qzz

where the last equality follows from the law of iterated expectations and
conditional homoskedasticity. Because W = @) zz is proportional to V,, the
2SLS estimator B is asymptotically optimal in this case. In contrast, when
{m(B°)} is an MDS with conditional heteroskedasticity (i.e., E(¢?|Z;) #
0?) or {m4(°)} is not an MDS, then the choice of W = Qzz does not
deliver an asymptotically optimal 2SLS estimator. Instead, the GMM es-
timator with the choice of W = V,, = E(Z;Z}c?) is asymptotically optimal
when {m,;(8°)} is an MDS with conditional heteroskedasticity. Similarly,
the choice of W =V, =372 T'(j) , where I'(j) = E(Zieie4—;Z;_;) for
j>0and I'(j) =T (—j) for j <0, when {m:(8°)} is not an MDS.

8.6 Two-Stage Asymptotically Most Efficient GMM
Estimation

Theorem 8.4 suggests that the following two-stage GMM estimator will be
asymptotically optimal.

Step 1: Find a consistent preliminary GMM estimator B

N I15r—1 A
B = argminm(B)W™"(B),
for some preliminary weighting matrix W which converges in probability
to some finite and positive definite matrix. For convenience, one can set
W =1 anlxl identity matrix. This is not an optimal estimator, but it is
a consistent estimator for 3°.

With the preliminary GMM estimator /3, we can construct a preliminary
consistent variance estimator V for V, = avar[y/n(3°)], and choose W =
V.

The construction of V differs in the following two cases, depending on
whether {m(8°)} is an MDS:

Case I: {m.(3°)} Is an Ergodic Stationary MDS
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In this case,

V, = avar[ynm(8°)] = E[m(8°)m(8°)'].

The asymptotic variance estimator

ST
will be consistent for

Vo = E[mqy(B%)mq(8°)'].

Question: How to show that V is consistent for V,?

We need to assume that {n=* 37" mi(B)m(3) — Elm¢(B)my(8)']}
satisfies the uniform convergence:

sup 5 0.

BEO

nt Z my(B)me(8) — E[m(B)m(8)']
t=1

Also, we need to assume that the I x [ matrix V(8) = E[m(8)m+(8)’] is
continuous in 8 € O.

Case II: {m.(8°)} Is an Ergodic Stationary Non-MDS

In this case, V, = avar[/nm(B°)] = X272 T(j), where I'(j) =
cov[my(B°), me—;(6°)] for j > 0 and I'(j) = I'(—j) for j < 0. Therefore, a
consistent long-run variance-covariance matrix estimator is needed:

Z (G/PT()

Jj=1-

where k(-) is a kernel function, p = p(n) is a smoothing parameter,

[ —nilzmt mt]~)’ for 7 >0,
t=j5+1
and f‘(]) = f‘(—j)’ if j < 0. Under regularity conditions, it can be shown
that V' is consistent for the long-run variance-covariance matrix

oo

Vo = Z F(])7

j=—o0
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where I'(j) =cov[m(8°), mi—;(8°)] = E[m(8°)m—;(8°)']. See more dis-
cussion in Chapter 6.

Question: Why do we not need demean when defining I'(5)?

Step 2: Choose W = V, and find an asymptotically optimal GMM esti-
mator [ :

B = arg Iﬂmn m(B)V~"tm(B),
€6
where the weighting matrix V does not involve the unknown parameter 3.
It is a given (stochastic) weighting matmx This two-stage GMM estimator
f is asymptotically optimal because V 2 V, = avar[\/nin(5°)] as n — co.

Theorem 8.5. [Two-Stage Asymptotically Most Efficient GMM
Estimator]: Suppose Assumptions 8.1 to 8.3, 8.5 and 8.6 hold, and the
first stage weighting matriz W 5w for some symmetric finite and pos-
itive definite matriz W. Also, suppose V is an asymptotic variance esti-
mator based on the first stage GMM estimation such that V Ly, =
avar[y/nin(B°)] as n — oo, and V is used as the weighting matriz for
the second stage GMM estimation. Letﬁ be the resulting two-stage GMM
estimator. Then

V(B — B°) A N(0,9,) as n — oo,
where Q, = (D) V,1D,)~!

Question: Why do we need the two-stage asymptotically optimal GMM
estimator?

First, most macroeconomic time series data sets are usually short, and
second, the use of instruments Z; is usually inefficient. These factors lead to
a large estimation error so it is desirable to have an asymptotically efficient
estimator.

Although the two-stage GMM procedure is asymptotically efficient, one
may like to iterate the procedure further until the GMM parameter esti-
mates and the values of the minimized objective function converge. This
will alleviate any dependence of the GMM estimator on the choice of the
initial weighting matrix W, and it may improve the finite sample perfor-
mance of the GMM estimator when the number of parameters is large (e.g.,
Ferson and Foerster 1994).
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8.7 Asymptotic Variance-Covariance Matrix Estimation

To construct confidence interval estimators and conduct hypothesis test
statistics, we need to estimate the asymptotic variance-covariance matrix
Q, of the y/n-scaled optimal GMM estimator.

Question: How to estimate Q, = (D V, 1 D,)~'?

We need to estimate both D, and V, respectively. To estimate D, =

E[am{;gﬁ")]’ we can use

~ din(B)
D= W

We have shown earlier that
D4 D, asn — oo.

To estimate V,, we need to consider two cases, MDS and non-MDS,
separately.

Case I: {m.(8°)} Is an Ergodic Stationary MDS

In this case,
Vo = E[mqy(B%)mq(8°)'].
A consistent variance estimator is

V=nt ;mt(ﬁ)mt(ﬁ)’.

Assuming UWLLN for {m;(8)m;(8)'}, we can show that V is consistent
for

Vo = E[m(8°)m(6°)'].

Case II: {m.(8°)} Is an Ergodic Stationary Non-MDS

In this case,
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where I'(j) = E[m(8°)m—;(8°)']. A consistent variance estimator is

r *nflzmt mt]B)’forij.
Under suitable conditions (e.g., Newey and West 1994, Andrews 1991), we
can show
VEv,
but the proof of this is beyond the scope of this course.

To cover both cases, we directly impose the following “high-level
assumption”:

Assumption 8.7. V —V, 5 0 as n — oo, where V, = avar|[y/nin(3°)].

Theorem 8.6. [Asymptotic Variance Estimator for Two-Stage
Asymptotically Optimal GMM Estimator]: Suppose Assumptions 8.1
to 8.7 hold. Then

Qo= (DVID)T B Q, asn — .

8.8 Hypothesis Testing

We now consider testing the hypothesis of interest
HO : R(ﬂo) =T,

where R(-) is a J x 1 continuously differentiable vector-valued function,
J < K, and the J x K matrix %go) = R/(B°) is of full rank J. Note
that R(B°) = r covers both linear and nonlinear restrictions on model
parameters. An example of nonlinear restriction is 8¢39 = 1.

Question: Why do we need J < K, namely the number of restrictions is
less than that of unknown parameters?

Question: How to construct a test statistic for Hy?
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The basic idea is to check whether R(B) —r is close to 0. How large the
difference R(53)—r should be in order to be considered as significantly differ-
ent from 0 will be determined by the sampling distribution of \/n[R(3) —r].

By a Taylor series expansion and R(3°) = r under Hy, we have

Vi[R(B) — 1] = Vn[R(B°) — 1] + R'(B)v/n(B — 5°)
= R'(B)vVn(B - B°)
4 R'(B°) - N(0,Q,) ~ N[0, R (8°)QW R (8°)],

where J lies between 3 and 8°, i.e., B = A3+ (1 —X)B° for some A € [0,1].
Because R'(3) 5 R/(5°) given continuity of R'(-) and 8 — 5° 5 0, and

V(B = B°) 5 N(0,2,) as n — oo,
we have
ValR(B) = 1] 5 N[0, R (870, R/ (8°)']
by Slutsky’s theorem. It follows that for J > 1, the quadratic form
VAR(B) — ][R (8°)Q R (8°) )~ v/nlR(B) — ] 5 3.
The Wald test statistic is then
W = n[R(B) — 1] [R'(B)QR (B [R(B) — ] 5 3

where the convergence in distribution to x% follows from Slutsky’s theorem.
When J = 1, we can define a t-test statistic

o — _VIIR(B) 1]
R(B)QR (B

N(071) as n — oo.

Theorem 8.7. [t-Test and Wald Test]: Suppose Assumptions 8.1 to
8.7 hold. Then under Hy : R(8°) =r and as n — 0o, we have:
(1) when J =1,

d

Vi[R(B) —

4 .
R(B)Q R (B)

— N(0,1) ;

(2) when J > 1,

= n[R(B) — /' [R (B)QR'(B)] ' [R(B) — ] & X3
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Both the t-test and Wald test statistics in Theorem 8.7 are based on
an asymptotically optimal GMM estimator. One could also construct ¢-test
and Wald test statistics using a consistent but suboptimal GMM estimator.
(How?) However, in finite samples, the test statistics based on an asymptot-
ically suboptimal GMM estimator are expected to be less powerful against
H, (i-e., to have a larger Type II error). (Why?)

8.9 Model Specification Testing

As pointed out earlier, many dynamic economic theories can be formulated
as a moment condition or a set of moment conditions. Thus, to test validity
of an economic theory, one can check whether the related moment condition
holds.

Question: How to test whether the econometric model or economic theory
as characterized by

Hy : E[m:(8°)] = 0 for some unknown parameter value /3°

is correctly specified?

We can test correct model specification by checking whether the above
population moment condition holds. We can define the sample moment

B —1th

and see if it is significantly different from zero (the value of the population
moment evaluated at the true parameter value $°). For this purpose, we
need to know the asymptotic distribution of /nrm(3).

Consider the test statistic

Vi (B) = V() +

d(f)
g

which follows from a first order Taylor series expansion, and £ lies between
B and (3°. The asymptotic distribution of \/ﬁﬁz(ff) is contributed from two
sources.

Recall that the two-stage GMM estimator

V(B - 5°)

B = arg Iﬁl’leln m(B)V"tm(B),
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where V is a preliminary consistent estimator for V,. The FOC of the
two-stage GMM estimation is given by
0= [y 73]
dp '
It is very important to note that V is not a function of 3, so it has nothing to
do with the differentiation with respect to 5. By a Taylor series expansion,
we have

It follows that for n sufficiently large, we have

g [W%ldm@] L) PR

valh =57 =~ | =g | am
Hence,

V2 mim(B)

= () + V22D g g

ap
. s PP T T
_ I_f/l/zd”;éﬂ) d?ﬁ(/ﬁ)‘}1d”;éﬂ)] dTZ;ﬁ(/B)V1/2 ‘771/2\/57%(50)
= VY2 ()],

where

dp dp’ g apg’
By CLT for {m.(8°)} and Slutsky’s theorem, we have

He g 1pdid) [dmm) ot dm(m] Cdin(B) o

VY2 (80) % N(0, 1),
where [ is an [ x [ identity matrix. Also, we have
M5 71-v Y2D,(D.V,'D,) ‘D VvV, /2 =1,

where I is an [ x | symmetric matrix which is also idempotent (i.e., IT?> = II)
with tr(II) = |- K. (How to show this?) We emphasize that the idempotent
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matrix II arises due to the choice of the asymptotically optimal weighting
matrix W = V in the second stage estimation. If the weighting matrix
W in the second stage does not converge to the asymptotic variance V, =
avar[y/nm(6°)], we will not be able to obtain the idempotent matrix II.
Instead, we will obtain a nonsingular [ x [ matrix.

It follows that under correct model specification, we have the test
statistic

nlim(B)'V=ri(B)] = (V2 Vi (82) TPV Y2 /ni(8%)] + op(1)
4 GG ~ 2 g

by Lemma 3.2 for the quadratic forms of normal random variables, where
G~ N(0,1).

We emphasize that the adjustment of degrees of freedom from [ to | — K
for the asymptotic Chi-square distribution is due to the impact of the sam-
pling variation of the two-stage asymptotically optimal GMM estimator
B. In other words, the use of the two-stage asymptotically optimal GMM
estimator 3 (obtained from choosing W = V) instead of any other asymp-
totically suboptimal GMM estimator renders the degrees of freedom to
change from [ to | — K. If an asymptotically suboptimal GMM estimator is
used, the quadratic form n[m(B3)V~1m(3)] will not follow an asymptotic
x? distribution Hp.

Theorem 8.8. [Overidentification Test]: Suppose Assumptions 8.1 to
8.6 hold, and V' 5 V, = avar[\/nin(3°)] as n — co. Then under the null
hypothesis that Hy : E[m:(8°)] = 0 for some unknown B°, the overidentifi-
cation test statistic

J=n-mB) V7 m(B) S xE k asn — co.

This test is often called the J-test or the test for overidentification in the
GMM literature (e.g., Hansen 1982), because it requires [ > K. This test
can be used to check if the model characterized as the moment condition
E[m(8°)] = 0 is correctly specified.

It is important to note that the fact that the GMM objective function

ni(B)' V"1 (B) — G'IIG

where II is an idempotent matrix is due to the fact that B is an asymp-
totically optimal GMM estimator that minimizes the objective function
m(B)'V~=tm(B). If a suboptimal GMM estimator is used, we would not
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be able to obtain such a result. In other words, the GMM objective func-
tion is no longer asymptotically x2_, under correct model specification.
Instead, we need to use a different asymptotic variance estimator to replace
V in order to obtain an asymptotically X7 distribution under correct model
specification. Because the critical value of x? ;- is smaller than that of x7
when K > 0, the use of an asymptotically optimal estimator /3 leads to an
asymptotically more powerful test, i.e., it will have a higher probability to
reject model misspecification.

We note that when | = K, the exact identification case, the moment
conditions cannot be tested by the two-stage asymptotically optimal GMM
estimator B, because M(B) will be identically zero, no matter whether
E[m(8°)] = 0.

Question: In constructing the J test statistic, we have used the prelimi-
nary weighting matrix V', which is evaluated at the first-stage preliminary
parameter estimator B Can we use V7 a consistent estimator for V, that
is evaluated at the two-stage asymptotically optimal estimator B instead of
the first stage preliminary estimator 3 ?

With the preliminary matrix V, the J-test statistic can be conve-
niently defined as n times the minimum value of the objective function—the
quadratic form in the second stage of GMM estimation. Thus, the value of
the test statistic nm(B)’f/*lm(B) is directly available as a by-product of
the second stage GMM estimation. For this reason and for its asymptotic
x? distribution, the J-test is also called the minimum chi-square test.

We can use V to replace V in constructing a test statistic, and the
resulting test statistic nTh(B)’ V*lm(ﬁ) is also asymptotically x7_, under
correct model specification (please verify!). However, this statistic is less
convenient to compute than the test statistic nii(3)'V—1m(B), because the
latter is the objective function of the second stage GMM estimation. This
is analogous to the F-test statistic, which is based on the SSR of linear
regression models.

As an application of the overidentification test, we now consider how to
test for validity of instruments in an endogenous linear regression model

Y;S = X;ﬁo + €,

where E(e¢|X:) # 0. Suppose there exists a set of instrument candidates for
Z;. To estimate the true parameter value 3°, we use the moment function

my(B) = Zy(Yy — Xi3).
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Then the overidentification test can be used to check the validity of the
moment condition

E[mt(ﬁo)] = E[Zt(Yt - thﬂo)] =0.

This essentially checks whether Z; is a valid instrument vector, that is,
whether the instrument vector Z; is orthogonal to ; = Y; — X//3° in the
sense that

HO : E(€t|Zt) =0.

Recall that when the weighting matrix W = Z/Z /n, the GMM estimator
(B delivers the 2SLS estimator Bogy5, namely,

B = PBasrs = arg mﬁin(Y —XB)Z(Z'Z)'Z' (Y — Xp).

When {Z;;} is an MDS with E(¢7|Z;) = 0?2, the weighting matrix
W — Qzz x V, = 0%Q 7 is an asymptotically optimal weighting matrix.
It follows that Basrg is asymptotically optimal estimator of 5.

Assuming that {Z;&;} is a stationary MDS and E(e?|Z;) = o2, we
now use BQSLS to construct a test statistic for the null hypothesis Hy :
E(e4|Z,) = 0. Put é = (&4, ...,é,), where & = Y; — X|fa2s515. We define the
following test statistic
AV AR

é'é/n

S =

where the numerator
&2(2'2)1Z'e = n - in(Basrs) W in(Basis)

is n times the value of the objective function of the GMM minimization with
the choice of W = (Z'Z/n), which is an optimal choice when {m.(8°)} is
a stationary MDS with conditional homoskedasticity (i.e., E(c?|Z;) = o?).
In this case,

éez'zZ

n
It follows that the test statistic

§Z(Z'Z) V2
G2Z2)7 78 4 o

p
— UZsz = ‘/o-

é'é/n
under the null hypothesis Hy : E(g¢|Z;) = 0. This test is proposed by
Sargan (1958) and so is called Sargan’s test.
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Theorem 8.9. [Sargan’s Test]: Suppose Assumptions 7.1, 7.3, 7.4(c),
7.6 and 7.7 hold, and |l > K. Then under the null hypothesis that Hy :
E(e¢|Z;) = 0, the Sargan test statistic

d
S5 X as — oo

In fact, the overidentification test statistic in Theorem 8.9 is equal to
nR?

2 ., where R2_ is the uncentered R? from the auxiliary regression

ét == O/Zt + wy.

Thus, Sargan’s test can be viewed as testing whether the [ x 1 parameter
vector « is a zero vector under the conditions that {Z;e,} is an MDS with
E(e2|Z;) = o, In fact, it can be shown that under the null hypothesis of
E(g4|Z;) = 0, nR2,, is asymptotically equivalent to nR? in the sense that

nR2, =nR*+op(1),

where R? is the uncentered R? of the auxiliary regression of é; on Z;. This
provides a more convenient way to calculate the test statistic. However,
it is important to emphasize that this convenient procedure is asymptoti-
cally valid only when {Z;e;} is an MDS with conditional homoskedasticity
(i.e., BE(e?|Z;) = 0?). If there exists conditional heteroskedasticity (i.e.,
E(2|Z;) # 02) or {Z;&¢} is not an MDS, then we need to robustify Sar-
gan’s test statistic.

It may be pointed out that Sargan’s (1958) test will have no asymptotic
unit power against all alternatives to the null hypothesis Hy : E(g¢|Z;) = 0.
This happens when E(e,|Z;) # 0 but E(Z,e,) = 0. This undesired feature
is similar to Hausman’s (1978) test for model specification, which also has
no asymptotic unit power when E(e¢|X;) # 0 but F(X;e¢) = 0.

8.10 Conclusion
Most economic theories have implications on and only on a moment restric-
tion

E[mt(ﬂo)] =0,

where m;(8) is an [ x 1 moment function. This moment condition can be
used to estimate the true model parameter value 8° via the GMM estima-
tion method. The GMM estimator is defined as:

B = arg ggg m(,@’)’W_lm(B),
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where

() =n""'Y m(p)
t=1
Under a set of regularity conditions, it can be shown that
B 5o

and

V(B - B°) % N(0,9),
where

Q= (D.W D) 'D\W'V,W D, (D, W~'D,)"!

with D, = F [%mt (8°)]. The asymptotic variance € of the GMM estimator

B depends on the choice of weighting matrix W. An asymptotically most
efficient GMM estimator is to choose

W =V, = avar[y/ni(8°)].
In this case, the asymptotic variance of the GMM estimator is given by
Q, = (D:)Vo_lDO)_l

which is a minimum variance. This is similar in spirit to the GLS estima-
tor in a linear regression model. This suggests a two-stage asymptotically
optimal GMM estimator /: (a) one can first obtain a consistent but possi-
bly suboptlmal GMM estimator 3 by choosing some convenient Welghtlng
matrix W; (b) then one uses 3 to construct a consistent estimator V for
V,, and uses it as a weighting matrix to obtain the second stage GMM
estimator B

To construct confidence interval estimators and hypothesis test statis-
tics, one has to obtain a consistent asymptotic variance estimator for the
GMM estimator. A consistent asymptotic variance estimator for an asymp-
totically optimal GMM estimator is

where
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and the construction of V depends on the properties of {m(5°)}, particu-
larly on whether {m:(3°)} is an ergodic stationary MDS process.

Suppose a two-stage asymptotically optimal GMM estimator is used.
Then the associated Wald test statistic for the null hypothesis of interest

HQ . R(ﬁo) =T,
is given by
W = n[R(B) —r[R'(B)(D'V'D) " R'(B) ] [R(B) — 1]
d 2

Here, the asymptotic x% distribution holds under the null hypothesis Hy :
R(3°) = r. Similarly, we can construct a ¢-test statistic when J = 1.

The moment condition E[m.(5°)] = 0 also provides a basis to check
whether an economic theory or economic model is correctly specified. This
can be done by checking whether the sample moment () is close to zero.

A popular model specification test in the GMM framework is the J-test
statistic

J = nim(B)'Vlm(B) S Pk,

where convergence in distribution is obtained under correct model specifi-
cation, where B is an asymptotically optimal GMM estimator. (What will
happen if a consistent but suboptimal GMM estimator is used?) This is
also called the overidentification test. The J-test statistic ni(3)V 17 (3)
is rather convenient to compute, because it is the objective function of the
two-stage GMM estimator. As a special case of the overidentification test,
we also introduce Sargan’s (1958) test for validity of IV under the MDS
condition with conditional homoskedasticity in a linear regression model.
If there exists conditional heteroskedasticity or {Z;e;} is not an MDS, Sar-
gan’s test statistic has to be robustified.

GMM provides a convenient unified framework to view most economet-
ric estimators. In other words, most econometric estimators can be viewed
as a special case of the GMM framework with suitable choices of moment
function and weighting matrix. We have seen that the OLS and 2SLS esti-
mators are special cases of the class of GMM estimators in a linear regres-
sion model, and in particular, the 2SLS estimator is asymptotically optimal
when (and only when) {Z,&,} is an MDS with conditional homoskedasticity.
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Exercise 8

8.1. A GMM estimator is defined as

B = argminm(8) W~ (8),

where 8 is a K x 1 parameter vector, W is a possibly stochastic [ x [
symmetric and nonsingular matrix,

m(B) =n"" th(5)7

is an [ x 1 sample moment vector and m;(8) is an [ x 1 moment function
of parameter 5 and random vector Z;, and | > K. We make the following
assumptions:

Assumption 1: [3° is the unique solution to E[m(Z, 5°)] =0, and 5° is an
interior point in ©.

Assumption 2: {Z;} is an ergodic stationary process and m(Z, 8°) is an
MDS in the sense that

E[m(Z, %) 2] =0,
where Z'=' = {Z; 1, Z;_o,..., Z1} is the information available at time ¢t — 1.

Assumption 3: With probability one, m(Z;, ) is continuously differentiable
with respect to 8 € © such that

sup [’ (8) — m/(B)]| % 0,
pe©

where m/(5) = %m(ﬁ) and m/(B) = %E[m(Zt,ﬁ)] = E[a@Bm(Zt,ﬁ)].
Assumption 4: /nm(5°) 4 N(0,V,) as n — oo for some finite and positive
definite matrix V.

Assumption 5: W EWasn— oo, where W is a finite and positive definite
matrix.

From these assumptions, one can show that B RN (°, and this result can
be used in answering the questions in Parts (1) to (4). Moreover, you can
make additional assumptions if you feel appropriate and necessary.
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(1) Find the expression of the asymptotic variance-covariance matrix V,
in terms of m(Zy, 8°).

(2) Find the FOC of the above GMM minimization problem.

(3) Derive the asymptotic distribution of v/n(3 — 5°).

(4) Find the optimal choice of W. Explain why your choice of W is
optimal.

8.2. Suppose we use GMM to estimate an endogenous linear regression
model Y; = X]3°+¢; by choosing a moment function m:(38) = Z;(Y:— X} 3),
where ( is a K x 1 parameter vector, X; is a K X 1 regressor vector, and
Zy is a K x 1 instrument vector such that Qzx = E(Z;X}) is a finite and
nonsingular matrix. Assume that all necessary regularity conditions hold.

(1) Show that 3 = (Z'X)~'Z'Y is a GMM estimator with a suitable
choice of weighting matrix W. Give your reasoning.

(2) Compare the relative efficiency between § from Part (1) and fBagrs
when {Z;¢,} is an MDS and E(£7|Z;) = 0. Give your reasoning.

(3) Does your conclusion in Part (2) hold when {Z;e;} is an MDS but
E(2]Z;) # %7 Explain.

8.3. (1) Show that the 2SLS estimator Basrs for the parameter 5° in the
regression model Y; = X/3° + ¢; is a special case of the GMM estimator
with suitable choices of moment function my(3) and weighting matrix W.

(2) Assume that {Z:e:} is an ergodic stationary MDS. Obtain the
two-stage asymptotically optimal GMM estimators by choosing weighting
matrix W = V, under conditional homoskedasticity and conditional het-
eroskedasticity respectively. Give your reasoning.

(3) Compare the relative efficiencies of the asymptotically optimal GMM
estimators obtained in Part (2) with BQS s under conditional homoskedas-
ticity and conditional heteroskedasticity respectively. Give your reasoning.

8.4. Suppose {m(5)} is an ergodic stationary MDS, where with probability
one, my(+) is continuous on a compact parameter set ©, and {m(8)m(3)'}
follows UWLLN, and V,, = E[m(8°)m(8°)’] is finite and nonsingular. Let

V=n"13"  mi(B)mi(B), where j is a consistent estimator of 3°. Show

V&Voasn—ﬂxu.

8.5. Suppose Bis a preliminary GMM estimator with weighting function
w5 W, where W is an [ x [ nonstochastic, symmetric, finite and nonsin-
gular matrix, and W # V, = E[m(3°)m:(8°)’].
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(1) Use B to construct a Wald test statistic for the null hypothesis
H, : R(p°) = r, and derive its asymptotic distribution under Hy. Give
your reasoning. Assume that all necessary regularity conditions hold.

(2) Compare the relative efficiency between the Wald test statistic in
Part (1) and the Wald test statistic in Theorem 8.7 which employs the two-
stage asymptotically optimal GMM estimator. Which test is expected to
have better power in finite samples when Hj is false? Explain.

8.6. Consider testing the null hypothesis Hy : R(8°) = r under the GMM
framework, where R($°) is a J x K nonstochastic matrix, r is a J x 1
nonstochastic vector, and R'(f°) is a J x K matrix with full rank J, with
J < K. We can construct an LM test based on the Lagrange multiplier
5\*, where \* is the optimal solution of the following constrained GMM
minimization problem:
D%k . A Ivr—1 4 /
(. A) = arg_wmin {in(8)' V() + Nl — R(9)] .

where V is a preliminary consistent estimator for V, = avar[y/nin(3°)]
that does not depend on 5. Construct the LM test statistic and derive its
asymptotic distribution in each of the following three cases:

(1) {m¢(B°)} is an ergodic stationary MDS. Give your reasoning,.

(2) {m¢(B°)} is an ergodic stationary non-MDS. Give your reasoning.

Assume that all regularity conditions hold.

8.7. [Nonlinear IV Estimation/: Consider a nonlinear regression model
}/t = g(Xta 60) + Et,

where ¢(Xi,-) is twice continuously differentiable with respect to g3,
E(e|X:) # 0 but E(g4|Z;,) = 0, where Y} is a scalar, X, is a K x1 vector of
explanatory variables and Z; is an [ x 1 vector of IVs with [ > K. Suppose
{Y,, X/, Z}} is an ergodic stationary process, and {Z,&,} is an MDS.

The unknown parameter value 8° can be consistently estimated based
on the moment condition

E[m(8°)] = 0,

where m(8) = Z:[Y; — g(X¢, 8°)]. Suppose a nonlinear IV estimator solves
the minimization problem

B = arg mﬁin m(ﬂ)’W—lm(ﬁ),
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where m(8) = n=t Y1, Z:[Y: — g(X4,B)], and W —P W, a finite and
positive definite matrix.

(1) Show BB B as n — occ.

(2) Derive the FOC.

(3) Derive the asymptotic distribution of j. Discuss the cases of condi-
tional homoskedasticity and conditional heteroskedasticity respectively.

(4) What is the optimal choice of W so that § is asymptotically most
efficient?

(5) Construct a test for the null hypothesis that Hy : R(8°) = r, where
R(S) is a J x K nonstochastic matrix with R'(5°) of full rank, r isa J x 1
nonstochastic vector, and J < K.

8.8. [NLS Estimation/: Consider a nonlinear regression model
Ye = g(Xt, B°) + e,

where 8° is an unknown K x 1 parameter vector and E(g¢|X;) = 0. Assume
that g(X4,-) is twice continuously differentiable with respect to 8 with the
2
K x K matrices E[%ﬁ“ﬁ) %B’;’ﬁ)] and E[%] finite and nonsingular
for all 0 € ©.
The NLS estimator solves the minimization of the SSR problem

B =argminy [, — g(X, B)]* .

t=1

The FOC is

D(@ye =3 2Dy — g(x, 5] o
t=1

where D(5) is an n x K matrix, with the ¢-th row being (%g(Xt,ﬁ). This
FOC can be viewed as the FOC

m(B) =0
for a GMM estimation with moment function
0g( Xy,
mu(8) = 25y — g6, )

in an exact identification case (I = K). In general, there exists no closed
form expression for 5. Assume that all necessary regularities conditions
hold.
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(1) Show 3 5 B° as n — cc.

(2) Derive the asymptotic distribution of /n(3 — 8°).

(3) What is the asymptotic variance of /n(3 — 3°) if {%ﬁ“ﬁ)st}
is an ergodic stationary MDS with conditional homoskedasticity (i.e.,
E(£2|X;) = 02)? Give your reasoning.

(4) What is the asymptotic variance of /n(3 — 8°) if {%ﬁ"met}
is an ergodic stationary MDS with conditional heteroskedasticity (i.e.,
E(e7|X;) # 02)? Give your reasoning.

(5) Suppose {22 (X:.5) et} is an ergodic stationary MDS with conditional
homoskedasticity (i.e., E(c?|X;) = 02). Construct a test for the null hy-
pothesis Hy : R(8°) = r, where R(f) is a J x K nonstochastic matrix such
that R'(8°) = %R(ﬁ") is a J x L matrix with full rank J < L, and r is a
J x 1 nonstochastic vector.

(6) Suppose {%ﬁet} is an ergodic stationary MDS with conditional
heteroskedasticity (i.e., F(7|X;) # 02). Construct a test for the null hy-
pothesis Hy : R(8°) = r, where R(f) is a J x K nonstochastic matrix such
that R'(8°) = %R(ﬁo) is a J x L matrix with full rank J < L, and r is a
J x 1 nonstochastic vector.

8.9. Suppose V is a consistent estimator for V, = avar[y/nm(3°)] using
the second stage GMM estimator /3. Show that replacing the first stage
preliminary variance estimator 1% by V has no impact on the asymptotic
distribution of the overidentification test statistic nsi(3)'V ="' (3), namely,
show

BV i(B) — nain(B)V " in(B) 5 0
as n — oo under correct model specification. Assume all necessary regu-
larity conditions in Theorem 8.8 hold.

8.10. Suppose B is a suboptimal but consistent GMM estimator, say the
first stage preliminary GMM estimator in a two-stage asymptotically op-
timal GMM procedure. Our interest is to test the null hypothesis that
Hy : E[m(X:, 8°)] = 0. Assume that all necessary regularity conditions
hold. Could we snnply replace the two-stage asymptotlcally optimal GMM
estimator ﬁ by 3 and still obtain the asymptotic Xl K distribution for the
overidentification test statistic J = n - m(B)'V~"1m(B) under Hy? That
is, will the test statistic n - m(B)’V—lm(B) follow the asymptotic x7
distribution under Hy? Give your reasoning.
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8.11. Suppose f is a consistent but asymptotically suboptlmal GMM esti-
mator of 3° which is based on the weighting matrix W, where W 5 W, an
I x | symmetric, finite and nonsingular matrix. We now use B to construct
a test statistic for the null hypothesis

Hy : E[m:(8°)] =0

The idea is to use the sample moment 7m(3) = n=' 327, my(3) and check
whether it is significantly different from zero. Assume that all necessary
regularity conditions hold.

(1) Derive the asymptotic distribution of /n7(5) under Hy.

(2) Construct a quadratic form test statistic J of \/ni () so that it is
asymptotically Chi-squared under Hy. Give your reasoning.

(3) Compare the test statistic .J with the overidentification test .J statis-
tic proposed in Theorem 8.8. Which test is expected to be more powerful
against model misspecification? [Hint: Compare the degrees of freedom be-
tween the two test statistics under Hy.]

8.12. Suppose Assumptions 7.1 to 7.3, 7.4(c), 7.6 and 7.7 in Chapter 7
hold. To test the null hypothesis Hy : E(e¢|Z;) = 0, where Z; is an I x 1
instrument vector, one can consider the auxiliary regression

~ /
etZ(XZt—‘r’LUt,

where é; = Y; — Xt/BQSLS, and test whether all coefficients {a;} are jointly
Zero.

(1) Show that Sargan’s test statistic S in Theorem 8.9 is equal to nR2,,
where R?_ is the uncentered R? in the above auxiliary regression of é; on
7.

(2) Show nR%_ = nR?+o0p(1) as n — oo under the null hypothesis Hy,
where R? is the centered R? in the auxiliary regression of é; on Z;.

(3) Explain why Sargan’s test generally has asymptotic unit power when
the null hypothesis Hy is false.

(4) Does Sargan’s test have asymptotic unit power when FE(e:|Z;) # 0
but E(Ze;) = 07 Explain.

8.13. Given Assumptions 7.1, 7.2, 7.3, 7.4(c) and 7.6 in Chapter 7, E(Z;-Lt) <
oo forj € {1,...,1}, E(e}) < oo, and | > K. Construct a test statistic for the
null hypothesis Hy : E(g|Z;) = 0, and derive its asymptotic distribution
under Hy. This is a robust Sargan’s test which is valid under conditional
heteroskedasticity.



Chapter 9

Maximum Likelihood Estimation and
Quasi-Maximum Likelihood
Estimation

Abstract: Conditional probability distribution models have been widely
used in economics and finance. In this chapter, we introduce two closely
related popular methods to estimate conditional distribution models—
Maximum Likelihood Estimation (MLE) and Quasi-MLE (QMLE). MLE
is a parameter estimator that maximizes the model likelihood function of
the random sample when the conditional distribution model is correctly
specified, and QMLE is a parameter estimator that maximizes the model
likelihood function of the random sample when the conditional distribu-
tion model is misspecified. Because the score function is an MDS and the
dynamic Information Matrix (IM) equality holds when a conditional dis-
tribution model is correctly specified, the asymptotic properties of MLE is
analogous to those of the OLS estimator when the regression disturbance is
an MDS with conditional homoskedasticity, and we can use the Wald test,
LM test and Likelihood Ratio (LR) test for hypothesis testing, where the
LR test is analogous to the J - F' test statistic. On the other hand, when
the conditional distribution model is misspecified, the score function has
mean zero, but it may no longer be an MDS and the dynamic IM equality
may fail. As a result, the asymptotic properties of QMLE are analogous to
those of the OLS estimator when the regression disturbance displays serial
correlation and/or conditional heteroskedasticity. Robust Wald tests and
LM tests can be constructed for hypothesis testing, but the LR test can
no longer be used, for a reason similar to the failure of the F-test statistic
when the regression disturbance displays serial correlation and/or condi-
tional heteroskedasticity. We discuss methods to test the MDS property of
the score function, and the dynamic IM equality, and correct specification
of a conditional distribution model.

383
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Keywords: ARMA model, Censored data, Conditional probability distri-
bution model, Discrete choice model, Duration model, Dynamic IM test,
GARCH model, Hessian matrix, IM equality, IM test, Likelihood function,
LM test, Log-likelihood function, LR test, Martingale, MDS, MLE, Proba-
bility Density Function (PDF), Probability Mass Function (PMF), Pseudo
likelihood function, QMLE, Score function, Survival analysis, Truncated
data, Value at Risk (VaR), Variation-free parameters, Vector AutoRegres-
sion (VAR), Wald test

9.1 Motivation

So far we have focused on econometric models for conditional mean or
conditional expectation, either linear or nonlinear. When do we need to
model the conditional probability distribution of Y; given X;7

We first provide a number of economic examples which call for the use
of a conditional distribution model.

Example 9.1. [Value at Risk (VaR)]: In financial risk management,
how to quantify extreme downside market risk has been an important issue.
Let I;_; = (Y;—1, Y2, ..., Y1) be the information set available at time t —1,
where Y; is the return on a portfolio in period ¢. Suppose

Vi = (B°) + &
= e (B%) + 04(8%) 2,
where 114(3°) = E(Y;|1;—1),02(8°) = var(Y;|I;_1), {2:} is an 1ID sequence
with E(z;) =0, var(z;) = 1, and PDF f.(-|3°). An example is that {z;} ~
IID N (0, 1).
The Value at Risk (VaR), V() = V(It—1, @), at the significance level
€ (0, 1), of the portfolio, is defined as

PY; < —Vi(a)|Ii-1] = o

Intuitively, VaR is the threshold that unexpected actual loss will exceed
with probability a. Given Y; = p; + o424, where for simplicity we have put
e = pi(8°) and o = 04(?), we obtain
a= P+ oz < =Vi(a)|l—1]
—Vila) —
(o) — It1:|

gt

R [—Vt(a) —ut] ’

gt

:P|:Zt<
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where the last equality follows from the independence assumption of {z;}.
It follows that

—Vi(e) — e

(oF7

— _COé
or
‘/t(a> = —Ht + UtCa7

where C\, is the absolute value of the left-tailed critical value of the distri-
bution F.(-) at level o, namely

Plzs < —Cy]l =«

or

—C,
/ f2(28°)dz = .

— 00

For example, Cy g5 = 1.65 and Cy 91 = 2.33.

Obviously, we need to model the conditional probability distribution of
Y; given I;_1 in order to calculate Vi(«), which is a popular quantitative
measure for downside market risk.

For example, J. P. Morgan’s RiskMetrics uses a simple conditional nor-
mal distribution model for asset returns:

Y, = oz,
t—1 )

of=(1=XN)> NY2, 0<A<l,
j=1

{2} ~ IID N(0,1),

where the conditional variance o7 is a weighted average of past volatilities.

This is called an exponential smoothing volatility model, where parameter
A controls the degree of smoothing. Here, the conditional distribution of
Y;|I;—1 is N(0,0%), from which we can obtain

V:(0.05) = 1.650%.
Example 9.2. [Binary Probability Modeling]: Suppose Y; is a binary

variable taking values 1 and 0 respectively. For example, a business turning
point or a currency crisis may occur under certain circumstance; households
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may buy a fancy new cell phone; and default risk may occur for some
financial firms. In all these scenarios, the variables of interest can take only
two possible values. Such variables are called binary.

We are interested in the probability that some economic event of inter-
est occurs (Y; = 1) and how it depends on some economic characteristics
X;. It may well be that the probability of ¥; = 1 differs among individuals
or across different time periods. For example, the probability of students’
success depends on their intelligence, motivation, effort, and the environ-
ment. The probability of buying a new product may depend on income,
age, and preference.

To capture such individual effects (denoted as X;), we consider a model

P(Y, = 1X,) = F(X]8°),

where F'(+) is a prespecified CDF. An example of F'(-) is the logistic function,
namely,

1

= —00 < u < 0.
1+ exp(—u)’

F(u)
This is the so-called logistic regression model. This model is useful for
modeling, e.g., credit default risk and currency crisis.
An economic interpretation for the binary outcome Y; is a story of a
latent variable process. Define

1 if V) <g,
}/t:
0 if V"> e,

where c is a constant, the latent variable
}/t* = Xt,/BO + €t7

and F(-) is the CDF of the IID disturbance ;. If {g;} ~ IID N(0,0?)
and ¢ = 0, the resulting model is called a probit model. If {g;} ~ IID
Logistic(0,02) and ¢ = 0, the resulting model is called a logit model. The
latent variable could be the actual economic decision process. For example,
Y can be the credit score and c is the threshold with which a lending
institute makes its decision on loan approvals.

This model can be extended to the multinomial model, where Y; takes
discrete multiple integers instead of only two values.

Example 9.3. [Duration or Survival Models]: Suppose we are inter-
ested in the time length it takes for an unemployed person to find a job,
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the time length that elapses between two trades or two price changes, the
time length of a strike, the time length before a cancer patient dies, the
time length before a financial crisis (e.g., credit default risk) comes out, the
time length before a startup technology firm goes bankrupt, and the time
length before a family gets out of poverty. Such analysis is called duration
analysis or survival analysis.

In practice, the main interest often lies in the question of how long the
duration of an economic event will continue, given that it has not finished
yet. An important concept called hazard rate or hazard function measures
the probability that the duration will end now, given that it has not ended
before. This hazard rate therefore can be interpreted as the chance to find
a job, to trade, to end a strike, etc.

Suppose Y; is the duration of some event (e.g., unemployment) from a
population with PDF f(y) and CDF F(y). Then the survival function is
defined as

Sy)=PY;>y)=1-F(y),

and the hazard rate is defined as
Py <Y: <y+0lY; >y)
50+ )

Ply<Y, <y+98)/P(Y;, >vy)
§—0+ 1)

I
5

Ay)

Il
?

Hence, we have f(y) = M(y)S(y). The specification of A(y) is equivalent to
a specification of f(y). But A(y) is more interpretable from an economic
perspective. For example, suppose we have A(y) = r, a constant; that is,
the hazard rate does not depend on the length of duration. Then

f(y) = rexp(—ry)

follows an exponential distribution.
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The hazard rate may not be the same for all individuals (i.e., it may
depend on individual characteristics X;). To control heterogeneity across
individuals, we assume a conditional hazard function

Ai(y) = exp(X;8)No(v),

where \o(y) is called the baseline hazard rate or the baseline hazard func-
tion. This specification is called the proportional hazard model, proposed
by Cox (1972). The parameter

0
B = 5‘7Xt hl)\t(l/)
1 1o}

= NG ox, W

is the marginal relative effect of X; on the hazard rate of individual ¢. The
survival function of the proportional hazard model is

Si(y) = [So(y)] PP

where Sy(y) is the survival function of the baseline hazard rate \g(y).
The conditional PDF of Y; given X; is

fWIXe) = Xe(y)Se(y).

To estimate parameter 3, we need to use the Maximum Likelihood Estima-
tion (MLE) method, which will be introduced below.

Example 9.4. [Ultra-High Frequency Financial Econometrics and
Autoregressive Conditional Duration (ACD) Model]: Suppose we
have a sequence of tick-by-tick financial data {P;,t;}, where P; is the price
traded at time t;, where i is the index for the i-th price change. Define the
time interval between price changes

Y;:ti—ti,b Z:].,,TL
Question: How to model serial dependence of the duration Y;?

Engle and Russell (1998) propose a class of ACD model:
Yi = pi(6°) 7,
1i(8°) = E(Yi|li—1),
{z} ~ IIDEXP(1),
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where I;_1 is the information set available at time t;_1. Here, u; = p;(8°)
is called the conditional expected duration given I; ;. A model for p; is

pi =w+api—1 +7Yi-1,

where 8 = (w, o, 7).
From this model, we can write down the model-implied conditional PDF
of Y; given I;_ :
1 Y
e e R
1223 1223
From this conditional PDF, we can compute the conditional intensity of Y;

(i.e., the instantaneous probability that the next price change will occur at
time ¢;), which is important for, e.g., options pricing.

Example 9.5. [Continuous-Time Diffusion Models|: The dynamics
of the spot interest rate Y; is fundamental to pricing fixed income securities.
Consider a diffusion model for the spot interest rate

dY;f = ,U,(}/;g, ﬂo)dt + O—(}/;H /Bo)thv

where u(Y:, 8°) is the drift model, and o (Y%, 5°) is the diffusion model, 3°
is an unknown K X 1 parameter value, and W; is the standard Brownian
motion. Note that the time ¢ is a continuous variable.

Question: What is the Brownian motion?

Continuous-Time models have been popular in mathematical finance
and financial engineering. First, financial economists have the belief that
informational flow into financial markets is continuous in time. Second, the
mathematical treatment of derivatives pricing is elegant when a continuous-
time model is used.

The following are three well-known examples of the diffusion model:

e The random walk model with drift,
dY; = pdt + odWy;
e Vasicek’s (1977) model,

dY; = (a+ pY;)dt + odWy;
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e Cox, Ingersoll, and Ross’ (1985) model,
dY; = (a + BY;)dt + oY;/2dw,.

These diffusion models are important for hedging, derivatives pricing and
financial risk management.

Question: How to estimate model parameters of a diffusion model using
a discretely sampled data {Y;}7,7

Given the drift function (Y, 5) and the diffusion function o(Yz, B),
we can determine the conditional PDF fy, 7, , (ys|l—1,8) of Y; given I;_;.
Thus, we can estimate $° by MLE or asymptotically equivalent methods
using discretely observed data. For the random walk model, the conditional

PDF of Y; given I;_1 is
— ut)?
exp [_@M} .

202t

fWlli—1,B) = o

For Vasicek’s (1977) model, the conditional PDF of Y; given I;_; is
2
1 [y —yoe™ + (1~ e”t)}

fWll—1,8) = exp =
_7%2(1 — e27t) (1 —2e>)

For Cox, Ingersoll and Ross’ (1985) model, the conditional PDF of Y}
given I;_1 is

1
\/27T |:’lIO¢’TY (e’yt _ eQ'yt) + #(1 _ e'yt)2:|

[ZJ yoe ' + 223 (1 — evt)ﬂ

9 { yo$ (et — 6277:) g2 (1 - e*yt)Q}

fylli—1,8) =

X exp

It may be noted that many continuous-time diffusion models do not
have a closed form expression for their conditional PDF, which makes the
MLE estimation infeasible. Methods have been proposed in the literature
(e.g., Ait-Sahalia 2002) to obtain some accurate approximations to the
conditional PDF so that MLE becomes feasible.
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9.2 Maximum Likelihood Estimation (MLE) and
Quasi-MLE (QMLE)

Recall that a random sample of size n is a sequence of random vectors
{Z1, ..., Zy}, where Z; = (Y3, X})'. We denote the random sample as follows:

7" = (2., 2"

A realization of Z™ is a data set, denoted as z" = (#],...,2,,)’. A random
sample Z™ can generate many realizations (i.e., data sets).

Question: How to characterize the random sample Z™7

All information in Z™ is completely described by its joint PDF/PMF
fzn(2™). (For discrete random variables, we have fzn(2") = P(Z" = z").)
By sequential partitioning (repeatedly using the multiplication rule that
P(AN B) = P(A|B)P(B) for any two events A and B), we have

fzn (2") = [z, 201 (202" ") fgn-1(z" ")
= Hfzt|zt—1(zt|zt_l)7

t=1

where Z'" = (Z]_1, Z]_5, ..., Z])', and [z, z¢-1 (2|2 "") is the conditional
PDF/PMF of Z; given Z'~'. As a convention, we set fz z0(z1]z°) =
fz,(21), the marginal PDF/PMF of Z;. Also, given Z; = (Y3, X;) and
using the formula that P(AN B|C) = P(A|BN C)P(B|C) for any events
A, B and C, we have

fz,,|zt71(2t|zt_1) = fYtl(Xth,l)(ytm’zt—l)th‘Zt,l(x”Zt—l)
= fyijw, el Vo) fx, 21 (|2,
where
\Ilt — (th,Zt_ll)l7

an extended information set which contains not only the past history Z‘~*
but also the current X;. It follows that

n

fzn (2") = [ [ Fvarw, (0| W) fx, e (]2 )

t=1

Hfm\l/t (ye[ W) Hth\Zf (|2 ).
t=1

t=1
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Often, the interest is in modeling the conditional distribution of Y; given
U, = (X, 2V
We now examine some important special cases.

e Case I: Cross-Sectional Observations

Suppose {Z;} is IID. Then fy, v, (y¢|ze,2°7) = fyv, x, (ye|2:) and
Ixze- (22" ™1) = fx, (2¢). It follows that

fzn(z Hfmxt (yelze) fot 1),

where fx,(x¢) is the marginal PDF/PMF of X;.

e Case II: Univariate Time Series Analysis
Suppose X; does not exist, namely Z; = Y;. Then ¥, =
(X}, Z207VY =721 =Yl = (Y;_q,..., Y1)/, and as a result,

fzn (2 HfYtlYt Hyely'™h).

In general, we assume a parametric conditional distribution model

fzize-1 (2|2 1) = fypw, 0%, B) fx,ze-1 (222, 9),

where fy, v, (-|¥¢, 8) is a known functional form up to some unknown K x 1
parameter vector 3, and fx,|z+-1 (- |z=1 7) is a known or unknown paramet-
ric function with some unknown parameter 7. Note that fy, v, (y:|¥¢, 3)
is a function of B rather than v while th‘Zt_l(mt|zt’1,'y) is a function of
v rather than g. This is called a variation-free parameters assumption. It
follows that the model log-likelihood function

In fzn (2 Zlantl\Ift (ye|We, B) +Zlnfxt\zt (w2 ),

where the first term contains sample information about parameter 3, and
the second term contains the sample information about parameter ~. If we
are interested in using the extended information set ¥, = (X}, Z!~') to
predict the probability distribution of Y;, then 3 is called a parameter of
interest, and +y is called a nuisance parameter. In this case, to estimate 3, we
only need to focus on modeling the conditional PDF/PMF fy, |y, (y|¥+¢, 3).
This follows because the second part of the likelihood function does not
depend on S so that the maximization of ln fz»(z") with respect to §
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is equivalent to the maximization of the first part of the likelihood with
respect to 5.

We now introduce various conditional distribution models. For sim-
plicity, we only consider IID observations so that fy,w,(y|¥s 3) =

Frox, WX, B).

Example 9.6. [Linear Regression Model with Normal Errors]: Sup-
pose Z; = (Y3, X}) is IID, Y; = X]a® + &;, where &,|X; ~ N(0,02). Then
the conditional PDF of Y;| X, is

1 12
e—m(y—x o) ,

1

where 8 = (a/,0?)". This is a classical linear regression model discussed in
Chapter 3. The unknown regression parameter value a° can be estimated
by the Quasi-MLE (QMLE) method to be proposed below, and it can be
shown that QMLE is identical to the OLS estimator for a°.

Example 9.7. [Logit Model]: Suppose Z; = (¥;, X]) is IID, Y; is a
binary random variable taking either value 1 or value 0, and
(X(B°) if y=1,
P(Y: =y|X¢) = ,
1—(X38°) if y=0,

where

1

V) = T

—o0 < u < 00,
is the CDF of the logistic distribution. We have
fYtht(y‘Xt76) :w(Xéﬁ)y[l_w(XI;ﬁ)]l_y? y:O71

Example 9.8. [Probit Model]: Suppose Z; = (Y3, X;)’ is IID, and Y; is
a binary random variable such that
(X{B7) if y=1,
P(Y, =y|X:) = .
1-9(X;3°) if y=0,

where ®(-) is the N(0,1) CDF. We have

Frix, W Xe, ) = (X;5)[1 — (X[B)]' 7.
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There are wide applications of the logit and probit models. For example,
a consumer chooses a particular brand of car, or a student decides to go to
PhD study.

Example 9.9. [Censored Regression (Tobit) Models]: A dependent
variable Y; is called censored when the response Y; cannot take values below
(left censored) or above (right censored) a certain threshold value. For
example, the investment can only be zero or positive (when no borrowing
is allowed). The censored data are generated from mixed continuous and
discrete probability distributions. Suppose the DGP is

}/t* = Xt/OéO + Et,

where {g;} ~ IIDN(0,02). When Y;* > ¢, we observe Y; = Y;*; when
Y < ¢, we only have the record Y; = ¢, where constant c is known. The
parameter o should not be estimated by regressing Y; on X; based on
the subsample with Y; > ¢, because the data with Y; = ¢ contain relevant
information about «° and o2. More importantly, in the subsample with
Y: > ¢, & is a truncated distribution with nonzero mean (i.e., E(e:|Y; >
¢) # 0 and E(Xe|Y; > ¢) # 0) even if E(e|X;) = 0. Therefore, the OLS
estimator is not consistent for a° if one only uses the subsample consisting
of observations of Y; > ¢ and throws away observations with Y; = c.

Question: How to estimate a® using an observed sample {Y;, X]} | where
some observations of Y; are censored?

Suppose Z; = (Y, X)) is IID, with the observed dependent variable
L[V Y
t =
c if Y*<eg,

where Y* = X/a® + &; and &|X; ~ [IDN(0,02). We assume that the
threshold ¢ is known. Then we can write

Y; = max(Y]", ¢)
= max(X;a® + &, ¢).
Define a dummy variable indicating whether Y, > c or Y* <,
1 if Yy > e (ie,if Y >¢),
b= {o if Y, =c (ie.,if Y <c).
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Then the PDF of Y;| X; is

/ (ylz, B) = 1 o ez (Wi—a'a)? b o c— a1 P
A o : |

where ®(-) is the N(0,1) CDF, and the second part is the conditional
probability

P(}/t = C|Xt = Jf)
=P, <c|X:i=x)
= P(e; < ¢ — X[a| Xy = )

_ /
P<€t<c Xia th>

o o
given the fact that £t follows an N(0, 1) distribution conditional on X;.

Question: Can you give some examples where this model can be applied?

One example is a survey on unemployment spells. At the terminal date
of the survey, the recorded time length of an unemployed worker is not the
duration when his layoff will last. Another example is a survey on cancer
patients. The life of those who have survived up to the ending date of the
survey will usually be longer than the survival duration recorded.

Example 9.10. [Truncated Regression Models]: A random sample
is called truncated if we know before hand that observations can come
only from a restricted part of the underlying population distribution. The
truncation can come from below, from above, or from both sides. We now
consider an example where the truncation is from below with a known
truncation point. More specifically, assume that the DGP is

}/t* = Xt/OéO + Et,

where &,/ X; ~ IIDN(0,02). Suppose only those of Y;* whose values are
larger than or equal to constant ¢ are observed, where ¢ is known. That is,
we observe Y; = Y}* if and only if Y;* = X/a®+e; > ¢. The observations with
Y,* < c are not recorded. Assume the resulting sample is {Y;, X/ }}-,, where
{Y;, X/} is IID. We now analyze the effect of truncation for this model.
For the observed sample, Y;* > ¢ and so &; comes from the truncated
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version of the N(0,02) distribution with &, > ¢ — X/a°. It follows that
E(X:e:|Yy* > ¢) # 0 and therefore the OLS estimator based on the observed
sample {Y;, X/} is not consistent. One can use MLE to estimate the true
parameter value a® consistently, and for this purpose, one needs to know
the conditional PDF of Y; given X;.

Because the observation Y; is recorded if and only if Y;* > ¢, the condi-
tional distribution of Y; given X, is the same as the conditional distribution
of Y;* given X; and Y;* > c¢. Moreover, for any events A, B and C, we have
P(AnN B|C) = P(A|Bn C)P(B|C) by the multiplication rule. Putting
A={Y <y},B={Y>c}and C = {X; =z}, we have

P <y Y, >c| Xy =x)=PY] <y|lYy >c, Xy =2)P(Y) > | Xy = x).
It follows that

Fyx,(ylz) — Fyxx,(c|z)
= FYt*\(Xt:w,Yt*>c)(y|Xt = Jf,}/t* > C)P(n* > C|Xt = a:)

Differentiating the equation with respect to y, we obtain that for any y > c,

frax, Wz, B) = frr(xi=a, v >0) WXt = 2, Y > ¢)
Iy ixe=ayeso (Y Xe =2, Y > o) P(Y) > ol Xy = )
P(Y} > X, =x)
 fyrx, (WX =)
P(Y} > c|Xy =x)
1 1

— e—m(yt—fﬂ;a)z 1

© V2ro? 1_@<M)7

o

where 8 = (o/,0?)’, and the conditional probability
PY>c|Xy=2)=1- P, <X, =x)

:1_p(€t§c—Xt’a

g g

_/
:1—<I><C xa).
o

Question: Can you give some examples where this model can be applied?

Xt:(E>

One example is loan applications in banks: only those successful loan
applications will be recorded. Another example is students’ application
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to colleges. Suppose we are interested in investigating how the entrance
examination scores of students depend on their effort, family support, and
high schools, and we have a sample from those who have been admitted
to colleges. This sample is obviously a truncated sample because we do
not observe those who are not admitted to colleges because their scores are
below certain minimum requirements.

Question: How to estimate S in a conditional PDF/PMF model
fYt\\llt(y|\I]t75)?

We first introduce the likelihood function.

Definition 9.1. [Likelihood Function]: The joint PDF/PMF of the ran-
dom sample Z" = (Z1, Zs, ..., Z,) as a function of (3,7)

Ln(ﬁa'ﬁ Zn) = fzn (Znﬂ 657)

is called the likelihood function of Z™ when z" is observed. Moreover,
InL,(8,7,2z") is called the log-likelihood function of Z™ when z" is ob-
served.

The likelihood function L, (8, v; z"™) is algebraically identical to the joint
PDF/PMF fzn (2", 3,7) of the random sample Z" taking the value z".
Thus, given (8,7), Ln(8,7;2™) can be viewed as a measure of the proba-
bility or likelihood with which the observed sample z™ will occur.

Lemma 9.1. [Variation-Free Parameter Spaces]: Suppose 3 and -y

are variation-free over parameter spaces © x I', in the sense that for all
(8,7) € © x T, we have

fz020-1 (220, B,7) = fyjw, el e, B) x, iz (2| 20, ),

where U, = (X[, Z!=Y). Then the likelihood function of Z" given Z™ = z"

can be written as

Lu(B,%:2") = [ v il e, ) [ Fcaize s (@l Z0 1),

t=1 t=1
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and the log-likelihood function

In Lo (8,7:2") = > In fy,u, (4| ¥r, B)

t=1

+ Z In fx, e (22771, ).

t=1

Suppose we are interested in predicting Y; using the extended informa-
tion set U, = (X/,Z*~Y)". Then only the first part of the log-likelihood
is relevant, and ( is called a parameter of interest. The other parameter
v, appearing in the second part of the log-likelihood function, is called a
nuisance parameter.

We now define an estimation method based on maximizing the condi-
tional log-likelihood function Y ;" | In fy, v, (y¢|¥y, B).

Definition 9.2. [Maximum Likelihood Estimator (MLE) and
Quasi-MLE (QMLE)]: Define the estimator 8 for 5 € O as

3 = Y|
8 argrﬂngggf}q\@t( Ve, B)
= argmax > In fyju, (Vo[ 0, ),
t=1

where O is a parameter space.

(1) When the conditional PDF/PMF model fy, v, (y|¥¢, 8) is correctly
specified in the sense that there exists some parameter value 8° € © such
that with probability one, fy,w,(y|¥¢,3°) coincides with the true condi-
tional PDF/PMF of Y; given ¥,, then B is called the Maximum Likelihood
Estimator (MLE).

(2) When fy, |y, (y|¥¢, 8) is misspecified in the sense that there exists
no parameter value € © such that with probability one, fy, v, (y[¥¢, 3)
coincides with the true conditional PDF/PMF of Y; given W,, then B is
called the Quasi-MLE (QMLE).

Under the variation-free parameters assumption, the second term of the
log-likelihood function In L, (3, v]|Z"™) does not depend on 8 (see Lemma
9.1). As a result, § in Definition 9.2 is also the solution to maximization of
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In L, (B8, 7v]|Z™), namely,

[3 = arg max E In Y| Wy, B
gﬁe 2 fyow, (Ye| P, B)

1 n b " .

—arglﬁneax n L, (8,~|Z")

Thus, by the nature of the objective function, MLE/QMLE gives a pa-
rameter estimate which makes the observed sample z" most likely to occur.
By choosing a suitable parameter value B € 0, MLE/QMLE maximizes the
probability that Z™ = z", that is, the probability that the random sample
Z" takes the value of the observed data z". Note that MLE and QMLE
may not be unique.

MLE is obtained over O, where © may be subject to some restriction.
An example is the GARCH model where some parameters have to be re-
stricted in order to ensure that the estimated conditional variance is non-
negative (e.g., Nelson and Cao 1992).

Question: When does MLE/QMLE exist?

Suppose the likelihood function is continuous in 8 € © and parameter
space © is compact. Then a global maximizer 8 € O exists.

Theorem 9.1. [Existence of MLE/QMLE]: Suppose for each € O,
where © s a compact parameter space, fy, v, (Y:|V¢,B) is a measurable
function of (Y:,Vy), and for each t, fy,jw,(Y:|¥ys,-) is continuous in 3 € ©
with probability one. Then MLE/QMLEB exists.

This result is analogous to the Weierstrass Theorem in multivariate
calculus that any continuous function over a compact support always has
a global maximum and a global minimum.

Example 9.11. [MLE/QMLE for a Linear Regression Model with
Normal Errors] Suppose Z; = (Y3, X})' is IID, Y; = X/a° + ¢, where
/X ~ N(0,02). Then the conditional PDF of Y;|X; is

1

2mo?

252 (y—= a)2

fYt\Xt (y|z, B) €

where 3 = (o/,0?)". It follows that

n 1 n
1 Y| W ———1 2 ——1 —
; ant\\I/t( Ve, B) n2Zm no’ T 9% z::
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Solving the FOCs:

O In fy, 1w, (Vi|Ws, B) 1

n
Z Xy (v, - X{a) =0,

Oa 262 &
oy 1 Y, |, 3
D=1 nfg;\;lu( e 5) (} = _Xla) =0,
we obtain
a = (X'X)"1X'Y,
2 _ e
=—,

where e = Y — X &. Therefore, the MLE/QMLE & for « is exactly the same
as the OLS estimator in Chapter 3.

The MLE/QMLE § = (&/,62)’ in Example 9.11 has a closed form so-
lution. Generally, we can only characterize MLE/QMLE by FOC, and like
the GMM estimator, there is usually no closed form for the MLE/QMLE
B. The solution B has to be searched by computers. The most popular
computing methods used in economics are the BHHH algorithm (Berndt
et al. 1974) and the Gauss-Newton algorithm.

9.3 Statistical Properties of MLE/QMLE

For notational simplicity, from now on we will write the conditional
PDF/PMF of Y; given U, as

Tyiw, W%, B) = f(y|¥e, B), —o0 <y < o0.

We first provide a set of regularity conditions.

Assumption 9.1. [Parametric Probability Distribution Model]:
(a) {Z; = (Y, X))}, is an ergodic stationary process; (b) f(y¢| ¥y, )
is a conditional PDF/PMF model of Y; given ¥, = (X/,Z!~Y)’, where
27V = (Z]_\,Z]_5,...,Z1), and B is a K x 1 parameter vector. For each
B, In f(Y;| ¥y, ) is measurable with respect to (Y;, ¥;), and for each ¢,
In f(Y;| Wy, ) is continuous in 8 € © with probability one, where O is a
finite-dimensional parameter space.

Assumption 9.2. [Compactness|: Parameter space © is compact.
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Assumption 9.3. [UWLLN]: {In f(Y;|¥:,8) — E'ln f(Y;|Uy, 5)} obeys
UWLLN, i.e.,

sup [~y " In f(V;| ¥y, B) — U(B)| 2 0,
t=1

BeO©

where the population log-likelihood function

1(B) = E[In f(Y;| ¥, B)]

is continuous in 8 € O.

Assumption 9.4. [Identification]: The parameter value
* = arg max|
B gmaxi(f)
is the unique maximizer of {(3) over O.

Question: What is the interpretation of 5*?

Assumption 9.4 is an identification condition which states that 5* is a
unique solution that maximizes I(f3), the expected value of the logarithmic
conditional likelihood function In f(Y;| ¥y, 8). So far, there is no economic
interpretation for 5* since we do not know whether f(y|¥;, ) is correctly
specified for the conditional distribution of Y; given W,. This is analogous to
the best linear least squares approximation coefficient 8* = argming E(Y —
X'B)?% in Chapter 2, where it cannot be interpreted as the expected marginal
effect of X on Y if one does not know whether the linear regression model
is correctly specified for E(Y;]| Xy).

We now consider the consistency property of B for 5*. Because we as-
sume that © is compact, B and B* may be corner solutions. Thus, we
have to use the extremum estimator lemma to prove the consistency of
MLE/QMLE j3.

Theorem 9.2. [Consistency of MLE/QMLE]: Suppose Assumptions
9.1 to 9.4 hold. Then as n — oo,

Proof: Applying the extremum estimator lemma in Chapter 8, with

Q(B) =n"1Y In f(Y[ Ty, B)

t=1
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and

Q(B) = U(B) = Eln f(Y2|W¢, B)].

Assumptions 9.1 to 9.4 ensure that all conditions for Q(3) and Q(S)
in the extremum estimator lemma are satisfied. It follows that 8 2 8* as
n — oo. This completes the proof.

9.4 Correct Model Specification and Its Implications

To discuss similarities and differences between MLE and QMLE, we first
define correct specification of a conditional probability distribution model
and discuss its implications.

Definition 9.3. [Correct Model Specification for Conditional
Probability Distribution]: The model f(y:|¥;,[) is correctly specified
for the conditional PDF/PMF of Y; given U, if there exists some parameter
value 8° € O such that with probability one, f(y:| ¥y, 3°) coincides with
the true conditional PDF/PMF of Y; given V,.

A conditional distribution model characterizes a family (or class) of
conditional distributions. Each parameter value 8 yields a conditional dis-
tribution of Y given ¥, and different parameter values for 5 yield differ-
ent conditional distributions. A correctly specified conditional distribution
model means that the family of conditional distributions it characterizes
contains the true conditional distribution of Y; given W;. Under correct
specification of f(y|¥;, ), the parameter value 3° is usually called the true
model parameter value. It will have a valid economic interpretation.

Question: What are the implications of correct specification of a condi-
tional distribution model f(y|®¥y,3)?

Theorem 9.3. Suppose Assumption 9.4 holds, and the model f(y:| ¥, B) is
correctly specified for the conditional probability distribution of Yy given Wy.
Then with probability one, f(y:|¥y, B*) coincides with the true conditional
PDF/PMF f(y:|Wy, 5°) of Yy given WUy, where B* is as given in Assumption
9.4 and B° is the true parameter value. In other words, when the model
f(ys| Wy, B) is correctly specified for the conditional probability distribution
of Yy given Wy, the population log-likelihood mazximizer B* coincides with
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the true parameter value 5°, namely
B = 5.

Proof: Because f(y|¥:, ) is correctly specified for the conditional distri-
bution of Y; given W;, there exists some 5° € © such that

1(B) = Elln f(Y;|¥y, B)]
= B{E[n f(Y;|¥¢, B)|¥:]}
5 | Ul f e, B)) (4]0 5°)dy,

where the second equality follows from the law of iterated expectations and
the expectation E(-) in the third equality is taken with respect to the true
probability distribution of the random variables in W,.

By Assumption 9.4, we have [(8) < [(5*) for all 3 € ©. By the law of
iterated expectations, it follows that for all 8 € O,

E / T, B)1f (4]0, %)y < E / T, B F (4] T, 5°)dy,

where f(y:|Uy, 5°) is the true conditional PDF/PMF. Hence, by choosing
5 = 3°, we have

E/ F(ul Ty, 8] f (] Ty, B° )dy<E/ F(l %, B (9]0, 5°)dy.
9.1)

On the other hand, by Jensen’s inequality and the concavity of the
logarithmic function, we have

/ 7l 5], )y / (51, B (1T 5y
_ 7 [f Wl 8 )
a /_Ool |:f(y|\1/t760):| f(yl¥y, B%)dy

- ln{/_z f<y\h,ﬁ*>dy}

= 1In(1)
=0,
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where we have made use of the fact that ffooo fly|¥y, B)dy = 1forall g € O.
Therefore, we have

oo

oo
[ wlrlve s s1ve 7y < [ i1, 511wl 5°)dy
— 00 —0o0

Therefore, by taking the expectation with respect to the probability
distribution of ¥y, we obtain

E/ MM,)]M%6<M<E/ S, B (0|1, 5°)dy.
(9.2)

Since the inequalities in (9.1) and (9.2) hold simultaneously, we must have
B* = B° given Assumption 9.4; otherwise 8* cannot be the the maximizer
of I(B) over ©. This completes the proof.

Theorem 9.3 provides an interpretation of f* in Assumption 9.4. That
is, the population log-likelihood maximizer 5* coincides with the true model
parameter value 8° when f(y|U;, ) is correctly specified. Thus, by max-
imizing the population model log-likelihood function I(3), we can obtain
the true parameter value 3°.

Under Theorem 9.2, we have B % B* as n — oo. Furthermore, by
correct specification for conditional distribution, we know g* = 8°, where
(° is the true model parameter value. Therefore, we have B 5o Bo as
n — oo.

This is essentially equivalent to the consistency in the linear regression
context, in which, the OLS estimator always converges to $* no matter
whether the linear regression model is correctly specified for conditional
mean. And when the linear regression model coincides with the true con-
ditional mean function, we have * = 8° from Theorem 2.4 and then the
OLS estimator will converge to the true model parameter [5°.

Below, we examine two additional important implications of correct
model specification for conditional distribution. For this purpose, we as-
sume that the true parameter value 5° is an interior point of the parameter
space O, so that we can impose a differentiability condition on the log-
likelihood function In f(y|¥:, 8) at 5

Assumption 9.5. 3° € int(©), where 3° is as in Definition 9.3.

Question: Why do we need this assumption?
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This assumption is needed in order to take a Taylor series expansion for

Ty, B).

We first state an important implication of a correctly specified condi-
tional distribution model for Y; given W,.

Theorem 9.4. [MDS Property of Score Function]: Suppose that for
each t, In f(Y;|Wy,-) is continuously differentiable with respect to B € ©
with probability one. Define a K x1 score function

5.(8) = %mf(ytwt,m.

If f(y|¥y, B) is correctly specified for the conditional probability distribution
of Yy given Uy, then

E1S:(8°)|¥] =0,

where 3° is as in Definition 9.8 and satisfies Assumption 9.5, and E(-|¥;)
is the expectation taken over the true conditional probability distribution of
Y: given V.

Proof: We shall only consider the case of a conditional continuous distri-
bution for Y;. Note that for any given 8 € O, f(y|¥:, ) is a valid PDF.
Thus we have

/_ Fyl U, B)dy = 1.

When § € int(0), by differentiation, we have

a oo
@/_w I, B)dy = 0.

By exchanging differentiation and integration, we have

< 9
e % (y|mtaﬁ)dy - 07

which can be further written as

/OO Oln f(y|¥y, B)

e 98 f(y|¥y, B)dy = 0.
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This relationship holds for all 8 € int(0), including 8°. It follows that

/°° O1n f(y|¥y, 5°)

R S, 87y = 0

where

Oln f(y|¥:.5°) _ Oln f(y[¥y. )
ap op p=po

Because f(y| ¥y, 8°) is the true conditional PDF/PMF of Y; given ¥; when
fy|¥y, B) is correctly specified for the conditional distribution of Y; given
U,, we have

E[St(ﬂ”)l\lft] =0.

This completes the proof.

Note that E[S;(8°)|¥] = 0 implies that E[S;(3°)|Z!~!] = 0, namely
{S:(B°)} is an MDS. As will be seen later, this MDS property is crucial to
understand the asymptotic properties of the MLE §.

Question: Suppose E[S(5°)|¥:] = 0 for some 3° € ©. Can we claim that
the conditional PDF/PMF model is correctly specified?

No. The MDS property is one of many implications of correct model
specification for conditional probability distribution. In certain sense, the
MDS property is equivalent to correct specification for conditional mean.
Misspecification of f(y|¥¢, 8) may occur in higher order conditional mo-
ments of Y; given ¥,. Below is an example in which {S;(5°)} is an MDS
but the model f(y:|¥¢, 8) is misspecified.

Example 9.12. Suppose {Y;} is a univariate time series process that fol-
lows the DGP

Vi = m(B%) + 0u(B%)z,

where (1,(3°) = E(Y;|¥,) and ¢2(8°) = var(Y;|¥;) depend on ¥, = Y!~! =
(Yie1,Yi9,..., Y1), and {2} ~IID N(0,1). Suppose further {Y;} has a unit
variance.

We now consider the following model

Y;: = /Jzt(ﬁ) + &¢, {Et} ~ 1ID N(O, 1)
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This model is correctly specified for conditional mean E(Y;|¥;), because
there exists some (3° € © such that p(8°) = E(Y;|¥;). However, it
is misspecified for conditional variance var(Y;|U,), because var(Y;|¥;) =
02(B°) # 1. Given the assumption that {e;} ~ IID N(0,1), we can write
the conditional PDF of the model as follows:

1 1 )
U,,B) = —exps —= | Vi — , —oo <y < oo.
Fol1,) = e { =3 Vi = )} y
It is straightforward to verify that
E[5:(8°)|¥:] = E[S:(8°)i-1] = 0,
although there exists misspecification in volatility dynamics.

Next, we state another important implication of a correctly specified
conditional distribution model for Y; given ¥,.

Theorem 9.5. [Conditional Information Matriz (IM) Equality]:
Suppose Assumptions 9.1 to 9.5 hold, f(y|Vs,B) is twice continuously dif-
ferentiable with respect to B € int(©) with probability one, and f(y:| ¥y, 5)
is correctly specified for the conditional probability distribution of Y; given
U,. Then

E[S(B°)S:(B°) + Hy(B°)|¥,] =

where

2

= o505 (I 6),

or equivalently,

I f(Vil¥r, 6°) 2 In (¥, B >M

[ p op'

=—E[%aﬁ,lnf<mwt, >M

Proof: For all 5 € O, we have

[ s, B)dy =
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By differentiation with respect to 8 € int(©), we obtain

8 oo

— v dy = 0.

55 [ foivesay
Exchanging differentiation and integration, we have

/°° of (y|¥e, B)
o ap
/°° dln f(y|¥y, B)
oo op
With further differentiation of the above equation again, we have
a /°° dln f(y|V,, B)
0B J_s op
_/OO 9 [31Hf(y|‘1’t,6)
) 08 p
_/°° 0 1n f(y| ¥, B)
) apas!
+/_oo 95 op
_/“ 9 1n f(y| ¥y, B)
s opop’

> 9ln f(y|¥y, B) Oln f(y| Py, B)
+/,oo 98 op

dy =0,

Y|y, B)dy

fy|¥, B)| dy

f(y|¥y, B)dy

dy

fyl®e, B)dy

fyle, B)dy
=0.

The above relationship holds for all § € ©, including 8°. This and the fact
that f(y|P, B°) is the true conditional PDF/PMF of Y; given ¥, imply the
desired conditional IM equality PDF/PMF. This completes the proof.

The K x K matrix

E[S(8°)S(B°) W]

Oln f(Y3| Wy, 3°) Oln f (Y| Wy, 5°) v
0B 0B’ '

is called Fisher’s conditional IM of Y; given W,. It measures the content

of the information contained in the random variable Y; conditional on the

=F




Maximum Likelihood Estimation and Quasi-Maximum Likelihood Estimation 409

information set W;. The larger the conditional expectation is, the more
information Y; contains.

Question: What is the implication of the conditional IM equality?

In certain sense, the conditional IM equality could be viewed as equiva-
lent to correct specification of conditional variance. It has important impli-
cations on the form of the asymptotic variance of MLE. More specifically,
the conditional IM equality will simplify the asymptotic variance of MLE
in the same way as conditional homoskedasticity simplifies the asymptotic
variance of the OLS estimator.

9.5 Asymptotic Distribution of MLE

To investigate the asymptotic distribution of \/ﬁ(ﬁ — f°), we need the
following conditions.

Assumption 9.6. (a) For each ¢, In f(y:| ¥, -) is continuously twice differ-
entiable with respect to g € © with probability one.
(b) Given 8* as in Assumption 9.4, {S;(8*)} obeys CLT, i.e.,

VnS(3 —n*1/2ZS ) 5 N(0,V2)

for some K x K matrix V. = avar[n='/2 3"} | S;(8*)] which is symmetric,
finite and positive definite.

(c) {H:(B) = %sﬁ,ln f(y:|P, B)} obeys UWLLN over ©. That is, as
n — oo,

sup £> 07

BEO

n~t Y H(B) - H(B)

where the K x K Hessian matrix

H(B) = E[H,(8))
[P, B)
=F [ 9508 }

is symmetric, finite and nonsingular, and is continuous in 8 € ©.
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No matter whether the conditional distribution model f(y|®, §) is cor-
rectly specified, Assumption 9.6 will be used. When f(y|¥, 8) is correctly
specified, we have §* = 3° by Theorem 9.3 and so /nS(8*) = /nS(3°)
and V, =V, = avar[y/nS(5°)).

Question: What is the structure of the asymptotic variance V,, of \/ﬁS’ (8°)
when f(y|¥y, 8) is correctly specified?

By the stationary MDS property of S;(/3°) with respect to ¥;, we have

V, = avar [n_l/Q i St(ﬁo)l

e { w123 stwf’)] [nw > sTwO)] }
t=1 T7=1

=n"") Y E[Si(8°)S-(8°)]

t=171=1
= E[S:(8°)S:(8°)],
where the expectations of cross-products, E[S:(8°)S-(5°)’], are identically

zero for all t # 7, as implied by the MDS property of {S:(3°)} from Theo-
rem 9.4.

Furthermore, from the conditional IM equality, we have

Vo = E[S:(8°)S:(8°)']
= _HO
by the law of iterated expectations, where the population Hessian matrix

H,= H(f°) is a K x K symmetric negative definite matrix.
We now derive the asymptotic normality of MLE.

Theorem 9.6. [Asymptotic Normality of MLE]: Suppose Assump-
tions 9.1 to 9.6 hold, and f(y:| Wy, B) is correctly specified for the conditional
distribution of Y given Vy. Then as n — oo,

V(B — %) % N0, —H, ).

Proof: Because 3° is an interior point in © and B —B8° B 0asn — oo,
we have [ € int(©) for n sufficiently large. It follows that the FOC of
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maximizing the log-likelihood holds when n is sufficiently large:

E 1zalnf Y/t6|\:[}t7ﬂ)

t=1

= n_l Z St(B)
t=1
=0.

The FOC provides a link between MLE and GMM: MLE can be viewed as
a GMM estimation with the moment condition

E[m(B°)] = E[S:(8°)] = 0 for some parameter value 3°

in an exact identification case.
By a first order Taylor series expansion of S(8) around the true param-
eter value 5°, we have

0= vnS(3)
=/nS(8°) + H(B)vn(B - B°),
where 3 lies between 3 and £°, namely, B = aﬁ + (1 — a)B° for some
a € [0,1], and the sample Hessian matrix

H(B)=n" Z Hy(B)
n—1 Z 0% In f(Yi| ¥+, )
0pop’
is the derivative of S’(ﬁ) Given that B — B° 50, we have
18 = 5°Il = [la(8 — B)I| < |18 — £°
2.
Also, by the triangle inequality, UWLLN for { H;(3)} over O, and continuity

of the population Hessian matrix H(/3), we obtain

H(B) _Ho

H(B)—H(B)+H(B) — H(5)

< sup | A(B) — HB)| + || 1(8) - H(5)|
pEO

.
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Because H, is nonsingular, so is H () for n sufficiently large. Therefore,
from the FOC we have

V(B —B°) = —H'(B)vnS(5°)

for n sufficiently large. (Compare with the OLS estimator v/n(3 — 8°) =
Q7R XE
Next, we consider /n.5(3°). By CLT, we have

VRS(8%) 4 N(0,V,),

where, as we have shown above,

V, = avar [\/ﬁg(ﬁo)]
= B[S:(B°)S:(8°)']

given that {S;(5°)} is a stationary MDS with respect to ¥,.
It follows by Slutsky’s theorem that

V(B —B°) = —H ' (8)v/nS(8°)
& N(0,Hy WoH, ) ~ N(0,~H, )

or equivalently

V(B —8°) % N(0,H, 'W,H, ) ~ N(0,V, )

using the IM equality that V, = E[S;(8°)S:(8°)'] = —H,, which is implied
by the conditional IM equality. This completes the proof.

Now it is easy to understand why V, = E[S;(8°)S:(8°)'] = —H, is called
the IM of Y; given ¥,. The larger —H,, is, the smaller the variance of B is
(i.e., the more precise the estimator B is). Intuitively, as a measure of the
curvature of the population log-likelihood function, the absolute value of
the magnitude of the Hessian matrix H, characterizes the sharpness of the
peak of the population log-likelihood function at 5°. Figure 9.1 illustrates
the relationship between the efficiency of MLE and the curvature of the
population likelihood function.
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4 . .
‘ log-likelihood ! log-likelihood

0 0 5 6
Figure 9.1 MLE efficiency and curvature of population log-likelihood function.

The asymptotic variance avar(y/nf3) = —H; ! is rather similar in struc-
ture to the asymptotic variance 02Q~! of the \/n-scaled OLS estimator,
where Q = F(X;X]), when there exists no autocorrelation nor condi-
tional heteroskedasticity. In deriving the asymptotic variance avar(\/ﬁﬁ)
for MLE, we have made use of the MDS property of the score function and
conditional IM equality, which play a similar role to zero autocorrelation
and conditional homoskedasticity in simplifying the asymptotic variance of
the OLS estimator.

From statistical theory, it is well-known that the asymptotic variance of
the MLE B achieves the Cramer-Rao lower bound. Therefore, the MLE 3
is asymptotically most efficient.

Question: What is the Cramer-Rao lower bound?

9.6 Consistent Estimation of Asymptotic Variance-Covariance
Matrix of MLE

We now discuss consistent estimation of the asymptotic variance-covariance
matrix of MLE.
When the model f(y|P:, 3) is correctly specified,

avar(\/ﬁé) =V, l=-H"
Therefore, there are two methods to estimate avar(\/ﬁB) of MLE.
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Method 1: Use Q = 71971(3)7 where the sample Hessian matrix

5 102 In f(V;| 0,
H(p) == ngéatg/t &

t=1

This requires taking second derivatives of the log-likelihood function. By
Assumption 9.6(c) and § % 5° as n — oo, we have Q 5 —H;1. (Please
verify it!)

Method 2: Use 2 = VL, where

This requires the computation of the first derivatives (i.e., score functions)
of the log-likelihood function.

Suppose the K x K process {S:(8)S:(8)'} obeys UWLLN, namely,

sup 20,

Be®

Y Su(B)SH(B) —V(B)

where

V(B) = E[S:(B)S:(B)']

is continuous in 3. Then if 8 5 B°, we can show that V 5 V, = V(B°).

Question: Which asymptotic variance estimator, based on either Method
1 or Method 2, is better in finite samples?

9.7 Parameter Hypothesis Testing Under Correct Model
Specification

Suppose f(y|¥¢, B) is correctly specified for the conditional distribution of
Y; given W;. We are interested in testing the hypothesis of interest

HO . R(ﬁo) =T,

where R(:) is a J x 1 continuously differentiable vector function with the
J x K matrix R'(8°) being of full rank. Like in Chapter 8, we allow both
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linear and nonlinear restrictions on parameters. Note that in order for
R'(3°) to be of full rank, we need the condition that J < K, that is, the
number of restrictions is smaller than or at most equal to the number of
unknown parameters.

We will introduce three test procedures, namely the Wald test, LR test,
and LM test. We now derive these tests respectively.

(1) Wald Test

By a Taylor series expansion, the null hypothesis Hy : R(8°) = r, and
the Slustky theorem, we have

\/H[R(B)—r]=f[ R(B%) — 1]

R (B)vn(B - 5°)

( BIVn(B - B°)

N[0, —R'(3°)Hy 'R'(8°)'],

where 3 = af8 + (1 —a)B° for some a € [0, 1]. It follows that the quadratic
form

n[R(B) — 1]/ [~ R (8°) Hy 'R/ (8°)') " [R(B) — ] % x7.
By Slutsky’s theorem, we have the Wald test statistic
W =n[R(B) — 1] [-R'(B)H(B)R (BY] ' [R(B) — 1] 5 3,

where again the sample Hessian matrix

. no9?
HpB)=n"") s In f (V3] Wy, B).
£ 0605

Note that only the unconstrained MLE B is needed in constructing the
Wald test statistic.

Theorem 9.7. [MLE-Based Wald Test]|: Suppose Assumptions 9.1 to
9.6 hold, and the model f(y:|Vs, B) is correctly specified for the conditional
probability distribution of Y; given U,. Then under Hy : R(8°) = r, we
have as n — oo,

= n[R(3) — )[R (H)H " (B)R'(B)'] ' [R(B) — ]

d 2
_>XJ'
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Question: Do we have the following result: Under Hy

W =n[R(B3) - r'[R'(B)V R (B) ] [R(B) — ]
= [R(B) — 1) [R'(B)[S(B)'S(B)] ' R'(B)) ' [R(B) — ]

Here, unlike the Wald test statistic in Theorem 9.7, we use an alternative
asymptotic variance estimator

— n—l ist(ﬁ)st(ﬁ)/ _ S(B)/S(B)7

n

where S(8) = [S1(8), S2(B), ..., Sn(B)]’ is an n x K matrix.

(2) Likelihood Ratio (LR) Test

Theorem 9.8. [LR Test]: Suppose Assumptions 9.1 to 9.6 hold, and
f(y|Yy, B) is correctly specified for the conditional probability distribution
of Yy given V. Define the average log-likelihoods

1(8) = *Zw Y| 0y, 3),

t=1

(B)=n"" I f(V] Wy, B),
t=1

where B 1s the unconstrained MLE and B 1s the constrained MLE subject to
the constraint that R(8) = r. Then under Hy : R(8°) = r, we have

LR =2n[l(3) — ()] A X5 as n — oo.

Proof: We shall use the following strategy to prove LR 4 X% as n — oo
(1) Use a second order Taylor series expansion to approximate 2n[l(5) —

1(3)] by a quadratic form in \/n(8 — f).

(2) Link /n(8 — 3) with /), where X is the Lagrange multiplier of
the constrained MLE.

(3) Derive the asymptotic distribution of \/n\.
Then combining (1) and (2) will yield an asymptotic X% distribution for
the LR test statistic LR = 2n[l(8) — I(5)].
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We first consider (1). Note that the unconstrained MLE /3 solves for

1(B).
e !)
The corresponding FOC is

S(B) =o.

On the other hand, the constrained MLE /3’ solves the maximization prob-
lem
i8)+ N - R3]}
masc {1(8) + X[r — R(8)}

where A is a J x 1 Lagrange multiplier vector. The corresponding FOCs
are

S5(8) - R(B)A=0,
(Kx1)—(KxJ)x(Jx1)=K x1,

R(B)—r=0.

(Recall R'(B) is a K x J matrix.)
(2) We now take a second order Taylor series expansion of /() around
the unconstrained MLE 3 :

where 3, lies between 3 and 3, namely 3, = aBJr(lfa)ﬁA for some a € [0, 1].
It follows that

LR = 2n[i(B) - I(B)] = vn(B - BY[~BBIVAB - B).  (93)

This establishes the link between the LR test statistic and /n(8 — ).

We now consider the relationship between v/n(3 — 3) and /nX. By a
Taylor expansion for S(3) around the unconstrained MLE § in the FOC
that S(3) — R'(B)'X = 0, we have

S(B) + H(By)(B - B) — R'(B)X =0,
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where B, = b3 + (1 — b)3 for some b € [0,1]. Given S(8) = 0, we have

H(By)v/n(B = B) = R'(B)'V/nk = 0
V(B = B) = H™(By)R' () v/nA (9-4)

for n sufficiently large. This establishes the link between \/ﬁj\ and
\/H(B — B) It implies that the Lagrange multiplier \ is an indicator for
the magnitude of the difference B— B .

(3) We now derive the asymptotic distribution of \/715\ By a Taylor
expansion of §(j3) around the true parameter value 3° in the FOC /n.S(3)—
R'(B)'/nA = 0, we have

R'(B)'VnA = vnS(B)
= VnS(B°) + H(B)vn(B — B°),

where 3, lies between 8 and (3°, namely, 8. = ¢f + (1 — ¢)B° for some
¢ € [0,1]. It follows that

H™Y (B R (B)Vnk = H™H(Bo)v/nS(8°) + V(B —5°)  (9.5)

for n sufficiently large. Now, we consider a Taylor series expansion of
R(B) — r =0 around §°:

Vn[R(B°) =] + R (Ba)v/n(B — 8°) =0,
where 3, lies between 3 and 8°. Given that R(B°) = r under Hy, we have
R (Ba)v/n(B — B°) = 0. (9.6)

It follows from Egs. (9.5) and (9.6) that

d
= R'(Ba)

R'(Ba)H ' (Bo)R'(B) vnX = R (Ba)H ™ (B:)v/nS(8°) + R (Ba)v/n(B — B°)
H7'(B)v/nS(8°).

By CLT fory/nS(3°) given in Assumption 9.6(b) where 8* = 3°, the MDS
property of {S:(3°)} given in Theorem 9.4, the conditional IM equality
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given in Theorem 9.5, and Slutsky’s theorem, we have as n — oo,

VA= [R(B)E GIR(BY] R (G B)VaS(5)
5 N0, R (5°)Hy ' R(8))7Y). (9.7)

We emphasize that the MDS property of {S:(6°)} and the conditional IM
equality play a crucial role in obtaining the asymptotic variance of \/ﬁS’ (8°)
and so /1.

Therefore, from Egs. (9.4) and (9.7), we have

H(Ba)'?v/n(B — B) = H(Ba)' 2H ™ (By) R'(B)'v/n
4 N(0,II) ~ TI¥/2 . N (0, 1), (9.8)
where [ is a K x K identity matrix,
II= H;1/2R/(Bo)/[_R/(Bo)HglR/(IBo)/]71R/(B0)H071/2

is a K x K symmetric and idempotent matrix (II> = II) with rank equal
to J (this can be verified using the formula that tr(ABC) = tr(BCA)).
Recall from Lemma 3.2 that if a K x 1 random vector v ~ N(0,II),
where II is a symmetric and idempotent matrix with rank J < K, then the
quadratic form v'IIv ~ xZ. It follows from Egs. (9.3) and (9.8) that

20[i(B) = I(B)] = V(B — BY [=H(Ba)) *[—H(Ba)] /> V(5 = B)
d 2
_> X.].

This completes the proof.

The LR test is based on comparing the objective functions, the log-
likelihood functions under the null hypothesis Hy and the alternative to Hy.
Intuitively, when Ho holds, the likelihood [ (B) of the unrestricted model is
similar to the likelihood [ (5) of the restricted model, with the little or small
difference subject to sampling variations. When Hj is false, the likelihood
[ (B) of the unrestricted model will be sufficiently larger than the likelihood
i(B) of the restricted model at least for large samples. Therefore, we can
test Hy by checking whether [ (B) —1 (B) is significantly different from zero.
How large a difference between I(3) and [(3) is considered as sufficiently
large to reject Hy is determined by the asymptotic x% distribution of the
LR test.
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The LR test statistic is similar in spirit to the F'-test statistic in the clas-
sical linear regression model, which compares the objective functions—the
SSRs under the null hypothesis Hy and the alternative to H respectively.
In other words, the negative log-likelihood is analogous to the logarithm of
SSR. In fact, the LR test statistic and the J - F' statistic are asymptotically
equivalent under Hy for a linear regression model

}/;5 = thao + €t,
where &;|¥; ~ IID N(0,02). To see this, put 8 = (a/,0?)’" and note that

o5 (Ve X[a)?
2 )

J(Yi |9y, B) =

2mo

(B)=n""Y Inf(V;|¥y, 8)

t=1
_ 11 2 2 1 —1 . Y, XI 2
=73 n(2mo )*@n t;( v — XiB)"
It is straightforward to show (please verify it!) that
" 1 /
1(B) = —3 [1 + In(27) 4+ In (ene)] ,

. 1 e'e
l =——|1+1In(2 In| —
(3) =~ |1+ mem) 4 ().
where e and € are the nx1 unconstrained and constrained estimated residual
vectors respectively. Therefore, under Hy, we have

2nli(B) - I(3)] = nIn(é'é/e'e)
= (eze—/;e) +op(1)

=J-F+op(l),

where we have used the inequality that |In(1+ z) — z| < 2?2 for small z, and
the asymptotically negligible (op(1)) reminder term is contributed by the
quadratic term in the expansion. This implies that the LR test statistic is
asymptotically equivalent to the F-test statistic under Hy.

In the proof of Theorem 9.8, we see that the derivation of the asymptotic
distribution of the LR test statistic depends on correct model specification
of f(y|¥y, B), because it uses the MDS property of the score function and
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the conditional IM equality. In particular, these two important properties
ensure that avar[\/nS(8°)] = V, = —H,. If the conditional distribution
model f(y|¥y,3) is misspecified such that the MDS property of the score
function or the conditional IM equality does not hold, then the LR test
statistic will not be asymptotically y2-distributed. This is similar to the
fact that the test statistic J-F does not follow an asymptotic x% distribution
when there exist(s) autocorrelation and/or conditional heteroskedasticity in
the disturbance {e;} of a linear regression model (see Chapter 4).

(3) LM or Efficient Score Test

We now use the Lagrange multiplier ) to construct an LM test, which is
also called Rao’s (1948) efficient score test in statistics. Recall the Lagrange
multiplier A is introduced in the constrained MLE problem:

r,(?eaé( i(ﬂ) + N[r— R(B)],

where the Jx1 Lagrange multiplier A measures the effect of the restriction of
H, : R(8°) = r on the maximized value of the model likelihood. When Hy, :
R(°) = r holds, the imposition of the restriction results in little change in
the maximized likelihood. Thus the value of the Lagrange multiplier A for
a correct restriction should be small. When Hy : R(8°) = r is false, we will
obtain a sufficiently large Lagrange multiplier )\ at least for large samples.
This indicates that the maximized likelihood value of the restricted model
is sufficiently smaller than that of the unrestricted model, thus leading to
the rejection of Hy : R(B°) = r. Therefore, we can use A to construct a
test for Hy : R(8°) = r. How large the value of X should be in order to
be considered as sufficiently different from zero will be determined by the
sampling distribution of \/nA.

In deriving the asymptotic distribution of the LR test statistic, we have
obtained

Vid= [R@E)HBIRBY] BB BVaS(5)
i N(O, [7R/(50)H;1R/(50)/]71)
as n — oo. It follows that the quadratic form

nN[-R(8°)H 'R (8°) 1A 5 X2,
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and so by Slutsky’s theorem, we have
nX[=R(B)H (B)R (B)IA S
as n — 0o. We have actually proven the following theorem.

Theorem 9.9. [LM/Efficient Score Test]: Suppose Assumptions 9.1 to
9.6 hold, and the model f(y|Wy, B) is correctly specified for the conditional
probability distribution of Yy given Vy. Then under Hy : R(3°) = r, we have
as n — oo,

LM =nNR'(B)[~H ' (B) R (B)X 5 2.

The LM test statistic only involves estimation of the model f(y:| ¥+, )
under Hy, so its computation may be simpler than the computation of the
Wald test statistic or the LR test statistic in most cases.

Question: Do we have the following result: under Hy,

LM = nX R (B)V 'R (B)'A
=n?XNR(B)[S(B)'S(B) " R (B)' N
A X?]?
Here, unlike the LM test statistic in Theorem 9.9, we use an alternative
asymptotic variance estimator

=0 SuA)SH(B)
t=1
S(BYs(3)

n

where S(8) = [S:(8), ..., St(B)]’ is an n x K matrix.

Question: What is the relationship among the Wald, LR and LM test
statistics?

It could be shown that the Wald test statistic W, the LR test statistic
LR, and the LM test statistic LM are asymptotically equivalent to each
other under the null hypothesis Hy. Figure 9.2 provides a geometric inter-
pretation of the relationships among the there test statistics.
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Figure 9.2 Geometric interpretation of the relationships among the Wald test, LR test
and LM test.

9.8 Model Misspecification for Conditional Probability
Distribution and Its Implications

When f(y:|¥:, 8) is misspecified for the conditional PDF/PMF of Y; given
U,, then for any parameter value 3 € O, f(y|¥y, 8) is not equal to the true
conditional PDF/PMF of Y; given ¥; with probability one.

Question: What happens if f(y:|¥;, 8) is misspecified for the conditional
PDF/PMF of Y; given ¥;? In particular, what is the interpretation for
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parameter 5* when f(y|¥,, 3) is misspecified, where 8* = argmaxgee [(5)
is the maximizer of the population log-likelihood function as defined in
Assumption 9.47

We can no longer interpret 5* as the true model parameter value, be-
cause f(y|¥y, 8*) does not coincide with the true conditional probability
distribution of Y; given W,.

It should be noted that for QMLE, we no longer have the following
equality:

B =p°
where 8* is as defined in Assumption 9.4 and 3° is the true model parameter
value such that f(y|¥;, 5°) coincides with the true conditional distribution
of Y; given U, with probability one.

Although it always holds that B 2 B* as n — oo, we no longer have
B RN £°, as n — oo, given that the conditional probability distribution
model is misspecified.

Below, we provide an alternative interpretation for parameter §* when
f(y|¥y, B) is misspecified from an econometric perspective.

Theorem 9.10. Suppose Assumptions 9.1 and 9.4 hold. Define the condi-
tional relative entropy

I@:ﬂW0=i/h{f2ﬁgjg]myW0@h

where p(y|¥y) is the true conditional PDF/PMF of Y; given ;. Then I(f :
p|U) is nonnegative with probability one for all 8, and

* = inE|I(p: f|U
B* = argmin EI(p: f|¥¢)],
where E(-) is taken over the probability distribution of U,.

Proof: By the definition of relative entropy and the law of iterated expec-
tations, we have

EU@:ﬂ%H=E{/m@@WMp@@ﬂ@}

E{/mw@mhmmwwo@}

= E{E[Inp(Y;|¥;) W]} — E{E [In f(Y;|Vy, B)[ W]}
= E[lnp(Yy|[Wy)] — E[In f(Ye| Wy, B)]
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where the first term does not depend on [, and therefore, choosing 3 to
minimize E [I(p: f|¥,)] is equivalent to choosing § to maximize the second
term E [In f(Y;| Uy, 8)] = I(B). Given Assumption 9.4, the maximizer of [(3)
is 8*. On the other hand, the proof of I(f, : f|¥:) > 0 is analogous to the
proof of Theorem 9.3, and so we will not repeat it. This completes the
proof.

Theorem 9.10 suggests that the parameter value 5* that maximizes the
population log-likelihood minimizes the “distance” of the model PDF/PMF
f(]-, 5*) from the true conditional PDF/PMF p(:|-) in terms of conditional
relative entropy. Relative entropy is a divergence measure for two alterna-
tive distributions. It is not a distance measure but it has similar properties
to a distance: it is always nonnegative and is zero if and only if two distribu-
tions coincide with each other. There are many distance/divergence mea-
sures for two distributions. Relative entropy has the appealing information-
theoretic interpretation and the invariance property with respect to any
one-to-one continuous transformation. It has been widely used in economics
and econometrics. Figure 9.3 provides a geometric representation of correct
model specification and model misspecification respectively.

fy¥, B1) F(y|, Ba) Y, Br) F(y|¥, B2)
Fylv, %)
= p(y|¥)
(a) Correct model specification for (b) Model misspectication for
probability distribution probability distribution

Figure 9.3 Illustration of correct model specification and model misspectication.

Question: Why is a misspecified PDF/PMF model f(y:| ¥, 3) still useful
in economic applications?

In many applications, misspecification of higher order conditional mo-
ments does not render inconsistent the estimators for the parameters ap-
pearing in the lower order conditional moments. For example, suppose a
conditional mean model is correctly specified but the conditional higher
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order moments are misspecified. We can still obtain consistent estimators
for the parameters appearing in the conditional mean model. Of course,
the parameters appearing in the higher order conditional moments cannot
be consistently estimated.

We now consider a few illustrative examples.

Example 9.13. [Nonlinear Regression Model]: Suppose {(Y;, X{)'}7 1
is an observable IID random sample, with

Y, = g(Xtv ao) + &,

where E(g,|X;) = 0.

Here, the regression model g(X;, «) is correctly specified for E(Y;|X;)
since E(g|X;) = 0, but we do not know the probability distribution of
Et|Xt.

Question: How to estimate the true parameter value a® when the condi-
tional mean model g(X;, @) is correctly specified for E(Y;|X;)?

In order to estimate the true parameter value a® that appears in a cor-
rectly specified conditional mean model g(X;, a®), we assume that 4| X; ~
IID N(0,0?), which is likely to be incorrect (and we know this possibility).
Then we can obtain the pseudo conditional likelihood function

1 1 2
— — 525 [y —9g(zt,a)]
T, = e 20 R
f(yelze, B) 702
where 3 = (o/,0?)’.
Define QMLE

n
B=(a',6%) =argmax ¥ Inf(Y;|Xy,B).
il
Then & is a consistent estimator for a°. In this example, misspecification of
IID N(0,0?) for 4| X; does not render inconsistent the parameter estimator
for a®. The QMLE & is consistent for a® as long as the conditional mean
model g(X;,a) of Y; is correctly specified in f(y| X, 8). Of course, the
parameter estimator 3 = (&/,62) cannot consistently estimate the true
conditional distribution of Y; given W, if the conditional distribution of
£¢| X is misspecified.
On the other hand, suppose the true conditional distribution &4 X; ~
IID N(0,0?), where 07 = o%(X;) is a function of X;, but we assume
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£¢| Xy ~ IID N(0,02). Then we still have E[;Z In f(V;|X;, 8*)|X:] = 0 but
the conditional IM equality does not hold.

Example 9.14. [CAPM]: Define Y; as an L x 1 vector of excess returns
for L assets (or portfolios of assets). For these L assets, the excess returns
can be explained using the standard CAPM:

Y =af+afZpm: + &
/
= ao Xt +Et7

where X; = (1, Z,,:) is a bivariate vector, Z,,; is the excess market portfolio
return, o is a 2 x L parameter matrix, and ¢, is an L x 1 disturbance, with
E(e¢|X;) = 0, which implies that there is no systematic pricing bias in
any time period ¢t. Under this condition, the standard CAPM is correctly
specified for the expected excess return E(Y;|Xy).

To estimate the unknown parameter matrix o, one can assume

gt|¥y ~ N(0,%),

where U, = {X;,Y;_1,X;1,Y;_9,...} and ¥ is an L x L symmetric and
positive definite matrix. Then we can write the pseudo conditional PDF of
Y; given W, as follows:

_1
F(Zi|We, B) = (2m) "% |22
1
X exp —§(Yt —dX)27HY - o' X)) |,

where 8 = (¢, vech(X)')".

Although the IID normality assumption for {e;} may not hold, the
QMLE based on the pseudo Gaussian likelihood function will be consistent
for parameter matrix a® appearing in CAPM.

Example 9.15. [Univariate ARMA (p,q) Model]: In Section 5.1 of
Chapter 5, we introduced a class of time series models called ARMA(p, q).
Suppose

P q
j=1 j=1

where ¢; is an MDS with mean 0 and variance 0. Then this ARMA(p, q)

model is correctly specified for F(Y;|I;—1), where I[;_1 = {Y;_1,Y; o, ..., Y1}

is the information set available at time ¢t — 1. Note that the probability

distribution of &; is not specified.
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Question: How can we estimate parameters a® = (ag, af,...,ag,,)'?

Assuming that {&;} ~ IID N(0,0?), then the pseudo conditional PDF
of Y; given Uy is

fyl¥e, B) =

1 (y — Mta)2
exp | — ,
V2mo? 202

where ¥, = Y71, B = (a/,0%),a = (a0, a1, ..., Optq)’, and
P q
(@) = a0+ Y oYy + Y apjer ;.
=1 =1

Although the IID normality assumption for {¢;} may be false, the QMLE
that maximizes the above pseudo Gaussian likelihood function will be con-
sistent for the true parameter value a° appearing in the ARMA (p, ¢) model.

In practice, we have a random sample {Y;}}; of size n to estimate an
ARMA (p, q) model and we need to assume some initial values for {V;}{_
and {st}?zfq. For example, we canset Y; =Y, for —p <t <0and e =0
for —q <t < 0. The pseudo conditional PDF of Y; given ¥, also depends on
these assumed initial values. When an ARMA(p, ¢) is a stationary process,
the choice of initial values does not affect the asymptotic properties of the
QMLE 3 under regularity conditions.

Example 9.16. [Vector Autoregression (VAR) and Structural VAR
Models]: Suppose Y; = (Yi4,..., Y1+)" is an L x 1 stationary autoregressive
process of order p, denoted as VAR(p):

P
Y}:ag—&—Za?’Yt,j + &4, t=p+1,..,n,
j=1

where af is an L x 1 parameter vector, af is an L X L parameter matrix
for j ={1,...,p}, and {e; = (e1t,...,ert)’'} is an L x 1 MDS with E(g;) =0
and FE(ee;) = X° an L x L finite and positive definite matrix. When 3°
is not a diagonal matrix, there exist contemporaneous correlations between
different components of ;. This implies that a shock on e1; will be spilled
over to other variables. With the MDS condition for {e;}, a VAR(p) model
is correctly specified for E(Y;|I;—1), where I;_1 = {Y;—1,Y;_2,..., Y1 }. Note
that a VAR(p) model can be equivalently represented as follows:
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_ P P

Yie = aio+ 011 Y1+t E::l a1 YLi—j + €1t
j j
_ P p

Yor = oo+ D0 qao Y+ -+ D0 aoriYi—j + €2,
J J

_ P p
Yie = apo+ > 5y arYiu—j+- -+ 30 arriYi—j + et

VAR, popularized by Sims (1980) in macroeconomics, is an autoregres-
sive model used to capture linear interdependencies among multiple time
series {Y;;}1 ;. VAR models generalize the univariate AR model by allow-
ing for more than one evolving variable. All variables in a VAR model enter
the model in the same way: each variable has an equation explaining its
evolution based on its own lagged values, the lagged values of the other
model variables, and an error term. VAR modeling does not require as
much knowledge about the forces influencing a variable as economic struc-
tural models do with the system of simultaneous equations. The only prior
knowledge required is a list of variables which can be hypothesized to affect
each other intertemporally.

Let 8° denote a parameter vector containing all components of unknown
parameters from ag, af, ..., ap, and X°. To estimate 3°, one can assume

ei|Ii_1 ~TID N(0, ).

Then Y;|I;—1 ~ N(ag + E?Zl a;Y},j, Y)), and the pseudo conditional PDF
of Y; given ¥, = Y* 1 is
1
(2m)L det(X)

X exp {; Ys = ()] 51 — m(a)} ,

J(Yi|9y, B) =

where pii(@) = ag + 30_, o Y; ;.
VAR(p) is not an economic structural model. In macroeconomics, the
following Structural VAR (SVAR(p)) model is often considered:

P
AS)Q:CO+ZA§’}Q_j+ut, t=p+1,..,n,
j=1
where A? is an L x L parameter matrix for j =0,1,...,p, and ¢® isan L x 1
intercept vector. The diagonal elements of Af are normalized to be unity,
and the off-diagonal elements of A§ are generally nonzero, implying that
the components in Y; have contemporaneous impacts on each other. The
L x 1 innovation vector wu; represents economic structural shocks, and it
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is often assumed to be an MDS and the economic shocks contained in

are mutually independent or at least uncorrelated. For example, it is rea-

sonable to assume that an oil price shock (a supply shock) and a consumer

preference shift for cell phones (a demand shock) are mutually independent.
A SVAR(p) model can be transformed into a reduced form:

P
Vi=AgT e+ Y ATTAYY i+ AT, t=p+1,..m,
j=1
where the components of the new innovation vector ¢, = Agflut are gen-
erally correlated with each other. Suitable conditions have to be imposed

to ensure identifiability of the original parameters in the SVAR(p) model.

Example 9.17. [Volatility Model]: Time-Varying volatility is an impor-
tant empirical stylized facts for many macroeconomic and financial time
series. For example, it has been well-known that there exists volatility
clustering in financial markets, that is, a large volatility today tends to be
followed by another large volatility tomorrow; a small volatility today tends
to be followed by another small volatility tomorrow, and the patterns al-
ternate over time. In financial econometrics, the following volatility model
has been used to capture volatility clustering or more general volatility
dynamics. Suppose (V;, X/)' is a strictly stationary process with

1/;5 = M(\Ph ao) + U(\Ijh ao)zt7
E(Zt‘\llt) = O7
E(22|,) = 1.

The models u (¥, o) and 0?(¥y, ) are correctly specified for E(Y;|¥,) and
var(Y;|¥,) if and only if E(z|¥;) = 0 and var(z|¥;) = 1. We need not
know the conditional distribution of z;|¥; (in particular, we need not know
the higher order conditional moments of the standardized innovation z;
given U,).

An example for p(Py, §) is the ARMA(p, ¢) in Example 9.15. We now
provide some popular models for o?(¥,, a). For notational simplicity, we
put o7 = 0?(¥y, ).

e Engle’s (1982) ARCH(g) model:

q
2 _ 2
oy =ap+ E Vi€t—j-

j=1
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e Bollerslev’s (1986) GARCH(p, ¢) model:

P q
of =qp + Zajoffj + Z%‘Et{j-

j=1 j=1
e Nelson’s (1990) Exponential GARCH(p, ¢) model:

P q
Ino? = ag + Zozj 1nat2_j + Z’ng(zt_j),
=1 =0

where g(z;) is a nonlinear function defined as
9(zt) = 01(|z¢| — E|zt|) + 022
e Glosten et al.’s (1993) Threshold GARCH(p, ¢) model:

b q q
Utz = Oéo-‘rZOéjO'tQ_j-i-Z’}/jE%_jl(zt_j > 0)+Zej€?_j1(zt_j <0),

j=1 j=1 j=1

where 1(-) is the indicator function.
e Zakoian’s (1994) Threshold ARCH(1) model:

o = a9+ 101 +71ler—1|1 (ze—1 > 0) + Y2ler—1]|1(z—1 < 0).

This is a specification for the conditional standard deviation o; =
O(It,1 ) .

For ARCH(g) and GARCH(p, ¢) models, the shock &;_;, no matter pos-
itive or negative, has the same impact on the volatility o7. For Exponential
GARCH(p, q), Threshold GARCH(p, ¢) and Threshold ARCH models, the
impact of the shock e,_; on volatility o2 depends on whether the stan-
dardized innovation z,_; is positive or negative. There exist asymmetric
volatility dynamics in these three models.

Question: In a GARCH model, both conditional mean and variance mod-
els are assumed to be correctly specified for conditional mean and condi-
tional variance respectively, but we do not know the conditional distribution
of Y; given U, (because we do not know the conditional distribution of z;).
In this case, how to estimate a°, the true parameter value appearing in the
first two conditional moments?

A most popular approach is to assume that z;|¥; ~ IID N(0,1). Then
YW, ~ N(u (¥4, a),0%(¥y,)), and the pseudo conditional PDF of Y
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given ¥, is

1 e [y—p(¥y,0)]?
0y, = e 20%(¥4,q) ’ ,
fl¥e ) = o

where 8 = a. It follows that the log-likelihood function

n n 1 n }/t_ \Ilh 9
> Wi B) =~ 2 2 = > o(a) 5 Y W

t=1

2
t=1 t=1

\Ilh Oé)

The IID N(0, 1) innovation assumption does not affect correct specification
of the conditional mean u(¥;,«) and conditional variance o2(¥y,a),

it does not affect the consistency of QMLE for the true parameter value
o’ appearing in the conditional mean and conditional variance models.
In other words, e; may not be IID N(0,1) but this does not affect the
consistency of the Gaussian QMLE.

In addition to N(0,1), the following two error distributions have also

been often used in practice:

e Standardized Student’s\/(v — 2)/v - t(v) Distribution.
Here, v is the number of degrees of freedom, and the scale factor
v/ (v — 2)/v ensures that z; has unit variance. The PDF of z; is

v+1

2
) , —o0 <z <00,

() = () (
v=2yml (3)
where I'(+) is the Gamma function. In this example, 8 = (o/,v)".

e Generalized Error Distribution.
The PDF of z; is given by

o= grge [ (5] e

where a,b and c are the location, scale and shape parameters re-
spectively. In this example, 8 = (¢/, a,b,¢)’. Note that both stan-
dardized t-distribution and generalized error distribution include
N(0,1) as a special case. Figure 9.4 plots the PDF of N(0,1),
standardized Student’s t-distribution, and standardized generalized
error distribution with (a,b,c) — (0,1, 2), respectively.
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Figure 9.4 Probability density functions of standardized innovations.

Like in the estimation of ARMA(p,q) models, we may have to choose
initial values for some variables in estimating GARCH models. For ex-
ample, in estimating a GARCH(1,1) model, we will encounter the ini-
tial values problem for the conditional variance o = o%(¥g, ) and &g
when time period ¢t = 0. One can set 03 to be the unconditional variance
E(o?) =w/(1 — a1 — 1), and set g9 = 0.

We note that the ARMA model in Example 9.15 can be estimated via
QMLE as a special case of the GARCH model by setting o?(¥;, ) = o2.

Question: What is the implication of a misspecified conditional distribu-
tion model?

Although misspecification of f(y;|¥¢, 8) may not affect the consistency
of QMLE for some parameter value a® (i.e., a subset of parameter vector 5*)
under suitable regularity conditions, it does affect the asymptotic variance
(and so the asymptotic efficiency) of the QMLE 3. This is a price which we
have to pay for a misspecified conditional distribution model f(y|¥y, 3).
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We first investigate the implication of a misspecified conditional distri-
bution model f(y|¥;, 8) on the MDS property of the score function and the
dynamic IM equality.

Theorem 9.11. Suppose Assumptions 9.4 to 9.6(a) hold. Then
E [St(ﬁ*)] =0,
where E(-) is taken over the true probability distribution of the DGP.

Proof: Because 8* maximizes the population log-likelihood function I(3)
and is an interior point in © given Assumptions 9.4 and 9.5, the FOC holds

at 8= p*:

namely,

dE[In f(Y;|¥¢, 57)]
dap

Exchanging differentiation and integration yields the desired result:

Oln f(Y[W, %) _
[

=0.

This completes the proof.

No matter whether the conditional distribution model f(y|¥, ) is cor-
rectly specified, the score function S;(8*) evaluated at 8* always has mean
zero. This is due to the consequence of the FOC of the maximization of I(3).
This is analogous to the FOC of the best linear least squares approximation
where the FOC of minimizing MES(8) = E(Y; — X/8)? is E(Xyu;) = 0,
with u; = Y; — X/B* and B* = [E(X;X,)| ' E(X:Y;). However, different
from Theorem 9.4, the score function S;(8*) generally does not have the
property of E[S;(5*)|¥:] = 0; in particular, {S:(5*)} is generally no longer
an MDS.

When Z" is an IID random sample, or Z" is not independent but
{S:(8*)} is a stationary MDS (note that {S;(8*)} could still be a stationary
MDS when f(Y;| ¥y, ) is misspecified for the conditional distribution of V;
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given ¥,;; see Example 9.12), we have

V. = avar lnl/z iSt(ﬂ*)

t=1

n—1/2 Zst(ﬁ*)‘| [n—l/Q Zsr(ﬂ*)‘| }
S ST B (8]
t=171=1
="y E[S(8%)S:(8)
t=1
— B[S,(6°)5:(8")) = varlS:(8°)).

Thus, even when f(y|¥, 8) is a misspecified conditional distribution model,
we do not have to estimate a long-run variance-covariance matrix for V, as

long as {S¢(8*)} is an MDS.

Question: Can you give a time series example in which f(y|P¥s, 3) is mis-
specified but {S;(8*)} is an MDS?

Consider a conditional distribution model which correctly specifies the
conditional mean of Y; but misspecifies higher order conditional moments
(e.g., conditional variance).

In the time series context, when the conditional PDF/PMF f(y| ¥, )
is misspecified, {S:(6*)} may not be an MDS. In this case, we have

Vi = avar [\/ﬁg(ﬂ*)]
=n" 'Y N B[S(8%)S-(8)]

t=17=1

= > E[Si(8")Si—; (5]

= 2 TG,

where

I'(j) = E[Si(B%)S—;(8*)'] for j >0,
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and I'(j) = T'(—j) for j < 0. In other words, we have to estimate a long-run
variance-covariance matrix for Vi when {S;(5*)} is not an MDS.

Question: If the model f(y|V,, ) is misspecified for the conditional dis-
tribution of Y; given ¥;, do we have the conditional IM equality?

Generally, the answer is no. That is, we generally have neither
E[S: (6%)|Lt-1] = 0 nor
82 lnf(Y;t“I/t,ﬁ*)
opop’
where F(-|¥;) is taken under the true conditional distribution which differs
from the model distribution f(y.|¥¢, 8*) when f(y:| ¥y, 3) is misspecified.

An important implication of the failure of the conditional IM equality is
that var[S:(8*)] # —H(B*) even if {S:(8*)} is an MDS.

E[S,(B")S:(6")' W] + E

\I/t:| = 07

Question: Can you provide an example for which the conditional IM
equality does not hold when the model f(y|¥y, ) is misspecified for the
conditional distribution of Y; given W;?

9.9 Asymptotic Distribution of QMLE

When the conditional distribution model f(y|¥¢, ) is misspecified, the
MDS property for the score function and the conditional IM equality gen-
erally do not hold. This has impact on the structure of the asymptotic
variance avar(,/nf3) of the QMLE f.

Theorem 9.12. [Asymptotic Normality of QMLE]: Suppose Assump-
tions 9.1 to 9.6 hold. Then as n — oo,

Vn(B - B*) S N, H-'V.H Y,

where V, = avar]y/nS(8*)] and H, = H(f*) = E W

Proof: According to the proof of Theorem 9.6, when n is sufficiently large
we have

V(B = %) = —H '(B)v/nS(8*),
where 8 = af + (1 — a)B*,a € [0,1]. By the triangle inequality and As-

sumption 9.6, we have as n — oo,

H(B) 5 H(B") = H..
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On the other hand, by Assumption 9.6(b) we have as n — oo,
VaS(57) 5 N(O, V),
where V, = avar[\/nS(5*)]. It follows from Slutsky’s theorem that
V(B —B") S NO,H'V.H).

This completes the proof.

Without the MDS property of the score function, we have to estimate
V. = avar[\/nS(8*)] by, e.g., Newey and West’s (1987, 1994) long-run vari-
ance estimator in the time series context. Without the conditional IM
equality (even if the MDS holds), we cannot simplify the asymptotic vari-
ance of QMLE from H_'V,H_ ! to —H_ ! even if the score function is an
IID sequence or an MDS. In certain sense, the MDS property of the score
function is analogous to no autocorrelation in a regression disturbance, and
the conditional IM equality is analogous to conditional homoskedasticity.

The asymptotic variance H_ 'V, H_ ' of QMLE is more complicated than
the asymptotic variance —H_ ! of MLE, because we cannot use the condi-
tional IM equality to simplify the asymptotic variance even when {S;(5*)}
is an IID sequence or an MDS sequence. Moreover, V, has to be estimated
using a long-run variance estimator when {S;(8*)} is not an MDS.

In the literature, the variance H; 'V, H_ ! is usually called the robust
asymptotic variance-covariance matrix of QMLE. It is robust to misspec-
ification of model f(y:|¥;, ). That is, no matter whether f(y:|¥s, ) is
correctly specified, H 'V, H_ ' is always the correct asymptotic variance of
MLE or QMLE.

Question: Is QMLE asymptotically less efficient than MLE?

Yes. The asymptotic variance of MLE, equal to —H, !, the inverse of
the negative Hessian matrix, achieves the Cramer-Rao lower bound, and
therefore is asymptotically most efficient. On the other hand, the asymp-
totic variance H_'V,H_ ' of QMLE is not the same as the asymptotic
variance —H,; ! of MLE and therefore does not achieve the Cramer-Rao
lower bound. It is asymptotically less efficient than MLE. This is the price
one has to pay with use of a misspecified PDF/PMF model, although some
model parameter value a° still can be consistently estimated and has a
valid economic interpretation.
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9.10 Asymptotic Variance Estimation of QMLE

Question: How to estimate the asymptotic variance H_'V,H_ ' of
QMLE?

First, it is straightforward to estimate H, by the sample Hessian matrix

(3 = n-1 S 0% In f (Vi |, B)

UWLLN for {H,(f)} and continuity of H () ensure H(3) & H, asn — oc.
Next, how to estimate V. = avar[n='/2 31" | S,(8%)]?
We consider two cases, depending on whether {S;(8*)} is an MDS:

Case I: {Z, = (Y, X})'} Is IID or {Z;} Is Not Independent
But {S:(8*)} Is a Stationary MDS

In this case,

V. = E[S:(8)S:(6")']

SO we can use
=n""! Z Si(B)Si(B)
t=1

Under the regularity conditions given in this chapter, we can show that V
is consistent for V.

Case II: When {Z;} Is Not IID and {S:(8*)} Is a Stationary Non-
MDS

In this case, we have

j=—o00

where I'(j) = cov[S¢(8*), Si—;(8*)] for j > 0, and I'(j) = I'(—y5)’ for j < 0.
We can use a kernel-based long-run variance-covariance matrix estimator

V= i (G/P)T()
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where

L) =n"" ) SuB)Si—;(B) for j >0,
t=j+1
and T'(j) = D(—j) for j < 0.
Taking into account both cases, we directly assume that V is consistent
for V..

Assumption 9.7. V 5 V, as n — oo, where V, = avar[y/nS(8*)] is a
K x K symmetric, finite and nonsingular matrix.

Lemma 9.2. [Asymptotic Variance Estimator for QMLE)]: Suppose
Assumptions 9.1 to 9.7 hold. Then as n — oo,

H'BWVH(B) B H'WV.LH .

9.11 Hypothesis Testing Under Model Misspecification

With a consistent asymptotic variance estimator for QMLE, we can now
construct suitable hypothesis test statistics under a misspecified conditional
distribution model.

Again, we consider the null hypothesis

Hy: R(B*) =,

where R(f) is a J x 1 nonstochastic continuously differentiable vector func-
tion with the J x K matrix R'(8*) being of full rank, r is a J x 1 non-
stochastic vector, with J < K.

(1) Robust Wald Test Under Model Misspecification

We first consider a robust Wald test.

Theorem 9.13. [QMLE-Based Robust Wald Test]: Suppose Assump-
tions 9.1 to 9.7 hold. Then under Hy : R(8*) = r, we have as n — o0,

n[R(B) — r/{R'(D)H B)YVH(B)] ' R(B)} '[R(B) — ]

X7

W,

1=
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Proof: By a first order Taylor series expansion, we obtain
VAR(B) —r] = V[R(8*) = r] + R (B)Vn(5 - 57)
R(B)vn(B - B)
N(0, R/(B")H V. H ' R'(B)),

\L@.

where 8 = af+(1—a)8*, a € [0,1], so that ||G—8*|| < ||3—B*|| = 0asn —
00, and we have made use of Theorem 9.12 (y/n(5—3*) 4 N(O,H 'V,H 1)
and Slutsky’s theorem. Therefore, as n — oo, the quadratic form

A * — — * -1 o
ValR(B) =)' [R' (8" H VL HI R (5] ValR(B) =] % 5.
The desired result for the robust Wald test statistic W, follow immediately

from Lemma 9.2, R'(3) & R'(8*) as n — oo, and Slutsky’s theorem again.
This completes the proof.

The robust Wald test statistic W,. is applicable when the conditional
probability distribution model f(y|¥;, ) is misspecified. Only the uncon-
strained QMLE B is used in constructing the robust Wald test statistic
W,.. We note that the robust Wald test statistic W, under model mis-
specification differs from the Wald test statistic W under correct model
specification. The robust Wald test statistic under model misspecification
is similar in structure to the robust Wald test statistic W,. in linear regres-
sion modeling that is robust to conditional heteroskedasticity (under the
IID or MDS assumption) or that is robust to conditional heteroskedasticity
and autocorrelation (under the non-MDS assumption). Indeed, the robust
Wald test statistic W,. in Theorem 9.13 can be viewed as a generalization
of the robust Wald test statistic from a linear regression model to a non-
linear context. We note that the robust Wald test statistic W, is different
in structure from the MLE-based Wald test W in Theorem 9.7. The latter
is not robust to model misspecification.

(2) Robust LM Test Under Model Misspecification

Question: Can we construct a robust LM test statistic for Hy : R(8*) =r
when f(y|¥, ) is misspecified?

Yes, we can still derive the asymptotic distribution of \/ES\, with a
suitable asymptotic variance, which of course will be generally different
from that under correct model specification. Then we can construct a
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quadratic form in \/55\ which follows an asymptotic Chi-square distribution
under the null hypothesis Hy. Therefore, we need to robustify the LM test
statistic LM of Theorem 9.9 in Section 9.7.

Recall that from the FOCs of the constrained MLE B,

S(B) — R'(B)X =0,

R(B) —r=0.

In deriving the asymptotic distribution of the LR test statistic in Section
9.7, we have obtained

Vik = [RGE GOR (GY] R()E Bvas(5)

for n sufficiently large, where 3. and B4 are linear combinations of B and
B* respectively. This expression still holds when f(y|¥;, 8) is misspecified.

By CLT (Assumption 9.6(b)), we have \/nS(3*) A N(0,V,) as n — oo,
where V, = avar[y/nS(8*)]. Therefore, using Slutsky’s theorem, we can
obtain

VA 5 N(0,9) as n — oo
under Hy, where
Q= [R(5")H R3]
x R(BVH'V.H 'R (5*)
x [R(B*)H 'R/ (8*)]".
Then we can construct a robust LM test statistic
LM, =nNQ 1,

where the asymptotic variance estimator

and V satisfies the following condition:

Assumption 9.8. V & V, as n — oo, where V is defined as V in As-
sumption 9.7 with 3 replaced with 3.
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Under Assumptions 9.1 to 9.6 and 9.8, we can show 5 Q. It follows
from Slustky’s theorem that under Hy,

d
LM, 5% x% asn — .

The robust LM test statistic LM, will only involve estimation of the
conditional PDF/PMF model f(y| ¥, ) under the null hypothesis Hy. Of-
ten it is relatively easy to estimate the model f(y|¥;, ) under Hy.

Theorem 9.14. [QMLE-Based Robust LM Test]: Suppose Assump-
tions 9.1 to 9.6 and 9.8 and Hy : R(8*) = r hold. Then as n — oo,

LM, =N A5 2.

The QMLE-based robust LM test statistic LM, differs from the MLE-
based LM test statistic LM in that they employ different asymptotic vari-
ance estimators. The QMLE-based LM test statistic LM, is robust to
misspecification of the conditional PDF/PMF model f(y|¥;, 3). The struc-
ture of the robust LM test statistic LM, is similar to the robust LM test
statistic in a linear regression model with conditional heteroskedasticity
and/or autocorrelation. Like the robust Wald test statistic W,., the robust
LM test statistic LM, can be viewed as a generalization of the robust LM
test statistic from a linear regression model to a nonlinear model.

Question: Are the robust Wald test W,. and LM test LM, applicable when
the model f(y|¥y, B) is correctly specified for the conditional distribution
of Y; given U7

Question: When the model f(y|¥, ) is misspecified, are the robust Wald
test statistic W,. and robust LM test statistic LM, asymptotically equiva-

lent in the sense that W, — LM, % 0 as n — oo under the null hypothesis
Hy: R(8*) =17

Question: Can we use the LR test statistic LR = 2n[l(3) — I(3)] under
model misspecification?

The answer is no. This is because in deriving the asymptotic distribution
of the LR test statistic, we have used the MDS property of the score function
{S:(8*)} and the conditional IM equality (so V. = —H,), which may not
hold when the conditional distribution model f(y|¥y, ) is misspecified. If
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the MDS property of the score function or the conditional IM equality fails,
the LR statistic will not be asymptotically x4 under Hy : R(8*) = r. This is
similar to the fact that J times the F-test statistic does not converge to X?,
when there exists serial correlation in {&;} or when there exists conditional
heteroskedasticity. Like the J-F test statistic, it is impossible to modify the
LR statistic LR. This is different from the Wald test and LM test statistics.
The latter can be modified to be robust to model misspecification.

In many applications (e.g., estimating CAPM models), both GMM and
QMLE could be used to estimate the same parameter vector. In general,
by making fewer assumptions on the DGP and making use of less sample
information, GMM will be generally less efficient than QMLE if the pseudo-
model likelihood function is close to the true conditional distribution of Y;
given Wy.

9.12 Specification Testing for Conditional Probability
Distribution Model

It is important to check whether a conditional probability distribution
fy|¥y, B) is correctly specified. There are several reasons for doing so:

e A misspecified PDF/PMF model f(y|¥y, ) implies suboptimal
forecasts of the true probability distribution of the underlying DGP.

e The QMLE based on a misspecified PDF/PMF model f(y|¥;, 3) is
less efficient than the MLE which is based on a correctly specified
PDF/PMF model.

e A misspecified PDF/PMF model f(y|¥, §) implies that we have to
use a robust version of the asymptotic variance of QMLE, because
the conditional IM equality and even the MDS property for the
score function generally no longer hold. As a result, the resulting
statistical inference procedures are more tedious and perform less
satisfactorily in small and finite samples.

Question: How to check whether a conditional probability distribution
model f(y| Py, B) is correctly specified?

Here, the null hypothesis of interest Hy is that there exists some un-
known parameter value $° such that with probability one, f(y|¥;, 3°) co-
incides with the true conditional distribution of Y; given ¥,. We now in-
troduce a number of specification tests for conditional distribution model

Fyl¥y, B).
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We consider two cases respectively.
Case I: {Z; = (Y;, X[)'} Is an IID Sequence

In this case, a popular test is White’s (1982) IM test.
In the ITD random sample context, White (1982) proposes a specification
test for f(y|P:, B) = f(y| X+, B) by checking whether the IM equality holds:

E[S:(8°)S:(8°)'] + E[H(8°)] = 0.

This is implied by correct model specification. If the IM equality does not
hold, then there is evidence of model misspecification for the conditional
distribution of Y; given X;.

Define the w x 1 sample average

1 n
m(B) = Ezmt(ﬂ)y
t=1
where

my(B) = vech [Si(8)S:(8) + Hy(B)] -

Let B be the MLE for 8°. Then as n — oo,
m(B) 5 E [my(8°)]

by UWLLN. Therefore, when the IM equality holds, we have E [m(5°)] = 0

and so m(F) will be close to zero as n — oo. On the other hand, when

the IM equality does not hold, m(8) will converge in probability to a
nonzero moment as n — oo. Therefore, one can test model specification

for f(y|WPs, B) by checking whether the sample average m(f5) is close to
zero. How large the magnitude of m(5) should be in order to be consid-
ered as significantly larger than zero can be determined by the asymptotic

distribution of v/nin ().
Question: How to derive the asymptotic distribution of \/nr(3)?

White (1982) proposes an IM test using a suitable quadratic form of
V/nm(B) that is asymptotically Xﬁ(( K+1)/2 under correct model specifica-
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tion. Specifically, White (1982) shows that as n — oo,
n
n!2im(B) = n= 12y [my(8°) — DoHy ' S,(8°)] + op (1)
t=1

4 N(0,3),

where D, = D(8°) =FE {37”5(55 O)} , and the asymptotic variance

Y = var [mt(ﬂo) — DOHO*lSt(BO)} .

It follows that a test statistic can be constructed by using the quadratic
form

IM = nin(B) S ()

for some consistent variance estimator 3 for . Putting W, = mt(B) -
D(B)H~1(B3)S:(B), we can construct a consistent variance estimator

It can be shown that under correct specification of f(y|¥y,3), and as n —
00,

d
IM = Xk (k112

Question: If the IM equality holds, is the model f(y| X, 8) correctly spec-
ified for the conditional distribution of Y; given X;?

Correct model specification implies the IM equality but the converse
may not be true. The IM equality is only one of many (possibly infinite)
implications from the correct specification of f(y|WUy, ). Therefore, when
the IM test fails to reject the null hypothesis of correct model specification,
one cannot claim that the model f(y|¥¢, 8) is correctly specified. Instead,
one can only say that no evidence is found against correct model specifica-
tion.

When White’s (1982) IM test fails to reject the null hypothesis of correct
specification of f(y|¥,, ) for a large sample size n, the IM equality still
holds even if f(y|¥:, ) is misspecified. In this case, we can still use the
simple asymptotic variance formula avar(y/nf) = —H_ ! or avar(y/nf) =
V.1, where B is actually the QMLE. In this sense, it is more appropriate to
interpret White’s (1982) IM test in the following way: it is a consistent test
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for the validity of the IM equality rather than a consistent test for model
specification of f(y|¥, B).

Although White (1982) considers IID random samples only, the IM test
is applicable to test the hypothesis of IM equality for both cross-sectional
and time series models as long as the score function {S;(5°)} is an ergodic
stationary MDS.

Case II: {Z; = (Y%, X])’} Is an Ergodic Stationary Process

In a time series context, White (1994) proposes a dynamic IM test for
correct model specification of f(y|¥¢, 8). This test essentially checks the
MDS property of the score function {S;(8°)}:

E[S(8°)[¥] =0,
which is implied by correct model specification of f(y|¥;, ). If evidence is

found that {S¢(8°)} is not an MDS, then there exists model misspecification
in f(y|qlta6)

Define a pK? x 1 moment function

my(B) = vech[S,(8) @ S (B)],

where S™™1(8) = [S;—1(B), St—2(B), ..., Si—p(B)"] is a pK x 1 weighting vec-
tor, and ® is the Kronecker product. Then the MDS property of {S:(5°)}
implies

E[m(8°)] = 0.

This moment condition essentially checks whether {S;(5°)} is a WN up
to lag order p. If f(y|¥, ) is correctly specified, then E[m:(5°)] = 0. If
E[my(B°)] # 0, i.e., if there exists serial correlation in {S;(8°)}, then there
is evidence of model misspecification.

White (1994) considers the sample average

n
m=n""! Z m(B)
t=1
and checks if this is close to zero, where 3 is MLE. White (1994) develops
a so-called dynamic IM test by using a suitable quadratic form of \/ni
that follows an asymptotic Chi-square distribution under correct dynamic
model specification. The construction of such a quadratic form is similar
to the IM test statistic M, so we omit it here.
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Question: If {S;(8°)} is an MDS, can we conclude that f(y|PUy, ) is
correctly specified for the conditional distribution of Y; given W¥,7

No. Correct model specification implies that {S;(5°)} is an MDS but
the converse may not be true. It is possible that S;(5°) is an MDS even
when the model f(y|¥;,3) is misspecified for the conditional distribution
of Y; given W,; see Example 9.12 in Section 9.4. A better approach is to test
the conditional PDF /PMF model itself, rather than only the properties of
its derivatives (e.g., the MDS of the score function or the conditional IM
equality).

Next, we consider a test that directly checks the conditional distribution
of Y; given U,.

Suppose Y; is a continuous random variable, and f(y|Py, ) is a con-
ditional PDF model of Y; given ¥;. We define the dynamic probability
integral transform

Yy
Uu(B) = f(yl¥e, B)dy.

Lemma 9.3. [Dynamic Probability Integral Transform]: If, with
probability one, f(y|Vy, 5°) coincides with the true conditional PDF of Y;
given Uy, then

{U:(8°)} ~ 1ID U0, 1].
Proof: Left as an exercise.

The dynamic probability integral transform U (/) can be interpreted as
a generalized residual of the conditional PDF model f(y|¥;, 8). Intuitively,
in a time series context, a conditional PDF model f(y|¥, ), if correctly
specified, will fully capture the dynamics of time series {Y;}, so there will
be no serial dependence left in the generalized residual series {U:(8°)}.
Furthermore, the PDF model f(y|U,, ) also correctly characterizes the
probability distribution of Y; over its entire domain in each time period, so
the generalized residual U;(3°) follows a uniform distribution. Therefore,
one can test whether {U;(8°)} is IID U|[0,1]. If it is not, there exists evidence
of model misspecification.

Hong and Li (2005) use a nonparametric kernel estimator for the joint
PDF of {U;(8°),U;—;(8°)} and compare the joint PDF estimator with 1 =
1-1, the product of the marginal standard uniform densities of U;(5°) and
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U—;(8°) under correct model specification. The proposed test statistic
follows an asymptotic N(0,1) distribution. See Hong and Li (2005) for
more discussion.

Question: Suppose {U;(°)} is IID U[0,1]. Is the PDF model f(y|¥:, )
correctly specified for the conditional distribution of Y; given W¥,7

For univariate time series (so Uy = Y*{Y;_1,Y;_o,...}), the IID UJ0, 1]
property holds if and only if the conditional PDF model f(y;|¥;, 3) is cor-
rectly specified.

9.13 Conclusion

Conditional probability distribution models have wide applications in eco-
nomics and finance. For many applications, one is required to specify the
entire probability distribution of the underlying DGP. If the probability
distribution model is correctly specified, the resulting estimator B which
maximizes the likelihood function is called the MLE.

For other applications, one may be only required to specify certain as-
pects (e.g., the conditional mean and conditional variance) of the probabil-
ity distribution of the DGP. One important example is volatility modeling
for financial time series. To estimate model parameters, one usually makes
some auxiliary assumptions on the probability distribution of the DGP that
may be false so that one can estimate 8 by maximizing the pseudo like-
lihood function. This is called the QMLE. MLE is asymptotically more
efficient than QMLE, because the asymptotic variance of MLE attains the
Cramer-Rao lower bound.

The likelihood function of a correctly specified conditional distribution
model has different properties and implications from that of a misspecified
conditional distribution model. In particular, for a correctly specified condi-
tional distribution model, the score function is an MDS and the conditional
IM equality holds. As a consequence, the asymptotic distributions of MLE
and QMLE are different (more precisely, their asymptotic variances are dif-
ferent). In particular, the asymptotic variance of MLE is analogous to that
of the OLS estimator under MDS regression disturbances with conditional
homoskedasticity, whereas the asymptotic variance of QMLE is analogous
to that of the OLS estimator under conditional heteroskedasticity and/or
autocorrelation.
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Hypothesis tests can be developed using MLE or QMLE. For hypoth-
esis testing under a correct specified conditional distribution model, the
Wald, LM, and LR tests can be used, and in fact they are asymptotically
equivalent to each other under the null hypothesis. When a conditional
distribution model is misspecified, the robust Wald and LM test statistics
can be constructed. Like the F-test statistic in the regression context, the
LR test statistic is valid only when the conditional distribution model is
correctly specified. The reason is that the LR statistic test utilizes the MDS
property of the score function and the conditional IM equality which may
not hold under model misspecification.

It is important to test correct specification of a conditional distribution
model. We introduce some specification tests for conditional distribution
models under IID and time series observations respectively. In particular,
White (1982) proposes an IM test for IID observations and White (1994)
proposes a dynamic IM test that essentially checks the MDS property of the
score function of a correctly specified conditional distribution model with
time series observations. Hong and Li (2005) develop a nonparametric test
for a dynamic conditional PDF model using probability integral transforms.
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Exercise 9

9.1. For the probit model P(Y; = y|X;) = ®(X]B°)Y[1 — ®&(X,3°)]* 7Y,
where y = 0, 1. Show that

(1) E(Yi|Xy) = ®(X{B°).

(2) var(Yy| X;) = ©(X(5°)[1 — ©(X;5)).

9.2. Consider Example 9.3 in Section 9.2. Suppose the hazard rate A(y) =
a, where o > 0. Show that the PDF f(y) = ae™*¥ if y > 0, and f(y) =0
if y < 0. That is, the underlying probability distribution is EXP(%). Give
your reasoning.

9.3. Consider a censored regression model as described in Example 9.9 of
Section 9.2.

(1) Show that E(Xe:|Y; > ¢) # 0, where ¢ is a constant. Thus, the OLS
estimator based on a censored subsample that excludes the observations of
{Y; = ¢} is not consistent for the true model parameter value 5°.

(2) Obtain the log-likelihood function of the conditional PDF of Y; given
X;. Give your reasoning.

(3) Show that the MLE f is consistent for 3°. Give your reasoning.

9.4. A random sample is called truncated if the observations can come
only from a restricted part of the underlying population distribution. We
consider an example where the truncation is from below with a known
truncation point ¢. Specifically, assume that the DGP is

}/t* = Xt/OéO + Et,

where ;| X; ~ IIDN(0,02). Suppose only those of Y;* whose values are
larger than or equal to constant c are observed. That is, we observe Y; = Y,*
if and only if Y;* = X/a® + &, > c¢. The observations with Y;* < ¢ are not
recorded. Assume the resulting sample is {Y;, X{}};, where {Y;, X[} is
IID.

(1) Show E(X;e|Y;* > ¢) # 0. This implies that the OLS estimator j3
based on the observed sample {Y;, X/}? ; is not consistent for 5°.

(2) Obtain the log-likelihood function for the conditional PDF of Y;
given X;.

(3) Show that the MLE f is consistent for 3°. Give your reasoning.
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9.5. Suppose f(y|¥y,S) is a conditional PDF model for Y; given ¥, where
B € O, a parameter space. Show that for all 5 and 8 € O,

oo

| mlslve pIs61v Ay < [ 1wl e

— 00 —0o0

9.6. (1) Suppose f(y|¥¢, B), B € O, is a correctly specified model for the
conditional PDF of Y; given W;, such that with probability one, f(y| ¥, 3°)
coincides with the true conditional PDF of Y; given ¥,. We assume that
with probability one, f(y|¥:, 8) is continuously differentiable with respect
to B, and B° is an interior point in ©. Show that

Oln f(V3|Vy, 57)
op

(2) When f(y|¥,, 3) is a misspecified model for the conditional PDF of
Y; given Wy, the result proven in Part (1) usually does not hold. Provide
an example.

(3) Assume that Part (1) holds, i.e., the conditional expectation of the
score function given the extended information set ¥, is zero at some pa-
rameter value. Can one conclude that f(y|¥;, ) is correctly specified for
the conditional distribution of Y; given ¥,? If yes, give your reasoning. If
not, give a counter example.

\I/t} =0.

9.7. Suppose f(y|¥s, B), B € © C RE, is a correctly specified PDF/PMF
model for the conditional distribution of Y; given W,, such that for some pa-
rameter value 8°, f(y|V¥y, 5°) coincides with the true conditional PDF/PMF
of Y given W; with probability one. We assume that with probability one,
f(y|¥y, B) is continuously differentiable with respect to § and £° is an in-
terior point in ©.

(1) Show that

Oln f(Yy|Wy, 8°) Oln f (Y| W4, B°) 9% In f(Y|¥4, 5°) _
E R o5 U |+E 9507 U, | =0,
where % In f(y|¥y, B) is a K x 1 vector, 8%/ In f(y|W¥y, B) is the transpose of

% In f(y| Uy, B), %62’@ In f(y| ¥y, B) is a K x K matrix, and the expectation
E(-) is taken under the true conditional distribution of Y; given ¥y.

(2) When f(y|%¢, §) is a misspecified model for the conditional distribu-
tion of Y; given Wy, the conditional IM equality proven in Part (1) usually
does not hold. Provide an example.
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(3) Assume that the conditional IM equality in Part (1) holds at some
parameter value. Can one conclude that the model f(y|¥;, ) is correctly
specified for the conditional distribution of Y; given ¥,? If yes, provide your
reasoning. If not, given a counter example.

9.8. Put V. = E[S;(8*)S:(8)'] and H. = E[#5S:(8")], where 5,(8) =
% In f(Y;| ¥, B), and B* = argmingee I(B) = E[ln fy, v, (Yz|¥¢, 8)]. Under
what circumstances will H; 'V, H; ! —(—H!) be PSD? Give your reasoning
and you can provide any necessary regularity conditions. Note that the
formula H_'V,H_ ! is the asymptotic variance of QMLE and the formula
—H_ ! is the asymptotic variance of MLE.

9.9. Suppose a conditional PDF/PMF model f(y|¥,, ) is misspecified for
the conditional distribution of Y; given W, namely, there exists no § € ©
such that with probability one, f(y|U;, ) coincides with the true condi-
tional distribution of Y; given W,. Show that generally,

Oln f(Y|Wy, 8°) Oln f (Y| Wy, B°) U }JFE [82 In f (Y| Wy, B°)
op op’ t 0Bop’

does not hold, where 3° satisfies Assumptions 9.4 and 9.5. In other words,

the conditional IM equality generally does not hold when the conditional

PDF/PMF model f(y|¥,, 3) is misspecified for the conditional distribution

of Y; given ¥;. Use some example(s) to illustrate.

E

\I/t:| - 0,

9.10. Consider a DGP
v—2

Y: = p(Uy, %) + 0 (P4, a%)ze, {2t} ~ 1D 1.

Assume that we specify the following conditional PDF model for Y;|¥, :

[yu(\I’t,a)]2]

1
S0, ) =~ e |~

2wo2(Wy, o)

where the conditional mean model u(¥y, o) and conditional variance model
0%(¥4, ) are correctly specified for E(Y;|¥,) and var(Y;|¥;) respectively.
However, the normalized Student’s ¢, distribution of {z;} is misspecified as
an N(0,1) distribution, and so the model f(y|¥, ) is misspecified for the
conditional distribution of Y; given W,.
(1) Check if the score function {S¢(3)} is an MDS. Give your reasoning.
(2) Check if the conditional IM equality holds. Give your reasoning.
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9.11. Consider the following MLE problem:

Assumption 1: {Yi, X;} is an ergodic stationary process, and f(y|%, )
is a correctly specified conditional PDF/PMF model of Y; given ¥, =
(X}, Z'=YY, where Zt=Y = (Z]_,,Z!_,,...,Z})" and Z; = (Y3, X])'. For
each B, In f(Y:|¥y, ) is measurable of (Y3, ¥;), and for each ¢, In f(Y;|Uy, )
is twice continuously differentiable with respect to f € © with probability
one, where © is a compact set.

Assumption 2: () = E [In f(Y:| ¥, §)] is continuous in 5 € ©.

Assumption 3: (a) f° = argmaxgee (/) is the unique maximizer of I(5)
over ©, and (b) £° is an interior point of ©.

Assumption 4: (a) {S:(8°) = % In f(Y:|¥, B)} obeys CLT, i.e.,

VnS(B%) =n~t2 Y Si(8°)

converges to a multivariate normal distribution with some K x K variance-
2
covariance matrix as n — oo; (b) {Hy(8) = %lnf(ift\‘llt,ﬁ)} obeys

UWLLN over ©. That is,

lim sup
n— oo ﬁee

w3 H(B) - H(ﬂ)H ~0,
t=1

where the K x K Hessian matrix H(f) = F [H;(f)] is symmetric, finite
and nonsingular, and is continuous in § € ©.

The MLE is defined as § = argmaxgeel(8), where I(3) =
n~t Y7 In f(Y;|¥y, B). Suppose we have had B — B° almost surely, and
this consistency result can be used in answering the following questions in
Parts (1) to (4). Show your reasoning in each step.

(1) Find the FOC of MLE.

(2) Derive the asymptotic distribution of \/n(3 — 3°). Note that the
asymptotic variance of \/ﬁ(B — f°) should be expressed as the Hessian
matrix H(/5°).

(3) Find a consistent estimator for the asymptotic variance of /n(3—£3°)
and justify why it is consistent.

(4) Construct a Wald test statistic for the null hypothesis Hy : R(5°) =
r, where 7 is a J x 1 constant vector, and R(-) is a J x 1 vector with the
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derivative R/(f3) is continuous in 8 and R/(5°) is of full rank. Derive the

asymptotic distribution of the Wald test under Hy.

9.12. Suppose Assumptions 9.1 to 9.5 hold, the model f(y|¥,, 8) is correctly
specified for the conditional distribution of Y; given ¥,, and the K x K pro-
cess {S¢(3)S¢(B)'} follows UWLLN, i.e., supgcq ln=t >0 Su(B)S:(B) —
VB 5 0, where V(8) = E[S,(8)S:(8)] is continuous in f. Define
V= Ly S,(3)S:(B)’, where 8 is the MLE.

(1) Show V B V, = V(5°) as n — oc.

(2) Define a Wald test statistic W = n[R(8) — r)/[R/(B)V !
R'(B)]7Y[R(B) — r] for the null hypothesis Hy : R(8°) = r, where R(-)
is a J x K continuously differentiable nonstochastic matrix with R'(3°)
being full rank, and r is a J x1 nonstochastic vector, and J < K. Derive
the asymptotic distribution of W under Hj.

9.13. Suppose Assumptions 9.1 to 9.6 hold, and the conditional PDF /PMF
model f(y|W,, 8) is correctly specified for the conditional distribution of Y;
given W;. Construct a t-type test statistic for the null hypothesis Hy :
R(°) = r, where R(+) is a 1 x K continuously differentiable nonstochastic
matrix. Derive the asymptotic distribution of the proposed t-type test
statistic under Hy.

9.14. Suppose Assumptions 9.1 to 9.7 hold, and the conditional PDF /PMF
model f(y|¥y, 3) is misspecified for the conditional distribution of Y; given
U,. Construct a t-type test statistic for the null hypothesis Hy : R(5*) = r,
where R(+) is a 1 x K continuously differentiable nonstochastic matrix. De-

rive the asymptotic distribution of the proposed t-type test statistic under
Hy.

9.15. Suppose {(Z; = Y;, X})'}; is an IID random sample. Consider
a linear regression model Y; = X,a° + &;, where &,/ X; ~ N(0,02). Put
B = (a’,0%) and note that

- s (V= X{0)?

f(n'XtaB) = 27‘(‘0’26 20 )
() =n""Y Inf(Y|X;, )
t=1
1

1 —1 S 7 2\2
= 5,2 In(2m) — 252" Z;(Yt - XiB)".
t—
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Suppose Hy : R3° = r is the hypothesis of interest, where R is a J x K
nonstochastic matrix with full rank, r is a J x 1 nonstochastic vector, and
J<K.

(1) Show

- 1

1(B)=—= [1 +1In(27) +In (e:)] :

1(B) = —% [1 +1In(27) +In (é;f)] ,

where 3 is the unconstrained MLE, B is the constrained MLE under Hp,
and e and € are n x 1 unconstrained and constrained estimated residual

[\

vectors respectively.
(2) Show that under Hy : R3° =,

2n[l(3) — I(B)] = nln(e'é/ee)

ee—ee)/J

ZJ'( +0P(1)

e'e/n
=J-F+op(1),

where op(1) denotes the reminder term that vanishes to zero in probability
as n — 0o.

9.16. Suppose Assumptions 9.1 to 9.6 hold, and the conditional PDF /PMF
model f(y|W¥y, B) is correctly specified for conditional distribution of Y;
given W;. We are interested in testing the hypothesis of interest

HQ : R(ﬂo) =T,
where R(-) is a J x 1 continuously differentiable vector function with the
Jx K matrix R'(8°) being of full rank. Show that the Wald test statistic W,
the LM test statistic LM and the LR test statistic LR are asymptotically

equivalent under Hy in the sense that as n — oo, W — LM = op(1),W —
LR =o0p(1),and LM — LR = op(1).

9.17. Suppose Assumptions 9.1 to 9.8 hold, and f(y| ¥, 8) is a misspecified
model for the conditional distribution of Y; given ¥,. We are interested in
testing the hypothesis of interest

Hy: R(B8*) =,

where R(-) is a J x 1 continuously differentiable vector function with the
J x K matrix R'(8*) being of full rank. Are the robust Wald test statistic



456 Foundations of Modern Econometrics

W, and robust LM test statistic LM,. are asymptotically equivalent under
H, in the sense that W,. — LM,. = op(1) as n — oc.

9.18. Suppose {Z; = (Y3, X])'} is a stationary time series process. Show
that the dynamic probability integral transform {U;(5°)} is IID U0, 1]
if the conditional PDF model f(y|¥:, B) is correctly specified for the
conditional PDF of Y; given ¥;, where ¥; = (X;, Z'" 1), and Z!~! =
(Zt—la Zt_g, ceny Zl)

9.19. Suppose Y™ = (Y1,Y5,...,Y},) is an observed random sample of size
n. Consider an AR(1) model

:ﬂ)/t—1+€t7 t:]-v"'vna

where {e;}7; ~ IID N(0,02), Yo ~ fo(y), and S is an unknown scalar
parameter. The PDF fy(y) of Yy is known.

In statistics, the so-called Bayesian school of statistics develops an im-
portant method to estimate the unknown parameter 8. The first step is to
assume that parameter  is random and follows a prior distribution. Sup-
pose the prior distribution of § is an N(0, ag) distribution, and o2 and 0[23
are known constants.

(1) Derive the joint PDF f(8,y™) of random vector (8,Y™), where
Y" = (1,92, Yn).

(2) Derive the conditional PDF f(8|y™) of § given that the sample
Y™ = y™. This is called the posterlor probability density.

(3) The Bayesian estimator 3 = f3,(y™) minimizes the following average
mean squared error

5= agmin [ (a = 5)4(5.5")d5.

Find the Bayesian estimator of 3.
In each step, please state your reasoning clearly.

9.20. Suppose {Y;, X; } is a strictly ergodic stationary time series process,
Y = X{B° +er,e0 = hy 1/2 2, he = ap + a1€7_1, and the unobservable inno-
vation sequence {z;} ~ IID N(0,1). Moreover, {X;} and {2;} are mutually
independent. A random sample {Y:, X}, of size n is observed. Assume
that all regularity conditions are satisfied.

(1) Find the OLS estimator 3 for §.

(2) Show that the OLS estimator /3 is BLUE.

(3) Find the MLE j for 3.

(4) Discuss the relative efficiency between B and B . Give your reasoning.



Chapter 10

Modern Econometrics: Retrospect
and Prospect

Abstract: This chapter aims to summarize the theories, models, methods
and tools of modern econometrics which we have covered in the previous
chapters. We first review the classical assumptions of the linear regression
model and discuss the historical development of modern econometrics by
various relaxations of the classical assumptions. We also discuss the chal-
lenges and opportunities for econometrics in the Big data era and point out
some important directions for the future development of econometrics.

Keywords: Asymptotic analysis, Big data, Causal inference, Conditional
heteroskedasticity, Endogeneity, Exogeneity, High-dimensional data, In-
strumental Variable (IV), Linear regression model, Machine learning, Model
ambiguity, Model misspecification, Model uncertainty, Nonexperimental de-
sign, Nonlinear model, Normal distribution, Panel data analysis, Policy
evaluation, Program evaluation, Stationarity, Structural change

10.1 Summary of Book

The econometric theory developed in this book is built upon the following
fundamental axioms:

e Any economy can be viewed as a stochastic DGP governed by some
probability law.

e Any economic phenomenon, often in form of data, can be viewed
as a realization of the stochastic economic process.

The probability law of the DGP can be called the law of economic
motions. The objective of econometrics is to infer the probability law of
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economic motions using observed data and then use the obtained knowl-
edge to explain what has happened, to predict what will happen, to test
economic theories and hypotheses, to conduct policy evaluation and make
policy recommendations, etc.

Suppose the conditional probability distribution of an economic vari-
able of interest is available. Then one can obtain various attributes of the
conditional distribution, such as its conditional mean, conditional variance,
conditional skewness, conditional kurtosis, and conditional quantile. Here,
an important question is: what aspect of the conditional distribution will
be important in economics? Generally speaking, the answer is dictated by
the nature of the economic problem one has at hand. For example, EMH
states that the conditional expected asset return given the past informa-
tion is equal to the long-run market average return; rational expectations
theory suggests that conditional expectational errors given the past infor-
mation should be zero. In unemployment duration analysis, one should
model the entire conditional distribution of the unemployment duration
given the economic characteristics of unemployed workers. For all of these,
econometrics can provide an analytic framework, methods and tools when
combined with observed data.

It should be emphasized that the conditional distribution or its various
attributes indicate a predictive relationship between economic variables,
that is, a statistical association under which one can use some explanatory
variables to predict other variables. A predictive relationship may or may
not be a causal relationship among economic variables, which is often of
central interest to economists. Economic theory often hypothesizes a causal
relationship and such economic theory can then be used to interpret the
predictive relationship as a causal relationship. Moreover, economic theory
can be formulated as an empirically testable restriction on the conditional
distribution of the DGP. Such a restriction can be used to validate economic
theory empirically, and to improve forecasts if the restriction is valid.

Motivated by the fact that most economic theories often have implica-
tions on and only on the conditional mean of economic variables, we have
first provided a probabilistic theoretic foundation for linear regression mod-
eling in Chapter 2. We then consider the classical linear regression model in
Chapter 3, for which we develop a finite sample statistical theory when the
regression disturbances are IID normally distributed and are independent
of regressors. The normality assumption is crucial for the finite sample
econometric theory. The essence of the classical theory for linear regression
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models is the IID assumption for disturbances, which implies conditional
homoskedasticity and serial uncorrelatedness, and ensures the BLUE prop-
erty of the OLS estimator. When conditional heteroskedasticity and/or
autocorrelation exist(s), the GLS estimator illustrates how to restore the
BLUE property by correcting conditional heteroskedasticity and/or differ-
encing out serial correlation.

Using the classical linear regression model as a benchmark, we develop
an econometric theory for linear regression models by relaxing the classical
assumptions in subsequent chapters. First, we relax the normality assump-
tion in Chapter 4. This calls for asymptotic (or large sample) analysis as
the sample size n — oo because the finite sample theory is no longer possi-
ble. It is shown that for a large sample size, the classical results in Chapter
3 are approximately applicable to linear regression models with indepen-
dent observations under conditional homoskedasticity. Under conditional
heteroskedasticity, however, the classical results, such as the popular t-test
and F-test statistics, are no longer applicable, even if the sample size goes
to infinity. This is due to the fact that the asymptotic variance of the
OLS estimator has a different structure under conditional heteroskedastic-
ity. One has to use White’s (1980) heteroskedasticity-consistent variance-
covariance matrix estimator and uses it to develop robust hypothesis tests.
It is therefore important to test conditional homoskedasticity, and White
(1980) proposes a regression-based test procedure among many others.

The asymptotic theory for linear regression models with independent
observations in Chapter 4 is extended to linear regression models with time
series observations in Chapter 5. This covers two types of linear regression
models: one is a static regression model where regressors are exogenous
variables, and the other is a dynamic regression model where regressors
contain lagged dependent variables and exogenous variables. It is shown
that the asymptotic theory of Chapter 4 is applicable to stationary time se-
ries regression models when the regression disturbance is an MDS. Because
of its importance, we introduce tests for the MDS property of regression
disturbances by checking serial correlation in the disturbances. These in-
clude the popular LM test for serial correlation. We have also considered
an LM test for ARCH and discussed its implications on the inference of
static and dynamic regression models respectively.

For many static regression models, it is evident that regression distur-
bances display serial correlation. This affects the asymptotic variance of
the OLS estimator. When serial correlation is of a known structure up
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to a few unknown parameters, we can use the Ornut-Cochrance procedure
to obtain a two-stage asymptotically efficient estimator for regression pa-
rameters. When serial correlation is of unknown form, we have to use a
long-run variance-covariance matrix estimator to estimate the asymptotic
variance of the OLS estimator. A leading example is the kernel-based esti-
mator such as those of Newey and West (1987) and Andrews (1991). With
such a long-run variance-covariance matrix estimator, robust test statis-
tics for hypotheses of interest can be constructed. These are discussed in
Chapter 6.

Estimation and inference of linear regression models become compli-
cated when the orthogonality condition that E(e¢|X;) = 0 does not hold,
which can arise due to measurement errors, simultaneous equations bias,
omitted variables, and so on. In Chapter 7 we discuss a popular IV-based
estimation method—a 2SLS procedure—to estimate model parameters in
such scenarios. IV regression has been a main methodology to identify
economic causal relationships using nonexperimental data.

Chapter 8 introduces GMM, which is particularly suitable for estimat-
ing linear and nonlinear econometric models that can be formulated as a
set of moment conditions. A prime economic example is the rational ex-
pectations theory, which is often characterized by a set of Euler equations.
In fact, GMM provides a convenient framework to view most econometric
estimators, including the OLS and 2SLS estimators.

Chapter 9 considers conditional probability distribution models and
other econometric models that can be estimated by using pseudo likeli-
hood function methods. Conditional distribution models have found wide
applications in economics, and MLE is the asymptotically most efficient
method to estimate parameters for conditional distribution models. On
the other hand, many econometric models can be conveniently estimated
by using a pseudo likelihood function approach. These include nonlin-
ear regression models, ARMA models, GARCH models, as well as models
for limited dependent variables and discrete choices. Such an estimation
method is called QMLE. There is an important difference between MLE
and QMLE: the structures of their asymptotic variances are different. In
certain sense, the asymptotic variance of MLE is similar in structure to the
asymptotic variance of the OLS estimator under conditional homoskedas-
ticity and serial uncorrelatedness, while the asymptotic variance of QMLE
is similar in structure to the asymptotic variance of the OLS estimator
under conditional heteroskedasticity and/or autocorrelation.
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Chapters 2 to 9 are treated in a unified and coherent manner. The
econometric theory is developed progressively from the classical linear re-
gression models to nonlinear expectations models and conditional distri-
butional models. The book has emphasized the important implications of
conditional heteroskedasticity and autocorrelation as well as misspecifica-
tion of conditional distributional models on the asymptotic variances of the
related econometric estimators. With a good command of the econometric
theory developed in Chapters 2 to 9, one can conduct a variety of empiri-
cal analysis in economics, including all motivating examples introduced in
Chapter 1 and subsequent chapters. In addition to the econometric theory,
we also train students how to do asymptotic analysis via the progressive de-
velopment of the asymptotic theory in Chapters 2 to 9. We have introduced
a variety of basic asymptotic analytic tools, including various convergence
concepts, limit theorems, and basic time series concepts and models. We
have seen that how modern econometrics emerges from the classical econo-
metrics by relaxing classical assumptions for linear regression modeling to
allow for conditional heteroskedasticity and autocorrelation, endogeneity,
nonlinearity, model misspecification, as well as models of conditional higher
order moments and conditional distribution.

To provide further insights into the logical links among Chapters 2 to
9 and present a relatively comprehensive but selective overview of the core
theory and methods in modern econometrics, we will discuss the develop-
ment of modern econometrics from a historical perspective in subsequent
sections. We will also point out some important directions for future de-
velopment of econometrics in the Big data era.

10.2 Assumptions of Classical Econometrics

While econometrics has a history of nearly one century, modern econo-
metrics has not emerged from classical econometrics until four decades ago.
Thus, classical econometrics could be used as a starting point to understand
modern econometrics. One of the core ingredients of classical econometrics
is the classical linear regression model, which is based on the following
assumptions:

e Linear Regression Model: Y; = X[3° + &, t = 1,...,n, where Y;
is the dependent variable, X; is a K-dimensional regressor vector,
(£° is a K-dimensional vector of unknown parameters, ; is an un-
observable disturbance representing the total impact of all other
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factors, aside from the regressor vector X;, on Y;, and n is the
sample size.

o Strict Exogeneity: E(e4|X) = 0, where X = (X1, X3, ..., X;,)" is an
n X K matrix. This implies that the average impact of the distur-
bance ; on Y; does not depend on X. A sufficient condition is that
the disturbance sequence {e;} and X are mutually independent.

o Homoskedasticity and Zero-Autocorrelation: E(ee’'|X) = o021,
where € = (g1, ...,6,), Lis an n x n identity matrix, and o2 > 0 is
a constant. This condition implies that conditional variance of &4
is independent of X. In addition, no autocorrelation in {e;} exists.
Again, a sufficient condition is independence between {e;} and X.

e Conditional IID Normality: £|X ~ N(0,0°I). This assumption
implies that £ and X are mutually independent. It facilitates sta-
tistical inferences in finite samples (i.e., when the sample size n
is finite). Since many important parameter estimators, such as
the OLS and GLS estimators, are weighted averages of the distur-
bances {e;}, their sampling distributions are normal distributions.
As a result, the classical finite sample statistical inference theory
is available.

e Nonsingularity of Sample Regressor Matriz X’X. This condition
is a restriction on the random sample, which implies that any re-
gressor should not be a linear combination of others, excluding the
possibility of multicollinearity.

Under the nonsingularity condition, the OLS estimator exists. Under
strict exogeneity, the OLS estimator is unbiased for the unknown parameter
vector 5°. Given conditional homoskedasticity and zero-autocorrelation,
the OLS estimator is BLUE. When the disturbances {e;} are an IID se-
quence with a conditional normal distribution, the OLS estimator has a
normal distribution in finite samples, provided n > K. This finite sample
distribution could be used to construct confidence interval estimators and
hypothesis test statistics for the unknown parameter vector 5°, including
the well-known Student’s t-test and F-test statistics. See Chapter 3 for
detailed discussion.

Modern econometrics emerges from relaxing the classical assumptions
of the linear regression model. Its assumptions become more realistic and
general, and it covers various econometric models. As a result, the scope of
application has been extended greatly, and the econometric theory has be-
come more rigorous. Below, we will describe the historical development and
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core contents of modern econometrics by relaxing each classical assumption
of the linear regression model.

10.3 From Normality to Nonnormality

The assumption that the disturbance ¢, follows a conditional normal distri-
bution is made in order to derive the finite sample distributions of the OLS
estimator and related statistics, and to facilitate statistical inferences. In
finite samples, the classical t-test and F-test statistics follow the Student’s
t-distribution and F-distribution respectively only when the conditional
normality assumption holds.

However, an empirical stylized fact of most economic and financial data
is that they do not follow the normal distribution and often have heavy
tails, as indicated by the fact that the kurtosis is usually larger than 3.
As a result, the finite sample distribution theory based on the normality
assumption is no longer applicable. Various tests have been proposed to
check whether the estimated residuals of a linear regression model follow
the normal distribution. One well-known example is Jarque and Bera’s
(1980) test.

One major development of modern econometrics is to abandon the nor-
mality assumption for the disturbance term. Using asymptotic analysis,
econometricians have shown that when the sample size n — oo, the OLS
and other estimators are consistent for unknown parameters, and after suit-
able standardization, they have an asymptotic normal distribution. In fact,
it can be shown that for a linear regression model with IID observations,
if the disturbances are not conditionally normally distributed but display
conditional homoskedasticity, the OLS estimator is asymptotically BLUE,
and the classical t-test and F-test statistics remain applicable when the
sample size is sufficiently large. In other words, the classical OLS theory is
applicable to large samples when conditional homoskedasticity holds. This
conclusion also holds for a stationary time series linear regression model
when the disturbances are an MDS with conditional homoskedasticity. See
Chapter 4 and Chapter 5 for more discussion. Together with many others,
Halbert White played an important role for asymptotic analysis in econo-
metrics. His book, Asymptotic Theory for Econometricians, published in
1984 and re-printed in 2001, has been a classic reference for asymptotic
analysis in econometrics.
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It is convenient to apply the asymptotic theory in empirical studies,
but when the sample size is finite, the asymptotic distributions of parame-
ter estimators and test statistics may be different from the unknown finite
sample distributions, which may lead to large Type I and Type II errors
in statistical inference and thus yield misleading conclusions. To improve
the approximation to the finite sample distributions, econometricians (e.g.,
Klein and Spady 1993, Phillips 1977a, 1977b and 1977c, Ullah 1990) have
devoted themselves to developing theories and methods for inferences in
finite samples, using the Edgeworth expansion and saddle point approx-
imation. However, these methods are rather tedious and have not been
applied extensively. With the rapid development of computer technology,
bootstrap methods instead have been proposed and used widely to approx-
imate finite sample distributions. The basic idea of bootstrap methods
is to use computers to repeatedly resample the observed data to generate
a large number of so-called bootstrap random samples. These bootstrap
samples are then used to approximate the finite sample distributions of
parameter estimators and test statistics. A main theoretical foundation of
bootstrap methods is the Edgeworth expansion. It has been shown that
bootstrap methods can greatly improve the degree of approximation to the
finite sample distributions so that they can provide more accurate and re-
liable statistical inferences in finite samples. More discussion on bootstrap
methods could be found in Hall (1992) and Horowitz (2001).

10.4 From Independent and Identically Distributed
Disturbances to Conditional Heteroskedasticity
and Autocorrelation

Another important assumption in classical linear regression modeling is con-
ditional homoskedasticity and zero-autocorrelation for disturbances. This
assumption implies that the conditional variance of disturbance ¢; dose not
change with the value of X. Under this assumption, the OLS estimator
is BLUE. When conditional homoskedasticity or zero-autocorrelation fails,
the OLS estimator is no longer BLUE, and furthermore, the classical t-test
and F-test statistics do not follow the well-known Student’s ¢-distribution
and F-distribution respectively. Therefore, the classical t-test and F-test
are not applicable any more even if the sample size is large.

For a long time, econometricians have realized the limitation of the con-
ditional homoskedasticity and zero-autocorrelation assumption, and so the
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GLS estimator has been proposed. The GLS theory assumes that there ex-
ist(s) conditional heteroskedasticity and/or autocorrelation in disturbances
and the form of the variance-covariance matrix for disturbances is known
up to some constant. As a result, conditional heteroskedasticity and auto-
correlation could be eliminated by correcting conditional heteroskedasticity
and differencing out autocorrelation via suitable transformations. In this
way, the original linear regression model can be transformed into a linear re-
gression model with conditional homoskedasticity and zero-autocorrelation
for new disturbances. Then, the classical linear regression theory is ap-
plicable to the transformed model. For instance, in a static time series
linear regression model, if disturbances follow a stationary AR process of
a fixed order, then autocorrelation in disturbances could be eliminated by
the Cochrane-Orcutt method with estimated AR coefficients. The resulting
adaptive feasible GLS estimator will become asymptotically BLUE when
the sample size goes to infinity.

However, the assumption that the form of conditional heteroskedasticity
and autocorrelation is known up to a constant is rather restrictive for most
economic and financial data, because conditional heteroskedasticity and au-
tocorrelation is usually of unknown form. Under the zero-autocorrelation
assumption (which usually holds for cross-sectional data), an adaptive fea-
sible GLS estimator could be obtained by plugging into the GLS estimator
formula a conditional variance estimator of OLS residuals. The latter can
be consistently estimated using smoothed nonparametric methods (see, e.g.,
Robinson 1988 and White and Stinchcombe 1991).

Nevertheless, the OLS estimator and its statistical inference procedures
are often preferred in practice, due to its simplicity. White (1980) de-
rives the asymptotic variance of the OLS estimator under conditional het-
eroskedasticity, and proposes a consistent variance estimator. This is called
White’s (1980) heteroskedasticity-consistent variance-covariance matrix es-
timator in the literature. With this variance estimator, the classical t-
statistic can be modified to become applicable when the sample size is large,
even if there exists conditional heteroskedasticity of unknown form. This
modified t-test statistic is called a robust t-test statistic. Unfortunately, the
classical F-test statistic could not be modified. Consequently, the classical
F-test becomes not applicable any more under conditional heteroskedastic-
ity, even if the sample size is large. However, a robust Wald test statistic
and a robust LM test statistic can be constructed by using White’s (1980)
heteroskedasticity-consistent variance-covariance matrix estimator.
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For stationary time series linear regression models, when conditional
heteroskedasticity and autocorrelation of disturbances is of unknown form,
the asymptotic variance of the OLS estimator becomes a long-run variance-
covariance matrix. Newey and West (1987, 1994) and Andrews (1991)
propose smoothed nonparametric kernel methods to estimate the long-term
variance-covariance matrix. These methods have been extensively used in
empirical studies. However, it has been documented, in both simulation
and empirical studies, that when relatively persistent autocorrelation exists,
kernel-based estimators for the long-run variance-covariance matrix often
lead to strong overrejection for robust test statistics, even if the sample size
is large. This issue has not been resolved satisfactorily yet, although many
improvement and refinement methods have been proposed in the literature.

10.5 From Linear to Nonlinear Models

In econometrics, a linear regression model Y; = X/3° + ¢, indicates a linear
relationship between dependent variable Y;, regressor vector Xy, and pa-
rameter vector 3°, where the regressor vector may consist of one or more
explanatory variables and their nonlinear transformations. Therefore, it
does not necessarily imply a linear relationship between Y; and the original
explanatory variables. For example, when the conditional mean of Y; is a
polynomial of some explanatory variable, it can be considered as a linear
regression model. In this case, Y; remains as a linear function of parameter
vector 8°. However, when the conditional mean of Y; is not a linear function
of parameter vector 8, the relationship between Y; and regressor vector X;
is generally nonlinear. Moreover, if the model is not a specification for the
conditional mean of Y;, but one for the conditional variance, or the condi-
tional quantile, or even the entire conditional distribution, then Y; will be
typically nonlinear in both parameters and explanatory variables.

In time series econometrics, linear time series models, such as ARMA
models, usually indicate a linear relationship between dependent variable
Y;, lagged dependent variables, and lagged disturbances. So far, popu-
lar nonlinear time series models in the literature include Threshold Auto-
Regressive (TAR) models, Markov Chain Regime Switching (MCRS) mod-
els and Smooth Transition AutoRegressive (STAR) models. All of these
models specify the conditional mean dynamics of a time series process in a
nonlinear manner. They could be viewed as a combination of different linear
models in different states, which implies that the dependent variable follows
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a linear process in one state but may change to another linear process in
another state. These nonlinear features are determined by the assumptions
of mechanisms under which different states switch to each other. Nonlin-
ear conditional mean models can be widely used to characterize nonlinear
features in economic time series, such as asymmetric business cycles and
asymmetric spillover effects among different financial markets. Readers are
referred to Hamilton (1994), Tong (1990) and Terésvirta, Tjgtheim and
Granger (2010) for introduction to nonlinear time series models.

In the 1970s, the oil crisis, the emerging floating foreign exchanges sys-
tem, and the high-interest rate policy by the U.S. Federal Reserve Board
have stimulated tremendous uncertainties into the world economy. How to
measure these uncertainties and their impacts on economic agents’ decision-
makings becomes an important issue. As a key instrument to quantify un-
certainty and risk, econometricians have proposed various models for con-
ditional variance dynamics, including Engle’s (1982) ARCH model, Boller-
slev’s (1986) GARCH model, Nelson’s (1991) Exponential GARCH model,
and Glosten et al.’s (1993) Threshold GARCH model. These volatility
models do not specify the entire conditional distribution, but only model
the first two conditional moments of a time series process. Therefore, MLE
cannot be employed to estimate unknown parameters. In order to estimate
unknown parameters in a volatility model, some auxiliary assumptions can
be imposed to obtain the conditional distribution of the time series process,
so that the MLE procedure can be implemented. Since the auxiliary as-
sumptions might be false (and researchers are aware of this possibility), the
likelihood function of a volatility model is likely to be misspecified. As a
result, the estimation method is called a Quasi-MLE or QMLE. As long as
the first two conditional moments are correctly specified, QMLE can con-
sistently estimate the unknown parameters in a volatility model, even if the
likelihood function is incorrectly specified (e.g., Bolleslev and Wooldridge
1992, Lee and Hansen 1994, Lumsdaine 1996). Of course, a price of QMLE
is that its asymptotic variance is larger than that of MLE. The latter is
based on the true conditional distribution and is asymptotically most effi-
cient. Hence, QMLE is asymptotically less efficient than MLE. The struc-
ture of the asymptotic variance of QMLE is analogous to that of the asymp-
totic variance of the OLS estimator in a linear regression model with con-
ditional heteroskedasticity and/or autocorrelation, while the structure of
the asymptotic variance of MLE is analogous to that of the OLS estimator
under conditional homoskedasticity and zero-autocorrelation. Therefore, it
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is necessary to employ a robust variance estimator for QMLE, which will be
applicable even if the likelihood function is misspecified. Analogous to the
F-test statistic for a linear regression model, the popular LR test can no
longer be applicable when the likelihood function is misspecified, since it is
equivalent to using an asymptotic variance estimator of MLE. Robust test
statistics, such as a robust Wald test statistic and a robust LM test statis-
tic, can be constructed using a consistent variance estimator for QMLE.
See Chapter 9 for more discussion.

A large class of econometric models (including linear and nonlinear re-
gression models) can be characterized by a set of population moment condi-
tions. The population moment conditions often arise from economic theory.
For example, the rational expectations theory in macroeconomics implies
that the stochastic pricing error for assets follows an MDS process, namely
that there exists no systematic pricing error in each time period. Based on
this MDS property, researchers can choose proper IVs to generate a set of
population moments whose values are zero when evaluated at the true pa-
rameter value. Since the conditional distribution of the DGP is unknown,
MLE cannot be used. Hansen (1982) proposes GMM to estimate unknown
parameters in a set of moment conditions. The basic idea of GMM is to
define a set of sample moments, whose dimension is larger than or at least
equal to that of unknown parameters, and then to select a suitable param-
eter value as its estimator to make the sample moments as close as possible
to the zero population moments. In mathematics, the GMM estimator
minimizes a weighted quadratic form of the sample moments, where the
weighting matrix generally affects the asymptotic variance of the GMM es-
timator. An asymptotically most efficient weight matrix is the asymptotic
variance-covariance matrix of the sample moments, which plays a similar
role to the weighting matrix in GLS estimation, because it eliminates cor-
relations between the sample moments and their heteroskedasticity. GMM
could be viewed as a generalization of the classical MME in statistics, but
it is motivated by estimating and testing economic models, such as the ra-
tional expectations models in macroeconomics. Most estimation methods
in econometrics can be formulated as special cases in a GMM framework,
including the OLS and 2SLS estimators. It may be noted that QMLE and
GMM are the two most popular methods to estimate nonlinear econometric
models.
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10.6 From Exogeneity to Endogeneity

The classical linear regression model assumes that the conditional mean of
the disturbance &; given any values of all regressors {X;} is zero, which
implies that the current, past and future values of regressors {X;} do not
affect the average value of e, if ¢ is an index for time. This condition
is called strict exogeneity. There are various definitions of exogeneity in
econometrics. If the stochastic disturbance sequence {e;} and the regres-
sor sequence {X;} are mutually independent, or if regressor vector X; is
nonstochastic, then one can say that there exists strong exogeneity. If the
conditional mean of ¢; given the current value of regressor vector X; is
zero, it is called weak exogeneity. Weak exogeneity implies that the linear
regression model is correctly specified for conditional mean F(Y;|X;). In
other words, the conditional mean E(Y;|X) is a linear function of regressor
vector X;.

The strict exogeneity assumption of the classical linear regression model
lies between the strong exogeneity condition and the weak exogeneity con-
dition. Strong exogeneity implies strict exogeneity, which in turn implies
weak exogeneity, but the converse is not true. The primary aim of the
strict exogeneity assumption for a linear regression model is to facilitate
derivation of the sampling distributions of the OLS estimator and related
test statistics in finite samples. For the asymptotic or large sample theory,
the weak exogeneity condition suffices.

When weak exogeneity fails, the conditional mean of the stochastic dis-
turbance ¢; given the current regressor vector X, is not zero, which usually
indicates that endogeneity exists. In this case, it is said that there exist
endogenous variables in regressor vector X;. Endogeneity may occur due to
various reasons, including measurement errors of explanatory variables, the
existence of omitted variables, and simultaneous equations bias. The so-
called simultaneous equations bias means that besides the regression equa-
tion for the dependent variable that is being considered, there exist one or
more omitted equations that characterize how the dependent variable and
other variables determine explanatory variables. In this case, there usually
exists a two-way causality between the dependent and explanatory vari-
ables, which implies that the dependent and explanatory variables affect
each other simultaneously. When correlation between the regressor vector
and the disturbance is caused by the existence of two-way causality, one says
that there exists endogeneity, since it implies that regressor vector X; con-
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tains one or more endogenous variables to be determined by simultaneous
equations. Endogeneity leads to the failure of the orthogonality condition
that E(e¢|X:) = 0, and so the OLS estimator is no longer consistent for the
unknown parameter vector 5°. Other reasons may also cause E(e¢|X;) =0
to fail, such as measurement errors of explanatory variables, omitted vari-
ables and function form misspecification. Strictly speaking, these reasons
are irrelevant to endogeneity. Nevertheless, for simplicity, the assumption
of E(e:|X:) = 0 is loosely referred to as the exogeneity condition.

If researchers are only interested in estimating a linear regression model,
which characterizes how explanatory variables in X; determine dependent
variable Y;, the OLS estimator will not be consistent for the unknown pa-
rameter values when endogeneity exists. Instead, the 2SLS method can be
employed. A consistent estimator for the parameters in the one-way causal-
ity from X; to Y; can be obtained by regressing the dependent variable on
the projection variables which are obtained by projecting regressor vector
X; on Z;, a set of IVs. These IVs must be uncorrelated with disturbance
€ but closely correlated with regressor vector X;. This is called the 2SLS
method, which has been proposed for quite a long time ago. See, e.g., Stock
and Trebbi (2003) for a historical review.

The key of 2SLS is how to find a set of effective IVs. In empirical stud-
ies in economics, it has been often documented that correlations between
regressors and IVs are rather low, leading to unstable and even inconsis-
tent estimation of unknown parameter values. This phenomenon is called
“weak IVs” (see Staiger and Stock 1997). Studies of weak IVs have been
an important direction of econometrics in the last two decades.

Endogeneity may exist not only in linear regression models, but also in
models for conditional variance, conditional quantile, and conditional distri-
bution. In addition, nonparametric and semiparametric regression models
with endogeneity have been drawing attention in the literature. Endo-
geneity takes a central position in econometrics, since the main objective
of economic analysis is to identify and quantify the causal relationships
between economic variables. It has been sometimes claimed that, in the
Big data era, only correlation is needed, and causality is not important.
Obviously, this is not the case in economics.

Because of the nonexperimental nature of economic phenomena and
observed economic data, one cannot simply adapt controlled experiment
methods to study a casual relationship under the ceteris paribus condition.
In other words, one cannot investigate whether a change in the depen-
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dent variable is caused by changes in some explanatory variables, while
holding fixed the values of other explanatory variables by controlled exper-
iments. How to identify a causal relationship is a challenge in empirical
studies in economics. In the past two decades, the so-called “treatment
effect” analysis has been a popular focus in microeconometrics. Studies in
this field have borrowed the ideas and methods of randomized experiments
from statistics, especially from biostatistics and medical statistics, and have
developed a class of econometric theories and methods to identify and es-
timate economic causal effects. A new discipline, econometrics of program
evaluation, has emerged, which can evaluate various economic policies and
programs by conducting counterfactual analysis under the nonexperimen-
tal conditions. The basic idea to evaluate the effect of an economic policy
is to, ceteris paribus, compare the outcome of policy implementation with
the counterfactual outcome under the assumption that the policy had not
been implemented, and the difference between the actual and counterfac-
tual outcomes is the estimated effect of the policy. The key challenge here
is how to estimate the counterfactual outcome under the assumption that
the policy had not been implemented, given the fact that it has actually
been implemented. Many methods, such as Difference-In-Difference (DID),
Regression Discontinuity Design (RDD), Propensity Score Matching (PSM)
and panel data approach to program evaluation, have been developed to
evaluate various policies and programs (see Imbens and Wooldridge 2009
for a review). For example, Hsiao et al. (2011) propose a panel data ap-
proach to policy evaluation and apply it to evaluate the effects of the Hong
Kong turnover to China and the signing of Closer Economic Partnership
Arrangement (CEPA) between Hong Kong and Mainland China in 2003 on
Hong Kong’s economy. On the other hand, in the past three decades or
so, the emerging experimental economics has developed a new approach to
exploring economic causalities by controlled experiments. A closely related
approach is the field study, which is a quasi-experimental method, imposing
some experimental interventions under real social-economic environments
to track and study causal effects in economics.

10.7 From Correct Model Specification to Model
Misspecification

If there exists an unknown parameter value 5° such that E(Y:|X;) = X{5°,
a linear regression model is correctly specified for conditional mean and the
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unknown parameter value 3¢ is called the true model parameter. On the
other hand, if there exists no parameter value § such that F(Y;| X;) = X3,
then a linear regression model is misspecified for conditional mean. Model
misspecification can occur for various reasons, such as omitted variables
and function form misspecification.

When a linear regression model is misspecified for conditional mean, the
parameter § can neither be called the true model parameter, nor be given
any economic interpretation. For example, if a linear consumption function
is misspecified, then the parameter cannot be interpreted as the MPC, since
the latter is the expected partial derivative of consumption with respect to
income. When the true consumption function is not linear, the MPC is
not a constant. In general, if a model is misspecified for conditional mean
or other attributes of conditional distribution (e.g., conditional variance,
conditional quantile, and even conditional distribution itself), parameters
cannot be called the true model parameters or be given any economic in-
terpretation. The validity of economic interpretation for model parameters
depends on whether a model is correctly specified. In addition to the va-
lidity of economic interpretation, model misspecification may also cause
serious consequences in applications. In finance, for example, the use of a
misspecified model may lead to the so-called “model risk”. A main cause
for the 2008 subprime mortgage crisis has been attributed to the use of a
Gaussian copula model, which was widely used in the Wall Street to price
financial derivatives but could not correctly characterize the asymmetric
linkages among financial markets in volatile periods.

However, model misspecification does not imply that any misspecified
model cannot be used. For example, suppose the dynamic evolution of
an economic time series consists of about 80% of linear components and
about 20% of nonlinear components. Obviously, a linear regression model
neglects the nonlinear components and therefore is misspecified, but it still
has rather good predictive ability, although its parameters cannot be inter-
preted as the expected marginal effect of regressors. On the other hand,
some parameters of a misspecified model may still be given economic inter-
pretation. For example, in a linear regression model for the rate of return to
education, where the dependent variable is income and explanatory vari-
ables include education and work experience only, there may exist such
omitted variables as personal ability, which is unobservable but correlated
with education and work experience. This is a misspecified linear regres-
sion model. However, if one is mainly interested in the rate of return to
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education, the 2SLS method can be used to estimate the parameter value
for education consistently.

Model misspecification can also occur in other scenarios. In a correctly
specified linear regression model, if observed data is defective, for exam-
ple, some observations are censored or truncated, then the OLS estimator
will not be consistent for the true model parameter. In this case, aux-
iliary assumptions, such as the regression disturbance following a normal
distribution, can be made so that MLE can be used to estimate unknown
parameters. Since the data is defective, the relationship between the de-
pendent variable and regressors becomes highly nonlinear. However, MLE
delivers consistent estimation for the unknown parameters in the original
linear regression model, provided the auxiliary assumptions hold. On the
other hand, a volatility model specifies the first two conditional moments
of a time series process. Even if a volatility model is correctly specified, the
conditional distribution of the time series process is still unknown. Here,
one can make some auxiliary assumptions (such as the standardized inno-
vation following the standard normal distribution), so that the likelihood
function can be obtained and QMLE can be adopted to estimate unknown
parameters. Although the auxiliary assumptions might be false and so the
likelihood function could be misspecified, QMLE still delivers consistent
estimation for unknown parameters in a volatility model, provided that
the conditional mean and variance models are correctly specified. This is
different from the case that correct auxiliary assumptions are needed to
obtain consistent estimation for parameters in a linear regression model
with censored or truncated data. However, misspecification for the likeli-
hood function affects the asymptotic efficiency of QMLE, and a consistent
robust variance-covariance matrix estimator for QMLE is needed for valid
statistical inference. See Bollerslev and Wooldridge (1992), Lee and Hansen
(1994) and Lumsdaine (1996).

Since model misspecification (i.e. E(e¢|X;) = 0 fails) affects the validity
of economic interpretations as well as the efficiency and even the consistency
of model parameters, Hausman (1978) proposes a test to check whether a
linear regression model is misspecified. This is called Hausman’s test in
the literature. White (1981), Newey (1985), Tauchen (1985) and White
(1990) generalize this method to develop more general model specification
tests based on moment conditions, which are called moment specification
tests or m-tests. These tests are not consistent tests, in the sense that they
may miss some misspecified models even for large samples. Bierens (1982,
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1990), Hong and White (1995), Fan and Li (1996) and Hong and Lee (2013)
propose various consistent model specification tests using nonparametric
methods. These tests can detect any model misspecification if the sample
size is large enough.

In statistics and econometrics, there is another form of model checking
called “model validation”, where a data set is split into a training data
set and a test data set. The training data set is used to estimate model
parameters and the test data set is used to evaluate the predictive ability
of the estimated model. This model validation method is mainly used to
evaluate the out-of-sample predictive ability of a model and is widely used
in time series forecasting and machine learning. Out-of-sample evaluation
can avoid in-sample overfitting. Furthermore, if the DGP of a training data
set is substantially different from that of a test data set, a model may not
predict the test data set well even if it is correctly specified for the DGP of
the training data set.

10.8 From Stationarity to Nonstationarity

For a stationary time series linear regression model with conditionally ho-
moskedastic MDS disturbances, the OLS theory of a classical linear re-
gression is applicable for large samples. When heteroskedasticity and/or
autocorrelation exist(s), the OLS estimator is no longer BLUE and the
classical t-test and F-test statistics are no longer applicable either, even if
the sample size is large. Nevertheless, the classical test statistics, especially
the t-test and F-test statistics, can be modified, and the resulting robust
test statistics become valid in large samples.

However, the OLS theory is generally not applicable when the depen-
dent and explanatory variables are nonstationary time series processes.
Granger and Newbold (1974) document the so-called spurious regression
phenomenon via simulation studies, where for any two mutually indepen-
dent nonstationary unit root time series, if one regresses one series to the
other, the t-test statistic of the OLS estimator will be statistically signif-
icant based on the conventional distribution theory. Phillips (1986) offers
a rigorous explanation from a theoretical perspective. Nelson and Plosser
(1982), by applying the Dickey and Fuller (1979) test, document that most
macroeconomic and financial time series are nonstationary unit root pro-
cesses. Thus, econometricians have been devoting themselves to developing
nonstationary time series econometric theories and methods, including the
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cointegration theory by Engle and Granger (1987) and the unit root theory
by Phillips (1987a, 1987b). For linear regression models, the asymptotic
theory for nonstationary unit root time series is totally different from that
for a stationary time series which we establish in the present book. See
Hamilton (1994) for detailed discussion.

Apart from nonstationary unit root processes, nonstationary time series
can also take the form of a trend-stationary process. The mean of a so-called
trend-stationary time series is changing over time, so it is not stationary.
When the mean is a linear function of time, this time series will show
a long-run linear trend. If the time trend is eliminated, the demeaned
time series will become stationary. If the sample size is not large, the
data generated from a trend-stationary process and those from a unit root
process may look similar and therefore are difficult to distinguish from
each other. In empirical studies of macroeconomics, it is important to
check whether macroeconomic time series are unit root or trend-stationary
processes, because they have different policy implications. For examples,
it is related to whether macroeconomic fiscal and monetary policies have
long-term effects (for unit root processes) or short-term effects (for trend-
stationary processes).

Nonstationary time series can also arise due to structure changes. There
are mainly two forms of structural changes, namely abrupt structural breaks
and smooth or evolutionary structural changes. Observations generated
from a time series process with structural breaks may resemble those gen-
erated from a unit root process. Since Chow (1960) proposes an F-test for
a single structure break with known break point, econometricians have de-
voted great effort to testing various structural breaks over the past several
decades. In particular, they have developed tests for whether there exist
structural breaks with multiple unknown break points, and established a
relatively satisfactory asymptotic distribution theory. See, e.g., Andrew
and Ploberger (1994, 1995) and Bai and Perron (1998).

Besides abrupt structural breaks, structure changes can also arise in
form of smooth changes, which implies that model parameters change con-
tinuously over time. An example is the so-called time-varying STAR model
in time series econometrics. A trend-stationary process is another example,
if its unconditional mean is a smooth function of time. Changes of economic
agents’ preferences, technology innovations, institutional reforms and pol-
icy shifts often lead to changes of economic agents’ behaviors and economic
structures. In particular, economic agents can rationally predict or perceive
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policy changes, and then adjust their behaviors accordingly, leading to eco-
nomic structural changes. This is exactly the well-known Lucas (1976)
critique. Moreover, while some external shocks may occur suddenly, due
to habit formations, adjustment costs and other reasons, the behaviors of
economic agents and economic structures may change slowly. Even if the
behaviors of economic agents change abruptly, if each individual behavior
changes at a different time point, then the aggregated macroeconomic time
series may display a slowly changing structure. As a result, smooth struc-
ture changes may appear to be a better approximation to economic reality
in many scenarios.

A typical example of smooth structural changes in economics is the
“Great Moderation” phenomenon in the U.S. macroeconomic volatility dy-
namics. Since the mid-1980s, the U.S. GDP growth rate and inflation rate
have displayed a trend of diminishing volatilities in a continuous manner.
This is called the “Great Moderation” phenomenon (e.g., Bernanke 2004).
In fact, there exists a similar “Great Moderation” phenomenon in the Chi-
nese economy: the GDP growth rate and inflation rate in China have also
displayed a trend of slowly diminishing volatilities since 1992 and 1999 re-
spectively (Sun, Hong and Wang 2018).

Chen and Hong (2012, 2016) propose tests to check whether there exist
smooth structural changes in a time series linear regression model and a
GARCH model respectively. Their empirical studies suggest that structural
changes could be an important source for the poor predictive power of
a linear regression model for asset returns. Smooth structural changes
may cause a spurious long memory phenomenon as well, in the sense that
a long memory phenomenon of economic time series may appear due to
smooth structural changes in mean. Hong, Wang and Wang (2017) propose
a class of tests for strict stationarity and weak stationarity, and apply these
tests to check stationarity of most macroeconomic and financial time series.
They document that the first differenced macroeconomic and financial time
series do not satisfy the stationarity condition, which has been a standard
assumption in nonstationary time series econometrics. In particular, the
mean and variance of the first differenced economic time series change over
time.

In the past two decades, a new discipline in time series analysis, namely
locally stationary time series analysis (e.g., Dahlhaus 1996), has emerged.
It is another kind of nonstationary processes, where its structures or pa-
rameters change slowly over time. Thus, in a short period, it could be ap-
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proximated reasonably well by a stationary time series model, but segments
in different time periods have to be approximated by different stationary
time series models. The availability of high-frequency time series data is
expected to contribute to the literature of smooth structural changes and
locally stationary time series modeling.

10.9 From Econometric Models to Economic Theories

The roles that economic theory plays in econometric modeling seem absent
in the discussion so far. We have seen that there are various econometric
models, including conditional mean models, conditional variance models,
conditional quantile models, conditional moment models, conditional dis-
tribution models, and generalized linear regression models, such as Probit
models, Logit models, Cox’s (1972) proportional hazard models, and Pois-
son regression models. In empirical studies in economics, the choice of a
model depends on the nature of the economic problem under study. It is im-
possible that a single econometric model or method be universally applied
to study all economic problems. For example, to study financial market effi-
ciency or predictability, one needs to model the conditional mean dynamics
of asset returns; to study volatility spillover between financial markets, one
needs to model the conditional variance dynamics of multiple markets; and
to study Value at Risk (VaR) or extreme downside risk in financial mar-
kets, one needs to model the conditional quantile or even the conditional
distribution of asset returns.

Economic theory plays a crucial role in selecting explanatory variables in
econometric modeling. The choice of explanatory variables in an economet-
ric model should rely on economic theory, apart from empirical experience
and data-driven statistical analysis. To identify causality between economic
variables, econometric tools alone are inadequate; economic theory has to
be relied upon. Moreover, when an econometric model is correctly speci-
fied, economic theory can provide valid economic interpretations for model
parameters. It is crucial to interpret econometric models and empirical
findings of statistical analysis from an economic perspective.

On the other hand, how can one test whether economic theory can ex-
plain observed economic phenomena? In other words, how can one test the
validity of economic theory? A basic idea is to transform economic theory
into a set of empirically testable restrictions on an econometric model, and
then test whether these restrictions are consistent with observed data. We
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emphasize that certain auxiliary assumptions, such as functional form spec-
ification of an econometric model, are needed in testing economic theory.
Therefore, when a statistical hypothesis is rejected, one needs to distin-
guish whether it is due to the failure of economic theory or the failure
of the auxiliary assumptions. Generally speaking, economic theory or hy-
pothesis is model-free. Therefore, when one transforms economic theory
into statistical restrictions of an econometric model, there usually exists a
gap between the original economic theory or hypothesis and the resulting
statistical hypothesis. In other words, the economic hypothesis and the
statistical hypothesis are not equivalent. As a result, caution is needed in
interpreting the empirical results of statistical hypothesis testing. Consider
EMH as an example: if the historical information of an asset return has
no predictive power for the expected future asset return, one says that the
weak form of EMH holds (Malkiel and Fama 1970). This economic hypoth-
esis is model-free. Now, suppose one uses an AR model of a finite order to
test this hypothesis. If EMH holds, the AR model will have no predictive
power and so all autoregressive coefficients are jointly zero. As long as at
least one autoregressive coefficient is not zero, the weak form of EMH will
be rejected. However, if the statistical hypothesis that all autoregressive
coefficients are zero is not rejected, can one accept the weak form of EMH?
No, because the AR model is only one of possibly infinitely many ways
to predict asset returns. When the statistical hypothesis that all autore-
gressive coeflicients are zero is not rejected, it only indicates that the AR
model has no predictive ability and does not imply that the historical data
of asset returns has no predictive ability for future asset returns. Therefore,
when all autoregressive coefficients are zero, one can only conclude that no
evidence has been found against the weak form of EMH. In general, one has
to pay attention to the gap between economic and statistical hypotheses
and the difference between the evidence from data and the evidence from
a model.

Econometrics plays a key role in advancing the development of economic
theories. With data being accumulated and new econometric methods in-
vented, the chance will be higher to find evidence against existing economic
theories. In other words, the existing economic theory may not be able to
explain the newly available observed data, and therefore it will eventually
be rejected by accumulating data evidence and new economic theory will
be called for.
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Due to various reasons, such as small sample sizes of observed data and
limited powers of econometric tests, two or more economic theories may
coexist in the sense that they all pass statistical tests simultaneously. In
other words, it is possible that several economic theories or models coex-
ist and all of them can explain the same economic phenomenon to certain
extent. But then, which economic theory or model truly captures or char-
acterizes the DGP? This is called model uncertainty or model ambiguity in
economics. In the Big data era, there usually exist a large number of poten-
tial explanatory variables, so multicollinearity is likely to occur in practice.
As a result, multiple econometric models (e.g., models with different sets of
explanatory variables, or models with different functional forms) may have
the same or very similar performance according to some statistical criterion.
On the other hand, for some data set, an econometric model may perform
best, but if the data is perturbed, such as by adding or deleting a few ob-
servations, then the best-performing model may change. This phenomenon
is a form of model uncertainty, and may be called model instability in a
time series context. It is an important but challenging task to interpret
model uncertainty and model instability, and to examine their implications
on econometric inference.

10.10 From Traditional Data to Big Data

With nowadays information technologies, such as the internet and mobile
internet, being developed rapidly and applied extensively, the amount of
observed data has been increasing exponentially, which is called Big data.
Besides traditional numerical structured data, Big data also includes multi-
tudinous unstructured data and semi-structured data, such as text, graph,
audio and video data. Even for the numerical structured data, there in-
clude data of new forms, such as functional data, interval data and symbolic
data. The sources of Big data include transaction records from e-commerce
companies, websites of enterprises and governments, and various social plat-
forms, sensors and satellite images. Most of these Big data are recorded in
real-time or near real-time, so their volume is massive, whereas the infor-
mation density may be usually low.

Big data provides much information that traditional data does not have,
and such information can be used to construct important variables which
could not be measured accurately before. For example, investor sentiment
index (Baker and Wurgler 2006, 2007), economic policy uncertainty index
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(Baker et al. 2016) and economic policy change index (Chan and Zhong
2018) could be constructed, based on text data from social platforms and
news media. Then the impact of these variables on real economy and
financial markets can be investigated.

Big data also makes it possible to construct important high-frequency
economic indices or variables. For example, so far the highest sampling
frequency of macroeconomic price indices, such as Consumer Price Index
(CPI) and Producer Price Index (PPI), is monthly. Based on the internet-
based price information of consumer goods and producer goods, it is pos-
sible to construct weekly or daily CPI and PPI by using Artificial Intel-
ligence (AI) methods. These high-frequency macroeconomic variables can
play an important role in studying short-run macroeconomic dynamics.
It is conceivable that high-frequency macroeconomics is likely to emerge.
In this new discipline, high-frequency interactions between macroeconomy
and financial markets could be explored. In fact, Big data has help bring
nowcasting into time series econometrics. The term “nowcasting” is origi-
nated from meteorology and it means weather forecasting in a very short
time period, usually up to 2 hours. “Nowcasting” in econometrics usually
means predicting the current quarterly GDP and other macroeconomic in-
dices. Since the release date of quarterly GDP is lagged behind in practice,
nowcasting the current quarterly GDP and other macroeconomic indices
is of great importance for monitoring macroeconomic trends and changes
in a timely manner. Many central banks in the world have started now-
casting their own countries’ GDPs. For more discussion on nowcasting, see
Giannone et al. (2008).

Big data include numerous new forms of data which are different from
the traditional data, such as tick-by-tick transaction data, functional data
and interval data. These data of new forms call for the development of
new econometric models and methods. In the past two decades, high fre-
quency and ultra-high frequency data have promoted the rapid development
of high-frequency financial econometrics. For example, based on ultra-high
frequency transaction data, Engle and Russell (1998) proposed a new model
called ACD, to capture the time duration dynamics between consecutive
price changes or transactions. This model can predict the timing of, e.g.,
the next price change and the instantaneous probability of a price change at
each future time point. These predictions could be used to design algorithm-
based trading strategies and to price financial derivatives. Furthermore, by
using intraday data of asset returns, financial econometricians have pro-
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posed new methods to estimate daily volatilities and covariances of asset
returns. These high-frequency volatilities and covariances could be used
to improve portfolio management and financial risk management. See Ait-
Sahalia et al. (2010), Andersen et al. (2001, 2003, 2004), Barndorff-Nielsen
and Shephard (2002, 2004), Noureldin, Shephard and Sheppard (2011) and
Shephard and Sheppard (2010) for detailed discussion.

Big data also includes the so-called functional data, such as the tem-
perature as a function of time in a day and a stock price as a function of
time from the opening hour to the closing hour in a trading day. Panel
data is a special case of functional data. Functional data has spawned a
family of functional data models (see Muller 2005, Muller and Stadtmuller
2005 and Ramsay and Silverman 2002, 2005). Another new form of data
is the interval data, which is a set of numbers ranging from the maximum
to minimum values of a variable. Almost all data used in econometric
modeling are point-valued data. Compared with a point-valued data, an
interval-valued data contains more information but it has not been used
effectively. Interval-valued data are not uncommon; examples include daily
observations on the highest and lowest temperatures, systolic and diastolic
blood pressures, high and low stock price indices and bid-ask asset price
spreads. Interval-valued data is a special case of the so-called symbolic
data. Han, Hong and Wang (2017) propose an AutoRegressive Conditional
Interval (ACI) model for an interval-valued time series process. This can be
viewed as the interval version of an ARMA model in time series analysis.
See Han et al. (2016) and Sun et al. (2018) for more discussion on interval
data modeling.

In most cases, the volume of a Big data is huge, especially a high-
frequency Big data. If the sample size is much larger than the number of
potential explanatory or predictive variables in a Big data, then the Big
data is called a “Tall Big data”. Compared with traditional data, a Tall
Big data offers more potential to explore subtle relationships, especially
nonlinear relationships, among variables in the Big data. Many machine
learning methods for Big data analysis, such as decision trees, support
vector machines, random forests and artificial neural networks, are all non-
linear algorithms. To a great extent, these algorithms are analogous in
spirit to nonparametric analysis in econometrics and statistics. Halbert
White together with many others, has established the econometric theory
of nonparametric artificial neural network modeling (see, e.g., White 1992).
Artificial neural networks have been widely used in empirical studies in eco-
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nomics and finance. In fact, the most important feature of Big data is not
its large sample size but its large number of potential explanatory or pre-
dictive variables. It is possible that the number of potential explanatory
or predictive variables in a Big data surpasses the sample size. Such a
Big data is called a “Fat Big data”. A high-dimensional set of explana-
tory variables provides various possibilities for variable or model selection.
In a Fat Big data, it is possible that only a few explanatory variables
have significant predictive power for the dependent variable. Many algo-
rithms (such as decision trees and random forests) have been invented in
machine learning to select important predictive variables (see, e.g., Varian
2014). One important method is the so-called LASSO method, which can
select important predictive variables from a high-dimensional set of poten-
tial variables, most of which are assumed to have zero coefficients. This is
a “statistical learning” method combined with machine learning. Based on
a high-dimensional set of explanatory variables, one can investigate many
important topics in econometrics by machine learning methods. Examples
include: how to select the most important IVs from a high-dimensional
set of potential instruments, so as to enhance efficient IV estimation and
avoid the weak IV problem? How to select important leading indicators
that have the best predictive power from a high-dimensional set of leading
indicators whose number may exceed the sample size, so as to achieve best
out-of-sample forecasts? For CAPM, how to select important risk factors
of each asset from a high-dimensional set of potential risk factors, where
each asset has only a few risk factors but different assets have different
risk factors? Finally, in nonparametric estimation with a relatively large
number of explanatory variables, how to employ machine learning methods
to reduce the dimension of the nonparametric estimator so as to obtain an
optimal estimation?

Big data and machine learning are also expected to be of great help
in estimating causal effects in economics. As introduced earlier, the ba-
sic idea of policy evaluation, based on observed nonexperimental data in
economics, is to compare the observed outcome when a policy has been im-
plemented with the counterfactual outcome under the assumption that the
policy had not been implemented, ceteris paribus. Since the policy has been
implemented, the counterfactual outcome cannot be observed and so has
to be estimated. Obviously, the quality of policy evaluation depends on the
efficiency of estimation of the counterfactual outcome. Counterfactual esti-
mation is essentially an out-of-sample prediction. Since a main advantage
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of machine learning is its ability to provide excellent out-of-sample predic-
tions based on the massive information contained in a Big data, machine
learning can therefore offer new approaches to efficient policy evaluation.
As is well known, machine learning algorithms are not necessarily based on
causal relationships. They often look like a “black box”. Nevertheless, as
Varian (2014) points out, machine learning combined with Big data could
accurately and precisely predict counterfactual outcomes, so it can make
significant improvement on causal analysis and policy evaluation.

It may be emphasized that Big data does not imply that it contains a
full information about a population distribution of the DGP. For example,
because of heterogeneity, insatiability and uncertainty of an economy, out-
of-sample forecasts for the trend of the economy may not be accurate and
precise, even if all existing data have been fully utilized. In fact, if a Big
data is a Fat Big data, then this high-dimensional data is actually a “small
sample” from the perspective of econometric modeling and inference.

When modeling a Tall Big data, one perhaps does not have to focus on
parameter estimation uncertainty caused by random sampling, unlike the
case in traditional data analysis. For example, suppose the sample size is
as large as millions in a Tall Big data but t-test statistics of some param-
eter estimator are just marginally significant at the 5% significance level.
Then how much of variations in the dependent variable can be explained
by this explanatory variable? In fact, with such a large sample size, a sta-
tistically significant explanatory variable does not necessarily mean that it
is economically significant as well. It is most likely that model uncertainty
is more important than parameter uncertainty when the sample size is ex-
traordinarily large. Thus, more attention may be paid to model selection
and model uncertainty when modeling a Big data.

10.11 Conclusion

Starting from the classical linear regression model, this chapter has outlined
the development of core theory and methods of modern econometrics in the
past four decades, by sequentially relaxing the classical assumptions of lin-
ear regression models, especially those of normal distribution, homogeneity
and zero-autocorrelation, strict exogeneity, correct model specification, lin-
earity, and stationarity. It has also discussed some important directions for
the future development of econometrics in the Big data era. As one can
see, modern econometrics has greatly expanded the scope of application of
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econometrics by developing more econometric models, methods and tools,
and by rigorously establishing more general econometric theory. Over the
past four decades or so, economics has witnessed the so-called “empirical
revolution” in its research peridium, which advocates to look for truths in
economic causal relationships via rigorous analysis of observed data. De-
veloped in the same period, modern econometrics has become the most
important scientific methodology of empirical studies in economics.

The econometric theory presented in this book has laid a relatively solid
foundation in econometrics. However, it is impossible to cover all impor-
tant econometric models, methods and tools. For example, we only cover
stationary time series models, but nonstationary time series models, such
as unit root models and cointegrated models, have not been covered, which
call for a different asymptotic theory (see, e.g., Hamilton 1994). Panel data
models also require a separate and independent treatment (see, e.g., Hsiao
2003). Due to the unique features of financial time series, particularly high-
frequency financial time series, financial econometrics has emerged as a new
field in econometrics most of which is not covered by standard time series
econometrics. On the other hand, although our theory can be applied to
models for limited dependent variables and discrete choice variables, more
detailed treatment and comprehensive coverage on microeconometrics are
needed (e.g., Cameron and Trivedi 2005). Moreover, topics on asymptotic
analytic tools may be covered to train students’ asymptotic analytic skills
in a more comprehensive manner. For more discussion on asymptotic the-
ory, see White (1984, 2001) and Davidson (1994). Therefore, this book has
better to be considered as an introduction to modern econometrics.

Finally, it may be noted that most materials of this chapter are based
on Hong (2020).
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Exercise 10

10.1. Summarize the main results of this book in a unified manner.

10.2. One of the most important objectives of economic analysis is to iden-
tify causal relationships among economic variables. Discuss the relationship
between a statistical (e.g., predictive) relationship and an economic causal
relationship.

10.3. What are the roles of economic theory in econometric modeling?

10.4. Discuss the importance of correct model specification on economic
interpretation of empirical results. Can a misspecified econometric model
be useful in empirical studies in economics?

10.5. Econometric modeling involves modeling various aspects of the con-
ditional distribution of economic variables, such as conditional mean, con-
ditional variance, conditional quantile, and conditional distribution. In a
specific empirical study in economics, which moment(s) should be used in
econometric modeling?

10.6. Conditional heteroskedasticity and autocorrelation in regression dis-
turbances are a key to understanding the regression theory in econometrics.
Discuss the implications of relaxing conditional homoskedasticity and no
autocorrelation to conditional heteroskedasticity and/or autocorrelation.

10.7. Model misspecification is a key to understanding econometric theory
of conditional probability distribution modeling. Discuss the implications
of relaxing correct model specification to model misspecification for condi-
tional distribution modeling.

10.8. Most nonlinear econometric models can be estimated by GMM and
QMLE methods. Discuss the motivations, natures, advantages and disad-
vantages of these two important econometric methods.

10.9. Discuss the impacts, in terms of both opportunities and challenges,
Big data and machine learning may bring to the development of econometric
theory, methods and tools.
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10.10. What are the advantages and limitations of econometric analysis in
the empirical studies of economics?

10.11. Discuss the scientific foundation of econometrics as a main method-
ology in empirical studies in economics.



Bibliography

Akaike, H., (1973). Information Theory and an Extension of the Maximum Like-
lihood Principle, Selected Papers of Hirotugu Akaike, 199-213.

Ait-Sahalia, Y., (2002). Maximum-Likelihood Estimation of Discretely-Sampled
Diffusions: A Closed-Form Approximation Approach, Econometrica, 70,
223-262.

Ait-Sahalia, Y., J. Fan and D. Xiu, (2010). High-Frequency Covariance Estimates
with Noisy and Asynchronous Financial Data, Journal of American Statis-
tical Association, 105, 1504-1517.

Andersen, T. G., T. Bollerslev, F. X. Diebold and H. Ebens, (2001). The Distribu-
tion of Realized Stock Return Volatility, Journal of Financial Economics,
61, 43-76.

Andersen, T. G., T. Bollerslev, F. X. Diebold and P. Labys, (2001). The Distribu-
tion of Realized Exchange Rate Volatility, Journal of American Statistical
Association, 96, 42-55.

Andersen, T. G., T. Bollerslev, F. X. Diebold and P. Labys, (2003). Modeling
and Forecasting Realized Volatility, Econometrica, 71, 579-625.

Andersen, T. G., T. Bollerslev and N. Meddahi, (2004). Correcting the Errors:
Volatility Forecast Evaluation Using High-Frequency Data and Realized
Volatilities, Fconometrica, 73, 279-296.

Andrews, D., (1991). Heteroskedasticity and Autocorrelation Consistent Covari-
ance Matrix Estimation, Fconometrica, 59, 817-858.

Andrews, D. W. K. and W. Ploberger, (1994). Optimal Tests When a Nuisance
Parameter Is Present Only Under the Alternative, Fconometrica, 62, 1383-
1414.

Andrews, D. W. K. and W. Ploberger, (1995). Admissibility of the Likelihood
Ratio Test When a Nuisance Parameter Is Present Only Under the Alter-
native, Annals of Statistics, 23, 1609-1629.

Bai, J. and P. Perron, (1998). Estimating and Testing Linear Models with Mul-
tiple Structural Changes, Econometrica, 66, 47-78.

Baker, M. and J. Wurgler, (2006). Investor Sentiment and the Cross-Section of
Stock Returns, Journal of Finance, 61, 1645-1680.

487



488 Foundations of Modern Econometrics

Baker, M. and J. Wurgler, (2007). Investor Sentiment in the Stock Market, Jour-
nal of Economic Perspectives, 21, 129-152.

Baker, S. R., N. Bloom and S. J. Davis, (2016). Measuring Economic Policy
Uncertaintyt, Quarterly Journal of Economics, 131, 1593-1636.

Barndorf-Nielsen, O. E. and N. Shephard, (2002). Estimating Quadratic Varia-
tion Using Realized Variance, Journal of Applied Econometrics, 17, 457-477.

Barndorff-Nielsen, O. E. and N. Shephard, (2004). Econometric Analysis of Real-
ized Covariation: High Frequency Based Covariance, Regression, and Cor-
relation in Financial Economics, Econometrica, 72, 885-925.

Bernanke, B., (2004). The Great Moderation, in The Taylor Rule and the Trans-
formation of Monetary Policy, E. F. Koenig (Ed.), Chapter Five, Hoover:
Hoover Press.

Berndt, E., B. Hall, R. Hall and J. Hausman, (1974). Estimation and Inference in
Nonlinear Structural Models, Annals of Economic and Social Measurement,
3, 653-665.

Bierens, H. J., (1982). Consistent Model Specification Tests, Journal of Econo-
metrics, 20, 105-134.

Bizer, D. and S. N. Durlauf, (1990). Testing the Positive Theory of Government
Finance, Journal of Monetary Economics, 26, 123-141.

Blundell, R. W. and J. L. Powell, (2004). Endogeneity in Semiparametric Binary
Response Models, Review of Economic Studies, 71, 655-679.

Bollerslev, T., (1986). Generalized Autoregressive Conditional Heteroskedastcity,
Journal of Econometrics, 31, 307-327.

Bollerslev, T. and J. M. Wooldridge, (1992). Quasi-Maximum Likelihood Esti-
mation and Inference in Dynamic Models with Time-Varying Covariances,
FEconometric Reviews, 11, 143-172.

Box, G.E.P. and D.A. Pierce, (1970). Distribution of Residual Autorrelations in
Autoregressive Moving Average Time Series Models, Journal of American
Statistical Association, 65, 1509-1526.

Breiman, L., (2001). Statistical Modeling: The Two Cultures (with Comments
and a Rejoinder by the Author), Statistical Science, 16, 199-231.

Breusch, T. S., (1978). Testing for Autocorrelation in Dynamic Linear Models,
Australian Economic Papers, 17(31), 334-355.

Breusch, T. S. and A. Pagan, (1980). The Lagrange Multiplier Test and Its Appli-
cations to Model Specification in Econometrics, Review of Economic Stud-
ies, 47, 239-253.

Brockwell P. J. and R. A. Davis., (1991). Time Series: Theory and Methods, 2nd
Edition, New York: Springer.

Campbell, J. Y., A. W. Lo and A. C. MacKinlay, (1997). The Econometrics of
Financial Markets, Princeton: Princeton University Press.

Campbell, J.Y. and J. Cochrance, (1999). By Force of Habit: A Consumption-
Based Explanation of Aggregate Stock Market Behavior, Journal of Polit-
ical Economy, 107, 205-251.

Cameron, A. C. and T. Pravin, (2005). Microeconometrics: Methods and Appli-
cations, Cambridge: Cambridge University Press.



Bibliography 489

Chan, J. T. and Zhong, W., (2018). Reading China: Predicting Policy Change
with Machine Learning, Working Paper, Bates-White Economic Consult-
ing.

Chen, B. and Y. Hong, (2012). Testing for Smooth Structural Changes in Time
Series Models via Nonparametric Regression, Econometrica, 80, 1157-1183.

Chen, B. and Y. Hong, (2016). Detecting for Smooth Structural Changes in
GARCH Models, Econometric Theory, 32, 740-791.

Chen, D. and Y. Hong, (2003). Has Chinese Stock Market Become Efficient?
Evidence from a New Approach, China Economic Quarterly (in Chinese),
1, 249-268.

Chow, G. C., (1960). Tests of Equality Between Sets of Coefficients in Two Linear
Regressions, Econometrica, 28, 591-605.

Christensen, L. R., Jorgenson, D. W. and Lau, L. J. (1971). Conjugate Duality
and the Transcendental Logarithmic Production Function, Econometrica,
39, 255-256.

Christensen, L. R., Jorgenson, D. W. and Lau, L. J. (1973). Transcendental
Logarithmic Production Frontiers, Review of Economics and Statistics, 55,
28-45.

Cochrane, J. H., (1988). How Big is the Random Walk in GNP?, Journal of
Political Economy, 96, 893-920.

Cochrane, J. H., (2001). Asset Pricing, Princeton: Princeton University Press.

Cournot, A., (1838). Researches into the Mathematical Properties of the Theory
of Wealth, New York: McMillan.

Cox, D. R., (1962). Renewal Theory, New York: John Wiley.

Cox, D. R., (1972). Regression Models and Life Tables (with Discussion), Journal
of Royal Statistical Society, Series B, 34, 187-220.

Cox, J. C., J. E. Ingersoll and S. A. Ross, (1985). A New Theory of the Term
Structure of Interest Rates, Econometrica, 53, 385-407.

Dahlhaus, R., (1996). Maximum Likelihood Estimation and Model Selection for
Locally Stationary Processes, Journal of Nonparametric Statistics, 6, 171-
191.

Davidson J., (1994). Stochastic Limit Theory: An Introduction for Econometri-
cians, Oxford: OUP Oxford.

Dickey, D.A., and W.A. Fuller, (1979). Distribution of the Estimators for Au-
toregressive Time Series with A Unit Root, Journal of American Statistical
Association, 74, 427-31.

Durbin, J., (1970). Testing for Serial Correlation in Least Squares Regression
When Some of the Regressors are Lagged Dependent Variables, Economet-
rica, 38, 422-421.

Durbin, J. and G. S. Watson, (1950). Testing for Serial Correlation in Least
Squares Regression: I, Biometrika, 37, 409-428.

Durbin, J. and G. S. Watson, (1951). Testing for Serial Correlation in Least
Squares Regression: 11, Biometrika, 38, 159-178.

Durlauf, S. N., (1991). Spectral Based Testing of the Martingale Hypothesis,
Journal of Econometrics, 50, 355-376.



490 Foundations of Modern Econometrics

Engle, R., (1982). Autoregressive Conditional Hetersokedasticity with Estimates
of the Variance of United Kingdom Inflation, Econometrica, 50, 987-2008.

Engle, R. F., Granger, C. W. J., Rice, J. and Weiss, A., (1986). Semiparametric
Estimation of the Relation Between Weather and Electricity Sales, Journal
of American Statistical Association, 81, 310-320.

Engle, R., and C.W.J. Granger, (1987). Cointegration and Error-Corretion Rep-
resentation, Estimation and Testing, Fconometrica, 55, 251-276.

Engle, R. F., and J. R. Russell, (1998). Autoregressive Conditional Duration:
A New Model for ITrregularly Spaced Transaction Data, Econometrica, 66,
1127-1162.

Fama, E. F., (1965). The Behavior of Stock-Market Prices, Journal of Business,
38(1), 34-105.

Fan, J., and Li, R., (2006). Statistical Challenges with High Dimensionality:
Feature Selection in Knowledge Discovery, arXiv preprint math/0602133.

Fan, J. and I. Gijbels, (1996). Local Polynomial Modelling and Its Applications, in
Monographs on Statistics and Applied Probability 66, New York: Chapman
and Hall.

Fan, Y. and Q. Li, (1996). Consistent Model Specification Tests: Omitted Vari-
ables and Semiparametric Functional Forms, Fconometrica, 64, 865-890.

Ferson, W. E., and S. R. Foerster, (1994). Finite Sample Properties of the Gener-
alized Methods of Moments in Tests of Conditional Assets Pricing Models,
Journal of Financial Economics, 36, 29-55.

Fisher, R. A., (1922). The Goodness of Fit of Regression Formulae, and the
Distribution of Regression Coefficients, Journal of Royal Statistical Society,
85, 597-612.

Fisher, R. A., (1925). Statistical Methods for Research Workers, 1st Edition, Ed-
inburgh: Oliver and Boyd.

Fisher, 1., (1933). Editor’s Note, Econometrica, 1, 1-4.

Frisch, R., (1933). Propagation Problems and Impulse Problems in Dynamic Eco-
nomics, in Economic Essays in Honour of Gustav Cassel, London: Allen
and Unwin.

Friedman, M., (1957). The Permanent Income Hypothesis, in A Theory of the
Consumption Function, Princeton: Princeton University Press.

Gauss, C. F., (1809). Theoria Motus Corporum Coelestum, Hamburg: Perthes
und Besser.

Gauss, C. F., (1821). Theoria Combinationis Observationum Erroribus Minimis
Obnoxiae, Parts 1, 2 and Supplement, Werke, 4, 1-108.

Galton, F., (1877). Typical Laws of Heredity, Nature, 15, 492-495, 512-514 and
532-533.

Galton, F., (1885). Types and Their Inheritance (Presidential Address, Section
H, Anthropology), Nature, 32, 506-510.

Giannone, D., L. Reichlin and D. Small, (2008). Nowcasting: The Real-Time
Informational Content of Macroeconomic Data, Journal of Monetary Eco-
nomics, 55, 665-676.

Glosten, L. R., R. Jagannathan and D. E. Runkle, (1993). On the Relation Be-



Bibliography 491

tween the Expected Value and the Volatility of the Nominal Excess Return
on Stocks, Journal of Finance, 48, 1779-1801.

Godfrey, L. G., (1978). Testing Against General Autoregressive and Moving Av-
erage Error Models When the Regressors Include Lagged Dependent Vari-
ables, Econometrica, 46, 1293-1302.

Granger, C. W. J., (1969). Investigating Causal Relations by Econometric Models
and Cross-Spectral Methods, Econometrica, 37, 424-438.

Granger, C. W. J., (1980). Testing for Causality: A Personal Viewpoint, Journal
of Economic Dynamics and Control, 2, 329-352.

Granger, C. W. J., (2001). Overview of Nonlinear Macroeconometric Empirical
Models, Journal of Macroeconomic Dynamics, 5, 466-481.

Granger, C. W. J. and M. Machina, (2006). Structural Attribution of Observed
Volatility Clusterin, Journal of Econometrics, 135:15-29.

Granger, C. J. W. and P. Newbold, (1974). Spurious Regressions in Econometrics,
Journal of Econometrics, 2, 111-120.

Granger, C. J. W. and T. Terésvirta, (1993). Modelling Nonlinear Economic
Relationships, Oxford: Oxford University Press.

Groves, T., Y. Hong, J. McMillan and B. Naughton, (1994). Incentives in Chinese
State-Owned Enterprises, Quarterly Journal of Economics, CIX, 183-209.

Gujarati, D. N., (2006). Essentials of Econometrics, 3rd FEdition, Boston:
McGraw-Hill.

Hall, P., (1992). The Bootstrap and Edgeworth Ezpansion, Berlin: Springer Sci-
ence and Business Media.

Hamilton, J. D., (1994). Time Series Analysis, Princeton: Princeton University
Press.

Han, A., Y. Hong and S. Wang, (2017). Autoregressive Conditional Models for
Interval-Valued Time Series Data, Working Paper, Department of Eco-
nomics, Cornell University.

Han, A., Y. Hong, S. Wang and X. Yun, (2016). A Vector Autoregressive Moving
Average Model for Interval-Valued Time Series Data, in Essays in Honor
of Aman Ullah, Advances in Econometrics, 36, 417-460.

Hansen, L. P., (1982). Large Sample Properties of Generalized Method of Mo-
ments Estimators, Econometrica, 50, 1029-1054.

Hansen, L. P. and K. Singleton, (1982). Generalized Instrumental Variables Es-
timation of Nonlinear Rational Expectations Models, Econometrica, 50,
1269-1286.

Hardle, W., (1990). Applied Nonparametric Regression, Cambridge: Cambridge
University Press.

Hastie, T., R. Tibshirani and M. Wainwright, (2015). Statistical Learning with
Sparsity: The Lasso and Generalizations, London: Taylor & Francis Group.

Hausman, J. A., (1978). Specification Tests in Econometrics, Econometrica, 46,
1251-1271.

Hayashi, F., (2000). Econometrics, Princeton: Princeton University Press.

Hong, Y., (1996). Consistent Testing for Serial Correlation of Unknown Form,
FEconometrica, 64, 837-864.



492 Foundations of Modern Econometrics

Hong, Y., (1997). One-Sided Testing for Autoregressive Conditional Hetero-
skedasticity in Time Series Models, Journal of Time Series Analysis, 18,
253-277.

Hong, Y., (2001). A Test for Volatility Spillover with Application to Exchange
Rates, Journal of Econometrics, 103, 183-224.

Hong, Y., (2017). Probability and Statistics for Economists, Singapore: World
Scientific Company.

Hong, Y., (2020). Understanding Modern Econometrics, Forthcoming in Journal
of Econometrics and Finance [in Chinese].

Hong, Y., Y. Liu and S. Wang, (2009). Granger Causality in Risk and De-
tection of Extreme Risk Spillover Between Financial Markets, Journal of
Econometress, 150, 271-287.

Hong, Y. and T. H. Lee, (2003). Diagnostic Checking for the Adequacy of Non-
linear Time Series Models, Econometric Theory, 19, 1065-1121.

Hong, Y. and Y. J. Lee, (2005). Generalized Spectral Testing for Conditional
Mean Models in Time Series with Conditional Heteroskedasticity of Un-
known Form, Review of Economic Studies, 72, 499-451.

Hong, Y. and Y. J. Lee, (2013). A Loss Function Approach to Model Specification
Testing and Its Relative Efficiency, Annals of Statistics, 41, 1166-1203.

Hong, Y. and H. Li, (2005). Nonparametric Specification Testing for Continuous-
Time Models with Applications to Spot Interest Rates, Review of Financial
Studies, 18, 37-84.

Hong, Y., X. Wang and S. Wang, (2017). Testing Strict Stationarity with Ap-
plications to Macroeconomic Time Series, International Economic Review,
58, 1227-1277.

Hong, Y. and H. White, (1995). Consistent Specification Testing via Nonpara-
metric Series Regression, Fconometrica, 63, 1133-1160.

Horowitz, J. L., (2001). The Bootstrap, In J. J. Heckman and E. Leamer (Eds.),
Chapter 52, Handbook of Econometrics, 5, 3159-3228.

Hsiao, C., (2002). Analysis of Panel Data, Cambridge: Cambridge University
Press.

Hsiao, C., (2003). Panel Data Analysis, 2nd Edition, Cambridge: Cambridge
University Press.

Hsiao, C., S. H. Ching and S. K. Wan, (2011). A Panel Data Approach for Pro-
gram Evaluation: Measuring the Benefits of Political and Economic Integra-
tion of Hong Kong with Mainland China, Journal of Applied Econometrics,
27, 705-740.

Imbens, G. W. and J. M. Wooldridge, (2009). Recent Developments in the Econo-
metrics of Program Evaluation, Journal of Economic Literature, 47, 5-86.

Jarque, C. M. and A. K. Bera, (1980). Efficient Tests for Normality, Homoscedas-
ticity and Serial Independence of Regression Residuals, Economics Letters,
6, 255-259.

Jennrich, R. I., (1969). Asymptotic Properties of Non-Linear Least Squares Esti-
mators, Annals of Mathematical Statistics, 40, 633-643.

Judge, G. G., Griffiths, W. E., Hill, R. C., Lutkepohl, H.and T. C. Lee, (1985).



Bibliography 493

The Theory and Practice of Econometrics, New York: John Wiley and
Sons.

Kendall, M. G. and A. Stuart, (1961). The Advanced Theory of Statistics, Frome:
Butler & Tanner.

Keynes, J. M., (1936). The General Theory of Employment, Interest and Money,
Cambridge: McMillan Cambridge University Press.

Kiefer, N., (1988). Economic Duration Data and Hazard Functions, Journal of
Economic Literature, 26, 646-679.

Klein, R. W. and R. H. Spady, (1993). An Efficient Semiparametric Estimator
for Binary Response Models, Fconometrica, 61, 387-421.

Lancaster, T., (1990). The Econometric Analysis of Transition Data, Cambridge:
Cambridge University Press.

Lee, S. W. and B. E. Hansen, (1994). Asymptotic Theory for the GARCH (1, 1)
Quasi-Maximum Likelihood Estimator, Econometric Theory, 10, 29-52.

Legendre, A. M., (1805). Nouvelles Méthodes Pour la Détermination des Orbites
des Cométes, Paris: Courcier.

Ljungqvist, L. and Sargent, T. J., (2002). Recursive Macroeconomic Theory, Cam-
bridge: MIT Press.

Ljung, G. M. and Box, G. E. P., (1978). On a Measure of a Lack of Fit in Time
Series Models, Biometrika, 65, 297-303.

Lo, A. W. and A. C. MacKinlay, (1988). Stock Market Prices Do Not Follow Ran-
dom Walks: Evidence from a Simple Specification Test, Review of Financial
Studies, 1, 41-66.

Lucas, R. E.; (1976). Econometric Policy Evaluation: A Critique, Carnegie-
Rochester Conference Series on Public Policy, 1, 19-46.

Lucas, R., (1977). Understanding Business Cycles, in Stabilization of the Domes-
tic and International Economy, Karl Brunner and Allan Meltzer (eds.),
Carnegie-Rochester Conference Series on Public Policy, 5, Amsterdam:
North-Holland.

Lumsdaine, R. L., (1996). Consistency and Asymptotic Normality of the Quasi-
Maximum Likelihood Estimator in IGARCH (1, 1) and Covariance Station-
ary GARCH (1, 1) Models, Econometrica, 64, 575-596.

Malkiel, B. G. and E. F. Fama, (1970). Efficient Capital Markets: A Review of
Theory and Empirical Work, Journal of Finance, 25, 383-417.

Mandelbrot, B., (1963). The Variation of Certain Speculative Prices, Journal of
Business, 36(4), 394-419.

Mehra, R. and E. Prescott, (1985). The Equity Premium: A Puzzle, Journal of
Monetary Economics, 15, 145-161.

Muller, H. G., (2005). Functional Modelling and Classification of Longitudinal
Data, Scandinavian Journal of Statistics, 32, 223-240.

Muller, H. G. and U. Stadtmuller, (2005). Generalized Functional Linear Models,
Annals of Statistics, 33, 774-805.

Nelson, C. R. and C. R. Plosser, (1982). Trends and Random Walks in Macroe-
conmic Time Series: Some Evidence and Implications, Journal of Monetary
Economics, 10, 139-162.



494 Foundations of Modern Econometrics

Nelson, D. B., (1990). Stationarity and Persistence in the GARCH(1,1) Model,
Econometric Theory, 6.

Nelson, D. B., (1991). Conditional Heteroskedasticity in Asset Returns: A New
Approach, Econometrica, 59, 347-370.

Nelson, D. B. and Cao, C. Q., (1992). Inequality Constraints in the Univariate
GARCH Model, Econometrica, 10, 229-235.

Newey, W. K., (1985). Generalized Method of Moments Specification Testing,
Journal of Econometrics, 29, 229-256.

Newey, W. and K. West, (1987). A Simple, Positive Semi-definite, Heteroskedas-
ticity and Autocorrelation Consistent Covariance Matrix, FEconometrica,
55, 703-08.

Newey, W. and K. West, (1994). Automatic Lag Selection in Covariance Matrix
Estimation, Review of Economic Studies, 61, 631-653.

Noureldin, D., N. Shephard and K. Sheppard, (2011). Multivariate High-
Frequency-Based Volatility (HEAVY) Models, Journal of Applied Econo-
metrics, 27, 907-933.

O’hara, M., (1995). Market Microstructure Theory, New Jersey: Wiley.

Pagan, A. and A. Ullah, (1999). Nonparametric Econometrics, Cambridge: Cam-
bridge University Press.

Pearson, K., (1903). The Law of Ancestral Heredity, Biometrika, 2, 211-236.

Phillips, A. W., (1958). The Relation Between Unemployment and the Rate of
Change of Money Wage Rates in the United Kingdom, FEconomica, 25,
283-299.

Phillips, P. C. B., (1977a). An Approximation to the Finite Sample Distribution
of Zellner’s Seemingly Unrelated Regression Estimator, Journal of Econo-
metrics, 6, 147-164.

Phillips, P. C. B., (1977b). Approximations to Some Finite Sample Distributions
Associated with a First-Order Stochastic Difference Equation, Economet-
rica, 45, 463-485.

Phillips, P. C. B., (1977c). A General Theorem in the Theory of Asymptotic Ex-
pansions as Approximations to the Finite Sample Distributions of Econo-
metric Estimators, Fconometrica, 45, 1517-1534.

Phillips, P. C. B., (1986). Understanding Spurious Regressions in Econometrics,
Journal of Econometrics, 33, 311-340.

Phillips, P. C. B., (1987a). Time Series Regression with a Unit Root, Economet-
rica, 55, 277-301.

Phillips, P. C. B., (1987b). Towards a Unified Asymptotic Theory for Autoregres-
siot, Biometrika, 74, 535-547.

Phillips, P.C. and Perron, P., (1988). Testing for a Unit Root in Time Series
Regression, Biometrika, 75, 335-346.

Pons, O. M.T., (2019). Orthonormal Series Estimators, Singapore: World Scien-
tific.

Poterba, J. M. and Summers, L. H., (1988). Mean Reversion in Stock Prices:
Evidence and Implications, Journal of Financial Economics, 22(1), 27-59.

Priestley, M. B., (1981). Spectral Analysis and Time Series, London: Academic
Press.



Bibliography 495

Ramsay, J. and B. W. Silverman, (2002). Applied Functional Data Analysis:
Methods and Case Studies, Berlin: Springer.

Ramsay, J. and B. W. Silverman, (2005). Functional Data Analysis, 2nd Edition,
Berlin: Springer.

Ranga Rao, R., (1962). Relations Between Weak and Uniform Convergence of
Measures with Applications, Annals of Mathematical Statistics, 33, 659-
680.

Rao, C. R., (1948). Large Sample Tests of Statistical Hypotheses Concerning
Several Parameters with Applications to Problems of Estimation, Proc.
Cambridge Philos. Soc, 44, 50-57.

Reiersgl, O., (1945). Confluence Analysis by Means of Instrumental Sets of Vari-
ables, Akiv for Matematik Astronomi och Fysik, 32a: 1-119

Robinson, P. M., (1988). Root-N-Consistent Semiparametric Regression, Econo-
metrica, 56, 931-954.

Robinson, P. M., (1994). Efficient Tests of Nonstationary Hypotheses, Journal of
the American Statistical Association, 89, 1420-1437.

Samuelson, L., (2005). Economic Theory and Experimental Economics, Journal
of Economic Literature, XLIII, 65-107.

Samuelson, P., (1939). Interactions Between the Multiplier Analysis and the Prin-
ciple of Acceleration, Review of Economic Studies, 21, 75-78.

Sargan, J. D., (1958). The Estimation of Economic Relationships Using Instru-
mental Variables, Econometrica, 26, 393-415.

Sargent, T. J., (1987). Dynamic Macroeconomic Theory, Cambridge: Harward
University Press.

Schwarz, G., (1978). Estimating the Dimension of a Model, The Annals of Statis-
tics, 6, 461-464.

Shao, X., (2010). The Dependent Wild Bootstrap, Journal of the American Sta-
tistical Association, 105, 218-235.

Shephard, N. and K. Sheppard (2010). Realising the Future: Forecasting
with High-Frequency-Based Volatility(HEAVY) Models, Journal of Applied
FEconometrics, 25, 197-231.

Sims, C. A., (1980). Macroeconomics and Reality, Fconometrica, 48, 1-48.

Smith, A., (1776). An Inquiry into the Nature and Causes of the Wealth of Na-
tions, New York: The Modern library.

Staiger, D. and J. H. Stock, (1997). Instrumental Variables Regression with Weak
Instruments, Econometrica, 65, 557-586.

Stock, J. and F. Trebbi, (2003). Retrospectives: Who Invented Instrumental Vari-
able Regression?, Journal of Economic Perspectives, 17, 177-194.

Sun, Y., A. Han, Y. Hong and S. Wang, (2018). Threshold Autoregressive Models
for Interval-Valued Time Series Data, Journal of Econometrics, 206, 414-
446.

Sun, Y., Y. Hong and S. Wang, (2019). Out-of-Sample Forecasts for China’s Eco-
nomic Growth and Inflation Using Rolling Weighted Least Squares, Journal
of Management Science and Engineering, 4, 1-11.

Tauchen, G., (1985). Diagnostic Testing and Evaluation of Maximum Likelihood
Models, Journal of Econometrics, 30, 415-443.



496 Foundations of Modern Econometrics

Terésvirta, T., Tjgtheim, D. and Granger, C. W. J., (2010). Modelling Nonlinear
Economic Time Series., Oxford: Oxford University Press.

Tong, H., (1990). Non-Linear Time Series: A Dynamical System Approach., Ox-
ford: Oxford University Press.

Tibshirani, R., (1996). Regression Shrinkage and Selection via the Lasso, Journal
of Royal Statistical Society Series B, 58, 267-88.

Ullah, A., (1990). Finite Sample Econometrics: A Unified Approach, Berlin:
Springer.

Varian, H. R., (2014). Big Data: New Tricks for Econometrics, Journal of Eco-
nomic Perspectives, 28, 3-28.

Vasicek, O. A., (1977). An Equilibrium Characterisation of the Term Structure,
Journal of Financial Economics, 5, 177-188.

Vinod, H. D., (1973). Generalization of the Durbin-Watson Statistic for Higher
Order Autore- gressive Processes, Communications in Statistics, 2, 115-144.

Von Neumann, J. and O. Morgenstern, (1944). Theory of Games and Economic
Behavior, Princeton: Princeton University Press.

Wallis, K. F. (1972). Testing for Fourth Order Autocorrelation in Quarterly Re-
gression Equations, Fconometrica, 40, 617-636.

Walras, L., (1874). Elements of Pure Economics, or, The Theory of Social Wealth,
Cambridge: Cambridge University Press.

Wang, S., L. Yu and K. K. Lai, (2005). Crude Oil Price Forecasting with TEIQI
Methodology, Journal of Systems Science and Complexity, 18, 145-166.

Wang, X. and Y. Hong, (2018). Characteristic Function Based Testing for Condi-
tional Independence: A Nonparametric Regression Approach, Econometric
Theory, 34, 815-849.

White, H., (1980). A Heteroskedasticity-Consistent Covariance Matrix Estimator
and a Direct Test for Heterokedasticity, Econometrica, 48, 817-838.

White, H., (1981). Consequences and Detection of Misspecified Nonlinear Regres-
sion Models, Journal of American Statistical Association, 76, 419-433.

White, H., (1982). Maximum Likelihood Estimation of Misspecified Models,
Econometrica, 50, 1-26.

White, H., (1984). Asymptotic Theory for Econometricians, Pittsburgh: Aca-
demic Press.

White, H., (1990). A Consistent Model Selection Procedure Based on M-Testing,
in Modelling Economic Series: Readings in Econometric Methodology, 369-
383, Oxford: Oxford University Press.

White, H., (1992). Artificial Neural Networks: Approzimation and Learning The-
ory, London: Blackwell Publisher.

White, H., (1994). Estimation, Inference and Specification Analysis, Cambridge:
Cambridge University.

White, H. and M. Stinchcombe, (1991). Adaptive Efficient Weighted Least Squares
with Dependent Observations, Berlin: Springer.

White, H., (2001). Asymptotic Theory for Econometricians (Revised Edition),
Pittsburgh: Academic Press.



Bibliography 497

Wright, P. G., (1928). Tariff on Animal and Vegetable Oils, New York: Macmillan
Company.

Yule, G. U., (1897). On the Theory of Correlation, Journal of Royal Statistical
Society Series B, 60, 812-54.

Zakoian, J. M., (1994). Threshold Heteroskedastic Models, Journal of Economic
Dynamics and Control, 18, 931-955.



This page intentionally left blank



Index

x? distribution, 98, 111
2SLS, see Two-stage least squares

ACD, see Autoregressive conditional
duration

ACD model, 388

Adaptive feasible GLS, 132

Adjusted R?, 84, 138

Affine function, 43, 44, 58

Al see Artificial intelligence

AIC, see Akaike information criterion

Akaike information criterion, 83, 84,
135

Almost sure convergence, 158-161

AR model, see Autoregressive model

AR(p), 286-288, 292

ARCH, see Autoregressive
conditional heteroskedasticity

ARCH model, 16, 17

ARMA model, see
Autoregressive-moving average
model, 433

ARMA (p, q) model, 427, 428, 433

Artificial intelligence, 480

Artificial neural network, 481

Asymptotic analysis, 151, 161, 165,
188

Asymptotic distribution, 409, 416,
418, 420, 421, 436, 440442, 444,
448, 453, 454

Asymptotic efficiency, 168, 361

Asymptotic independence, 220, 221
Asymptotic normality, 168, 170, 171,
227, 228, 278, 279, 311-313, 315,

323, 356, 357, 410, 436
Asymptotic theory, 149, 151, 166, 189
Asymptotic variance, 170, 172, 173,

175, 191, 296, 306, 312, 316, 317,

322, 323, 326, 329
Asymptotic variance estimation, 173,

229, 438
Asymptotic variance estimator, 175,

177, 178, 192, 230, 232, 364, 365,

367, 372, 375, 414, 416, 422, 439,

441, 442
Asymptotic variance-covariance

matrix estimation, 413
Autocorrelation, 74, 125, 126,

134-136
Autocorrelation function, 207, 256
Autocorrelogram, 207
Autocovariance function, 207, 257,

269, 270, 272, 274, 285, 290, 291
Autoregressive conditional duration

model, 388
Autoregressive conditional

heteroskedasticity, 210-212, 214,

218, 219, 239, 241-244, 248, 255,

258, 261-263
Autoregressive model, 70, 118, 197,

205-207, 211, 212, 218, 219, 224,

246



500 Foundations of Modern Econometrics

Autoregressive process, 205, 206

Autoregressive-moving average, 207

Autoregressive-moving average
model, 206

Autoregressive-moving average
process, 206

Auxiliary regression, 185, 186, 194,
195

Auxiliary regression model, 195

Balanced panel data, 330

Bartlett kernel, 275-277, 285

Bayesian information criterion, 84,
135

Best linear least squares
approximation coefficient, 46, 47,
52, 58, 59, 61, 62

Best linear least squares prediction,
45, 47

Best linear least squares predictor,
45, 47, 52, 53, 58, 61, 62

BIC, see Bayesian information
criterion

Big data, 461, 470, 479-483, 485

Binary probability modeling, 385

Bivariate linear regression model, 46,

47

Bivariate normal distribution, 38, 60,

61
Boundedness in probability, 155
Box-Pierce portmanteau test, 254
Box-Pierce test, 253
Breusch-Godfrey test, 247
Brownian motion, 389
Business cycles, 208, 209
Buy-and-hold trading strategy, 154

Capital asset pricing model, 51, 80,
347, 427, 443

CAPM, see Capital asset pricing
model

Cauchy-Schwarz inequality, 168, 169

Causal relationship, 29, 30, 38

Causality, 469, 470, 477

Censored data, 394

Censored regression models, 450

Centered R?, 80, 83, 146

Central limit theorem, 94, 161, 163,
165, 172, 304, 311, 326

Ceteris paribus, 68, 93

Characteristic function, 162, 163

Chebyshev’s inequality, 154, 157

Cholesky’s decomposition, 127

Cholesky’s factorization, 127

Classical linear regression, 72, 141,
459, 461, 464, 469, 483

Classical linear regression model, 68,
134, 135, 458, 459, 461, 464, 469,
483

CLT, see Central limit theorem

Cobb-Douglas function, 13, 14

Cochrane-Orcutt procedure, 292

Coefficient of determination, 78, 139,
143, 145

Compactness, 353, 400

Complete stationarity, 202

Conditional distribution, 29, 31, 384,
385, 392, 393, 396, 401-407, 410,
414, 421, 424, 426, 430, 431,
433-436, 439, 442-445, 447449,
451, 452, 454, 455

Conditional distribution model, 384,
392, 393, 402, 405, 407, 410, 421,
433-436, 439, 442, 443, 448, 449

Conditional expectation, 31

Conditional heteroskedasticity, 14, 16,
18, 40-42, 71, 116, 125, 126, 128,
131, 134, 135, 141, 144, 167, 168,
173, 175, 177-179, 182-185, 187,
188, 192, 193, 195, 229, 231, 232,
240242, 244, 248, 255, 459-461,
464-467, 485

Conditional heteroskedasticity and
autocorrelation, 464

Conditional homoskedasticity, 14, 16,
18, 39-41, 73, 116, 119, 122, 151,
168, 172, 173, 175, 177-180, 184,
187, 188, 193-196, 225, 228-230,
233, 234, 236, 239, 241243, 248,
254, 258, 259, 312, 313, 316-318,
320, 322325, 329, 331, 459, 460,



Index

462-465, 467, 485

Conditional IM equality, 408-410,
412, 413, 418, 419, 427, 436, 437,
442, 443, 447-449, 451, 452

Conditional kurtosis, 28

Conditional mean, 27-31, 34, 36, 37,
40, 42, 43, 52, 57, 58, 6062

Conditional median, 29, 36, 61

Conditional moment, 29, 30, 42

Conditional non-autocorrelation, 74

Conditional normality, 94, 135

Conditional probability distribution,
27,29

Conditional probability distribution
model, 332, 402, 424, 440, 443, 448

Conditional quantile, 31

Conditional skewness, 28

Conditional variance, 28, 29, 37, 39,
40, 42, 61

Consistency, 86, 168170, 176, 226,
231, 246, 251, 275, 277, 293, 295,
306, 309-311, 318, 320-322, 336,
353, 355, 356

Consistent estimation, 229, 230

Consistent estimator, 229, 262

Constant return to scale, 1, 13, 14

Consumption function, 1, 5, 11, 31,
50, 62, 119

Continuity, 160, 170, 359, 368

Continuous-time diffusion model, 389,
390

Control variable, 120

Convergence in distribution, 105, 160,
161

Convergence in mean squares, 152,
157, 160, 161, 190

Convergence in probability, 153,
155-157, 160, 161, 190

Convergence in probability one, 158

Convergence in quadratic mean, 152,
157, 190

Convergence with probability
approaching one, 153

Correct model specification, 14, 52,
58, 59, 65, 166, 170, 223, 224,
245-247, 255, 269, 402, 471, 483,

501

485

Correct model specification for
conditional distribution, 404

Correct model specification for
conditional mean, 49

Correlation analysis, 46, 61

Cost function, 32

Counterfactual analysis, 471

Counterfactual estimation, 482

Counterfactual outcome, 471, 482,
483

Covariance stationarity, 204

Cox’s proportional hazard model, 388

Cox, Ingersoll and Ross’ model, 390

Cramer’s representation, 208

Cramer-Wold device, 163

Critical value, 102, 103, 105, 107, 108,
115, 120, 146

Cross-sectional observations, 392

Cross-spectral density, 273

Cross-spectral density function, 273

Cross-spectrum, 273

Cumulative distribution function,
156, 160, 161

Daniell kernel, 276, 277
Data Generating Process, 7, 12, 20,
21
Decision rule, 102, 105, 107, 108
Delta method, 164, 165
Dependent variable, 31, 38, 44
DGP, see Data Generating Process
DID, see Difference-in-difference
Difference-in-difference, 471
Difference-stationary process, 213,
217, 218
Diffusion model, 389, 390
Distributional lag model, 223
Disturbance, 39, 48, 51, 63, 65,
68-70, 74, 77, 93, 94, 137
Dummy variable, 33
Duration analysis, 2, 18, 19
Durbin’s h-test, 252, 253
Durbin-Watson test, 252
Dynamic asset pricing, 1
Dynamic asset pricing model, 11



502 Foundations of Modern Econometrics

Dynamic capital asset pricing model,
347, 348

Dynamic CAPM, see Dynamic
capital asset pricing model

Dynamic information matrix equality,
434

Dynamic probability integral
transform, 447, 456

Dynamic regression model, 223, 236,
246, 247, 249, 251, 254, 255,
259-262

Econometrics, 1-4, 6-11, 17, 20,
24-26

Economic duration, 18

Economic reform, 1, 14, 15, 20

Economic relationship, 3, 8, 21

Efficiency, 86, 93, 119, 145

Efficient market hypothesis, 2, 15, 16

Efficient score test, 421, 422

Eigenvalue, 72, 73, 144

EMH, see Efficient market hypothesis

Empirical stylized fact, 2, 3, 8, 16

Empirical validation, 6

Endogeneity, 300, 307, 324, 328, 331,
461, 469, 470

Engel curve, 2

Equity premium puzzle, 13

Ergodic stationarity, 222, 268, 303

Ergodic stationary MDS, 312, 323,
326, 336

Ergodic stationary MDS process, 228

Ergodic stationary non-MDS, 313,
321, 324

Ergodic stationary process, 221, 223,
227, 230, 232, 400, 446, 453

Ergodic stationary random sample,
221

Ergodicity, 220, 221, 223, 256

Errors in expectations, 296

Errors in variables, 294

Estimated residual, 77, 81, 85, 99, 137

Euler equation, 9, 12, 348, 349

Exact identification, 352, 372, 380

Exclusion restriction, 305

Exogeneity, 462, 469, 470

Expected marginal effect, 50, 59

Experimental economics, 471

Explanatory variable, 30, 31, 38, 44,
50, 51, 59

Exponential GARCH model, 431

Exponential smoothing, 385

Extremum estimator, 355, 356

F-distribution, 99, 111, 115, 134

F-test, 112, 113, 117, 122, 140, 142,
151, 175, 178, 180, 188, 192

F-test statistic, 99, 112, 116, 119,
121-124, 127, 131, 133, 135, 139,
142, 143, 146, 175, 180, 188, 192

Fat Big data, 482, 483

Field study, 471

First order condition, 12, 45, 48, 58,
64

Fitted value, 77, 81

FOC, see First order condition

Forward exchange rates, 266, 267

Fourier coefficient, 54, 55, 64

Fourier transform, 207, 209, 257, 258,
272

Frequency domain analysis, 209

Functional data, 479-481

GARCH model, 399, 431, 433
Gauss-Markov theorem, 89, 93, 131
Gaussian distribution, 94
Gaussian process, 205, 217, 257
GDP, see Gross domestic product
general equilibrium, 5
general equilibrium theory, 4-6
Generalized error distribution, 432
Generalized least squares estimation,
124, 127, 130, 131, 146
Generalized least squares estimator,
128, 131, 132, 135, 144, 145
Generalized method of moments, 355,
357, 361, 365, 371-373, 376, 378,
379, 381, 460, 468, 485
Generalized method of moments
estimation, 343, 346, 350, 363, 365,
370, 372, 374, 380
Generalized method of moments
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estimator, 349-353, 355-357,
360-363, 365-367, 369, 371-379,
381, 382
GLS, see Generalized Least Squares
GMM, see Generalized method of
moments
Goodness of fit, 78, 82-84
Granger causality, 122, 235-237
Great moderation, 21, 476
Gross domestic product, 5, 20-24,
200, 235, 268, 272

Hausman’s test, 324, 325, 327, 328,
340, 341
Hausman’s test for endogeneity, 327
Hazard function, 18, 387, 388
Hazard rate, 18, 19, 387, 388, 450
Hessian matrix, 46, 409-412, 437, 453
Heteroskedasticity, 129, 133, 135, 136
Heteroskedasticity and
autocorrelation consistent
variance-covariance matrix
estimation, 133, 134
Heteroskedasticity-consistent
variance-covariance matrix
estimator, 459, 465
High-dimensional data, 483
High-dimensional linear regression, 86
Hypothesis testing, 87, 96, 99-101,
168, 178, 233, 279, 322, 331, 337

I(1), 218

Idempotent, 87, 88, 96, 97, 137, 419

Idempotent matrix, 419

Identification, 353, 401, 411

IID Cauchy sequence, 203

IID observations, 166, 188

IID random sample, 71, 77, 154, 155,
159, 161, 166, 167, 169, 170, 191,
192, 195, 197

IM, see Information Matrix

Impulse response function, 207, 213

Independence and identical
distribution, 71, 72, 98, 129

Information matrix equality, 434
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Innovation, 206, 207, 211, 212, 214,
218, 219

Instrumental variables, 15, 304-306,
329, 334-336, 338, 349, 376, 379,
460, 468, 470, 482

Instrumental variables regression,
293, 305, 306

Instruments, 304-306, 324, 328, 336

Integrated process of order 1, 218

Interiorness, 356

Interval-valued data, 481

invertibility, 207

1V, see Instrumental variables

IV conditions, 304

IV estimation, 346

IV estimator, 352, 379

J. P. Morgan’s RiskMetrics, 385
Joint significance, 117

Kernel, 276, 283, 285, 288, 289, 291
Kernel estimator, 132

Kernel function, 275-277, 285
Kernel smoothing, 56, 57
Keynesian model, 10

Keynesian theory, 5

Kronecker delta, 54, 74

Lag order, 204, 207, 249

Lagged dependent variable, 223-225,
244, 246, 247, 249, 250, 254

Lagrange multiplier, 113-115, 142,
416-418, 421

Lagrange multiplier test, 242, 248,
253, 415, 421-423, 440-443, 449,
455, 456

Lagrangian function, 113

LASSO, see Least absolute shrinkage
and selection operator, 482

Law of iterated expectations, 32—35,
169, 173, 178

Law of large numbers, 165

Least absolute shrinkage and
selection operator estimator, 86

Likelihood function, 392, 397, 399,
401, 412, 426, 448
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Likelihood ratio test, 415, 416,
420-423, 442, 449, 455

Linear IV estimation, 351

Linear IV estimator, 351-353

Linear regression model, 37, 44,
47-53, 58, 59, 62, 63, 65, 458-477,
483

Linear regression model with normal
errors, 393, 399

Linear regression modeling, 43, 61

Linear restriction, 123, 135

Linearity, 68, 166, 191, 223, 268, 304,
337

Ljung-Box test, 254

LLN, see Law of large numbers

LM test, see Lagrange multiplier test

LM test statistic, 422, 441-443, 455,
456

Locally stationary time series, 476,
477

Log-likelihood, 392, 397, 398, 401,
404, 412-414, 419, 424, 432, 434,
450

Log-likelihood function, 392, 397,
398, 401, 404, 412-414, 419, 424,
432, 434, 450

Logistic function, 386

Logistic map, 198

Logit model, 386, 393, 394

Long horizon return, 267, 268

Long horizon return predictability,
267

Long memory, 285

Long-run variance estimator, 274,
276, 277, 281-283, 286, 289, 291

Long-run variance-covariance matrix
estimation, 270, 282

Long-run variance-covariance matrix
estimator, 282, 288

LR test statistic, 416, 420-422, 442,
449, 455

Lucas’ critique, 476

MA, see Moving-average
MA model, 206, 207
MA process, 239, 246, 256, 259

Machine learning, 474, 481-483, 485

MAE, see Mean Absolute Error

Marginal effect, 52-54

marginal effect, 19

Marginal propensity to consume, 1, 5,
11, 31, 50, 62

Market microstructure noises, 297,
298

Martingale, 213, 214

Martingale difference sequence,
213-217, 221-224, 226, 228, 232,
239, 241, 245-248, 254, 255, 257,
259-261

Martingale process, 213, 214, 217, 218

Mathematical model, 3, 4, 6

Mathematical modeling, 2-4, 6, 24

Maximum likelihood estimation, 9,
12, 17-19, 388, 391

Maximum likelihood estimator, 390,
396, 398-402, 406, 409413,
415-417, 421, 437, 441-444, 446,
448-450, 452-456

MDS, see Martingale difference
sequence

Mean Absolute Error, 35, 36, 61

Mean square error, 34, 35, 43, 48, 52,
58, 60, 61

Measurement errors, 294-296, 305,
306

Method of moments estimation,
343-346, 468

MLE, see Maximum likelihood
estimation

MLE-based Wald test, 415, 440

MME, see Method of moments
estimation

Model misspecification, 54, 425, 439,
440, 442-444, 446, 447, 449, 461,
471-474, 485

Model misspecification for conditional
distribution, 423

Model selection criterion, 135

Model specification, 51, 473, 474

Model specification test, 369, 376

Model uncertainty, 479, 483
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moment conditions, 346, 347, 349,
353, 369, 371-374, 376, 379

Moment matching, 345, 346

Money supply, 268

Moving-average process, 206

MPC, see Marginal propensity to
consume

MSE, see Mean square error

Multicollinearity, 72, 138, 139, 462,
479

Multiplier, 1, 10, 11

Multiplier effect, 5

Multivariate central limit theorem,
170

Multivariate CLT, see Multivariate
central limit theorem

N-th order stationarity, 204

Near-multicollinearity, 73, 85, 94, 95,
108, 139

Nonexperimental nature, 2

Nonexperimental observations, 15, 30

Nonlinear IV estimation, 379

Nonlinear MA process, 215, 257

Nonlinear model, 466

Nonlinear regression model, 331, 332,
426, 460, 468

Nonlinear regression model with
endogeneity, 332

Nonnormality, 463

Nonparametric analysis, 57

Nonparametric artificial neutral net
model, 481

Nonparametric estimation, 273

Nonparametric modeling, 54, 57

Nonparametric series regression, 56,
57

Nonsingularity, 72, 166, 223, 269, 304,
337

Nonstationarity, 474

Nonstationary process, 210, 213

Nonstationary time series, 210, 223,
224, 474-476, 484

Normal distribution, 94, 95, 97, 125,
126, 135, 462, 463, 473, 483
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Normality, 86, 94, 95, 128, 458, 459,
462, 463
Nowcasting, 480

OLS, see Ordinary least squares

Omitted variables, 120-122, 145, 294,
298, 305, 307, 329, 330

Optimal GMM estimator, 365-367,
369, 371, 372, 375, 376, 378, 379,
381

Optimal prediction, 101

Optimal weighting matrix, 350, 362,
371, 373

Optimality, 34

Ordinary least squares, 73-79, 81, 82,
85-87, 93-96, 99, 108, 113, 114,
117, 125, 127, 131-133, 135,
137-145, 147

Ordinary least squares estimation, 74,
78, 79, 86, 93, 99, 138, 142, 144

Ornut-Cochrane procedure, 286

Orthogonality, 89, 131

Orthogonality condition, 39, 48, 52,
58, 59

Overidentification, 371-374, 376, 381,
382

Overidentification test, 371-374, 376,
381, 382

P-value, 107, 108, 144

Panel data, 328, 330, 331

Partially linear regression model, 329

PDF, see Probability Density
Function

Phillips curve, 2

Policy evaluation, 458, 471, 482, 483

Population moments, 344, 345, 369

Positive definite, 76, 110, 125, 127,
145

Positive semi-definite, 89, 91, 93, 141,
144

Power, 285, 289

Power function, 107

Power spectral density function, 208

Prais-Winsten transformation, 130

Predictive relationship, 28-30
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Probability Density Function, 27
Probability distribution, 27, 29
Probability law, 7, 8, 19
Probability limit, 153

Probit model, 386, 393, 394, 450
Production function, 1315, 31, 32
Production-bonus causality, 299
Program evaluation, 471
Projection matrix, 87, 137
Propensity score matching, 471
PSD, see Positive semi-definite
pseudo likelihood function, 448
PSM, see Propensity score matching

Quadratic form, 96, 97, 111, 112, 115,
116, 142

Quadratic form of normal random
variables, 96, 110

Quadratic-Spectral kernel, 276, 277

Quantitative analysis, 2

Quasi-maximum likelihood
estimation, 18

Quasi-MLE, 391, 393, 398

R?, 78-83, 85, 135, 137, 138, 143, 145

Random coefficient process, 42

Random walk, 213, 214, 217, 218,
389, 390

Random walk model with drift, 389

Rational expectations, 1, 9, 11, 12,
222, 224, 247, 296, 306, 332, 347

Rational expectations model, 332

RDD, see Regression discontinuity
design

Realized volatility, 298

Regressand, 30

Regression analysis, 30, 31, 38, 40,
46, 59

Regression discontinuity design, 471

Regression function, 30-32, 34-39, 43,
47, 52, 58

Regression identity, 38, 51

Regressor vector, 30, 44, 58, 59

Regressors, 50, 54, 57

Relative entropy, 424, 425

Reserved causality, 300

Response variable, 31

Restricted model, 113, 115, 117, 123,
143

Return on portfolio, 80

Ridge regression, 86

Ridge regression estimator, 86

RiskMetrics, 385

Robust t-test, 134, 183, 240, 266,
280282, 289

Robust t-test statistic, 182, 183, 266,
280-282, 289

Robust Wald test, 116, 134, 183, 240,
241, 281, 282, 289, 323, 324, 439,
440, 442, 455

Robust Wald test statistic, 116, 134,
183, 281, 282, 289, 323, 324, 440,
442 455

Sample autocorrelation function, 253

Sample autocovariance, 253

Sample autocovariance function, 253,
274, 290, 291

Sample Hessian matrix, 411, 414, 415,
438

Sample path, 198, 210

Sample residual variance estimator,
89, 92, 96

Sample variance, 80, 92, 99, 137

Sampling distribution, 86, 87, 94, 96,
99, 102, 103, 105, 146, 148

Score function, 405, 413, 414, 420,
421, 434, 436, 437, 442, 443,
446-449, 451, 452

Second order condition, 46

Self-normalization, 289

Serial correlation, 74, 125, 128, 129,
131-134, 245, 247-255, 257, 259,
260

Serial dependence, 207, 209, 246, 247

Significance level, 102, 105-108, 120,
140, 146

Simultaneous equations bias, 300, 303

Size, 67, 68, 72, 73, 77, 84, 86, 94, 95,
102, 105, 107, 108, 132, 133, 274,
275, 288-291

SLLN, see Strong Law of Large
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Numbers

Slutsky’s theorem, 163, 165, 172, 179,
180, 182, 183

Smooth change, 475

Smooth structural change, 476, 477

Smooth Transition AutoRegressive,
466, 475

SOC, see Second order condition

Spectral density function, 207-210,
257, 258

Spectral density matrix, 272, 273

Spherical error variance, 73

Spot exchange rates, 101, 267

Spurious regression, 82, 223, 224

Spurious regression model, 224

Spurious relationship, 30

SSR, see Sum of squared residuals

Standardized spectral density, 208,
258

Standardized spectral density
function, 208, 258

Standardized Student’s ¢-distribution,
432

STAR, see Smooth Transition
AutoRegressive

Static regression model, 223, 246,
250255, 259

Stationarity, 202, 474, 476, 483

Stationary time series, 459, 463, 466,
474-477, 484

Statistical learning, 482

Statistics, 10, 14, 24

Stochastic process, 208, 222, 223, 257

Stochastic time series process, 198,
202, 204

Strict exogeneity, 69, 70, 92

Strict stationarity, 202—205, 219

Strictly exogenous variable, 71

Strong convergence, 159

Strong exogeneity, 71

Strong Law of Large Numbers, 159,
167

Structural break, 475

Structural change, 123, 143, 475, 476

Structural VAR model, 428, 429
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Student’s t-distribution, 99, 104, 127,
146

Sum of squared residuals, 75, 77, 113,
115, 142-144

Survival analysis, 18, 387

Survival function, 387, 388

Symmetric and idempotent matrix,
419

Symmetric matrix, 419, 427, 439

t-test, 106, 108, 112

t-test statistic, 99, 104, 107, 109, 111,
131, 135, 139, 140, 146, 179

Tall Big data, 481, 483

Taylor series approximation, 165

Taylor series expansion, 162, 165,
405, 411, 415-418, 440

Threshold ARCH model, 431

Threshold GARCH model, 431

Time domain analysis, 209

Time series, 197, 208, 209, 222, 255

Time series analysis, 197, 208, 209,
222, 255

Time series data, 199-202, 207

Time series data set, 199-202, 207

Time series random sample, 199

Time-varying STAR, 475

Tobit model, 394

Trace operator, 92

Traditional data, 479-481, 483

Translog function, 31

Treatment effect, 471

Trend-stationary process, 210-212,
218, 220

True model parameter, 50, 59, 61, 64

True parameter value, 49, 52, 396,
402-404, 411, 418, 426, 428, 431,
432

Truncated kernel, 276, 277

Truncated regression model, 395

Two-stage least squares, 302, 303,
306-314, 324, 325, 329, 331,
334-336, 338, 341

Type I error, 106, 107

Type II error, 107
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Ultra-high frequency financial
econometrics, 388

Unbalanced panel data, 330

Unbiasedness, 88

Unbiasedness hypothesis, 266, 267

Unbiasedness property, 92

Uncentered R?, 78

Uniform convergence, 353-355, 364

Uniform strong law of large numbers,
354

Uniform WLLN, 401, 409, 411, 414,
438, 444, 453, 454

Unit root, 217-220

Unit root process, 217-220

Univariate ARMA model, 427

Univariate time series analysis, 392

Unrestricted model, 113, 115, 118,
142, 143

Uptailed critical value, 106

USLLN, see Uniform strong law of
large numbers

UWLLN, see Uniform WLLN

Value at risk, 384

Vanishing variance, 88, 135

VaR, see Value at risk

VAR model, 429

Variance estimation, 96

Variance ratio, 284-286, 290, 291
Variance ratio test, 284-286, 290, 291
Variation-free parameter, 392, 398
Variation-free parameter space, 397
Vasicek’s model, 389, 390

vech, 185, 186, 194, 195

vech operator, 185

Volatility, 2, 17, 24
Volatility clustering, 2, 9, 16, 17

Wage determination, 124, 237

Wage-Price spiral model, 301

Wald test, 116, 234, 240, 241, 323,
324, 368, 369, 376, 379

Wald test statistic, 116, 184, 323,
324, 368, 369, 376, 379, 415, 416,
422, 440, 442, 453-455

Weak convergence, 153

Weak exogeneity, 469

Weak instrumental variables, 470, 482

Weak law of large numbers, 154, 155,
169, 174, 176, 177

Weak stationarity, 204, 205

Wealth effect, 119

Weighting matrix, 350, 352, 353,
361-363, 365, 371-373, 375, 376,
378, 382

White noise, 205, 209, 210, 215-217,
239, 257, 259

White’s heteroskedasticity-consistent
variance-covariance matrix
estimator, 177, 188, 192

White’s test for conditional
heteroskedasticity, 187, 188

Within estimator, 331

WLLN, see Weak law of large
numbers

WN;, see White noise

Wold’s decomposition, 205, 207

Zero mean ergodic stationary process,
278
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